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Abstract

This paper discusses the asymptotic behavior of the solution for a class of perturbed
nonlocal stochastic functional differential equations (SFDEs, in short). By comparing
it with the solution of the corresponding unperturbed one, we derive the conditions
under which their solutions are close. Firstly, the results are established on finite time-
intervals. Then, we also show the results hold when the length of time-interval tends
to infinity as small perturbations tend to zero.
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1 Introduction

For the practical applications in mechanics, medicine biology, ecology and so on,
stochastic functional differential equations (SFDEs, in short) attracted researchers’
more attention. One can see [7,9—11,13] and the references therein. Moreover, nonlocal
stochastic differential equations have potential application in finance market, one can
see [1,8,12,14] for the details. Especially, Wu and Hu [15] introduced the following
nonlocal SFDEs with infinite delay with the form
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dy(@) = g (¢, e, llyellp) dt + o (¢, yi. |lyillp) dB(@), 1 >0, (1

where y; = y;(0) =: {y(t +0) : 0 € (—o0, 0]}, g and o are two Borel measurable
functions defined on the space Ry x BC((—o0, 0]; RY) x R,. For p > 2, || - [lpisa
norm in the space L? ((—o0, 0] x £; R?) with the form

0 1/p
yellp = [[ Ely(r +9)|pdn(9)] ;

where 7 is a probability measure and BC ((—o0, 0]; R?) is the family of bounded
continuous functions from (—oo, 0] to R¢ with the norm ||¢|| = SUP_ o <p<p l@(0)].
In [15], by virtue of the fixed point theorem, the authors proved the existence and
uniqueness of the solution for the nonlocal SFDE (1) with the coefficients g and o
satisfying the Lipschitz condition and the linear growth condition.

In addition, SDEs with perturbations are very important not only from the theoretical
point of view but also from the point of view of various application. One can see
the related works by Jankovi¢ and Jovanovié¢ [2-6] for discussing different class of
perturbed stochastic differential equations.

If A is a vector, we denote its transpose as AT If A is a matrix, we denote its
Frobenius norm as |A| = +/trace(AT A). Let | - | be the Euclidean norm in R? and
(2, #,P) be a complete probability space with its filtration {.%;},>0 satisfying the
usual conditions. In the sequel, we assume that B(¢) is an d-dimensional Brownian
motion defined on the complete probability space (L2, .%, P). For given constants
r,p > 0, let LP([—r,0]; Rd) denote the family of R9-valued, Borel measurable
functions ¥ (s), —r < s < 0, which is equipped with the following norm

0 I/p
nwup=</|¢@wu0 - .

Let Z€.7,([—r, 0]; R?) be the family of continuous bounded R¢-valued stochastic
process ¢ = {¢p(s), —r < s < 0} such that ¢ (s) is .#y-measurable for every s, here,
we require that %y = %, for —r < s < 0.
In this paper, we consider the following nonlocal SFDE with delay with the form
{ dy(®) =g, yi, llyll2) dt + o (2, yr, |Iy:l12) dB (@), 1 = 0, ?)
yo) =¢), —-r <1 =<0,

where y; = y;(0) = {y(t+0) : —r <0 < 0}isan L?([—r, 0]; R?)-valued stochastic
process, g : Ry x L?>([—r,0]; RY) x Ry — R? and o : Ry x L*([—r, 0]; RY) x
R, — R4 are two Borel measurable functions, and || - ||, is a norm in the space
L%([—r, 0] x Q; RY) defined by

0 1/2
|wmz=(f Ewa+9WduwQ ,
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where 1 is a probability measure.

Let the coefficients g and o satisfy the following Lipschitz and linear growth con-
ditions, that is, there exists a positive constant K > 0, fort > 0, y, y’ € R,
¢, ¢’ € L>([—r,0]; RY), such that

gt 0. y) — g, @ YN Vio(t, @, y) —a(t, ¢, YN <k(llo —@llp2+ 1y — YD,
lgt,o. NIV Io, o, | < k(lell2+1yD. 3)

Now, we propose the perturbed nonlocal SEDE with delay, that is, for a small parameter
¢ € (0, 1) with the form

{ dy® (1) = g, y{. Iy ll2, ) dr + 5 (¢, y7, |1y |2, £) dB (@), 1 = 0, @)

Vi) = ¢°(t), —r <t <0,
where g, &, ¢° have the following form

gt .y, e)=gt, 0, y) +at,¢,y,8), c(t,,y,e)=0c(t,p,y)+B(t,¢,y,€),
5)

where «, f are the perturbed parameters defined as g, o respectively. In what way, (4)
could be regarded as the perturbed equation with respect to the unperturbed equation
2).

Motivated by the above works, the aim of this paper is to establish the relation
between y(t), the solution of (2), and y®(¢), the solution of (4) and show their closeness
in the sense of (2m)-th moment for m € N. In doing so, we introduce the following
assumptions.

(H1) For m > 1 and a non-random function §(¢g), it holds that

]E[ sup |¢>(t)|2m} <00,E[ sup |¢5(l)|2m} < 00,
te

te[—r,0] [—r,0]
E [ sup [¢°(t) — ¢(t)|2m] = 3(e). (6)
te[—r,0]

(H2) There exist two non-negative bounded functions o (-) and B(~), definedon [0, T]
and dependent on ¢ such that

sup le(t, @, y, &) <a(t,¢),
peL?([—r,0];R4),yeRd
sup 1B(t.@.y.8)| < B(t.¢). )

peL?([—r,0];R9),yeRd

(H3) We assume that the functions g, o, «, B satisfy the Lipschitz and linear growth
conditions proposed previously.
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Then, under the above conditions and by the same procedures as Wu and Hu
[15], we can easily show that (2) has a unique solution. Moreover, it holds that

E|: sup |Y(t§¢)|2m <ooand E| sup |y£(t;¢s)|2mj|<00-

—r<t<T —r<t<T
The paper is organized as follows. In Sect. 2, we introduce some preliminaries.
Section 3 is devoted to the main result. In Sect. 4, an example is given to illustrate the
obtained result. In the last Section, concluding remarks are given.

2 Preliminaries

Let’s first prove an independent result, which is crucial for the next part.

Lemma 1 ([6], Gronwall-Bellman inequality) For three non-negative and continuous
functions defined on [0, T, v(t), b(t) and c(t) satisfying that

t

t
v(t) <C ~|—/ b(s)v(s)ds +/ c(s)v*(s)ds, t € [0, T],
0 0

where C > 0, 0 < «a < 1 are constants. Then, it holds the following relation

: : , 1/(1—a)
()< [cl—“e<1—“>fob<s>dS+(1 —a)/ c(s)e=0 s b“)d’ds} . tel0,T].
0
(8)

Theorem 1 Let y*(t) and y(t) be the solutions of the (2) and (4), respectively, defined
on a finite interval [0, T, and let the assumption (H1)— (H3) be satisfied. Then, for
tel0, T]and m > 1,

E[ sup |y€(s)—y<s>|2’"}

s€[—r,t]

< [(58 (6)) mT_l egm(m_l) fol (@m~+bm+cm)ds

_m_
m—1

t
+8m(m — l)f (b +Cm)e8m(m—1)f;(amﬂ-hm-ﬁ-cm)drds] , 9)
0

where

am = Tk*r + 8k*r + 8(m — 1)>Tk*7?,
by = Tk>Ae?s + 8k>Ae?s + 8(m — 1)°Tk*(Ae?*)?,
em = Ta> +4B% + (m — 1)°T B4,

A=A@,T,e),

¢ =o).
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Proof Let us take

() =y ) —y@), A1) =E [ sup Izg(S)Izm} :

s€[—r,t]

To estimate A®(t), applying the Itd formula to |z°(¢)|™ and taking expectations, we
have

1
O =12 O)" +m (11 (0 + L) + 5 0m = 1)13(r)> : (10)
where
t
ho = /0 (2 (5. 38 1135112. €) = 85 3 sl 17 ()"~ ds,

t
L(t) = fo [G (5. ¥ 11¥E 12, €) — o (s, v [ysl[2)] 125 ()" dB(s),

t
~ 2 _
13(t)=/ [G (s, ¥, 1195112, €) — o (s, v 1ysl12)] 7 125 ()™ 2ds.
0

Then, we get

E| sup |25)*" | =E| sup (Izg(s)l’")2
s€[0,1] s€[0,7]

< 48(e) +4m*E | sup |L1(s))* | +4m’E | sup |L(s)|?
s€[0,1] s€[0,7]

+m*(m — 1)21@[ sup |I3(s)|2i| ) (11)
s€[0,1]

Step 1. From (5) and (10), for ¢ € [0, T'], we have

E| sup [I;(s)
s€[0,1]

2
[Sup (/ [g(s, ys, Inyllz,s)—g(s,ys,IIysllz)]IZE(S)Im1d8> }
uel0,1]

|:SUP (/ [8(s, y5, llysll2) — g(s, ys, [1ys1l2)

uel0,1]

2
Fas, 36 1156 o, ) (91" ds) } .



82 Page6of15 Q. Zhang, Y.Ren

By applying Holder’s inequality to E |: sup |[; (s)|{| , we get
s€[0,¢]

E| sup [I1(s)
s€[0,1]

u
er[sup | T 3 1512) = 65,3
uel0,t]1J0
2 —
ot (5. 35 gl )] 127 ()P 2ds
‘ 2
<2E| sup / ([g(s,yf,InyIIz)—g(s,ys,llysllz)]
uel0,¢] /O

2 _
+a (s, Y8, 1112, ) 1) 12° (52" st] .

In view of (3), we have

E| sup [11(s)
s€[0,1]

“ 2 _
szrsz[sup] (1198 = ysllz2 + [11¥E12 = Hyslla])” 125 () > ~2ds

uel0,11J0
u
+2E | sup / o (5. 3 Y5112, )12° ()" 2ds | (12)
uel0,t]1J0
Since
! 2 2m—2
E| sup / (||Yf—yslle+|||yf||2—||ys||2|) |25 ()" =ds
uel0,11J0
! 2 2m—2
<2E| sup / (Iny—yslle)IZE(S)l " ds
uef0,:1J0
“ 2 2m—2
+2E SUP/ |||y§||2—||ys||2| |25 ()" ds |, (13)
uef0,11J0
we have

[sup / (1yE = ysll 2)|z8<s)|2'"—2ds]
uel0,t]

= ]E|: sup / (/ Iye(s 4+ 1) — y(s ~|—r)|2dt) 125 ()"~ 2dsi|
uel0,1]J0 —r
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t
§r/ A(s)ds, (14)
0
“ 2 _
E[sup / VL2 = Hysll2|” 125 ()™ 2ds}
uel0,t] /0O

B u 0
<E| sup / </ Elz(s+9)|2du(«9)> |z€(s)|2’"2dsi|
_ue[O,t] 0 —r

u
<E| sup / ( sup |z8<r)|2) |z8(s>|2'"—2ds}
_ue[O,t] 0 —r<t<s

u
<E| sup / Ae?S |28 (s) [P 2ds
_ue[O,t] 0

t —_
- / A (A8 (5)) " ds, (15)
0
where

A=A@.T,¢), o =)

u
E [ sup / a® (s, y5, 1Sl €) |z8<s>|2’"—2ds]
170

uel0,t

t —
5/ a>(s, €) (Ag(s))Tl ds, (16)
0

Therefore, from (12)—(15) and (16), we get

t
E[ sup |11(s)|2i| < 21k*r / A% (s)ds
0

s€[0,7]

t
+2r/ [sze“’s + @2, 8)] (A% (5)) "7 ds. (17)
0

By the following elementary inequality |a|™' < |a|"”? + |a| ,0 < r; <r; < 1 and
m—1 1

putting a = A°(s),r1 = b,y = o, we get (A(s)) < (A%(s))7 + A%(s).

Thus, the relation (17) becomes

t
IE|: sup |11(s)|2i| < / [2tk2r 2k Ae? +2t&2(s,s)] (A*(s))ds
s€[0,1] 0

t
+/ 2 [sze‘/“ + @2, e)] (A% (5))7 ds. (18)
0
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Step 2. In order to estimate IE|: sup |12(s)|2:|, by the Burkholder—Davis—Gundy
s€[0,7]
inequality, we have

E[ sup |12(s>|2]

s€[0,t]

u 2
=1E[ sup (/0 [5(s7y§,||y§||z,8)—0(s,ys,|Iysllz)]lzg(s)l’”_ldB(s)> }

uel0,t]

t
~ 2 _
541@/0 [5 (5. 35 1155112 ) — 0 (5. 3. Iy [T 125 ) 2" 2ds

t
- 4E/0 [0 (5. 2, 1132112) + BGs. ¥ [1yE|L2. )

—0 (s, s, 1ys112)17 125 (s) [P~ 2ds

t
2
< SE/O (a [(s. ¥, 11¥E112) — o (s, ys, 1ysl12)]
+B%(s, ¥, 11¥E1 2, e)) |25 ()%~ 2ds. (19)
Similarly,

t

2 _

E[ sup |12(s>|2} sSsz/O (119E = ysllLo + [11¥E12 = 1ysll2])” 125 () 2™ 2ds
s€[0,1]

t
+8E /0 B2(s, yE, 11y, €)12° ()P 2ds. (20)

Furthermore, we have

t
2 _
IE/O (1198 = ysllLo + [11¥E12 = lysll2])” 125 () *~2ds
t
2 _
sm/o (1135 = voliZ, + 113802 = 1 2*) 12 P 2ds - @D)
and
t
E /0 (U1ye = ol Pl ()P 2ds
t 0
:E/ (/ |y€(s+r)—y(s+r)|2dr>|z8(s)|2mst
0 —r

t
<r / A€ (s5)ds, (22)
0

t
2 _
E/o VL2 = lysll2|” 125 ()™~ 2ds
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t 0
<E / (f E[ sup |z€<r>|2]) 12* ()P 2ds
0 —r —r<t<s

t
S / Ae(/)S|ZS(s)|2m—2dS
0

! 1
< / Ae? (AE(s)) " ds, (23)
0
t
E /0 B2(r, yE, 113112, &) (2E (r) ¥ 2dr
t
< / B (r. e)(AS(r)) " dr (24)
0

Now, substituting (21)—(24) into (20) yields that

t
E[ sup |12(s)|2i| < 16k2r/ A (u)du
0

s€[0,1]

t
+2/ [8K2 A" + 482 (u, &)](A° () "7 du. (25)
0

Sincea = A*(u) , 1 = =Ly = L we obtain (A ()" < (A®(w)i + A® ().
(25) yields that

t
IE|: sup |12(s)|2i| < / [16k2r 16K A + 82 (u, s)] (A? (u))du
s€[0,1] 0

t
+/ [16k2Ae“’” + 8%, e)] (A% (u)) 7 du. (26)
0

Step 3. Now, we give the estimate for [E |: sup |13(s) |2j| .
s€[0,1]

E| sup |l3(s)
s€[0,1]

u 2
=E[ sup (/0 [E(s,yf,||y§||z,e>—o(s,ys,||ys||z)]2|z€<s>|’”st”
]

uel0,t

u
SE|: sup (/ [o (s, ys, 11y5112) — o (s, ys, 11ys]l2)
uel0,1] 0
e £ 2\.¢e m—2 2
+BG5, ¥5 13 ll2, P12 ()" s )

u
SIE[SHP / [o (s, ¥, lyell2) — o (s, s, 11ysll2)
uel0,¢] JO
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B, 5 112l 1% (5) 2~

SSIE[ sup / Lo (s, 35, Ilyfliz)—o(s,ys,||ys||z>]4|z€(s)|2’"4ds]

uel0,1]

+8tE|: sup / .3 (s, y5, ||y§”278)|ZS(S)|2m_4ds:|

uel0,1]

4 _
564k4ﬂa[sup f (1135 = wolid, + 1055112 = 112 ) 125 ) " 4ds}

uel0,] JO
u
+8E [ sup / B, y5, 11¥E 12, e>|zf(s)|2'"—4ds} : 7)
uel0,7] JO
While,
[sup / 1yE = ysll?, 125 ()™ 4ds}
uel0,t]
u 0 2
=F sup/ (/ |y£(s+r)—y(s+r)|2dt> 125 (s)|?"*ds
uel0,1]1J0 —r
t
ng/ A% (s)ds, (28)
0
! 4 2m—4
E| sup / |||y§I|2—||ys||z\ |28 ()7 "ds
uel0,t]1 JO

u 0 2
<E |: sup / (/ E|z°(s + 9)|2du> Izs(s)|2m4ds:|
uel0,t] JO —r

<E| sup / (Ae?")? |28 (s))7"*ds
uel0,1]

_ / (A2 (A% (5)) " ds, 29)
[sup / BH(s, yE, 11y, &)1125 ()12 4ds}
uel0,¢]
< / (s, £)(A(s) " ds. (30)
0

Then, it follows from (27) that
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E| sup |l(s)
s€[0,1]

t t
< 64k*1r? / Af(u)du + 8¢ < / (8k*(Ae?)? + B*(u, s)](Ag(u))mmzdu>
0

0

t
< / [64k*1r? + 64k* 1 (Ae?™)? + 8tB* (u, £)1(A® (u))du
0
t
+/ [64K*1(Ae®™)? + 81 B*(u, &) (A () du. (31)
0

Step 4. 1t follows from the definition of A?(¢), we can derive

AS(t) <8(e) + E [ sup |z€(s)|2m:| . (32)

s€[0,7]

Substituting (18), (26) and (31) into (32), we have

t
A%(1) < 56(c) + 8 f (am + b + ) (A% ())ds
0
! 1
+8m2/ (b + cm) (A% (s))mds, (33)
0

where a,, , by, and ¢,, are determined by (9). In view of the Gronwall-Bellman inequal-
ity, the estimate (9) holds. m]

3 Main Result

Since the magnitude of the perturbations of (2) is determined by the quantities
8(-), a(-), B(-), and A(-) , it is natural to impose some conditions on these quanti-
ties and see how Af = E [sup;_, 1 [y (s) — y(s)[*"] — 0 as & — 0 and on which
intervals this convergence holds.

Theorem 2 Under the conditions of Theorem 1, let §(-), a(-), ,3_(-), and A(") tend to
zero as ¢ tends to zero. Then, it holds that

IE|: sup |y (1) — y(t)|2m:| — 0 as ¢ > 0. (34)
te[—r,T]

Proof In the sequel, let

a(e) = sup a(t,e), P(e)= sup E(t,s), A(s): sup A(¢p,t,e), (35)
1€[0,T] 1€[0,T] 1€[0,T]

£(e) = max{ 8(e), @*(e), B*(e), A(e)}. (36)
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It is obvious that lim,_,9 &(¢) = 0. And from the b,, and c¢,, defined in Theorem 1,
we can have two polynomials p,, and g, satisfy

by <&E)Pm, cm < EE)qm.
Then, one get
E[ sup Iyé(t)—y(t)lz’"]
re[—r,T]
< I:(SS(E))mmlesm(ml)for(a/n‘}'bm‘l’cm)dx

m
m—1

T
+16m(m — 1)&(e)(pm + Qm)/ eSm(m_l)fst(am‘f'bm-i-cm)drds}
0

< £(e) [5'",;'eSm(m—l)fOT(am+bm+cm)ds

T . =
+l6m(m _ 1)(pm + qm)f eSm(m—l)fs(am+bm+0m)drds]
0
T m— i |
= é(g)egmz f() (@m+bm+cpy)ds [571 + 16m(m _ 1)(pm + qm)T:I 1
— %(8)7’](T)€8m2 fOT(HerberCm)dS’ (37)

where
m=1 =
n(T) = [ +16m(m = D(pw + 7)™
For T is finite and lin}) &(e) =0, it yields that
e—>

AS(T) - 0 as ¢ — 0.

In what follows, we show that when the finite time-intervals whose length tends to
infinity as ¢ — 0 such that

ImE| sup [y@t) —y(®)|*" | =0
e—0 te[—r,T]

on these intervals. O

Theorem 3 Under the conditions of Theorem 2, for t € [—r, 00] and an arbitrary
p € (0, 1), there is a positive number T (¢) > 0, which is determined by

T(e) = L&) — jm

_ (38)
3¢ dy + ey + hy,
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where

dp = 64m>k>r + 32m*B%(¢) + 64m>* k>~ ' A — 64m* k> Ap~2,
em = 4mk*r + 32m2(m — D24+ 4m2&2(8)

+4m?(m — 1)?B*(e) — 16m>(m — )2 k*¢o 2 A% + 64m*k>¢ ' A,
B = 32m*(m — 1)%k*p ™1 A2,

Jm = 64m?k> Ap™? + 16m*(m — 1)’k*A%p 72, (39)
such that
El sup [y()—y®P" | —>0, as &—0. (40)
tel—r,T(#)]

Proof For fixed T > 0, on the fixed time-interval [—r, T], it holds that

imE| sup [y<@) —y@®)|*" | =0.
e=>0 | re[—r,T]

Thus, we know that there is a positive constant 7 = T (¢) and determine effectively
T (&) such that (40) holds. We know from the given requirements, if we let

2 T
esm f() (am~+Dbym+cm)ds — 0, as & — O’

the corresponding conclusion can be obtained.

T(e)
szf (am + by, + c)ds
0

< [64m2k2r +32m2B2(e) + 64m> K20 A — 64m2k2A<p_2] #T®

HAmP K + 32m* (m — 1)7k*r? + dm*a’ (e)e*" )

+32m2(m — 1)%k*@ 1 A239T®

+32m%(m — 1)kt 1 A%p2
< dn + em +hm)e??" @ + j,
= —plné(e), (41)

which yields that (38). O
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4 An Example

Example 1 Let us discuss the following perturbed SFDE
0 3 —t
t+0 2
dy (o) = [ / Dy 4 sin —} i
—0.1 L+ 1[y*(t +0)] L+ |yo(r +0)]

0
+|:ln(e_s)/ [Y(t +0) + 2 +r)7 1dBy
—0.1

+ 1} dB,, (42

while

dy(t) = (fo Mde) ar
o1 T4 G 1 0)]

0
+1In (e_s / y(t + 6)dBy)

—0.1
is the corresponding unperturbed one. It is obvious that (42) and (43) satisfy
the global Lipschitz condition and the linear growth condition and holds that
E (supfr <=1 1Y@ ¢)|2’") < 00. Then, these equations has unique solutions. More-
over, all the conditions of Theorems 1, 2 and 3 are satisfied. Here,

+ 1> dBy, (43)

5(e) = &2, G(e) =sine, Ble) =27,

£(e) = max{ 52, sin g, 2%2} =sine.

Therefore, by (38), it holds that

E[ sup [y () —y@®*|—0, as e > 0.
te[—r,T(e)]

5 Conclusions

In this paper, we study perturbed nonlocal SFDEs with delay. We establish the relation
between y(¢) and y®(¢) . What’s more, for an interval [0, T’ (¢)] whose length tends to
infinity as ¢ — 0, it holds that E [sup,eloj(g)l [ye(t) — y(t)lz’"] — 0 as & — 0.
An example is provided to illustrate the feasibility of the obtained result.
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