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Abstract

We study the precise asymptotic behavior of a non-trivial solution that converges to
zero, as time tends to infinity, of dissipative systems of nonlinear ordinary differen-
tial equations. The nonlinear term of the equations may not possess a Taylor series
expansion about the origin. This absence technically cripples previous proofs in estab-
lishing an asymptotic expansion, as an infinite series, for such a decaying solution. In
the current paper, we overcome this limitation and obtain an infinite series asymptotic
expansion, as time goes to infinity. This series expansion provides large time approxi-
mations for the solution with the errors decaying exponentially at any given rates. The
main idea is to shift the center of the Taylor expansions for the nonlinear term to a
non-zero point. Such a point turns out to come from the non-trivial asymptotic behav-
ior of the solution, which we prove by a new and simple method. Our result applies
to different classes of non-linear equations that have not been dealt with previously.
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1 Introduction

The Navier—Stokes equations (NSE) for a viscous, incompressible fluid in bounded or
periodic domains with a potential body force can be written in the functional form as

d
d—f+Ay+B(y,y)=0, (1.1)
where A is the (linear) Stokes operator and B is a bilinear form in appropriate functional
spaces.

In [18], Foias and Saut prove that any regular solution y(#) of (1.1) has a following
asymptotic behavior, as t — oo,

eMy(t) — & for some A > 0 and £ # 0 with AE = AE. (1.2)

This result is extended later by Ghidaglia [21] to a more general class of parabolic
inequalities. The proof in [21] uses the same Dirichlet quotient technique by Foias—
Saut [18].

In [19], Foias and Saut go further and prove the following asymptotic expansion,
ast — 0o,

YO ~ Y gutye (1.3)

n=1

in all Sobolev spaces, where g, (¢) are polynomials in 7, valued in the space of smooth
functions. See Definition 2.1 below for the precise meaning of (1.3). Their proof of
(1.3) does not require the knowledge of (1.2) and uses a completely different technique.

The expansion (1.3) is studied deeply in later work [15-17,20] concerning its con-
vergence, associated normalization map, normal form, invariant nonlinear manifolds,
relation with the Poincaré—Dulac theory, etc. It is applied to the analysis of physics-
oriented aspects of fluid flows [13,14], is established for the NSE in different contexts
such as with the Coriolis force [25], or with non-potential forces [8,10,24], is extended
to dissipative wave equations in [27], is investigated for general ordinary differential
equations (ODE) without forcing functions in [26], and with forcing functions in
[9]. The considerations of ODE in [9,26] turns out to be fruitful, and prompts to the
recently obtained asymptotic expansions for the Lagrangian trajectories of viscous,
incompressible fluid flows in [23].
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In the same spirit as [9,26], we study, in this paper, the ODE systems in R? of the
form

d—y+Ay= F(y), t>0, (1.4)
dr
where A is a d x d constant (real) matrix, and F is a vector field on R9.

Our goal is to obtain the asymptotic expansion (1.3), as t — oo, for any decay-
ing solution y(¢) of (1.4), where g, (t)’s are R9-valued polynomials in ¢. (For other
approaches to the asymptotic analysis of the solutions, see discussions in Remark 6.14
below.)

In all of the above cited papers, function F in (1.4) must be infinitely differentiable
at the origin. It is due to the requirement that F (y) can be approximated, up to arbitrary
orders, near the limit of y(#), i.e. the origin, by the polynomials that come from of the
Taylor series of F. The current paper investigates the situation when this is not the
case, and hence the results in [9,26,27] do not apply.

A standard and intuitive way to find expansion (1.3) is substituting it into Eq. (1.4),
expanding both sides in ¢, and equating the coefficient functions of corresponding
exponential terms. Because of the lack of the Taylor series of F(y) about the origin,
one does not know how to find the expansion in ¢ for F'(y(¢)) on the right-hand side
of (1.5). The task seems to be impossible. However, as will be proved later in this
paper, we are still able to obtain the infinite series asymptotic expansion (1.3) for y(z)
in many cases. This is achieved by combining Foias—Saut’s method in [19] with the
following new idea. For illustrative purposes, we consider an example,

dy 'y
— 4+ Ay=F(y) = —~ . 1.5
First, we use the geometric series to approximate F(y) by a series
oo
F(y)~ ) F(y)asy— 0, (1.6)

k=1

where F’s are a positively homogeneous functions of strictly increasing degrees . —
0o. (In general cases, (1.6) is a hypothesis.) See Definition 2.2 and Assumption 4.1 for
details. After establishing the asymptotic approximation (1.2) for some eigenvector &
of A, we approximate each Fy by using its Taylor series about & ## 0. Therefore, we
can bypass the lack of the Taylor series of F about 0. This, of course, is just a brief
description and must be facilitated with capable techniques.

The paper is organized as follows. In Sect. 2, we set the assumptions for matrix A,
establish basic properties and recall a crucial approximation lemma, Lemma 2.4.

In Sect. 3, we prove, for a more general Eq. (3.1) with a general structure (3.2),
that any non-trivial, decaying solution has the first asymptotic approximation (1.2),
see Theorem 3.3. This result can be obtained by repeating Foias—Saut’s proof in [18,
Proposition 3], or applying [21, Theorem 1.1]. However, our new proof provides an
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alternative method and, at least for the current setting, is shorter. See Remark 3.4 for
comparisons between the proofs.

The paper’s main result is in Sect. 4. In Theorem 4.3, we prove that any non-trivial,
decaying solution of (1.4) has an asymptotic expansion of the form (1.3). In order
to implement to general scheme of Foias—Saut’s [19], we use the first approximation
e ¢ in (1.2). By the positive homogeneity of each function Fy in (1.6), we can scale
y(t) by the factor e =" and then shift the Taylor expansions of F}’s from center zero to
center £ # 0. Because of the above scaling and its effect during complicated iterations,
the exponential rates must be shifted back, see the set Sin (4.8), and forth, see the set
S in (4.10), when being generated in Definition 4.2.

Although we focus on infinite series expansions in this paper, we consider, in the first
partof Sect. 5, the case when the function F'(y) has only a finite sum approximation, see
(5.1). We prove in Theorem 5.1 that any decaying solution y(¢) has a corresponding
finite sum approximation. In the second part of Sect. 5, Theorem 5.3 generalizes
Theorems 4.3 and 5.1 by relaxing the conditions on functions F and F’s, in accordance
with the knowledge of the eigenspaces of A.

Section 6 is devoted to identifying some specific classes of functions F', see The-
orems 6.1, 6.5 and 6.9. Briefly speaking, these functions can be expanded in terms
of power-like functions of the types xiy" , |xi 71, |xi|Yisign(x;) for coordinates x;’s of
x € RY, or of type ||x]|}, or, more generally, || P(x) ||, with ¢”-norms || - || ,, where P
is a homogeneous polynomial. Lastly, we compare, in Remark 6.14, our results with
other asymptotic expansion theories for ODE, notably the one that has been developed
by Bruno and collaborators, see [3,4,6,7] and references therein.

2 Notation, Definitions and Background

We will use the following notation throughout the paper.

e N ={1,2,3,...} denotes the set of natural numbers, and Z, = N U {0}.

e Denote R, = R\ {0}, and, forn € N, R} = (R,)" and Rjj = R" \ {0}.

e For any vector x € R”, we denote by |x| its Euclidean norm, and by x® the
k-tuple (x, ..., x) fork > 1,and x@ = 1.

e For an m x n matrix M, its Euclidean norm in R™" is denoted by |M|.

e Let f be an R™-valued function and / be a non-negative function, both are defined
in a neighborhood of the origin in R”. We write f(x) = O(h(x)) as x — 0, if
there are positive numbers r and C such that | f(x)| < Ch(x) for all x € R" with
x| <r.

e Let f: [Ty, 00) = R"and & : [Ty, 0c0) — [0, oo) for some T € R. We write

f () = O(h(t)), implicitly meaning as t — oo,

if there exist numbers 7 > Ty and C > O such that | f(¢)| < Ch(t) forallt > T.
e Let Ty € R, functions f, g : [Tp, o0) — R”", and & : [Ty, 0o) — [0, 00). We will
conveniently write f (1) = g(t) + O(h(t)) to indicate f(t) — g(t) = O(h(t)).
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The type of asymptotic expansions at time infinity that is studied in this paper is
the following.

Definition 2.1 Let (X, | - || x) be a normed space and (e,,);,2 | be a sequence of strictly
increasing non-negative real numbers. A function f : [T, c0o) — X, forsome T > 0,
is said to have an asymptotic expansion

FO~) " fa)e™ in X, @2.1)

n=1
where each f,, : R — X is a polynomial, if one has, for any N > 1, that

= O(e~@N+ENT) for some ey > 0. (2.2)

N
OB I AGT
n=1

One can see, e.g. [9, Lemma 4.1], that the polynomials fi, f2, ..., fx in (2.2) are
unique.

In the case o, — 00 as n — 00, the (infinite series) asymptotic expansion (2.1)
provides exponentially precise approximations for f(¢),ast — oo. More specifically,
for any y > 0, the partial sum Zflv:l SFa(®)e " of the series, with sufficiently large
N, approximates f(r), as t — 0o, with an error of order O(e™7").

Regarding the nonlinearity in (1.4), the function F will be approximated near the
origin by functions, not necessarily polynomials, in the following class.

Definition 2.2 Suppose (X, || - ||x) and (Y, || - |ly) be two (real) normed spaces.
A function F : X — Y is positively homogeneous of degree f > 0 if

F(tx) = tﬂF(x) for any x € X and any 7 > 0. 2.3)
Define Hg(X, Y) to be the set of positively homogeneous functions of order 8 from
X to Y, and denote Hg(X) = Hg(X, X).
For a function F' € Hg(X, Y), define

| F)lly
IFN#, = sup IF)]y = sup ——5—.
lxllx=1 x#0 |xlly

The following are immediate properties.

(a) If F € Hg(X,Y) with 8 > 0, then taking x = 0 and 7 = 2 in (2.3) gives
F(0) =0. 2.4)
If, in addition, F' is bounded on the unit sphere in X, then

[ Fllm, € [0, 00) and [|[F(x)[ly < IIFIIHﬁIIXIIf( Vx € X. 2.5



62 Page6of38 D.Caoetal.

(b) The zero function (from X to Y) belongs to Hg(X, Y) forall 8 > 0, and a constant
function (from X to Y) belongs to Ho(X, Y).

(¢) Each Hg(X, Y), for B > 0, is a linear space.

(d) If F1 € Hp,(X,R) and F, € Hg,(X,Y), then F1 F, € Hg,1+5,(X,Y).

(e) If F : X — Y is a homogeneous polynomial of degree m € Z,, then F €
Hu(X,Y).

In (e) above and throughout the paper, a constant function, even when it is zero, is
considered as a homogeneous polynomial of degree zero.

The space Hg(X, Y) can contain much more complicated functions than homoge-
neous polynomials. For example, let s € Z, numbers v;, for 1 < j < s, be positive,
Pj, for 1 < j < s, be a homogeneous polynomial of degree m; € N from X to a
normed space (Yj, || - |ly;). Let Pp : X — Y be homogeneous polynomial of degree
mq € Z.. Consider function F defined by

F(x) = [[P1@)IIY, P2l - - IIPs(x)II?i Py(x), forx € X. (2.6)
Then one has
N
FeHg(X,Y), Where,3=m0+2mjvj. 2.7
j=1

Thanks to (2.7) and property (c) above, any linear combination of functions of the
form in (2.6) with the same number 8 also belongs to Hg(X, ¥).

If n,m,k € Nand £ is an m-linear mapping from (R")" to R, the norm of £ is
defined by

I£]l = max{|L(x1, x2, ..., xm)| 1 X € R", [xj]=1, for1 < j<m}. (2.8)
It is known that the norm || £|| belongs to [0, c0), and one has
|‘C(x]5x27-"7xnl)| S ||L||'|x1|'|x2|"'|'xm| Vx],x27--'axm eRn' (2'9)

In particular, when m = 1, (2.8) yields the operator norm for any k x n matrix L.
Let the space’s dimension d € N be fixed throughout the paper. Consider the ODE
system (1.4).

Assumption 2.3 Hereafter, matrix A is a diagonalizable with positive eigenvalues.

Thanks to Assumption 2.3, the spectrum o (A) of matrix A consists of eigenvalues
Ag’s, for 1 < k < d, which are positive and increasing in k. Then there exists an
invertible matrix S such that

A = S"1A0S, where Ag = diag[A1, A2, ..., Agl.
Denote the distinct eigenvalues of A by A ;’s that are strictly increasing in j, i.e.,

0<k]=A1<)»2<...<kd*=Ad with 1 <d, <d.
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For 1 < k,€ < d, let Ey, be the elementary d x d matrix (6x;0¢j)1<i,j<a, Where
ki and 8¢ are the Kronecker delta symbols.
For A € 0 (A), define

Ry= > Ejand Ry =S"'R;S.
1<i<d,A;j=\

Then one immediately has
d
Ii=Y Ry, RuyRy =08jR;, ARy, =Ry,A=1R;,  (210)
j=1

and there exists ¢ > 1 such that
dy
co ' 1x? = D IRy x[* < colx|* forall x € RY. (2.11)
j=1
Below, we recall a key approximation lemma for linear ODEs. It is Lemma 2.2 of
[9], which originates from Foias—Saut’s work [19], and is based on the first formalized
version [24, Lemma 4.2].
Lemma 2.4 ([9,Lemma?2.2])Let p(t) be an R4 -valued polynomialand g : [T, 0c0) —

RY, for some T € R, be a continuous function satisfying |g(t)| = O(e™*") for some
a > 0. Suppose A > 0 and y € C([T, o0), R?) is a solution of

Y'(#) = —(A = lg)y(®) + p(t) + g(t), fort € (T, 00).
If A > Ay, assume further that

lim M y(0)]) =0, where i =max{A; 1 1 < j <d..)j <A} (2.12)
— 00

Then there exists a unique R?-valued polynomial q(t) such that
q'(t) = —(A =g (1) + p(t) fort € R, (2.13)
and
ly(t) — q@)| = O(e™®") for some ¢ > 0. (2.14)
In fact, the polynomial ¢ (#) in Lemma 2.4 can be defined explicitly as follows. We

write, with the use of (2.10), ¢(¢) = Zjl.*:l Rqu(t), where, for each 1 < j < d, and
teR,
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o= 0=t f()t ehi—hT Ry, p(T + 1)dt ifA; > A,
Ri;q(T +1) = { Ry, y(T) + [¢° Ry, (T + 1)dt + [§ Ry, p(T + 1)dv if Aj = A,
—em RT3 TR, p(T + T)dT ifA; <A

(2.15)

In the case p(t) = 0, it follows (2.15) that g(¢) = &, which is a constant vector in
R?. Then (2.13) and (2.14) read as

(A—AIDE =0and |y(t) — &| = O(e™ ). (2.16)

3 The First Asymptotic Approximation
Consider the following ODE on RY, which is more general than (1.4),

d
d—f+Ay=F(t,y), t>0. 3.1)
Assumption 3.1 Function F mapping (¢, x) € [0, 00) x R? to F(t, x) € R is con-
tinuous in [0, co) x R4, locally Lipschitz with respect to x in [0, 00) X R4, and there
exist positive numbers cy, €4, @ such that

|F(1,%)] < calx|"T W2 > 0, Vx € RY with |x| < e, (3.2)

It follows (3.2) that F (¢, 0) = O for all # > 0. By the uniqueness/backward unique-
ness of ODE system (3.1), a solution y(¢) € C([0, 00)) of (3.1) has the property

y(0) = 0if and only if y(t) = O forall > 0. 3.3)

Thanks to Assumption 2.3 and (3.2), it is well-known that the trivial solution y(¢) =
0 of (1.4) is asymptotically stable, see, for example, [11, Theorem 1.1, Chapter 13].
A solution y (1) € C'([0, 00)) of (3.1) that satisfies y(0) # 0 and

lim y(t) = 0, (3.4)
11— 00

will be referred to as a non-trivial, decaying solution. These solutions will be the focus
of our study.

The following elementary result provides, for non-trivial, decaying solutions, a
more precise upper bound, compared to (3.4), and an additional lower bound.

Proposition 3.2 Let y(t) be a non-trivial, decaying solution of (3.1). Then there exists
a number Cy > 0 such that

ly(1)] < Cre ™" forallt > 0. (3.5)
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Moreover, for any € > 0, there exists a number Co = Cp(g) > 0 such that
[y(@)] = Cae™ Dt forall 1 > 0. (3.6)
Proof SetY (t) = (Z‘;":l |Rkjy(t)|2)1/2.Applying R;; to Eq. (3.1), taking dot product

of the resulting equation with R »; ¥, using the last property in (2.10), and then summing
over j, we obtain

d. d.
1 d 1d * *
S 0= gd—ZlRwlz ==Y 2jIRyyP+ Y R F(t.y)- Ry,y.
j=I1 j=I1 j=1
3.7
Note that
dy dy dy
ALY IR YIP <Y D hGIR Y < Aa Y IR YI (3.8)
— - -

Denote Cy = Z‘;*:] IR, 2. Let e > 0 be arbitrary. By (3.4) and the asymptotic
stability of the trivial solution, there exists 7, > 0 such that

ly(®)] < &4 and Cocycoly()|* < eVt > T, (3.9)

We have, fort > T,
dy dy
| >R F@ - Ryy| < 3 IR PG )] Iyl < Cocaly P (3.10)
j=1 j=1
Combining (3.10) with (2.11) and (3.9) gives
dy
‘Z Ry, F(t,y) - Ri,y| < Cocylyl® - co¥?(t) <eY*() Ve > T,.  (3.11)
j=1

Proof of (3.5) By Eq. (3.7), the first inequality in (3.8), and (3.11), we have

ldy2 (A VY2 Vi > T,.
- - —¢
2dr :

Thus, fort > T,

Yz(t) S YQ.(TS)e—Z(Al—E)(t—Tg)'
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Using this estimate and (3.10) in (3.7) gives, for t > T,

hence,

d
ayz < —2A1Y? 20 2B0Te) (3.12)

where 8 = (1 + «/2)(A1 — ¢) and C; is a positive number.
Choose ¢ sufficiently small so that 8 > Aj. Applying Gronwall’s inequality to
(3.12), for t > T, yields

t
YZ(I) < 672A](17T€)Y2(T8)+2Ci/‘ e*ZA](l*‘L')672,3(17715)(1,”.7

T;

and, also by (2.11),
/

B — A1>

YO < V(1) = Mg (YA(T,) +

Therefore, we obtain the inequality in (3.5) for some constant C; > 0, but only for
all t > T,. Combining this with the boundedness of |y(¢)| on [0, T,], we then obtain
estimate (3.5) for all # > 0 with an adjusted constant C; > 0.

Proof of (3.6) By Eq. (3.7), the second inequality in (3.8), and (3.11), we have

1d
Ed—Y2> —AgY? —eY? = —(Ag+e)Y? Vi >T..

Hence,
Y2(t) > Y2 (To)e 2 Mato0T vy > T,
By the virtue of (3.3), |y(#)| > O for all + > 0. It follows that

YO = ¢y ' Y2(1) = g 21y (Tp) |Pe 2 Bate)=T) — ¢l p=20atell gy > T,
(3.13)

where C, > 0. Since y € C([0, T], R?) and |y(¢)| > 0 on [0, T, ], one has |y(¢)] it
is bounded below by a positive constant on [0, T, ]. Combining this fact with estimate
(3.13) for t > T, we obtain the all-time estimate (3.6). m]

The lower bound (3.6) in Proposition 3.2 can be derived by using results for abstract
problems in infinite dimensional spaces such as [22, Theorems 1.1 and 1.2], see also
[12]. Nonetheless, the proof above is included for being self-contained and simple.
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As discussed in the Introduction, the next theorem either follows the proof of [18,
Proposition 3], or is a consequence of [21, Theorem 1.1]. However, the proof presented
below uses a new method, which may be useful in other problems.

Theorem 3.3 Let y(t) be a non-trivial, decaying solution of (3.1). Then there exist an
eigenvalue A, of A and a corresponding eigenvector &, such that

ly(t) — e ™| = O(e_(k**'s)t)for some § > 0. (3.14)

Proof Define the set

n
S = Zk’j + ma, : for any numbers n € N, )\’j co(A),meZyy. (3.15)
j=1

The set S’ can be arranged as a strictly increasing sequence {v,}7° ;. Note that
vi = A and v, - oo asn — oo. For any n € N, one has v, + aA; > v, and
v, +ai; € S’ Hence, by the strict increase of v,’s, we have

Uy oAl > vy, (3.16)

Step 1. First, by Proposition 3.2, |y(t)] < Ce™"’. Let wo(t) = "' y(t). Then
wo (1) satisfies

wo (1) + (A = vilg)wo(t) = g1(z) EF(, y(1)). (3.17)

We estimate the right-hand side
g1()] < Ce™ |y < Ce"e™ M IHO = O e, (3.18)
By Eq. (3.17) and estimate (3.18), we can apply Lemma 2.4 to y(f) = wo(¢) and

p(t) = 0. Then, by and (2.16), there exists a vector & € R? and a number &; > 0
such that

A&l = vi&y, (3.19)
lwo(t) — &1 = O(e™"), thatis , |y(t) — e V& = O(e™ MV (3.20)

Step 2. Set M = {n € N : |y(1)| = O(e~V»t9?) for some § > 0}.
Suppose n € M. Let w, (t) = e"+"y(t). Then

W) () + (A = V1 L) wa (1) = gui1 () = ™1 F (e, y(1)). (3.21)

To estimate the last term, we note from (3.16) that v, (1 + o) > v, + A1 > V1.
Then, for large ¢,

[8n1()] < Ce M y(n)| T4 < Cenit!emCrtdIFON | = O(em(H),
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(3.22)

By (3.21)and (3.22), we, again, can apply Lemma?2.4to y(t) = w, () and p(¢) = 0.
Then, by (2.16), there exists a vector &, € R4 and a number ¢ > 0 such that

A&t = vpriéng,
|wn (1) = &ng1] = O(e™), thatis , [y(1) — ™" #1g, 1| = Oe™ 1+,

Step 3. If the vector &1 in Step 1 is not zero, then, thanks to (3.20) and (3.19), the
theorem is proved with A, = A1 and &, = &;.

Now, consider &1 = 0. By (3.20) with & = 0, one has 1 € M, hence M is a
non-empty subset of N. By (3.6) and the fact v, — oo, the set M must be finite. Let
k be the maximum number of M, and ng = k + 1. By the result in Step 2 applied to
n = k, there exist &,, € R and ¢ > 0 such that

Aény = Vnéng» (3.23)
ly(t) — e V0", | = O(e™ Voo, (3.24)

If §,, = 0, then (3.24) implies no € M, which is a contradiction. Thus, &,, # O,
which, together with (3.23), implies A, = vy, is an eigenvalue and &, = &,, is a
corresponding eigenvector of A. Then, estimate (3.14) follows (3.24). O

Remark 3.4 We compare the above proof of Theorem 3.3 with Foias—Saut’s proof in
[18]. We recall from [18] that the Dirichlet quotient Ay(¢) - y(¢)/| y()|? is proved
to converge, as t — 00, to an eigenvalue 1, of A first, and then, based on this, the
two limits e**'R;, y(t) — & # 0 and e™/(I; — Ry,)y(t) — O are established.
This original proof is rather lengthy and requires delicate analysis of the asymptotic
behavior of y(#)/|y(t)], see [18, Proposition 1]. We, instead, do not use the Dirichlet
quotient to determine the exponential rate, but create the set S” of possible rates, see
(3.15), and find the first A, € S’ such that e*|y(¢)| does not decay exponentially.
Then, by the virtue of approximation Lemma 2.4, estimate (3.14) is established without
analyzing y(t)/|y(¢)|. This idea, in fact, is inspired by Foias—Saut’s proof in [19] of
the asymptotic expansion (1.3). However, we restrict it solely to the problem of first
asymptotic approximation, and hence make it significantly simpler.

4 The Series Expansion

In this section, we focus on obtaining the asymptotic expansion, as t — 00, for
solutions of Eq. (1.4). Regarding the equation’s nonlinearity, we assume the following.

Assumption 4.1 The mapping F : RY — R has the the following properties.

(i) F is locally Lipschitz on R¢ and F(0) = 0.
(i) Either (H1) or (H2) below is satisfied.
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(H1) There exist numbers S;’s, for k € N, which belong to (1, c0) and increase
strictly to infinity, and functions F € Hg, (R N COO(Rg), for k € N, such
that it holds, for any N € N, that

N
F(x) =Y Fi(x)| = O(x|f) asx — 0, forsome B > By. (4.1)

k=1

(H2) There exist N, € N, strictly increasing numbers S ’s in (1, 00), and functions
Fy € Hp,(RY) N C®(RY), fork = 1,2, ..., Ny, such that

Ny
F(x)— Z Fr(x)| = O(|x|‘3) asx — 0, forall 8 > By,. “4.2)

k=1

In Assumption 4.1(ii), we conveniently write case (H1) as

F(x) ~ Y Fi(x), (4.3)
k=1
and case (H2) as
N*
F(x) ~ Y Fi(x). (4.4)
k=1

The following remarks on Assumption 4.1 are in order.

(a) Applying (2.4) and (2.5) to each function Fy, one has

Fe(0) =0, [[Fillzgy, < 00, and |Fe(x)| < [|Fellaqy, lx1P* for all x € RY.

Hence, (4.1) indicates that the remainder F(x) — Z,jcvzl Fi(x) between F(x) and
its approximate sum Z,Icvzl Fi(x) is small, as x — 0, of a higher order (of |x|)
than that in the approximate sum Z,’:’:] Fr(x).

(b) With functions Fi’s as in (H2) of Assumption 4.1, if F(x) = Z,]:’;l Fi(x), then
F satisfies (4.4). For the relation between (4.3) and (4.4), see Remark 4.4 below.

(c) By the remark (e) after Definition 2.2, if F is a C*°-vector field on the entire
space R4 with F(0) = 0 and F’(0) = 0, then F satisfies Assumption 4.1 with the
right-hand side of (4.3) is simply the Taylor expansion of F(x) about the origin.

(d) Note that we do not require the convergence of the formal series on the right-hand
side of (4.3). Even when the convergence occurs, the limit is not necessarily the
function F. For instance, if 4 : RY — R4 satisfies [x| " *h(x) — 0 as x — 0 for
all « > 0, then F and F + h have the same expansion (4.3).

(e) The class of functions F’s that satisfy Assumption 4.1 contains much more than
smooth vector fields, see Sect. 6 below.
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By Assumption 4.1, for each N € N in case of (4.3), or N € NN [1, N,] in case
of (4.4), there is ey > 0 such that

N
‘F(x) = Fk(x)‘ — O(|x|P¥*+eN) as x — 0. (4.5)
k=1

Note from (4.5) with N = 1 that, as x — 0,
|F()| < |F1@)] + |F(x) = FI1(0)| < [ Fillag, 1x1P1 + O(xP1H1) = O(x|™).
Thus, there exist numbers cy, €+ > 0 such that
[F(x)| < colx|Pt Vx € R with |x| < &s. (4.6)

By property (4.6) and Assumption 4.1, function F satisfies conditions in Assump-
tion 3.1. Therefore, the facts about trivial and non-trivial solutions in Sect. 3 still apply
to Eq. (1.4), and Theorem 3.3 holds true for solutions of (1.4).

Hereafter, y(¢) is a non-trivial, decaying solution of (1.4).

Let eigenvalue A, = A,, and its corresponding eigenvector &, be as in Theorem
3.3. It follows (3.14) that

ly(t)] = O(e™"). 4.7

To describe the exponential rates in a possible asymptotic expansion of solution
y(t) we use the following sets S and S.

Definition 4.2 We define a set S C [0, 00) as follows.
In the case of (4.3), letay = Bx — 1 > 0 for k € N, and

dy oo
S = { Z mr(Ax — Ay) +ZZJ'(¥]')»* imy, 2j € Ly,
k=no j=1 (4.8)

with z; > 0 for only finitely many ;' s}.

In the case of (4.4),letay = —1 >0fork=1,2,..., Ny, and

dy Ny
g':{ka()»k—)\*)-i-ZZjajk*:mk,zjeZ+}_ (4.9)
k=ng j=I

In both cases, the set S has countably, infinitely many elements. Arrange Sasa
sequence (iL,)> ; of non-negative and strictly increasing numbers. Set

Wn = [in + Ay forn € N, and define S = {u, : n € N}. (4.10)
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The set S has the following elementary properties.

(a) Forng < £ < dy, by choosing mj = k¢, and zj = 0 for all j in (4.8) or (4.9), we
have Ay — A4 € S. Hence,

Ag € Sforall =ng,no+1,...,d,. 4.11)

(b) Clearly, j1; = 0 and pt; = A4. The numbers j,,’s are positive and strictly increas-
ing. Also,

iy — oo and [, — 00 asn — o0. (4.12)
(c) Forallx,y e Sandk e N, one has
X+ Yy, X +aphs €8, (4.13)
As a consequence of (4.13), one has

Wy + oAy > [yt foralln, k. (4.14)

Letr € Nand s € Zy. Since F, is a C*-function in a neighborhood of &, # 0,
we have the following Taylor’s expansion, for any i € R?,

S
1
Frg+h) =) —D"FEDR"™ + g, 5(h), (4.15)
m!
m=0
where D™ F, (&) is the m-th order derivative of F, at &,, and

gr.s(h) = O(h) Yy ash — 0. (4.16)

For m > 0, denote
1 m
Frm = — D" Fr (). (4.17)

When m = 0, (4.17) reads as F. o = F-(&§). When m > 1, F, ,,, is an m-linear
mapping from (R?)” to R?.
By (2.9), one has, forany r,m > 1, and y1, y2, ..., Yym € RY, that

|~7:r,m(y1’ Y2, Ym)| = ||-7:r,m|| . |y1| : |)’2| co |ym| (4.18)

. o . . def
For our convenience, we write inequality (4.18) even when m = 0 with || F, o|| =

|Fr (5l

Our main result is the following theorem.
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Theorem 4.3 There exist polynomials g,: R — R? such that y(t) has an asymptotic
expansion, in the sense of Definition 2.1,

o0
YA~ Y gatye "t inRY, (4.19)

n=1

where [L,’s are defined in Definition 4.2, and g, (t) satisfies, for any n > 1,

’ def .
@+ (A = pnla)gn = Tn = > Frm @y s - - G,) in R
r>1,m>0,ky,ka,....kn>2,

7:] ﬁkj +ar)\*:ﬁn

(4.20)

We clarify the notation in Theorem 4.3.

(a) In case of assumption (4.3), the index r in J, is taken over the whole set N. In
case of assumption (4.4), the index r in J, is restricted to 1, 2, ..., Ny, thus, we
explicitly have

Ny
Tn=Y_ > Frm(@hs Qs - - i) 4.21)

r=1 m>0,ky,k2,....k;n>2,
Z_T:] ﬂkj +arA=Hn

(b) Whenm = 0, the terms g, ’s in 7, are not needed, see the explanation after (4.17),
hence the condition k; > 2is ignored, and the corresponding terms in 7, becomes

> Fr(&) for aphy = I, thatis, Brhe = py. (4.22)

Thus, we rewrite (4.20) more explicitly, by considering m = 0 and m > 1 for 7,

as
g+ A—pldgn = Y. F&)
rzl,ark*=ﬁn
+ > Frm iy s Qs -+ Qh)- (4.23)

r=1,m=1kika,....km=2,
ZT:] ﬁkj +a}’)"*=iln

Note, in (4.22), that such an index r may or may not exist. In the latter case, the
term is understood to be zero. In the former case, r is uniquely determined and we
have only one term.

(¢) When n = 1, we have 1| = 0, and there are no indices satisfying the constraints
for the sum in 7;. Hence 71 = 0, and (4.20) becomes

¢+ (A — g = 0. (4.24)
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(d)

(e)

®

Consider n = 2. If m > 1, then, for the second sum on the right-hand side of
(4.23), one has at least iy, > 2. Hence ,Tikj + arhs > Uk, > fo. Therefore, the
last condition for the indices in the second sum on the right-hand side of (4.23) is
not met. Thus, (4.23) becomes

G+ A-mlgp=0= Y  FE = >  FE.

rZLOlrM=ﬂ2 r>1,Brhe=/12
We verify that the sum in 7, is a finite sum.
Let n > 2. Firstly, the indices in the sum of 7, satisfy
m
n = Zﬁk! + o hs = Qphy = ap .
j=1
Then
o < L/ pr. (4.25)
Secondly, for m > 1, one has
m m
fn = Zﬁk,- + ok > Zukj > mil,
j=1 j=1
which yields
m < [y /2. (4.26)

Note that condition (4.27) is not met forn =2 and m > 1.
Thirdly, 1, = Z'}l: | ok + @phs > i, which yields

kj <n. 4.27)
Hence, the terms qk; ’s in (4.20) come from previous steps.
By (4.25), (4.26), (4.27), the sum in 7, is over only finitely many r’s, m’s and

ki’s
i’s.
For n > 2, suppose r*, m*, k* are non-negative integers such that

o > [n/p1, m* > iy /o, K* = n— 1. (4.28)
Then 7, can be equivalently written as

Tn=>_3" > Frm(@hs Qs - - Qi) (4.29)

r=1m=0 2<ki.ky,..., ko <k*,
Tt My o o =fi
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Indeed, the right-hand side of (4.29) clearly is a part of the sum in 7, and the
converse is also true thanks to (4.25), (4.26) and (4.27) above. Thus, the sums on
both sides of (4.29) are the same.

(g) Incaseof (4.4)andn > 2, 7, is given by (4.21), and relation (4.29) under condition
(4.28) can be recast as

Ny m*
Tn=Y.> > Frm(@iys Qios -+ )5 (4.30)

r=1m=0 2<ky,ka,....km<k*,
m

Tt Hk o =i
for any non-negative integers m™*, k* satisfying
m* > [, /iy and k* > n — 1. 4.31)
We are ready to prove Theorem 4.3 now.

Proof of Theorem 4.3 We will prove for the case (4.3) first, and then make necessary
changes for the case (4.4) later.

Part A: Proof for the case of (4.3). For any N € N, we denote by (7y) the following
statement: There exist RY-valued polynomials q1(t), q2(t), ..., qn(t) such that Eq.
(4.20) holds true forn = 1,2,..., N, and

= O(e” WV a5t — o0, (4.32)

N
YO =Y gare
n=1

for some §ny > 0.

We will prove (7y) for all N € N by induction in N.

First step (N = 1). By Theorem 3.3 and the fact u; = A, the statement (77) is
true with g1 (t) = &, for all t € R, and some §; > 0.

Induction step. Let N > 1. Suppose there are polynomials g,’s for | <n < N
such that the statement (7 ) holds true.

Forn=1,...,N,let y,(t) = gn(t)e ", u,(t) = y(t) — Y _;_; yk(t). By induc-
tion hypotheses, the polynomials g,,’s satisfy (4.24), (4.20) and

un (t) = Qe NN, (4.33)

Let wy (t) = e*N+1'un(¢). We derive the differential equation for wy (¢). First, we
have

N
/ / t / / t
why — pnpiwy = uye!vH = <y _ Zyk) M+
k=1

k=1

N
— (—Ay +F(y) — Z%{) elN+11
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N N
= (— Auy — ZAyk + F(y) — Zy,’()e"”“t.

k=1 k=1
Thus,
N
wy + (A = pyilwy = eV F(y) — e VY (Ay+0p). (434)
k=1

By (4.12), we can choose a number r,, € N such that

Br, = n+1/11, which is equivalent to oy, > 41/ 141 (4.35)

By (4.5), one has

F(x) = Z Fr(x) + O(Jx|Prtere) as x — 0. (4.36)

r=1

Using (4.36) with x = y(#) and utilizing property (4.7), we write the first term on
the right-hand side of (4.34) as

MNHE(3(1)) = VYT F(y(1) + eV Oy (1))
r=1

— E(t) + eI‘LNJrltO(e_)L*(lgr*“’gr*)l)’

where

E(r) = e+t Z E (y(0). (4.37)

r=1
Because of the condition for B, in (4.35), we then have
MNHTE(y(1)) = E(t) + O(e™N), where 8y = Avér,. (4.38)

The term Z;*:l F-(y) in (4.37) will be calculated as below. For k = 1,..., N,
denote

(1) = y(DeM = () ™ and Wy (1) = ug(1)e™".
When 2 < k < N, one has

e (1) = gr(t)e = O(e= PO for any & € (0, ix). (4.39)
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By (4.33),
N () = uy () = Qe Fntmry, (4.40)
Also, from (77), we similarly have
w1 (1) = up (e = 0. (4.41)
Then
Fr(y(1) = F,(1 +up) = Fr(e ™ (. + 1)) = e P Fo + ). (442)
Let s, € N satisfy
5481 + Birsx = 41 and s, > Hyy1/Mo. (4.43)

By Taylor’s expansion (4.15) with s = s, using the notation in (4.17),

Sy
Fre+) =Y Fronll"” + g5, (1) (4.44)

m=0

It follows (4.42) and (4.44) that

Fr(y(t) = e Prist <F D+ Z Fr m~<'”)> e i, (). (4.45)

m=1

The terms in (4.45) are further calculated as follows.
For the last term in (4.45), by using (4.16), (4.41) and the first condition in (4.43),
we find that

el s, (@) = e PO (1)) = e TP O )
— O(e—(ﬁlk*+5ls*+51)t) — O(e_(MN-H'Hsl)f). (4.46)

For the remaining terms on the right-hand side of (4.45), we write

- ~ A\ (m)
Yk +MN>

Mz

]:r mﬁ(lm) = }—r,m(

k=2
N N N
= Frm (Z? +MN,ZYk+uN,---,Z§k+i7N>
k=2 k=2 k=2
N
—Fun(X5)" Y FaGiw. @aD

~
|l
)

finitely many
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Note, in the case N = 1, that the sum Z/Ic\;z vt and, hence, the term
fr,m(Z,’Lg ?k)(m) are not present in the calculations in (4.47). In the last sum of

(4.47), each z1, ..., zy is either Z,I{Vﬁ Yk or iy, and at least one of z;’s must be iy .
By inequality (4.18), estimate (4.39) for Vi, and estimates (4.40), (4.41) for uy, we
have

[ Frm @1y -z S W Femll - 1z1l -z = O(un)) = O(e_(ﬁN""SN)t)‘
Therefore,
Sy Sk N (m) B
Z ]:r,mﬁdgm) = F, (&) + Z fr,m(z ﬂ) + O(e—(MN+3N)I)
m=0 m=1 k=2

- Z Z Fr m(ykwykz’ '--,S;km)‘f‘O(E‘_(ﬁN-’_gN)t)
= Z Z R Vi o @hys Q-2 Gry) + O FENFONT)

It follows that

~ ! "y Tk B
mzz}-r (m) Z Z Qi e +B )fr,m(qkl,qzcz,...,qkm)
m= Okl k=2
+ O(e_(lLN'HSr)t*"FSN)t).

(4.48)

Again, in the case N = 1, the last double summation has only one term correspond-
ing to m = 0, which is Fy(&,).
Using property (4.14), we have

BN+ Brhs + 68 = AN + trds + As + 88 > An41 + A + 38 = n+1 + Sn.
Hence, the last term in (4.48) can be estimated as
O(e—(ﬁN+ﬁM*+5N)f) = O(e~ V1 Hony (4.49)

Therefore, by formula of E () in (4.37), and (4.45), (4.46), (4.48), (4.49), we have

E(t) = eMN+1t<J + O(e—(/AN+1+5N)t) + O(e—(MN+|+51)t))
= N+ ] O (e mintOLINIY) (4.50)
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where

J=350 Y TR E G k). (45D)

Denote u = g, +. . .+ Mk, +trAs. Whenm = 0,onehas . = a1, which belongs
to S. When m > 1, by property (4.13), u also belongs to S. Clearly, u > 0 = [i;.
Thus, in both cases of m, the number ;. must equal 1z, for a unique p > 2. Because
of the indices r, m, k1, . . ., k;,, being finitely many, there are only finitely many such
numbers p’s. Thus, there is p, € N such that any index p above satisfies p < p;.
Hence, the exponent in (4.51) is

m
Zﬁkj + Brhv =+ Ae =[p+ Ay =, forsomeinteger p € [2, pyl.
Jj=1
(4.52)

Using index p in (4.52), we can split the sum in J into two parts corresponding to
p <N+ 1land p > N + 2. We then write J = S| + S, where

N4+1 rye sy

S = ZZZ Z e Gy Ghys - s Q)

p=2r=1m=0 2<kj,...k;m<N,
Z’/ﬂ:] ﬁkj +Brh=up

Ty Sy

P«
$2= Z Z Z Z e_uptfr,m(le s Gkas e s Qi)

p=N+2r=1m=0 2<ky,...km<N,
ZT:] Mk B hs=up

We re-write S; = S V! o=t 1 where
k=2

he=Y_>" > Frm@hys Qs - -+ Giy) fork = 1,2, ... N + 1.

r=1m=0 2<ki,....k;m <N,
m

=1 ﬁkj +Br hx=pk
(4.53)
We estimate S;. Set S}V = min{gN, 81, 8N, (UN+2—N+1)/2} > 0. Using inequal-

ity (4.18) to estimate | 7 (Gk, » Gky» - - - » Gk, )|, and recalling that g °s are polynomials
in ¢, we have

8/
|From @hys Ghas - - Q)| < N Frmll - iy |- qia -Gk, | = O(eN).
For e #r! | we use Kp > N+2, and obtain

S, = (’)(e_“N“tes;Vt) — O(e—(MN+l+5;V)f)' (4.54)
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Combining the above calculations from (4.50) to (4.54) gives

N+1
E(t) = e!Nit )™ g7l o 4 O(e "), (4.55)
k=2

Thus, by (4.34), (4.38) and (4.55),

N+1 N
wy + (A — unyildwy = ( Z e M Ji — Z(Ayk + y,é))e’”v“’ + O,
k=2 k=1

Using the fact Ay, + y;, = e " (q; + (A — wela)qr), fork = 1,2,..., N, we
deduce

N
w;\, + (A — /LN+1Id)wN = —ehn+1! Ze_p“kt)(k + JIn41 + O(e_aﬁvt), (4.56)
k=1

where
X1 =q; +A—wildq, xk=qp+ (A — ula)gr — J for2 <k < N.

We already know x; = 0. Let us focus on the sum Z,?/:l e~ k! y; on the right-hand
side of (4.56). In the case N = 1, this sum is already zero.

Consider N > 2. Note that condition Z';':l Lk ;+ BrAx = 1 in formula (4.53) of
Jy is equivalent to ZTzl ﬁkj + ayAs = k. Then, foreachk = 1,2,..., N + 1, by
the virtue of relation (4.29) forn =k < N+ 1,r* = r,, m* = s, and k* = N, one
has

Je =T fork=1,2,...,N + 1. 4.57)
Above, condition (4.28) is met thanks to the condition for ¢, in (4.35), the second
condition for sy in (4.43), and the fact N > k — 1.

Thanks to (4.57) and the induction hypothesis, xx = 0 for 2 < k < N. Hence,
(4.56) becomes

wiy + (A — unsilwy = Iy41 + O N, (4.58)

Note that uy4+1 > 1 > A1. Let A; be an eigenvalue of A with A; < upny1. If

Ai < Ay = i thend; < puy.IfA; > A, then, according to property (4.11), A; € S,
hence, by the constraint A; < uy41, we have A; < uy. Therefore, in both cases

e()‘i_”N+l)t|wN(t)| — e)”it|uN(t)| — elilo(e—(MN-&-tSN)f) — O(E—BNI).

That is, condition (2.12) is satisfied.
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Applying Lemma 2.4 to Eq. (4.58), there exists polynomial gy 41 : R — R¢ and a
number §y 41 > 0 such that

lwy (£) — gn+1(0)] = O(e*N+17), (4.59)
Moreover gy () solves

gy + (A= unsitl)gner = Inet = Intts

that is, Eq. (4.20) holds forn = N + 1.
Multiplying (4.59) by e #¥+17 gives

N+1

’y(t) = > an(ye !
n=1

— (’)(e_(l/«N+l+5N+l)t)’

which proves (4.32) for N := N + 1.
Hence the statement (74 1) holds true.

Conclusion for Part A. By the induction principle, the statement (7 ) holds true
for all N € N. Note also that, the polynomials (7 1) are exactly the ones from (Zy).
Hence, the polynomials g,’s exist for all n € N, for which (7x) holds true for all
N e N. Therefore, we obtain the desired expansion (4.19).

Part B: Proof for the case of (4.4). We follow the proof in Part A with the following
adjustments. The number r, is simply N, and condition (4.35) for r, is not required
anymore. All the sum ) .| appearing in the proof that involves F, or F; ,, will be
replaced with ) 7y - From (4.36) to the end of the proof in Part A, positive number
&r, 18 arbitrary, and number Br, in calculations from (4.36) to (4.38) is replaced with
any number By > uy+1/11. Then (4.36) still holds true thanks to (4.2). We also take
into account that 7, is given by (4.21), and one has relation (4.30) under condition
(4.31). With these changes, the above proof in Part A goes through, and we obtain the
desired statement for this case (4.4).

The proof of Theorem 4.3 is now complete. O

Remark 4.4 Assume we have (4.4), then by adding more functions F; = 0 and numbers
Bi’s, for k > N, such that B increases strictly to infinity, one can convert (4.4) into
(4.3). (For example, one can take Sy = Bn, +k for k > N..) However, we did not use
this fact in Part B of the proof of Theorem 4.3 above. The reason is to have simpler
constructions of S and gn’s in (4.9) and (4.21) for the case (4.4), as opposed to (4.8)
and (4.20) if it is converted to (4.3).

5 Extended Results

In this section, we extend Theorem 4.3 to the situations that require less of the function
F.
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First, we consider the case when the function F in (1.4) only has a finite sum approx-
imation. We will find a finite sum asymptotic approximation for decaying solutions
of (1.4).

Assume function F satisfies (i) and (H2) of Assumption 4.1 with (4.2) being
replaced with

N
‘F(x) - Z Fk(x)‘ = O(|x|P¥*%) as x — 0, for some number & > 0. (5.1)
k=1

Note that (5.1) is different from (4.2) due to the restriction of €. Also, we usually
think of £ as a small number, but, in (5.1), it can be large. This happens when the
remainder F(x) — Z,ﬁ’;l Fi (x) may have very precise approximation, i.e., large £, but
it does not have a homogeneous structure that we can take advantage of.

From (5.1), one can see that estimate (4.5) still holds for all N € N N [1, Ny],
where §y is any number in (0, By+1 — Bv) when N < N,, and is € when N = N,.
Consequently, (4.6) is still valid, and the facts and results in Sect. 3 apply.

Let y(¢) be a non-trivial, decaying solution of (1.4). Applying Theorem 3.3, we
have the first approximation (3.14). ~

For more precise approximations, define sets S and S by (4.9) and (4.10), respec-
tively.

Let N € N be defined by

N =max{N € N: L.(Bn, + &) > un}. 5.2)

From the definition of §, we see that oy, Ay € S. Therefore, there exists a unique
number N” € N such that ey, A« = fp, which is equivalent to 1y = By, A« The
last expression gives upys > Ay = W1, thus, one must have N’ > 2. Note that N’
belongs to the set on the right-hand side of (5.2), then N >N >2.

We obtain the finite approximation for decaying solutions under the assumption
(5.1) as follows.

Theorem 5.1 There exist RY-valued polynomials g, (t)’s, for 1 < n < N, and a
number § > 0 such that

N
() = Y gu(re | = O+, (53)
n=1

where each polynomial q, (1), for | <n < N, satisfies equation

Ny
Gn + (A= tla)gn =Y > Frem(@hy- G- - - Gk,,) in R (5.4)
r=1 m>0,ky,ka,....kpn>2,
Z?:] /’ij ‘Hl’r)\*:ﬁn
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Proof We follow Part A of the proof of Theorem 4.3, with some changes similar to
those in Part B.

First, we take r, = N4, 1 <r < N, and replace ¢,, with number ¢ in (5.1).

Second, we replace condition (4.35) with A..(B,, + &) > . which is satisfied by
definition of N in (5.2).

Third, for 1| < N < N — 1, the calculations (4.36)—(4.38) are still valid with
number EN in (4.38) being changed to SN = A«(Br, + &) — un4+1. Note that SN >
)\*(lgr* +8&)— Ky > 0. _

We do finite induction in N for 1 < N < N and obtain (TN)’ which, by (4.32),
yields (5.3). Here, each polynomial g, (¢), for | <n < N, satisfies Eq. (4.20) with 7,
being given by (4.21) particularly; that is, we obtain Eq. (5.4). O

Next, we relax the regularity requirements for F and Fj’s.

Regarding F, its local Lipschitz property is imposed to guarantee the existence
and uniqueness of solutions at least starting with small initial data. However, in some
problems, F is not that regular, but a small solution y(¢), for t € [0, 00), already exists
and is given. Then our results obtained above apply to this solution y(#).

Regarding Fy’s, what we need in the proofs of Theorems 4.3 and 5.1 is that each
Fy, in addition to being positively homogeneous, has the Taylor series approximation
of all orders about &, where &, is from Theorem 3.3. Because &, depends on y(¢) and
varies in Rg, function F} is required in Assumption 4.1 to be smooth on the entire set
Rg. However, in many cases, Fy is only known to be smooth on an open set V' strictly
smaller than Rg . Then one needs &, to belong to V' as well. This is possible when more
information about &,, as an eigenvector of matrix A, is provided.

These two points will be reflected in Theorem 5.3 below.

Definition 5.2 For an open set V in R?, denote by X (V), respectively X°(V), the
set of locally Lipschitz continuous, respectively continuous, functions on R?, with
approxunatlon 4. 3) or (4.4) where Fy € Hpg, (Rd ) N C*°(V) for all respective k’s.
The sets X' (V) and X0 (V) are defined similarly with (5.1) replacing (4.3) and (4.4).
In particular, denote X = X (R yand X0 = X 0(Rd)

Note that X is the set of functions that satisfy Assumption 4.1.
An extension of the results in Theorems 4.3 and 5.1 is the following general theorem.

Theorem 5.3 Suppose that all eigenvectors of matrix A belong to an open set V in
R4,

(i) Then Theorem 4.3 applies to any function F € X (V), and Theorem 5.1 applies to
any function F € X (V), for any non-trivial, decaying solution y(t) of (1.4).

(ii) If F € XO(V), respectively F € ./'/V\O(V), then Theorem 4.3, respectively Theorem
5.1, still holds true for a solution y(t) € C' ([0, 00)) of (1.4) that satisfies y(t) — 0
ast — oo, and there is a divergent, strictly increasing sequence (t,,)ff’: 1 in (0, 00)
such that y(t,) # 0 for alln € N.

Proof (i) In the proofs of Theorems 4.3 and 5.1, the eigenvector &, belongs to V, and,
thanks to the condition F; € C°°(V), we can still use the Taylor expansions of Fj’s
about &,. Therefore, both proofs are unchanged and produce respective conclusions.
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(i1) We re-examine Proposition 3.2. Select T, = ¢, for sufficiently large n such that
(3.9) still holds. Then we still obtain upper bound (3.5). With y(T,) = y(¢,) # O,
the estimate (3.13) holds for some C), > 0. Thus, the inequality in (3.6) holds for all
t > T,. With such a lower bound of |y(¢)|, we can still prove Theorem 3.3. After that,
the argument in (i) continues to be valid. O

The sets defined in Definition 5.2 and used in Theorem 5.3 will be explored more
in Sect. 6 below. Here, we state their very first property.

Proposition 5.4 For any open set V in RY, the sets X (V), ./i’\(V) X%(V) and i’\o(V)
are linear spaces.

Proof We gives a proof for X'(V), the other sets can be proved similarly. Thanks to
Remark 4.4, it suffices to prove that the sum of any two functions of the form (4.3) is
also of the form (4.3). Suppose F'(x) is the same as in (4.3), and

G(x) ~ Y Gi(x), (5.5)
k=1

where each Gy is similar to F, but with degree ,3,/C > 1 instead of B;. Arrange the set
{Bk, B} : k, j € N} as an strictly increasing sequence (B2 . Clearly, B — oo as

k — oo, and (Br)72 | and (B;)72, are subsequences of (Bk),fil. By inserting the zero
function into (4.3) and (5.5) when needed, one can rewrite the sums and verify that

F(x)~ ) Fe() and Gx) ~ ) Gr(),
k=1

k=1

where fk (x) and Gk (x) are in C*°(V), positively homogeneous of the same degree
Bk. Then, F + G is, obviously, of the form (4.3) with F; + Gy replacing Fy, and B
replacing By. O

6 Specific Cases and Examples

We specify many cases for the function F in Theorem 5.3, i.e., describe classes of
functions in the spaces X' (V), X (V) X0(V) and X°(V) in Definition 5.2.
Forn e N, p € [1,00) and x = (x1, x2, ..., x,) € R", the £7-norm of x is

n

el = (Y1)

j=1

We recall that all these norms || - ||, on R" are equivalent to each others.
Foranyn € N, p > 1 and o > 0, one has the following.

(a) The function x € R” ||x||g belongs to C(R") N C*°(R}) N Hy (R).
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(b) Assume, additionally, that p is an even number. Then the function x € R? > ||x ||%
belongs to C*°(Rf)).
The first class of functions in X we describe is in the next theorem, which involves
the £7-norms of x and polynomials on R?.

Theorem 6.1 Let § > 0 and m € N. Suppose G : (=6, 00)™ — R be a C*°-function
with G(0) = 0, and Go : R? — R? is a homogeneous polynomial of degree mo € 7.
Define a function F : RY — R< by

Fo) = G, Xl x5 ) Gox) for x € RY, ©.1)
where p; € [1,00) and sj € (0,00) for j = 1,2, ..., m, are given real numbers.
Lets = min{s; : j = 1,2,...,m}. Assume s + mo > 1. Then the following

statements hold true.
(i) F(O)=0and F € C(RY) N C®(RY).
(ii) F e XO(RY).
(iii) If p1y ..., pm > 1, then F € Cl(Rd), and, consequently, F is locally Lipschitz in
Rd

(iv) If p1, p2, ..., pm are even numbers, then F € X.

Proof In part (i), the property F(0) = O follows the fact G(0) = 0. The proof of
the remaining statement in (i) is elementary, using the chain rule for derivatives and
property (a) right before this theorem.

We prove (ii). By using the Taylor expansion of G (z), for z € (—§, 00)™, about the

origin of R™, we can approximate G(|[x ||}, [x ]I}, - - .. [xI[;.), for k € N, by
S1V1 272 SmVi
Z cyllxllpy N lpy ™ - ™
y:(yl,VZan-!an)eZﬁ,
lyl<k

with the remainder being
OWIx I, + x5 + - + x5 ) = 0(x 4Dy as x — 0,
where each y is a multi-index with length

1 371G (0)

=yY1+»m+...+ Y, andc, = .
vi=r+r v T nnl vl x]exy o

. (6.2)

Re-arrange the set

m
{mo —{-ZS]')/]' 1Y€ Ly (V15 V25 -+ Ym) 5&0}
j=1

as a strictly increasing sequence (Sx);2 ;. Note that fy — oo ask — oo, and, because
of the assumption § + mqo > 1, we have f; > 1 forall k € N.
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Then we can re-write F (x) in the form of (4.3), where

Fi(x) = > ey el x5 - x5 Gox). (6.3)

Y=/1Y2+0-:Ym)ELY,
mo+__1 8V =PBr

By property (a) right before this theorem and property (d) after Definition 2.2,
Fy € Hg, (R?) N C®(RY). By this and the facts F(0) = 0, and F € C(R?) in (i), we
conclude F € XO(RY).

We prove (iii). Because Gy is a homogeneous polynomial of degree m, there is
C > 0 such that Go(x) and its derivative matrix DG (x) can be estimated, for any
x € RY, by

< Clx|™=1 ifmg > 1,

|Go(x)| < Clx|™" and [DGo(x)| . (6.4)
=0 if mg = 0.
By using the linear approximation of G(z) for z near 0 in R™, we have
Gi)=0(z]) =0(z1l+ ...+ lzmD, asz=(z1,--.,2m) = 0.
Applying this property to z = (||x||p,, [Ix[I %, - .., [lx[I5), we have
GUIXI xS i)
= O(Ix |15, + X% + ...+ Ix[%) = O(lx[*) as x — 0,
and, together with the first inequality in (6.4),
F(x) = O(|x|*) as x — 0. (6.5)
Since 5 + mg > 1 and F(0) = 0, it follows (6.5) that
DF(0) =0. (6.6)

For1 <i <mand 1 < j <d, one has the partial derivative, thanks to p; > 1,

a(lx;17)

o, = pilx;1Pi~sign(x;),

x:(xl,...,xd)eRdr—)

which is a continuous function on RY.
Forx e R\ {0}and j = 1,2,...,d, we have

dF(x) Z 0G(2)

5i — Di i—1
ox, 7% sillxlly 7 x ;1P sign(x;)Go(x)

(6.7)

51 K
z=(llxllpy lxll gy ons 12 )

3G0(X)

+ GAxl s Ixly,, lxly
J
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Clearly, d F(x)/0x is continuous on R? \ {0}. Consider its continuity at the origin
now.
For the first summation on the right-hand side of (6.7),

G (2)

5 S
0z lz=(Uxlly xR oo x5

=0{)asx — 0, (6.8)

and, thanks to the first estimate in (6.4),
Il 7 1 17 Hsign(x ) Go(x)] < O(lx i x|™0) = O(|x[FH™0~ 1) as x — 0.

By the second estimate in (6.4), the last term in (6.7), it is zero when mo = 0, and
can be estimated, when mgy > 1, by

0()

.1
= O(x*T™ 1 as x — 0. (6.9)

s -1
Glxly, lxligys o llx II”” < O(Ix[)Clx[™

The above estimates from (6.8) to (6.9) for the right-hand side of (6.7) yield

OF (x)
x—0 3)6./ -

Together with (6.6), this limit implies that 9 F'(x)/dx; is continuous at the origin for
j=1,2,...,d. Therefore, F € C 1(Rd), and, consequently, F is locally Lipschitz in
R4,

Finally, we prove (iv). If all p;’s are even numbers, then, by property (b) right
before Theorem 6.1, all Fy’s in (6.3) belong to C*° (Rg). Combining this fact with (ii)
and (iii) above, we have F € X. O

Example 6.2 Let o be any number in (0, co) that is not an even integer, and
F(x) = |x|% for x € R, (6.10)

Applying Theorem 6.1(iv) tom = 1, G(z) = z for z € R, Go(x) = x, p1 = 2 and
s1 = a, we have F € X. Even in this simple case, the asymptotic expansions obtained
in Theorem 4.3 is new.

Example 6.3 Given a constant d x d matrix My, even numbers pi, p» > 2, and real
numbers «, 8 > 0, let

llx11%, Mox
F(x) = —2— forx e R’. (6.11)
L Dl

Applying Theorem 6.1(iv) to functions G(z1, z2) = z1/(1 4 z2), Go(x) = Moyx
and numbers 51 = «, s, = B, one has F € X. The explicit form of (4.3) can be
obtained quickly as follows.
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For x € R? with lxllp, < 1, weexpand 1/(1+ ||x||f,2), using the geometric series,
and can verify that

o0
Fx) ~ Y (=Dl x5 DP Mox, (6.12)
k=1

in the sense of (H1) in Assumption 4.1. This yields (4.3) with 8 = 1 + o + (k — 1)B.
When || - Il = | - llp, = | - |, function F in (6.11) covers the particular case
discussed in (1.5), and expansion (6.12) simply reads as

o
F(x) ~ Y (=D e F 6D g
k=1

Example 6.4 For k € N, let M be a constant d x d matrix, and p; > 2 be an even
number, and o > 0.

(a) Each function x € R? ||x||77’,§ M. x can play the role of Fj in (4.3) or (5.1).
In this case, we write, respectively,

00 Ny
F) ~ Y Iwlg My, or [F) = 3 el Myx| = O(1x[™+1+) as x — 0.
k=1 k=1

(6.13)

In particular, thanks to Theorem 6.1(iv), the function
N
F(x) = Z ||x||‘;’;ka, for x € R?, belongs to X.
k=1

(b) We can replace Mjx in (6.13) with an R?-valued homogeneous polynomial in
x of degree my, € Z.. Of course, the set {ox + my : k € N} is required to be in (1, 00)
and can be re-arranged as a sequence that strictly increases to infinity.

In Examples 6.2, 6.3 and 6.4 above, we can also consider more complicated vari-
ations. For example, in (6.10), (6.11) and (6.13), we can replace |x| or [|x||,, with
| Skx |l . » Where Sy’s are invertible d x d matrices.

Note that a positively homogeneous function of the form (2.6), in general, does not
belong to COO(Rg). Hence, it cannot play a role of an Fj in (4.3) or (5.1). However,
in some cases, see (6.14) and (6.15) below, it can.

Theorem 6.5 Consider function F(x) given by (2.6) with X =Y = R4, s > 1 and
Tl lly) = RY |- llp) for j=1,....s. Suppose, for j = 1,....s,

the number p; is even, and (6.14)
the only solution of equation Pj(x) = 0is x = 0. (6.15)
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(i) One has F € Hg(RY) N C(RY) N C®(RE), where number B is defined in (2.7).
(ii) If B > 1, then F € X°.

(iii) Let v = min{v; : j = 1,..., s} and assume mo +v > 1. Then F € CH(RY).
Consequently, F € X.

Proof For part (i), the fact F € Hg (R?) is due to (2.7), while the other fact F €
CRHNC OO(Rg) is clear. Part (ii) comes from part (i).

We prove part (iii) now. Same as (6.4), there is C > O suchthat,for j =0, 1, ..., s,
and any x € R,

<Clx/™i=V ifm; > 1,

P; < C|x|™/ and | D P;
P01 = Clal™ and [DP; )] 1= - 0.

(6.16)

Becauses > landm; > 1forj > 1,wehave 8 = mo—I—Z‘;:lmjvj > mo+v > 1.
Note that F(0) = 0 and, by the first estimate in (6.16),

F(x) = O(|x "0 Zi1%m7y = O(|x[Fyas x — 0.
Then, thanks to the fact 8 > 1, we have the derivative matrix D F (0) = 0.

Forj=1,2,...,s, write Pi=(Pj1,Pja,..., Pj,nj)'
Letx = (x1,...,xq) € R4 \ {0}. Then, thanks to condition(6.15), P;(x) # O for

j=1,2,...,s.Fori =1,2,...,d, we have the partial derivative
OF (x) dPy(x)
o =P (x)||f,1] ||P2(JC)||;,22 ||Ps(x)||rfs o

s v Viep; = 0P o(x
121 TT 1er@lis, | vil Py, (Z(Pj,(z(x))"f—lg?”) Po(x).
j=1| 1<j'<s. ' =1 i
J'#i
(6.17)

One can see that this partial derivative is continuous on R? \ {0}. For the continuity
of dF(x)/0x; at the origin, we estimate the right-hand side of (6.17). On the one
hand,

3Py (x)

0
[P CON P2 GO, - - - I Ps (), 3
Xj

’ is zero if mg = 0,
or, in the case mq > 1, it can be estimated, with the use of (6.16), by

IPLCO IS I PO - Py < x| =M o=t = | A,

BPo(x)‘
8Xj

for some generic constant C’ > 0. Here, and also in calculations below, we use the
equivalence between any norm || - || ,; and | - |.
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Onthe other hand, foreach j =1, ...,s,and ¢ =1, ..., n}, by using the estimates
in (6.16) again, we have

Vs Vi—pj 1 |0Pje(x)
vil TT 12l [ 1Pl 1Py e )lPi =t === | Py (x)]
1<j'<s, !
J'#i
T i—1 L
<C'| T B [ eyl bemi=t el
1<j'<s,
J'#]
S C/ 1_[ |x|mjrvj/ |x|mj(vj-71)|x|mjfl|x|mo
1<j'<m;,
J'#]

— C/|x|m0+z7l=l Vj/’”j/_l — C/lxlﬂ_l~

Summing up the above estimates after (6.17) and passing x — 0, with 8 > 1, give

CAF(x) dF(0)
lim =0= .
x—0 0x; ax;

The last relation comes from the fact D F(0) = 0 obtained earlier. Thus, 0 F'/dx; is
continuous on RY, fori = 1,...,d. Because F € C (Rd) from part (i), we obtain
F € C'(RY). Consequently, F is locally Lipschitz, and, by combining this with the
facts in part (i), we conclude F € X. O

In Theorem 6.5, we usually consider the case v;/p; ¢ N for all j. Indeed, for an
index j withv;/p; € N, the corresponding term || P (x) ||;’, is a polynomial, and we
can combine it with the polynomial Py(x).

Example 6.6 Regarding condition (6.15), it can be met for many forms of P;. For
example, if P;(x) = (xT My x)Mox for x € R4, where M| is a positive definite d x d
matrix, and My is an invertible d x d matrix, then P; satisfies (6.15).

Example 6.7 Consider d = 2 and let

F(x1,x) = (Ix] —x3|P" + |x] + x3|P)*/ 7
[(bxixal?? + 13xf — 2x3|7)P/P2 Mo (x1., x2),
where pi, p» > 2 are even numbers, My is a R2-valued homogeneous polynomials of
degree my € Z4, and «, B > 0. Then F is of the form (2.6) withs = 2,n1 = ny = 2,

m; =3,v) =a,my =2,v; = B, and

Pi(x) = (x) —x3, %] +x3), Pa(x) = (x1x2, 3x7 — 2x3).
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One can verify that Py and P; satisfy (6.15). If mo + min{«, B} > 1, then, thanks to
Theorem 6.5(iii), F € X.

In the remainder of this section, we focus on functions constituted essentially by x/",

where x;’s are coordinates of a vector x € R?. We will consider more general forms
of these power functions, and also combine them with other positively homogeneous
functions such as ||x ||Z’l..

Notation 6.8 We will use the following notation for different types of power functions.

e Define w, a subset of R2, by w = (Z4+ x {0} U ([0, o0) x {—1, 1}).
e Forx € Rand (y, 1) € w, denote (x)} as follows

@0 =) =% =1, fory =0, and (6.18)
() =x", @) =x|", (x)", = |x|"sign(x), fory > 0. (6.19)
e Fory = (y1,y2,...,vn) € R"and t = (11, 12, ..., T) € R”, denote

[ry1= (01 ). 02 ), O 7)) € R

e For vector x = (x1,x2,...,x,) € R” multi-index y = (y1,y2,...,¥n) €
[0,00)" and T = (11, T2, ..., Tp) € {—1,0, 1}" with [y, t] € @", denote
Y = D) ()2 ()] (6.20)

e Forx ¢ R", p = (p1,p2,.--,pn) € [1,00)" and y = (y1,¥2,...,Vu) €
[0, c0)™, denote

Y Y V. Vi
lxllp = Ixllpy - Xl - Xl

with the convention ||x||2,i =1.

The last type of power in (6.19) can be used to re-write the terms like |x;|%x;
as (x,-)"flrl. Also, when some power y; in (6.20) is zero, then, thanks to (6.18), the
corresponding term (x,-)gf is 1 regardless the value of x;.

Letm e N, p € [1,00)",v € [0,00)", and y, T € RY with [y, ] € ®?, and a
constant vector ¢ € R?. Then

the function x € R? > lx||? (x)¥ ¢ belongs to Hjy 41 (RY) N C(RY) N C(RYD),
(6.21)

where |v| and |y | denote the lengths of multi-indices, see (6.2).
In the following presentation, condition |v| = 0 is used to indicate that the term

lx ||‘;, is not present in (6.21). In this case, the values of m and p are irrelevant.

When, in general, the term (x)? is a homogeneous polynomial, or, in particular,

|y| = 0, the function in (6.21) is reduced to the form (6.1), which was already dealt
with in Theorem 6.1.
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Theorem 6.9 Assume that all eigenvectors of matrix A belong to V. = Rf,f.

(i) Suppose function F : R4 — R¢ and number B € (1, o0) satisfy that F is a finite
sum of the functions in (6.21) with |v| + |y | = B. Then

F(0)=0and F € Hg(RY) N CRI) NC®(V). (6.22)

Consequently, F belongs to X O(V), and can also play the role of a function Fy in
(4.3) or (5.1) with B = B.

(ii) Suppose F is afinite sum of functions in (6.21) with multi-indicesv = (v1, ..., V)
andy = (y1, ..., yq) satisfying
(a) v+ 1ly|>1, and
(b) lv|=0o0r(¥Vi=1,...,m:v; > 1), and
(c)Vj=1,....,d:y;j=00ry; > 1.

Then F € X (V).

Proof Part (i) clearly comes from property (6.21) and the fact 8 > 1.

Consider part (ii). Thanks to Proposition 5.4, it suffices to prove (ii) for F(x) =
||x||;(x)¥c given as in (6.21) with p = (p1,...,pm) and T = (71,...,74). By
(6.21), F € Hg (R N C®(V), with B = |v| + |y|, which is greater than 1, thanks to
condition (a). Conditions (b) and (c) guarantee that the functions x € RY > ||x||f,"l.,
fori =1,...,m,andx = (x1,...,xq) € RY > (xj)rj’.',forj =1,...,d,arelocally
Lipschitz on RY. Therefore, the function F, as a multiplication of these functions and
the constant vector c, is locally Lipschitz. All together, we have F € X' (V). O

Example 6.10 Consider the following system of ODEs in R?:

. 21
matrixA = (1 2) ,

Y+ 2y 4y =y

1/2.3
/y2,
1/4

[yl

1/3 .
Y5+ 1+ 232 = lIyllg)avlyal M sign(yn).

% ; has eigenvalues and bases of the corresponding
eigenspaces as follows: A = 1, basis {(—1, 1)}, and A = 3, basis {(1, 1)}. Then any
eigenvector of A belongstoV = Rﬁ. The corresponding function F belongs to X°(V),

thanks to Theorem 6.9(i), and we can apply Theorem 5.3(ii).

The corresponding matrix A =

Example 6.11 Consider the following system in R?:

¥+ v ==,
Y5+ y1 42y = —yiy,
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where @ > 0 is not an even integer. The matrix A, its eigenvalues and bases of
corresponding eigenspaces are

(1 0 A1 =1, basis {(1, =)},
A= ,
12)° 3, =2, basis {(0, 1.

In this case, F = f + g, where

Fx1,x2) = (—1x2]%x1, 0) € Myt (R?) and g(xy, x2) = (0, —x{x2) € Hz(R?).
(6.23)

One finds that any eigenvector of A belongs to V = R x R,, and
f.g € CP(V). (6.24)

Hence, F € X°(V) and we can apply Theorem 5.3(ii).
In the case o > 1, we have F is locally Lipschitz on R2. This fact, together with
(6.23) and (6.24), implies that F' € X'(V) and we can apply Theorem 5.3(i).

Example 6.12 Our results can be applied to many other situations, especially in multi-
dimensional spaces higher than R?. We present one example here. Let d = 3, and
assume the 3 x 3 matrix A has the following eigenvalues and bases of the corresponding
eigenspaces

A =Xy =1, basis {§; = (1,0,1),& = (0,1,0)}, and A3 = 2, basis {&3 = (1,1, —1)}.

Let F(x) = (xl2 + x%)l/3 . (xg +x§)1/5P(x), where P is a polynomial vector field
on R3 of degree mo € N without the constant term, i.e., P(0) = 0.

Suppose & is an eigenvector of A. Then & = c1&1 + & for C% + c% > 0, or
& = c3&3 for ¢3 # 0. One can verify that

§ eV ={(x1,x2,x3): x2 #0orxjx3 # 0}
= (R xRy x R)U (R, x R x Ry) = (R x R) N (R x R).

Note that F € Hﬂ(R3) N C*(V) with B = 2/3 + 6/5 4+ my, and, thanks to
Theorem 6.5(iii), F € C'(R3). Then F € X(V) and, according to Theorem 5.3(i),
we can apply Theorem 4.3 to obtain an infinite series asymptotic expansion for any
non-trivial, decaying solution y(¢) of (1.4).

Example 6.13 (by A. D. Bruno) Below is a specific case when a solution has a similar,
but different, asymptotic expansion. The system

Yi+yi =0

3.5 (6.25)
Yo 43y = Eyfyz/
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has a solution (y1, y2) = (e, 13/2¢73") which, thanks to the term 73/2, does not have
an expansion (2.1).

We can examine system (6.25) and see that it does not satisfy the conditions in
Theorems 4.3, 5.1 and 5.3. Indeed, we always require that each positively homoge-
neous function Fj in approximations (4.3), (4.4), (5.1) of F is infinitely differentiable
in some neighborhood of any eigenvector of the matrix A, see Assumption 4.1(ii) and
Definition 5.2. In the current example,

10 3,213
A= <0 3> and F'(x1, x2) = (0, lexz ).
Clearly, & = (1, 0) is an eigenvector of A but F1 = F, with degree 81 = 2 + 1/3,
is not a C*°-function in any neighborhood of &. Thus, our results (Theorems 4.3, 5.1

and 5.3) cannot be applied to system (6.25).

Remark 6.14 In the case F is analytic, Lyapunov’s First Method yields that a decaying
solution solution y(¢) of (1.4) equals a series 23021 qn(t)e ! for sufficiently large
t, where g, (t)’s are some polynomials. See e.g. [1, Chapter I, §4] where the proof
is based on the Poincaré—Dulac normal form. Bruno investigates a much larger class
of equations of differential sums, which are not necessarily of a dissipative type like
ours. He develops the theory of power geometry and finds solutions that have certain
forms of asymptotic expansions. Specific algorithms are developed to calculate those
asymptotic expansions. See [2-7] and references there in. His equations can have
complex values, and the nonlinearity is comprised of power functions. His method and
results are totally different from ours. For example, he does not obtain the particular
expansion (1.3). Also, we obtain the asymptotic expansions for any given non-trivial,
decaying solutions, and our nonlinearity, in case of real-valued functions, can contain
more general terms such as in (2.6) and (6.21).
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