Qualitative Theory of Dynamical Systems (2021) 20:48
https://doi.org/10.1007/s12346-021-00487-5

®

Check for
updates

Ground State Sign-Changing Solution for
Schrodinger-Poisson System with Critical Growth

Ziheng Zhang'® - Ying Wang? - Rong Yuan?

Received: 18 November 2020 / Accepted: 6 May 2021 / Published online: 15 May 2021
© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2021

Abstract
This article is devoted to study the nonlinear Schrodinger-Poisson system with pure
power nonlinearities

—Au+u~+ du = [ulP"u + |ul*u, x € R3,
—Ap =u?, x e R3,

where 4 < p < 5. By employing constraint variational method and a variant of
the classical deformation lemma, we show the existence of one ground state sign-
changing solution with precisely two nodal domains, which improves and generalizes
the existing results by Wang, Zhang and Guan (J. Math. Anal. Appl. 479 (2019),
2284-2301).
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1 Introduction

In present paper, we deal with the Schrodinger-Poisson system with critical growth

(1.1

—Au+u+ ¢u=|ul?u+ |ul*u, x e R3,
—Ap = u?, x € R3,

where 4 < p < 5. Itis a special form of the more general system as follows

—A¢p = K (x)u?, x € R3, (1.2)

{ —Au+V@u+ Kx)pu = f(x,u), x € R3,
where V, K € C(R*, R), f € C(R?® x R, R). As quoted by Boenci and Vartunato in
[6], system (1.2) works as a solitary wave model for describing the interaction between
anonlinear fixed Schrédinger equation and an electrostatic field. Another different jus-
tification of system (1.2) can be found also in [26], where it appears in semiconductor
theory to model the evolution of an electron ensemble in a semiconductor crystal. For
further details of the physical background of system (1.2), we refer the reader to the
papers [2,3] and the references therein.

As far as system (1.2) is concerned, due to the appearance of the term K (x)¢u, it is
viewed as being nonlocal and is no longer a pointwise identity. This observation brings
mathematical challenges to the analyses, and at the same time makes the study of such
a problem particularly interesting. Under different conditions of potential functions
V(x) and K (x), many authors have already obtained the existence and nonexistence
of positive solutions, multiple solutions, ground state solutions, radial and non-radical
solutions and semiclassical states to system (1.2), see e.g. [2—4,10,12,17,24,25,34,35]
and the references listed therein.

In present paper, we are interested in the existence of sign-changing solutions
of system (1.1), which is a very interesting subject and has gained many attentions
more recently. In fact, several abstract theories and methods have been established for
the existence of sign-changing solutions to system (1.2), for example by employing a
dynamical approach together with a limit procedure (Ianni [ 16]), constructing invariant
sets and descending flow (Liu et al. [21]), applying variational methods together with
the Brouwer degree theory (Wang and Zhou [30]), combining constraint variational
method and quantitative deformation lemma (Shuai and Wang [27], Chen and Tang
[11], Wang et al. [29]), choosing appropriate minimizing sequence of sign-changing
solutions constraint on bounded domain [1,5], verifying the (PS)-condition (Zhong
and Tang [36]). For more discussions on the existence of sign-changing solutions of
system (1.2), we refer the reader to [15,19,33] and the references mentioned therein.

Since the embedding H 1(]R3) > LG(]R3) is not compact, the investigations on
Schrodinger-Poisson system with critical growth are more complicated and interest-
ing from the mathematical point view. As far as we know, there are few results on
sign-changing solutions for the Schroginger-Poisson system with critical growth, see
[15,29,33,36]. In these works, Huang et al. [15] considered the Schrédinger-Poisson
system
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{—Au+u+K(x)¢u = a()lul*u + ph(x)u, x € R3, (1.3)

—A¢p = K (x)u?, x e R3,

where p is a positive constant, K (x), a(x) and h(x) are nonnegative functions in R3.

Under suitable assumptions on potentials, they proved that system (1.3) has a pair of

sign-changing solutions in ' (R3) x D2(RR?). In addition, Zhang [33] also focused
on the Schrédinger-Poisson system with critical growth

—Au+u—+ K@)pu =a@)|ulP"'u+u’, x € R3,

{ —A¢p = K (x)u?, x e R3, 1.4

with3 < p < 5and the potentials satisfying some decay rate assumptions, he obtained
the existence of ground state and sign-changing solutions of system (1.4). However,
as pointed out in [36], actually these two works mentioned above only studied the
case that system (1.3) and system (1.4) are not involved the nonlocal terms, that is,
K (x) = 0.Inlight of this discovery, Zhong and Tang [36] studied the following system
—Au+u+ K&x)pu = Ah(x)u + |u|4u, x € R3,

{ —A¢ = K (x)u?, x € R3, (1.5

where 0 < A < Aj, Ap is the first eigenvalue of the problem —Au + u = Ah(x)u in
H'(R3) and the weight functions K (x), h(x) satisfy the following conditions:

(Hg) K € L>(R*) N L>®(R3) \ {0} for some p € [2, +0o0) and K (x) is nonnegative;
(Hp,) h e L%(R3) \ {0} is nonnegative;
(Hp,) there exist p > 0 and @ > O such that h(x) > Cl|x|™“ for |x| < p.

By using the constraint variational method and quantitative deformation lemma, they
showed that system (1.5) possesses at least one ground state sign-changing solution for
each0 < A < A andits energy is strictly larger than twice that of ground state solution.
As far as we know, the latest result about the sign-changing solutions of system (1.2)
is obtained in [29]. Explicitly, Wang et al. considered the following system

{—Au—i—V(x)u—i—M)u = ul*u + puf @), x € R, (16)

“Ap = u?, x e R3,

and, by restricting the parameter ;& > 0 large enough, obtained the existence of ground
state sign-changing solution for the case that f is of subcritical. Moreover, the authors
also studied the asymptotic behavior of the sign-changing solutions of system (1.6)
as the parameter A — 0. Here, it must be pointed out that the parameter u > 0 large
enough plays a vital role for their argument.

Consequently, a natural question is that if system (1.6) possesses sign-changing
solutions without any restriction on the parameter ; > 0. In present paper, we give
one affirmative answer to this question partially. Actually, we focus our attention on
system (1.1) with 4 < p < 5, and show the existence of ground state sign-changing
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solution. Before stating the main result, we introduce some necessary notations. Denote
by H'(RR?) the usual Sobolev space with the inner product and norm

(. v) :[ (Vi - Vo + uv)dx, |ul = (/ (IVu)? + u2)dx)§,
R3 R3
and
DY2R3Y) = {u e LOR?) : Vu € L*(R?))

with the norm

1

lullpn e = / Vuldx)*,
R3

I lls (1 <s < 00)is the norm of usual Lebesgue space L* (R3) and S is the best
Sobolev constant for the embedding of D2 — LO(R3), i.e.,

Jgs |Vul?dx

S = 5
ueDL2@®MN0)  lullg

1.7)

Due to the fact that our system (1.1) is autonomous, it is usual to discuss the existence
of solutions in radial space H,1 (]RS), that is,

H'RY) = {u e H'®) : u(x) = u(|x])}.

Since the embedding H IR3) — LPRY 2 < p < 6) is continuous, then the
embedding H,l (R?) — LP(R3) is also continuous, that is, there exist C p > 0 such
that

lull, < Cpllull, Vu € H' R, pel2,6]. (1.8)

Moreover, the embedding H,1 (R3) < LP(RY) is compact for p € (2, 6), see [31].

Itis obvious that the technique used in [29] cannot be adopted any more. Fortunately,
with the help of the methods in [36], we can successfully overcome the difficulties
caused by the absence of parameter. Since our work is based on variational methods,
it is necessary to transform system (1.1) into a single Schrddinger equation with the
nonlocal term. Recalling the Lax-Milgram theorem, foreachu € H ,1 (]R3), there exists
aunique ¢, € DI’Z(R3) such that —A¢, = u?. Inserting this ¢, into the first equation
of system (1.1), we obtain

— AuAu+ gyu = [ul” u+ ul*u, ue H'(RY), (1.9)
where 5
1 u?(y)
hu(x) = —/ Y dy. (1.10)
4 Jrs |x — |
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Define the corresponding energy functional [ : Hr1 [R3) — R to system (1.1) as
follows:

1 1 1
() 2/qu ul +u)dx+4/R3¢uudx P IR3|u| dx

1 (1.11)
- —/ lul®dx, Vue H(R?).
6 R3
Then, I € C 1(Hr1 (R?), R) and its Gateaux derivative is given by
(I'(w), ) = / (Vu -Vo +up)dx —|—/ Quupdx —/ lu|P~ updx

— f3 lul*updx, Vo € H'(R?).
R

For notational convenience, we shall denote

2 2
Ly, (1) = f puuldx = — f / WU 4y, (1.13)
4 Jes Js =yl

Asis well known, weak solutions for (1.9) correspond to critical points of the functional
1. Here, we call that u is a weak solution of (1.9) if u € Hr1 (R3) satisfies (I'(u), ) =0
forany ¢ € Hr1 (R3). Moreover, if u is a solution of (1.9) with u® = 0, then u is called
a sign-changing solution (nodal solution) of (1.9), where

ut(x) = max{u(x),0} and u~(x) = min{u(x), 0}.

A solution is called a ground state solution if its energy is minimal among all nontrivial
solutions.

In order to obtain ground state sign-changing solutions of system (1.1), inspired
by [36], we show that the energy functional [ satisfies the (PS)-condition at the mini-
mization level m constrained on the following nodal set:

={ueH ®):u*#0, (I'w),u")y=0=(I'"w),u")},

namely,

= inf{I(u) : u € M}, (1.14)

see Lemma 3.2 below. To estimate the energy of ground state sign-changing solution,
we define the following Nehari manifold associated with system (1.1)

N = {u e H'®R)\ {0} : (I'(w), u) = 0},

and let
=inf{I(u) : u € N'}. (1.15)

Now we are in the position to state our main result.



48 Page6of 23 Z.Zhang et al.

Theorem 1.1 System (1.1) with4 < p < 5 possesses one radially ground state sign-
changing solution with precisely two nodal domains such that m > 2c.

Remark 1.2 Theorem 1.1 implies that we have answered the natural question raised
above. However, our approach is still not universal, due to the reason that it could not be
applied for the case that that 3 < p < 4 in system (1.1). Indeed, throughout the paper,
except Lemma 3.3, the other preliminary results are valid for 3 < p < 5. Explicitly,
4 < p < 5 is only used to obtain the inequality (3.30), which is impossible for
3 < p < 4.Consequently, itis worth exploring new techniques to discus sign-changing
solutions for 3 < p < 4 in system (1.1), even for more general case 1 < p < 3.

In what follows, we discuss some difficulties need to be solved for our problem.
First of all, as usual, since we are dealing with the problem in the whole space R3,
the lack of compactness needs to be overcome. Secondly, from (1.13) and Fubini’s
theorem, we see that

Ly (™) :/ ¢u7(u+)2dx:/‘ b )2dx = Lg, (u7).
R3 R3

Then, it deduces the following decompositions

1
Iw) =T +1w™)+ 5 Lo, @), (1.16)
('), u™) = (') ut) + Ly, ™), (1.17)

and
('), u™) = ('), u”) + Ly, (7). (1.18)

According to (1.17) and (1.18), one can easily observe that if u is a sign-changing
solution of system (1.1), then both the functions u* do not belong to the Nehari
manifold. Therefore, the usual methods used to prove the existence of sign-changing
solutions for semilinear local problems can not be used here. In addition, since we
add |u|P~'u as a perturbation for the critical growth, the techniques adopted in [36]
can not be applied directly to system (1.1). These difficulties make the problem more
complex.

To overcome the difficulties mentioned above, in this article, we choose H,1 (R3)
as the energy space because the embedding Hrl (R3) — LS (R3) 2 <s <6)is
compact, and study the energy functional / on a neighbourhood U (see (3.1)) of the
nodal set M. Then, after some subtle estimates for the energy functional / on U, we
successfully check the (PS)-condition about the minimization level m, see Lemmas
3.1-3.3 below.

Remark 1.3 Because our system is autonomous, the compactness of H,l R3) —
L°(R%) (2 < s < 6) plays a vital role in checking the convergence of bounded
(PS) sequences, see Lemma 3.2 below. However, one could not achieve this point in
H'(R3). In fact, up to now, we have not seen the literature dealing with system (1.2)
in non-radial framework for the autonomous situation. Therefore, as pointed out in
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[13], see its Remark 1.1, for autonomous Schrodinger-Poisson system it is still an
open problem to prove the existence of sign-changing solutions in non-radial setting.

The remainder of this paper is structured as follows. In the next Sect. 2, we present
some preliminary results to pave the way for obtaining the ground state sign-changing
solution. In Sect. 3, we are devoted to finish the proof of Theorem 1.1.

Throughout the paper, we use C to denote universal positive constants.

2 Preliminaries Results

In this section, we show the following lemmas which will play crucial roles in the
sequel. We first list some properties that the function ¢, satisfies, see [24, Lemma
2.1].

Lemma 2.1 For the function ¢, defined in (1.10), one has

(i) ¢u >0, Yu € H'(R3);
(ii) G = t2pu, YVt > 0 and u € H' (R?);
(iii) if up—u in H'(R3), then, ¢, — ¢, in DV2(R3) and

/‘Punuﬁdx—)/ qbuuzdx;
R3 R3

(iv) there is a constant C such that

2 2 4
/xm dx = gulslulR; < Clal
R~ 5

To seek a minimizer of the energy functional / on M, the following lemma illus-
trates that the set M is nonempty.

Lemma 2.2 For any u € Hr1 (R3) with u® # 0, there exists a unique pair (sy, t),
with s, t, > 0 such that s,u™ + t,u™ € M. Furthermore, we have the following
relationship I (s,u™ +t,u™) = max ;=0 I (su™+tu~). Inaddition, if (I' (u), u*) < 0,
then sy, t, < 1.

Proof Based on our nonlinearity, it directly follows from the procedure of Lemma 2.1
in [29]. So we omit the details. m|

Denote by (s,, ;) the unique pair of positive numbers obtained from Lemma 2.2. We
have proved that s,, and ¢, are well defined. Moreover, we can also get the following
properties.

Lemma 2.3 Foranyu € H,1 (R3) with u™ # 0, there hold
(i) the functionals s, t are continuous in Hr] (R3);
(ii) Sy, — 00 lfu,j — 0in Hrl(]R3) asn — oo; ty, — oo ifu, — 0in Hrl(R3)
asn — 0oy
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(iii) if{un} C M, lim,_ o0 I (1) = m, thenm > Qand A| < ||u,T|| < Aj for some
Ay, Ay > 0.

Proof (i) Take a sequence {u,} € Hr1 (R?) such that u, — u in H,1 (R?), then we
have u — u* in H!(R?). By Lemma 2.2, there exist (sy, , #,) and (s,, t,) such that

Su, Uyl + ty,u, € M and s,u™ + ,u” € M. By the definition of M, it yields that

-1
st 1 + 57, Lo . ) +13 Ly _ (i) = si, /% ;1P dx + s [% lu;(Odx,
n n 3 I

lug 12+ 12 Ly _ )+ 52 Ly ) =tb ' | quy 1P ax + ) | juy (Cd.
Uy up R3 R3

2.1
We claim that {s, } and {#,, } are bounded in R In fact, by contradiction, there holds
Sy, — 00 as n — o00. Then, it follows from uf — u® # 0in H!(R?) and the first
equality of (2.1) that ;TTZ — 00 as n — 00, which is in contradiction with the second
equality of (2.1). Therefore, passing if necessary to a subsequence, still denoted by
{su,} and {#,,}, we can assume that there exists a pair nonnegative number (so, fo)
such that

lim s,, =s0 and lim ¢, = 1.
n—0o0 n— 00

Taking the limit n — oo in (2.1), we see that

-1
lut >+ 3Ly, ) + 5Ly () = s /M luT P dx + 5§ fw lu™%dx,

— — — —1 — _
lu= 1>+ 3Ly, ™) +s3Ly , ™) =1 /]R3 |u |1’+1alx+t5‘/R3 lu~|%dx.

Since u® # 0, we have sg, 1o > 0, which means that sou™ + fou~ € M. From the
uniqueness of (s, #,,), we derive that s, = so and 1, = fo. This completes the proof
of (i).

(ii) We just need to prove s,, — oo if u}7 — 0in Hr1 (R3) as n — o0, and the
other one follows from the same argument. Suppose that, there exists M > 0 such
that s, < M. Using (1.8), one has

4 6 6 2
sty [t < Clf1® = ochuf 1)

and

p—1 1 1 2
Su /% g 1P dx < Cllu 1771 = o(lluy 11%).
R;
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Therefore, it gives that

<I/(su, ul + Ly, Uy ), Sy u+> 2 2 2 2
n'n 2n n n_n > ”u:” +SunL¢u+ (u;)—i—lunl,(pu, (M;:) _O(HM,TH )

Un

N

2 2
> Jlu 112 = o(lu;f 1) > 0.

Hence, we are lead to a contradiction since sy, u," + t,,u, € M.
(iii) On the one hand, since {u,} C M, we have

lEl1* + Ly, (i) =/ |u,jf|p+1dx+/ luE|dx.
R3 R3
Then, from (1.8), we obtain

+2 + p+1 +,6
H%HSIWN’M+/WAW
R3 R3
+ 1 +,6
< CQIu 1P + 1),

which means that there exists A; > 0 such that IILt,ﬂlE | > Ay > 0. On the other hand,
from {u,} C M C N, one has

1 /
m+o(l) = I(up) = I(un) — m(l (ttn), un)

= (3= 5l + (5 = 7 ) g ) = (5 = ) [ Il
> (% - ﬁ)nunnz,

which signifies that m > 0 and {u, } is bounded in Hr1 (R3). That is to say there exists
A, > Osuch that Ay < [luf|| < A,. This concludes the proof. O

With the exception of the previous conclusions, to establish the existence of ground
state sign-changing solution, we also need the following lemma which can be derived
from [20, Lemma 3.1] and [32, Theorem 1.2].

Lemma 2.4 (i) For any u € H,1 (R3) \ {0}, there exists a unique s, > 0 such that
suu € N. Moreover;

I(syu) = max I (su).
5>0

(ii) System (1.1) has a positive ground state solution ug € N such that I (ug) = c and
ce(0.4s%).

Remark 2.5 Since system (1.1) is equivalent to Eq.(1.9), applying for [18, Theorem
1.11] directly, we have uy € L®(R3) and Cll(;g(R3) for some 0 < o < 1. The

boundedness and regularity of uq are also very important for the proof of Theorem
1.1 in Sect. 3.
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3 Sign-Changing Solution

In this section, we examine the existence of ground state sign-changing solution for
problem (1.1). Before starting the proof, inspired by [9], we recall the following
notations. Let P denote the cone of nonnegative functions in Hr1 (R}, 0 =10, 1] x
[0, 1] and ¥ be the set of continuous maps o such that for each s, t € [0, 1],

(@) 0(s,00)=0,00,t) e Pando(1,1) € —P;

Jg3 lo (s DIPH dx+ [3 1o (s, 1)|dx
(b) (I o U)(S7 1) = 0, HU(&I)”2+L¢G(SY1)(U(-“sl)) = 2.

Forany u € H,1 (R3) with u™ # 0, we can take o' (s, 1) = yt(l —s)ut + ytsu™ € =
for y large enough and this implies that X # @. Define the functional

Jea 1P dx+ [o3 |u|%dx
%'(u, U) = ||MH2+L¢M (u)+Lg, () u 75 0,
0’ u=20

Itis obvious that& (u, v) > Oifu # 0.u € Mifandonlyifé(u*,u™) =W ,u™) =
1. Next we define

_ L3y et =y Lo e 1
U_{ueHr(R).Vg(u ) =1 < 3 Ew ) 1|<2}. G.1)

Lemma 3.1 There exists a sequence {u,} C U such that I (u,) — m and I' (u,) — 0.
Proof We will break the proof into three claims.
Claim 1: inf,c pq [ (u) = infoex SUp, e () [ () = m.

We first recall that, for each u € M, there exists o (s, ) = yt(1 —s)ut +ytsu™ €
3 for y > 0 large enough. Therefore, from Lemma 2.2 we conclude that

T(w)=max I(su™ +tu")> sup I(u)> inf sup I(u),
5,20 ueo () €% yeg (Q)

which means that

inf I(u) > inf sup I(u).
Jnf 160 = inf sup 1)

In what follows, we prove the opposite. Due to the facts that for each 0 € ¥ with
t€[0,1],0(0,7) € Pand o (1, t) € —P, it holds that

£(07(0,1),07(0,1)) —&(0(0,1),07(0,1) =£(01(0,1),07(0,1) =0 (3.2)
and

E@T (0,071, 0) =& (1,1),07(1,0) = =&(a~(1,1),67(1,1) < 0. (3.3)
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Again from the definition of X, for all o € ¥ and s € [0, 1], there exists

E(@ (s, ), 07 (s, 1)+ & (s, 1), 07 (s, 1))
_ Je oG, DIPHdx + oo o (s, 1)[%x
llo(s, DI? + Lg,,,, (0 (s, 1))

> 2.
So, we have
E(0T(s,1),0 (s, 1)+ &0 (s,1),07(s,1)) —=2>0 (3.4

and
E(01(s,0),0 (5,0) +E(0 " (5,0),07(s,0) —2=—-2 < 0. (3.5)

On account of (3.2), (3.3), (3.4) and (3.5), it follows from Miranda’s theorem [22] that
there exists (sq, ;) € Q such that

O = E(U—‘F(SO’ t0)7 0_(s05 tcr)) - é(a_(sdﬂ t(T)s U+(SO’ to))
= E(U+(SO’ to)v O_(SU’ t(f)) + 5(0'_(5'0-, tU)r U+(SU’ to)) - 2’

which evidently gives

§(0‘+(S0—, 16),0 (8o, 15)) =&(0 (So,15), O'+(Soy ts)) = 1.
That is, for all o € X, there exists uy = 0 (54, ;) € 0(Q) N M. Hence, we have

sup I(u) = I(ug) = inf I(u),
MEO’(Q) ueM

namely

inf sup I(u) > inf I(u).
p I(u) > M()

oeX uea (Q) ue

Claim 2: There is a (PS),,-sequence {u,} in Hr1 (R3) for 1.
With the previous in our mind, we now consider a minimizing sequence w, € M
and oy, (s, t) € X. Then, by Claim 1, it gives

lim max [(w)= lim I(w,).
n—00 weo, (Q) n— 00

Using a variant form of the classical deformation lemma [23] due to Hofer [14], we
claim that there exists {u,} C H!(R?) such that

I(u,) = m, I'(uy) = 0 and dist(u,,0,(Q)) - 0 as n — oo. (3.6)
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Nevertheless, we will give a detailed proof below for the reader’s convenience. Suppose
by contradiction, there exists § > 0 such that ¢,,(Q) N Ws = ¢ for n large enough,
where

Ws={ueE:eH R, st |v-ul <8 |I'®I <8 [I() —m| <35}

In light of Hofer [14, Lemma 1], there exists a continuous map 7 : [0, 1] x Hr1 (R?)
satisfying for some € € (0, m/2) and all ¢ € [0, 1],

(1) ’7(0» M) =1u, U(t» —I/t) = _n(tv M)’
(i) n(t,u) = u,Yu € I~ U (H}(R3) \ I"*€),
(i) n(1, I"*2\ Wy) € 173,
(iv) n(1, "™t N P)\ Ws) C I""2 N P, where I¢ := {u € H'(R%) : I(u) < d}.

Since

lim max [(w)= lim [(w,) =m,
n—00 weo, (Q) n— 00

we can choose n large enough such that
0,(Q) C I™*% and 0,(Q) N W5 = 0. (3.7)

Denoting by 7, (s, t) = n(1, 0,(s, 1)), Y(s,t) € Q, we declare that 5;, € X. Thus
6,(Q) C I"™™2 by using (3.7) and property (iii) of n, which leads to a contradiction,
since

€
m=inf sup I(w) < max [I(w) <m— —.
geX wea (Q) wea, (0 2

Actually, since 0, € X, it follows from (ii) that 5,(s,0) = n(1,0,(s,0)) =
n(1,0) = 0. On the one hand, recalling from (3.7), 0,(0,¢) € P and (iv), we
see that 6,(0,7) € P. On the other hand, due to (3.7) and o,(1,1) € —P,
we have —ao,(1,1) € (I'"+% N P) \ W;, which implies from (i) and (iv) that
on(1,t) = n(l,0,(1,8)) = —n(, —o,(1,1)) € —P. Then &, satisfies property
(a). Moreover, using the fact that (I o 0,)(s, 1) < 0, we deduce from (ii) that
on(s, 1) = n(l, 0,(s, 1)) = 0,,(s, 1), thus &, satisfies property (b). Therefore, upon
the continuity of 1 and o, we deduce that o, € .

Claim 3: The sequence {u,} in Claim 2 satisfies {u,} C U for n large enough.

We note that

m+ |lup|l +o(1) = I(up) = I(un) — ;(I/Wn)v Un)
p+1

- (%_ﬁ)nunn%(%—ﬁ)wun (un)_<é_ﬁ> fR3 Jun|®dx

11 )
> (5 = = ) lual®,
p+1
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which means {u,} is bounded. Then we have (I'(u,), u;; ) = o(1) since I’ (u,) — 0.
Therefore, to reach the claim, it suffices to show that u # 0, which means that
E(un Ju,) = 1, &, ,u ,‘f) — 1 and then {u,} C U forn large enough. From (3.6),
there exists a sequence {v,} such that

U = @ + Buw, € 0,(Q) and |lv, — u,|| — O. (3.8)
We now prove that o, # 0 and B,w, # O for n large enough, so it indicates
that u # 0. Since w, € M, using Lemma 2.3 (iii), we only need to show that
a, - 0 and B, - 0 for n large enough. Suppose by contradiction that o, — 0, by
the continuity of 7 and (3.8) one has that
0<m= lim I(v,) = lim I(oznw: + Buw, ) = lim I(B,w,).
n—00 n—00 n—oo

Then, by Lemma 2.2 and A < ||o;7|| < A2, we see that

m= hm I(wp) = lim max I(sa) +twy,)
—)OOS[

> lim max I(sa)n + Bnwy,)

n—00 5>
52 +12 4 +p+1 s° +16
— S s P _2
= lim_ maé[ 5 L%(w ) — +1 [ o P~ /R} i} 16dx
2
K ,3 _ _
I Ly @) + 1 (Broy) |
g 1y 4l
= Jim max[ o 17 = CP 1P 4 Sl 19)] +m
Cs?
> max[—Y — C(sPt! +s6)] +m >m,
s>0L 2
which reaches to a contradiction. This concludes the proof. O

Lemma 3.2 Any bounded {u,} C U C H,(R3) such that I (u,) — b € (0, c + 157)
and I'(u,) — 0 contains a convergent subsequence.

Proof Since {u,} is bounded in Hr1 (R3), there exists u € Hr1 (R3) such that, up to a
subsequence,

up—uin H'(R*), wu, — win LP*'(R?), u, —» uae. inR>.
First we show that I’ (x) = 0. In fact, let us define w,, = |u,|*u, and w = |u|*u. Since
{1t} is bounded in LO(R?), then w, is bounded in L 3 (R?) and so w,—w in L3 (R?).

According to the fact that for any v € Hr1 (R?), one has v € LO(R?). Therefore, it
holds that

/ wyvdx — wvdx, i.e.,/ |un|4unvdx—>/ |u|4uvdx, 3.9
R3 R3 R3 R3
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and
/ (Vu, - Vv + uyv)dx — / (Vu - Vv +uv)dx. (3.10)
R3 R3

Similar to (3.9), we can also conclude that

/ |un|p_1unvdx—>/ lu|” " 'uvdx and / ¢ununvdx—>/ duuvdx.
R3 R3 R3 R3
G.11)

Combining (3.9)-(3.11), we derive that

(I'(uy),v) = /R% (Vu, - Vv 4+ uyv)dx + [1;3 Pu, unvdx

- /3 un|? Yupvdx — /3 |un | unvdx
R R

—>/ (Vu-Vv+uv)dx+/ ¢uuvdx
R3 R3
—/ |u|p_1uvdx—/ lu|*uvdx = (I'(w), v).
R3 R3

Due to the fact that I'(u,) — 0 in H'!(R?), it therefore follows that I’(x) = 0 in
H!(R?).

Denoting by 1, := u; — u, from Brézis-Lieb lemma (see [7, Theorem 1]), Lemma
2.1 (iii) and the compactness of Hr1 (R3) — L*(R3) for s € (2, 6), we deduce that

b=1(u,)+o(1)

1 5 1 1 1
_ - - p+1 _ - 6
= 2IIMnII +4L¢un(un) P R3|un| dx 6/R} lunl>dx + o(1)

1 1 1 1
= S+ in, (u)——/ |u|P+1dx—-/ ulOdx
2 4 ™ p+1 Jr3 6 Jr3
+ 1||~ 112 ]/ |, |°dx + o(1)
B Up 6 Jus Up| dXx + o0
L, 1L _
= 1)+ Zlunll” — = | |un|"dx + o(1)
2 6 R3

I - 1 ~ | S 1 ~
= 1) + (1P - 2 /R i} ) + (17 17 = /}R @y 10dx) + o(1),
(3.12)

0 = (I'un), ) + o)
— 1%+ Ly, () — f P dx — / ctHedx + o(1)
— P+ Ly, ) — / P dx — / 5
R3 R3

1 = [+ o)
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= (I'(u), u™) + |17} |12 /|u+|6dx+o(1)
R3
=||i7n+||2—/ [ 1%dx 4 o(1), (3.13)
R3

and
0= (I"(up), u,) +o(1)

= llu, II* + L, () — /R3 lu, 1P dx —/R lu;, |%dx + o(1)

=||u—||2+L¢L,<u‘>—/ Iu_|”+ldx—/ - Sdx
R3 R3

N N (3.14)
+ @ |I> = /RS i, 1%dx 4 o(1)

= (I"(u),u”) + |, ||> — /3|ﬁ;|6dx+o(1)
- ||i7,:||2—/ i~ P + o(1).
]R3

In what follows, we show that u, — u in H!(R?) by excluding the other three
possibilities.
Case 1. &7 —~0and &, — 0in H!(R?).

From i, — Ostronglyin H!(R?), it givesu;, — u~ in H'(R?). Then, foru, € U,
by the definition of & (u, v), we see that

Sl < 3 (h 12 + Lo, )

</ |u;|p+1dx+/ |u, 10dx
R3 R3

< Clluy 17T + flu, 19).

Thus, there exists o > 0 such that ||u’ || > o > 0 for any u, € U. It therefore follows
that ||u~||? = lim,— [lu;, [|> > 0 > 0, which means that u # 0. Since 1'(x) = 0,
thenu € N and I(u) > c.

Moreover, since &, —0 in H, "(R3), we may assume that for n large enough,
@ 1?> — d > 0. Then, by (3.13) we have [ps |i;/|°dx — d > 0. It follows

from (1.7) that [gs [} ®dx < S73[[i,}||°. So, it gives thatd > S3 and

1
——/ |u+|6dx—> dz
R3 3

[T}

1 1
~p2

- -§3.
I, 17 = ¢ 3

Noting that &,, — 0 in H,1 (R?), we deduce from (3.12) that

1 1 1
b+ o(1) = 1wy = 1) + (51} = E/R i} dx) = ¢ + 357 +o(1),
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which contradicts the fact that b € (0, ¢ + %S %).
Case 2. i;, —~0 and &7 — 0in H!(R?).

From a similar argument as in Case 1, it can also lead to a contradiction.
Case 3. iF—0in H!(R?).

In the same way as Case 1 and Case 2, one has from (3.13) and (3.14) that

1 1 11
b T [ —/ [ 1%dx — ~d > —53
2 6 Jg3 3 3
and
1 2 1 ~ 6 1 1 3
||M I |, |°dx — =d > =S2.
6 Jgs 3 3

Note that 7(u) = I(u) — p+1 (I'(u), u) > (% — #+>||u||2 > 0, it can be concluded
from Lemma 2.4 (ii) that

b = 1I(up)+o(1)

I I I I
-7 _~+2__/ +6d _~72__‘/ 6d 1
@+ (10 = ¢ [ 1) + (S0 017 = ¢ |1 5dx) + o)
1
> _8> 4 - S2+0(1)>c+3S2+0(1)

L»le—k
W |

which is impossible since b € (0, ¢ + %S%). |

Lemma3.3 m < c+ %S%.

Proof The idea here is to find an element in M such that the value of [ is strictly less

3 ) . .
than ¢ + %S 2 on this element. For this purpose, we need the extremal function u, y
defined by

1
3e)4
wey=—C ves o yeR,

(e+w—12)°

Let ¢ € C;°(B2,(0)) such that0 < ¢ < 1,9 =1on B (0) and supp(¢) C B;,(0)
for some p > 0. Set v = ¢ o ugp and then v, € H 1(R3) with ve(x) > 0 for
each x € R3. According to the argument in [8, Lemma 1.1], we have the following
asymptotic estimates

1

3 3 k
/ Ve Pdx = ky + O(e?), (/ uel®dx)’ = ko + 0(e3), =S,
R3 R3 kz
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0(s1), s €[2,3),
/ lve|*dx = { O(¢¥|In¢g|), s =23, (3.16)
]R3

6—s

O %), s € (3,6).

Suppose that u((x) is the positive ground state solution of system (1.1) obtained
in Lemma 2.4. We first prove that there exist s, z. > 0 such that s,ug — t,v, € M.
Actually, denote ¥ (1) = %uo — Vg, T > 0 and define 11, 7 € (0, oo] by

rp=sup{t e R : ¢y T(r) #0}, © =inf{r e RT: ¢y (1) #0)}.

In view of the positivity and regularity of ug, we have 11 = coand 0 < 7o < 17. If
T — 124’, this immediately implies ¥~ (t) — 0 and ¥ (7) — Tl—zuo — vg # 0. Thus
we use Lemma 2.3 (ii) to obtain that ty ;) — oo as T — r2+ . Furthermore, since
YT (r) = Lug — ve #0in H! (R?) and

(I'(sy ¥ (T) + ty)¥ (D), sy ¥ T (1))

0=
4
Sy (0

2
Iy ()2 !
=~ TLe,, W)+ g(r) L%—(r)(er(T))
Sy (t) Sy

p-3 + 2 + (116
~spe [ wt@ras =, [ wtorar,

.. . 2 .
it is evident to see that S‘j% is unbounded, and so
y(t

Sy(r) —ly(r) = —O0 as T —> ‘L'z+.

. . . . Ay .
If T — 11 = oo, following a similar argument as above, we can derive that % is
T
unbounded and

Sy(r) — ly(r) > 00 as T — 1.

Then, thanks to the continuity of s and ¢, there exists 7, € (12, T1) such that sy (¢,) =
ty(z,)- Let s = Tiswm and #; = ty(q,), it is obvious that
- . : .

Sl//‘(‘[g)w+(l—8) + tl//(rg)wi(fs) = Sl — tV; € M.

Furthermore, it follows from Lemma 2.2 that I (s.ug —t,v.) = supg ;>0 I (suo — tve).
Secondly, we shall show that sup; ;o I (suo —1ve) < c+ %S %. A direct calculation
implies that I (suog — tve) < 0 as s or ¢ large enough. In addition, the continuity of /

3 .
respect to ¢ also means that I (sug — tvs) < ¢ + %Si for ¢ small enough. So we just
need to consider the case that s and ¢ are contained in some bounded domain such
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that 7 has a positive lower bound. For this case, we analyse the energy functional as
follows. A straightforward calculation gives that

1 1 1
I(sug — tve) = I (sugp) + Enrven2 i |tve P dx — c fR |tve|®dx

1
+ Z[L¢S“0_’”E (SM() - tve) - L¢su0 (SMO):I
1

=g (o = el fsug P — v P )
p R3

1
6 6 6
=5 . (o = r0el® = bsuol® = . ) x
R

— st/ (Vug - Vg + ugve)dx.
R3

(3.17)
In light of the estimates (3.15) and (3.16), we deduce that as ¢ — 0,

1 1 1 3 1
max<—||tv8||2 _ -/ |tv8|6dx> _ b el 1
=0 \2 6 Jgs

(fs oelodx)* :

1

+0(e2). (3.18)

[}

By the definition of v, if ¢ € (0, ,02], we have

1
3e)4 p+1
/ [tve [P dx > C[ lg oug o’ ldx = c/ Ll x
R3 Ix|<p IxI<p' (e + |x|?)2
1
1 P 2 5_ pe 2 2
et [T ar=ce / L
0 (e+r)'T 0 A+
5— 1 2 5—p
ZCeTp/ ledM:Cs i
0 272
(3.19)
Since u is a positive ground state solution of system (1.1), we are led to
— st/ (Vug - Vug 4+ ugve)dx
R3
= Sf/ [¢uouovg — luol”~  ugve — |u0|4uovg]
R? (3.20)

< st/ Gugutove = stlpugllolluoll 2 [lvell 2
R3 5 5

1
< Cllusly = Cet.

Through a simple calculation, we see that
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1
ZI:L¢su0—tvg (SM() - tvé‘) - L(Psuo (SMO):I
2.2

t°s
——( / Gousioved + / frcuovedx) + == [ gupZdx 321y
]R3 ]R3 2 R3

A
+—f ¢v£v§dx+s2;2/ / MO(X)MO(y)Us(X)US(y)dxdy,
4 R3 R3 JR3 |X—y|

Note that s and ¢ are bounded, we can infer from Holder’s inequality, Lemma 2.1 (iv)
and (3.16) that

5

1
St/3 PsugtoVedX = tldsugllolluoll 2 llvell iz = Cllvell iz = Ce*, (3.22)
R

3 3
st /3 Pro uoVedx = stlidru, llolluoll iz llvell iz = Cllvell1, = Ce*, (3.23)
R

2
t2s2 1
2 2 1
- Gugvadx < Cllgygllsllvell, < Ce2, (3.24)
R3 5
tt 2 2 4
7 v, v;dx < Clldy, llsllvell, < Cllvellly < Ce, (3.25)
R3 5 5

and, by Hardy-Littlewood-Sobolev inequality, we get

sztz/ / Mo(x)uo(y)vs(x)va(y)dxdy
R3 JR3 [x — |

s (3.26)
6 3 1
< szzz(/ juo(r)ve (0)13dx) " = Clluoll} llve 3, < Ce?.
R3 5 3
Then, in view of (3.22)—(3.26), we deduce that
1 1
Z[L%fwg (suo — tve) — Lo, (suo)] < Ced. (3.27)

To proceed further, we need the inequality |x — y|9 —x? —y? > —C(x9 'y +xy?~1)
forall x, y > 0 and g > 1 (see [28, Calculus Lemma]). This, combining with uy €
L®R3), supp(ve) C B, (0), Holder’s inequality, (3.16) and the boundedness of s, 7,
readily shows that

1
_ <|Suo _ tv8|P+1 _ |su0|P+1 _ |“)£|17+1)d)C
p—i-l R3
= C/ <|Su0|P|lU5| + Isuolltv8|1’)dx (3.28)
R3

1 1
< Ce% + Cllve||h < Ces
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and |
! / (1sw0 — 106l® = Isuol® — Irvel)dx
6 ]R3
< [ (isuoPiruel + lswolles ) ax (3.29)
R3

< Cet + C|lug|l] < Ceid.

Substituting (3.18), (3.19), (3.20), (3.27), (3.28) and (3.29) into (3.17), we obtain from
Lemma 2.4 and4 < p < 5 that

1 L 1
m < I(suo — 1ve) < I(uo) + gs% FCet —CeT <t 55% (3.30)

as ¢ — 0. That is, we complete the proof of this lemma. O
Proof of Theorem 1.1 Based on Lemma 3.1, there exists a sequence {u, } € U such that
I(u,) — m and I'(u,) — 0 asn — oo. Then, Lemmas 3.2 and 3.3 indicate that
there exists a nontrivial 7y € H!(R?) such that u, — %o as n — oco. Thus, by the
continuity of I and I, it gives that I (o) = m and I'(iy) = 0. Moreover, similar to
the proofs of Claim 1 and Claim 2 in Lemma 3.2, we can derive that ||ﬁ(j)E || > 0, which
immediately implies that ug is a ground state sign-changing solution to system (1.1).

In what follows, we claim that iz has exactly two nodal domains. We shall prove
this by a contradiction argument. Supposing otherwise, then we assume that g =
u1 + ur + uz with

ui #0, u1 >0, u <0, uz >0

and

supp(u;) Nsupp(u;) =9, i #j @, j=1273).

By a direct calculation, we have
L¢50 (itg) = L¢ul (uy) + L¢u2 (up) + L¢u3 (u3) + 2L¢”l (up) + 2L¢u1 (u3) + 2L¢u2 (u3).
Let v = u; + uy, then it follows from 1’ (i1y) = 0 that

{ (I'(v), v*) = (I'(u1 +u2), ur) = (I'(do), u1) — Lg,, (u1) <0,
(I'(v),v™) = (I'(u1 + u2), uz) = (I'(io), u2) — Lg,, (u2) <O0.

Therefore, by Lemma 2.2, there exists (sy, f,) € (0, 1] x (0, 1] such that
s+ 107 = spuy + tyun € M and I (syuy + tyun) > m.

Since (I’ (4p), o) = 0 and (I’ (syu1 + tyuz), syuq + tyuz) = 0, we are led to
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- 1 ~ o~
m = I(ug) — EU/(MO)’ up)

S — Ly <7—44f)f rtlyg
10l + 5 Loy G + (5 = =) [ 1ol

15 11 1 11
- I PH g & s 12 (7__4444)l/ Py
> Sl + (5= 57) [l Sl + (g = —) [ ot
1 1 1
+ 5 Lo WD)+ Loy, 2) + £ Ly, (2)

st o iyl 1 Pl
= a2+ 58 (< ) [
3 R3

6 p+l1
2
l‘v 2 p+1<1 1 )/ P+1
v P Lo d
+ 3 llun[|I© + 1y 6 1) Jos lus| X
s 4 (242
Sy v st
+ 15 Lo, D) + 15 Loy, 2) + =5 Ly, (u2)
1 /1 1 X
= 5 t - t p+ d
3”51)141 + nyuo|I” + <6 Fyn 1>~/R3 [syu1 + tyus| X
1
+ EL¢SU141+tUu2 (Svul + [UMZ)

1
= I(syui + tyup) — 8<1/(Svul + tyup), syity + tyu)

= I(syuy + tyup) = m,

which is a contradiction.
It remains to show that that m > 2c. Indeed, in view of Lemma 2.4 (i), there exist
5,7 > 0 such that 5%, 7ii, € N. Thus, we infer from Lemma 2.2 that

m = 1(io) > I Sug + Tty )
0272
+ ~— st ~t
= I(suy) + I(tuy) + TL¢N_ (g )
"o

>I(§'1Z(J{)+I tiy ) > 2c.
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