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Abstract
We study the eventually shadowable points namely points for which every pseudo
orbit passing through then can be eventually shadowed (Good andMeddaugh in Ergod
Theory Dyn Syst 38(1):143–154, 2018). We will prove the following results: the set
of eventually shadowable points of a surjective continuous map of a compact met-
ric space is invariant (possibly empty or noncompact) and the map has the eventual
shadowing property if and only if every point is eventually shadowable. The chain
recurrent and nonwandering sets coincide when every chain recurrent point is even-
tually shadowable. A surjective continuous map of a compact metric space has the
eventual shadowing property if and only if the set of eventually shadowable points
has a full measure with respect to every ergodic invariant probability measure. If there
is an eventually shadowable point for which the associated Li–Yorke set equals the
whole space, then the map has the eventual shadowing property. Proximal or transitive
maps with eventually shadowable points have the eventual shadowing property. The
eventually shadowable and shadowable points coincide for surjective equicontinuous
maps on compact metric spaces. In particular, a surjective equicontinuous map of a
compact metric space has the eventual shadowing property if and only if it has the
shadowing property.

Keywords Eventual shadowing property · Shadowable point · Homeomorphism ·
Metric space
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1 Introduction

The shadowing property means that approximated trajectories may be followed by
true ones as close as we want. This is very important in practice since it implies that
numeric orbits can be represented by true ones. Because of this it has beenwidely stud-
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ied in the literature [14] and several variations have been proposed. One of these is the
pointwise pseudo orbit tracing property due to Li [11]. Wang and Yang [15] studied it
and extend some results on chaotic behavior known for systems having the shadowing
property to those with the pointwise pseudo orbit tracing property. Fakhari and Ghane
defined ergodic shadowing and showed that it is equivalent to both shadowing and
chain mixing [8]. Dastjerdi and Hosseini [6] introduced further notions like the thick
shadowing property and noted that every chain transitive system with this property
has the shadowing property too. They also defined d-shadowing and proved that this
together with thick shadowing implies transitivity. Brian, Meddaugh and Raines [5]
proved that shadowing and thick shadowing are equivalent for chain transitive systems,
but not in general (e.g. the map f (x) = x + 1

4 | sin(πx)| in [0, 2]). They also asked
if shadowing implies thick shadowing for general systems (see Question 3.3 in [5]).
This question was answered in positive by Oprocha [13] who further gave a complete
characterization of the relationship between thick shadowing and shadowing: a con-
tinuous map of a compact metric space f : X → X has the thick shadowing property
if and only if it has the shadowing property and satisfies CR( f ) = �( f ) = Rec( f )
where CR( f ), �( f ) and Rec( f ) are the chain recurrent set, the nonwandering set
and the closure of the recurrent points respectively. He also proved that the thick shad-
owing property is equivalent to the (N,Fc f )-shadowing property (c.f. Theorem 4.5
in [13]). Good and Meddaugh [9] introduced the eventual shadowing property and
noted that it is precisely the (N,Fc f )-shadowing mentioned by Oprocha [13]. Since
the eventual shadowing property is just the pointwise pseudo-orbit tracing property
(we nevertheless keep the former name in what follows), it follows that the thick and
eventual shadowing properties are equivalent. In [12] it was defined shadowable point
as the pointwise version of the shadowing property. Several properties of shadowable
points were obtained elsewhere [10,12]. These results suggest to consider pointwise
versions of the aforementioned versions of the shadowing property.

In this paper we will consider the pointwise version of the eventual shadowing
property namely the eventually shadowable points. These are points for which every
pseudo-orbit passing through them can be eventually shadowed. We prove that the set
of eventually shadowable points of a surjective continuous map of a compact met-
ric space is invariant (possible empty or noncompact) and the map has the eventual
shadowing property if and only if every point is eventually shadowable. The chain
recurrent and nonwandering sets coincide when every chain recurrent point is even-
tually shadowable. A surjective continuous map of a compact metric space has the
eventual shadowing property if and only if the set of eventually shadowable points has
full measure with respect to every ergodic invariant probability measure. Next if there
is an eventually shadowable point for which the associated Li–Yorke set equals to the
whole space, then the map has the eventual shadowing property. Finally, we prove
that proximal or transitive maps with eventually shadowable points have the eventual
shadowing property. Let us state our results in a precise way.

Denote by X a compact metric space, by f : X → X a continuous map, by N the
set of positive integers, and byN0 the set of non-negative integers. We say that A ⊂ X
is forward invariant if f (A) ⊂ A and invariant if f −1(A) = A.

Given δ > 0 we say that a sequence ξ = (ξn)n∈N0 of X is a δ-pseudo-orbit of f
if d( f (ξn), ξn+1) ≤ δ for all n ∈ N0. We say that ξ can be ε-shadowed (for some
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given ε > 0) if there is x ∈ X such that d( f n(x), ξn) ≤ ε for every n ∈ N0. f has
the shadowing property [4] if for every ε > 0 there is δ > 0 such that every δ-pseudo
orbit can be ε-shadowed. f has the eventual shadowing property [9] if for every ε > 0
there is δ > 0 such that every δ-pseudo orbit (ξn)n∈N0 can be eventually ε-shadowed
i.e. there are x ∈ X and N ∈ N0 such that d( f n(x), ξn) ≤ ε for every n ≥ N .

Hereafter we say that a sequence (ξn)n∈N0 in X is through some subset U ⊂ X if
ξ0 ∈ U . IfU reduces to a singleton {x} we just say that the sequence is through x . We
say that x ∈ X is a forward shadowable point (or simply a shadowable point, [10,12])
if for every ε > 0 there is δ > 0 such that every δ-pseudo orbit through x can be
ε-shadowed. The set of shadowable points is denoted by Sh+( f ). These definitions
motivate the following one.

Definition 1.1 We say that x ∈ X is eventually shadowable if for every ε > 0 there is
δ > 0 such that every δ-pseudo orbit through x can be eventually ε-shadowed. Denote
by ESh( f ) the set of eventually shadowable points.

Let us present a related example.

Example Clearly Sh+( f ) ⊂ ESh( f ) but it may happen that Sh+( f ) �= ESh( f ). For
instance, Sh+( f ) = ESh( f ) in the case when f is a surjective equicontinuos map
(by Theorem 1.6 below) and Sh+( f ) �= ESh( f ) if f is the map in Example 5 p. 146
of [9].

We say that x ∈ X is nonwandering if for every ε > 0 there are z ∈ X and k ≥ 1
such that such that d(z, x) < ε and d( f k(z), x) < ε. Denote by �( f ) the set of
nonwandering points. We say that A ⊂ X is an invariant set if f (A) = A.

Given δ > 0, a δ-chain is a finite sequence x0, x1, . . . , xk ∈ X with
d( f (xi ), xi+1) < δ for every 0 ≤ i ≤ k − 1. If x0 = x and xk = y for some
x, y ∈ X , we say that the δ-chain is from x to y and x ∈ X is chain recurrent if for
every δ > 0 there is a δ-chain from x to itself. Denote byCR( f ) the chain recurrent set
i.e. the set of chain recurrent points. It is clear that �( f ) ⊂ CR( f ) and the converse
may be false.

Define the omega-limit set of x ∈ X by

ω(x) =
{
y ∈ X : y = lim

i→∞ f ni (x) for some subsequence ni → ∞
}

.

We say that A ⊂ X is transitive or a limit cycle if there is x ∈ A (resp. x ∈ X ) such
that A = ω(x). If X is a transitive set (or a limit cycle) we say that f is a transitive
map.

Example Recall that a subset A is internally chain transitive if for every x, y ∈ A
and δ > there is a δ-chain in A from x to y. Every internal chain transitive set with
eventually shadowable points can be accumulated by limit cycles with respect to the
Hausdorff metric of compact subsets of X . This can be seen as a pointwise version of
Theorem 4 in [9] (with similar proof).
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We say that (x, y) ∈ X × X is a Li–Yorke pair (c.f. [2]) whenever lim infn→∞
d( f n(x), f n(y)) = 0 and lim supn→∞ d( f n(x), f n(y)) > 0. Denote LY (x) = {y ∈
X : (x, y) is a Li–Yorke pair of f } the associated Li–Yorke set of x . f is called Li–
Yorke chaotic if there exists an uncountable subset S of X such that any two distinct
points x, y ∈ S form a Li–Yorke pair of f (in such a case S is called a Li–Yorke
chaotic set). f is called completely scrambled if X is a Li–Yorke chaotic set. For the
most recent development about completely scrambled systems including examples see
[3] and references therein.

Let x, y ∈ X , x and y are called proximal if lim infn→∞ d( f n(x), f n(y)) = 0.
Denote by P(x) = {y ∈ X : x, y are proximal} the proximal cell of x [1]. f is called
proximal if P(x) = X for each x ∈ X . We say that f is equicontinuous if for every
ε > 0 there is δ > 0 such that if x, y ∈ X and d(x, y) < δ, then d( f n(x), f n(y)) < ε

for every n ∈ N0.
With these definitions we can present our results.

Theorem 1.2 If f : X → X is a continuous map of a compact metric space, then:

1. ESh( f ) is a forward invariant set (empty or non-empty possibly noncompact). If
in addition f is surjective, then ESh( f ) is invariant;

2. f has the eventual shadowing property if and only if ESh( f ) = X;
3. if C R( f ) ⊂ ESh( f ), then CR( f ) = �( f ). If in addition f is surjective, then f

has the eventual shadowing property.

Theorem 1.3 A surjective continuous map of a compact metric space has the eventual
shadowing property if and only if the set of eventually shadowable points has full
measure with respect to every ergodic invariant probability measure.

Theorem 1.4 A proximal or transitive surjective map with eventually shadowable
points of a compact metric space has the eventual shadowing property.

Theorem 1.5 If there is an eventually shadowable point for which the associated Li–
Yorke set equals to the whole space, then themap has the eventual shadowing property.
In particular, a completely scramble continuous map of a compact uncountable metric
space has either the eventual shadowing property or no eventually shadowable points.

Theorem 1.6 If f : X → X is a surjective equicontinuous map of a compact metric
space, then ESh( f ) = Sh+( f ).

Corollary 1.7 A surjective equicontinuous map of a compact metric space has the
eventual shadowing property if and only if it has the shadowing property.

We finish with an example related to this corollary.

Example In Example 6 p. 147 in [9] it was proved that the irrational circle rotations
does not have the eventual shadowing property. But indeed there is no circle rotation
with the eventual shadowing property. This follows from Corollary 1.7 since all such
maps are surjective equicontinuous without the shadowing property [12].
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Remark 1.8 Indeed, Corollary 1.7 is a consequence of Theorem 4.5 in [13] and the
known fact that all surjective equicontinuous map are chain recurrent. On the other
hand, Item (3) of Theorem 1.2 implies the identity CR( f ) = �( f ) for eventual
shadowing maps f : X → X proved in the aforementioned Theorem 4.5 of [13].

This paper is organized as follows. In Sect. 2 we give some preliminary lemmas.
In Sect. 3 we prove the above theorems.

The authors would like to thank the anonymous referee for her/his invaluable
remarks to improve the proofs in this work. They also thank the Chungnam National
University in Daejeon, Republic of Korea, for its kindly hospitality during the prepa-
ration of this work.

2 Preliminary Lemmas

Denote by B[x, δ] the closed δ-ball of a metric space X centered at x .

Lemma 2.1 Let f : X → X be a continuous map of a compact metric space. Then,
x ∈ ESh( f ) if and only if for every ε > 0 there is δ > 0 such that every δ-pseudo
orbit (ξn)n∈N0 through B[x, δ] can be eventually ε-shadowed.

Proof Weonly have to prove the necessity. Suppose by contradiction that x ∈ ESh( f )
but there are ε > 0 and a sequence of 1

k -pseudo-orbits ξ k = (ξ kn )n∈N0 with d(x, ξ k0 ) ≤
1
k such that ξ k cannot be eventually ε-shadowed for every k ∈ N. For this ε we let
δ be given by the fact that x is eventually shadowable. Since X is compact and f
continuous, f is uniformly continuous and so there is a k sufficiently large so that

max

{
d( f (x), f (ξ k0 )),

1

k

}
≤ δ

2
.

Define the sequence ξ̂ = (ξ̂n)n∈N0 by

ξ̂n =
{
ξ kn if n �= 0
x if n = 0.

Since d( f (ξ̂n), ξ̂n+1) = d( f (ξ kn ), ξ kn+1) for n �= 0 and, for n = 0,

d( f (ξ̂0), ξ̂1) = d( f (x)), ξ k1 ) ≤ d( f (x), f (ξ k0 )) + d( f (ξ k0 ), ξ k1 ) ≤ δ

2
+ δ

2
= δ.

So, ξ̂ is a δ-pseudo-orbit through x . Then, ξ̂ can be eventually ε-shadowed i.e. there
are y ∈ X and N ∈ N such that d( f n(y), ξ̂n) ≤ ε for every n ≥ N . It follows that
d( f n(y), ξ kn ) = d( f n(y), ξ̂n) ≤ ε for n ≥ N . Hence ξ k can be eventually ε-shadowed
which is absurd. This completes the proof. 	

Lemma 2.2 A continuous map of a compact metric space f : X → X has the eventual
shadowing property if and only if ESh( f ) = X.
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Proof We only have to prove the sufficiency. Then, suppose that ESh( f ) = X and
choose ε > 0. By Lemma 2.1 for every x ∈ X there is δx > 0 such that every
δx -pseudo-orbit through the ball B[x, δx ] can be eventually ε-shadowed. Since X is
compact, we can cover X with finitely many of such balls namely

X =
l⋃

i=1

B[xi , δxi ].

Take δ = min{δx1, δx2 , . . . , δxl } and let (ξn)n∈N0 be a δ-pseudo-orbit. Clearly,
ξ0 ∈ B[xi , δxi ] for some 1 ≤ i ≤ l. So, {ξn}n∈N is a δ-pseudo-orbit through B[xi , δxi ].
This implies that (ξn)n∈N0 is a δxi -pseudo-orbit through B[xi , δxi ]. Then, (ξn)n∈N0 can
be eventually ε-shadowed proving the result. 	

Lemma 2.3 If f is a continuous map of a compact metric space X, then ω(x) ⊂
ESh( f ) for every x ∈ ESh( f ).

Proof Fix x ∈ ESh( f ), y ∈ ω(x) and ε > 0. For this ε we let δ > 0 and N be
given by the fact that x is eventually shadowable. Since y ∈ ω(x), there exists k ∈ N

such that f k(x) ∈ B(y, δ). Let (yi )n∈N0 be a δ-pseudo orbit with y0 = y. Define
the sequence (zi )n∈N0 by zi = f i (x) when i = 0, 1, . . . , k − 1 and zi = yi−k when
i ≥ k. Since d( f (zk−1), zk) = d( f k(x), y) < δ, we have that (zi )n∈N0 is a δ-pseudo
orbit with z0 = x . Then, there is z ∈ X and N such that d( f i (z), zi ) ≤ ε for i ≥ N .
Suppose i ≥ max(0, N − k). Then, i + k ≥ max(k, N ) so i + k ≥ k thus zi+k = yi .
It follows that

d( f i ( f k(z)), yi ) = d( f i+k(z), yi ) = d( f i+k(z), zi+k)
(i+k≥N )≤ ε,

so (yi )n∈N0 can be eventually ε-shadowed. Hence y ∈ ESh( f ) proving the result. 	

The orbit of x ∈ X under f : X → X is defined by O f (x) = { f n(x) : n ∈ N}.

Lemma 2.4 Suppose that f : X → X is a surjective continuous map. Given an x ∈ X
if O f (x) ∩ ESh( f ) �= ∅, then x ∈ ESh( f ).

Proof Fix ε > 0. By Lemma 2.1 for y ∈ O f (x) ∩ ESh( f ) there exists δ > 0 such
that for every δ-pseudo-orbit through B[y, δ] can be eventually ε-shadowed. Since
y ∈ O f (x) there is M ∈ N such that d( f M (x), y) ≤ δ

2 . For this M , fix 0 < δ′ < δ

such that for every δ′-pseudo-orbit (ξn)n∈N0 through x satisfying d( f M (x), ξM ) < δ
2 .

Then, we take δ′-pseudo-orbit through x and define ξ̂ = (ξ̂n)n∈N0 by ξ̂n = ξn+M for
all n ∈ N. Then, ξ̂ is a δ-pseudo-orbit with ξ̂0 = ξM and so through B[y, δ].

By assumption, we can choose z′ ∈ X and N ′ ∈ N with d( f n
′
(z′), ξ̂n′) ≤ ε for

all n′ ≥ N ′. Since f is surjective, there exists z ∈ X such that f M (z) = z′. Now,
we take N = N ′ + M and fix n ≥ N . This implies that for n − M ≥ N ′ and
d( f n

′
(z′), ξ̂n′) = d( f n

′
(z′), ξn′+M ) ≤ ε if we choose for n′ = n − M . Also

f n(z) = f n−M ( f M (z)) = f n−M (z′) = f n
′
(z′)
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Hence, we can choose N = N ′ + M such that

d( f n(z), ξn) = d( f n
′
(z′), ξn′+M ) ≤ ε, ∀n ≥ N .

This ends the proof. 	

Remark 2.5 Lemma 2.4 is false for forward shadowable points (instead of eventually
shadowable points). This was pointed out in [10].

Lemma 2.6 If f : X → X is a continuous map of a compact metric space, then
ESh( f ) is a forward invariant set of f . If in addition f is surjective, then ESh( f ) is
an invariant set.

Proof Take x ∈ ESh( f ) and ε > 0. For this ε we let δ > 0 be given by the fact that x
is eventually shadowable. Let ξ = (ξn)n∈N0 be a δ-pseudo orbit through f (x). Define
ξ̂ = (ξ̂n)n∈N0 by

ξ̂n =
{

x if n = 0
ξn−1 if n ≥ 1.

Since d( f (ξ̂0), ξ̂1) = d( f (x), f (x)) = 0 < δ and, in addition, d( f (ξ̂n), ξ̂n+1) =
d( f (ξn−1), ξn) < δ for n ≥ 1, we have that ξ̂ is a δ-pseudo orbit through ξ̂0 = x .
Then, there are y ∈ X and N ≥ 0 such that d( f n(y), ξ̂n) < ε for every n ≥ N . If
N = 0, then d( f n( f (y)), ξn) = d( f n+1(y), ξ̂n+1) < ε for every n ≥ 0 and if N ≥ 1,
d( f n( f (y)), ξn) = d( f n+1(y), ξ̂n+1) < ε for n ≥ N−1. Therefore, f (x) ∈ ESh( f )
proving f (ESh( f )) ⊂ ESh( f ). In particular,

ESh( f ) ⊂ f −1(ESh( f )). (2.1)

Now assume that f is surjective. If x ∈ ESh( f ) since f is surjective, x = f (x ′)
for some x ′ ∈ X . Then, x ∈ O f (x ′) ∩ ESh( f ) so O f (x ′) ∩ ESh( f ) �= ∅ thus x ′ ∈
ESh( f ) by Lemma 2.4. Therefore, ESh( f ) ⊂ f (ESh( f )) and so f −1(ESh( f )) ⊂
ESh( f ). This combined with (2.1) shows that ESh( f ) is invariant. 	


A point x ∈ X is minimal if for every ε > 0 there exists N ∈ N such that

{r ∈ N : d( f r (x), x) < ε} ∩ {k, k + 1, . . . , k + N − 1} �= ∅, ∀k ∈ N.

Denote by M( f ) the set of all minimal points of f .

Lemma 2.7 A continuous map of a compact metric space f : X → X has the eventual
shadowing property if and only if M( f ) ⊂ ESh( f ).

Proof We just need to prove the sufficiency. Suppose M( f ) ⊂ ESh( f ). As is known
(see Theorem 3, p.67 in [1]) for every point y ∈ X there is x ∈ M( f ) such that
lim infn→∞ d( f n(x), f n(y)) = 0. So, there exists a sequence {nk}∞k=1 of positive
integers with limk→∞ d( f nk (x), f nk (y)) = 0. Since X is compact, without loss of
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generality, we assume that limk→∞ f nk (x) = z(otherwise, take a subsequence). By
Lemma 2.3 we have z ∈ ESh( f ) and limk→∞ f nk (y) = z which implies z ∈ ω(y).
Thus O f (y) ∩ ESh( f ) �= ∅, we obtain by Lemma 2.4 that y ∈ ESh( f ). Thus
ESh( f ) = X , which together with Lemma 2.2 implies that f has the eventual shad-
owing property. This ends the proof. 	

Lemma 2.8 If f : X → X is a continuous map of a compact metric space, then
CR( f ) ∩ ESh( f ) ⊂ �( f ).

Proof Take x ∈ CR( f ) ∩ ESh( f ) and ε > 0. For this ε let δ be given by the fact
that x is eventually shadowable. As x ∈ CR( f ), there is a δ-chain x0, . . . , xk from
x to itself. Define ξ = (ξn)n∈N0 by ξpk+i = xi for p ∈ N0 and 0 ≤ i ≤ k − 1.
Then, ξ is a δ-pseudo orbit through x and so there are y ∈ X and N ∈ N0 such that
d( f n(y), ξn) < ε for n ≥ N . Write N = pNk + iN and define z = f N+k−iN (y). It
follows that

ξN+k−in = ξpN k+iN+k−iN = ξ(pN+1)k = x

and similarly ξN+2k−in = x . Then,

d(z, x) = d( f N+k−iN (y), ξN+k−iN ) < ε

and

d( f k(z), x) = d( f N+2k−iN (y), ξN+2k−iN ) < ε.

As ε is arbitrary, x ∈ �( f ). 	

Lemma 2.9 If f : X → X is a continuous map of a compact metric space, then
ESh(h ◦ f ◦ h−1) = h(ESh( f )) for every homeomorphism of metric spaces h :
X → Y .

Proof Let y ∈ h(ESh( f )) and ε > 0. We have y = h(x) for some x ∈ ESh( f ). Take
ε′ > 0 such that if a, b ∈ X and d(a, b) < ε′ then d(h(a), h(b)) < ε. For this ε′ we
take δ′ > 0 from the fact that x is eventually shadowable with respect to f . For this
δ′ we let δ > 0 be such that if c, d ∈ Y and d(c, d) < δ then d(h−1(c), h−1(d)) < δ′.

Now let ξ = (ξn)n∈N0 be a δ-pseudo orbit of h ◦ f ◦ h−1 through y. Then,
d(h( f (h−1(ξn), ξn+1) < δ so d( f (h−1(ξn), h−1(ξn+1) < δ′ thus (h−1(ξn))n∈N0

is a δ′-pseudo orbit of f through h−1(ξ0) = h−1(y) = x . It follows that there
are z ∈ X and N ∈ N0 such that d(( f n(z), h−1(ξn)) < ε′ for n ≥ N . Then,
d(h ◦ f ◦ h−1)n(h(z)), ξn) < ε for n ≥ N proving y ∈ ESh(h ◦ f ◦ h−1). We
conclude that h(ESh( f )) ⊂ ESh(h ◦ f ◦ h−1). So,

h(ESh( f )) = h(ESh(h−1 ◦ (h ◦ f ◦ h−1) ◦ h)) ⊂ ESh(h ◦ f ◦ h−1)

proving the result. 	
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Given a metric space X we denote by Xdeg the set of points x ∈ X for which
the connected component of X containing x is {x}. Recall also that a surjective map
i : X → X is an isometry if d(i(x), i(y)) = d(x, y) for every x, y ∈ X .

Lemma 2.10 If f : X → X is an isometry of a compact metric space, then ESh( f ) ⊂
Xdeg.

Proof Otherwise, choose x ∈ ESh( f )\Xdeg . Since x /∈ Xdeg , the connected com-
ponent F of X containing x has positive diameter diam(F). Fix any k ∈ N and let
0 < δ <

diam(F)
4 be given by the fact that x is eventual shadowable with respect to f

for ε = diam(F)
4 .

Since F is compact and connected, there is a sequence q0, . . . , qr ∈ F such that
q0 = qr = x , d(qi , qi+1) < δ

2 for 0 ≤ i ≤ r − 1 and F ⊂ ⋃r
i=0 B[qi , δ].

Given k ∈ N0 and 0 ≤ i ≤ r − 1, we define qkr+i = qi . This way we obtain a
sequence q1, q2, . . . , qi , · · · ∈ F such that d(qi , qi+1) < δ

2 for i ≥ 0 and

F ⊂
∞⋃
i=N

B[qi , δ], ∀N ∈ N0. (2.2)

Define the sequence ξ = (ξi )i∈N0 by ξi = f i (qi ) for i ≥ 0. Since f is an isometry,
d( f (ξi ), ξi+1) = d( f i+1(qi ), f i+1(qi )) = d(qi , qi+1) < δ for every i ≥ 0. Hence
ξ is a δ-pseudo orbit through ξ0 = q0 = x so there are y ∈ X and N ≥ 0 such that
d( f i (y), ξi ) <

diam(F)
4 for i ≥ N . Since f is an isometry, d(y, f −i (ξi )) <

diam(F)
4

and so d(y, qi ) <
diam(F)

4 for all i ≥ N . Take z, w ∈ F . By (2.2) there are i, j ≥ N
such that d(z, qi ) < δ and d(w, q j ) ≤ δ. Then,

d(z, w) ≤ d(z, qi ) + d(y, qi ) + d(y, q j ) + d(w, q j )

<
diam(F)

2
+ diam(F)

2
= diam(F).

Since F is compact, this a contradiction which proves the lemma. 	


3 Proof of the Theorems

Proof of Theorem 1.2 Items (1) and (2) follow from Lemmas 2.6 and 2.2 respectively.
To prove Item (3) suppose that CR( f ) ⊂ ESh( f ). Since �( f ) ⊂ CR( f ) we have
�( f ) ⊂ ESh( f ). It follows from Lemma 2.8 that

�( f ) = �( f ) ∩ ESh( f ) ⊂ CR( f ) ∩ ESh( f ) ⊂ �( f )

hence CR( f ) ∩ ESh( f ) = �( f ) and then CR( f ) = CR( f ) ∩ ESh( f ) = �( f ).
Finally, suppose that f is surjective. Since �( f ) ⊂ ESh( f ) and O f (x) ∩ �( f ) �= ∅
for every x ∈ X , one has O f (x)∩ESh( f ) �= ∅ for every x ∈ X . Since f is surjective,
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Lemma 2.4 implies ESh( f ) = X so f has the eventual shadowing property by Item
(2). 	

Proof of Theorem 1.3 If f has the eventual shadowing property, ESh( f ) = X and
so ESh( f ) has full measure with respect to every Borel probability measure and, in
particular, with respect to the ergodic invariant ones. Conversely, assume that ESh( f )
has full measure with respect to every ergodic invariant measure. Take x ∈ M( f ). By
definition O f (x) is minimal so there is an ergodic invariant measure μ supported on
O f (x). Since μ is ergodic and invariant, we have μ(ESh( f )) = 1 by hypothesis. If
O f (x) ∩ ESh( f ) = ∅, then μ(O f (x) ∪ ESh( f )) = 2 which is absurd. This implies
O f (x) ∩ ESh( f ) �= ∅ hence x ∈ ESh( f ) by Lemma 2.4. Therefore, M( f ) ⊂
ESh( f ) and so f has the eventual shadowing property by Lemma 2.7. 	

Proof of Theorem 1.4 Let f : X → X be a continuous map with ESh( f ) �= ∅. First
suppose that f is proximal. If x ∈ X , then P(x) = X . Since ESh( f ) �= ∅, there is an
eventually shadowable point y ∈ P(x). Then, there is an integer sequence ni → ∞
such that limi→∞ d( f ni (x), f ni (y)) → 0 as i → ∞. Since X is compact, we can
assume that f ni (x) → z for some z ∈ X . Then, f ni (y) → z and so z ∈ ω(y)∩ω(x).
Since y ∈ ESh( f ), z ∈ ESh( f ) by Lemma 2.3. It follows that ω(x) ∩ ESh( f ) and
so x ∈ ESh( f ) by Lemma 2.4. This proves ESh( f ) = X so f has the eventual
shadowing property by Lemma 2.2.

Now suppose that f is transitive. Then, there is a point x such that O f (x) = ω(x) =
X . Since ESh( f ) �= ∅, ω(x) ∩ ESh( f ) �= ∅ so O f (x) ∩ ESh( f ) thus x ∈ ESh( f )
by Lemma 2.4. It follows thatω(x) ⊂ ESh( f ) by Lemma 2.3 and then ESh( f ) = X .
Consequently f has the eventual shadowing property by Lemma 2.2. 	

Proof of Theorem 1.5 Let x ∈ ESh( f ) with LY (x) = X . This implies P(x) = X and
so by the previous proof we have P(x) ⊂ ESh( f ), so ESh( f ) = X . It follows from
Lemma 2.2 that f has the shadowing property. This ends the proof. 	

Proof of Theorem 1.6 Let f : X → X be a surjective equicontinuousmap of a compact
metric space. It is known that Sh+( f ) = Xdeg (e.g. [12]). Define Y = X with the
metric ρ(x, y) = supn∈N0

d( f n(x), f n(y)), for x, y ∈ X . Clearly d ≤ ρ and since f
is equicontinuous, it follows that for every ε > 0 there is δ > 0 such that d(x, y) < δ

implies ρ(x, y) < ε. Therefore, the identity h : X → Y is a homeomorphism. In
particular, Y is a compact metric space. Now define g : Y → Y by g(x) = f (x).
Since h is the identity, we have g = h ◦ f ◦ h−1. Since

ρ(g(x), g(y)) = sup
n≥1

d( f n(x), f n(y)) ≤ sup
n∈N0

d( f n(x), f n(y)) = ρ(x, y)

for every x, y ∈ Y , Y is compact and g : Y → Y is surjective, we have that g : Y → Y
is an isometry (e.g. [7]). It follows that ESh(g) ⊂ Ydeg byLemma2.10.But g = h◦ f ◦
h−1 so ESh(g) = h(ESh( f )) = ESh( f ) by Lemma 2.9 thus ESh( f ) ⊂ Ydeg . As h
is an homeomorphism, Ydeg = Xdeg therefore ESh( f ) ⊂ Xdeg . As Xdeg = Sh+( f )
(see [12]), we get ESh( f ) ⊂ Sh+( f ) proving the result. 	




Eventually Shadowable Points Page 11 of 11 16

Acknowledgements Funding to CAM was provided by National Research Foundation of Korea (Grant
No. BP No 2018H1D3A2001632) and Conselho Nacional de Desenvolvimento Científico e Tecnológico
(Grant No. 303389/2015-0).

References

1. Auslander, J.: Minimal flows and their extensions. North-Holland Mathematics Studies, vol. 153.
North-Holland, Amsterdam (1988)

2. Blanchard, F., Glasner, E., Kolyada, S., Maass, A.: On Li–Yorke pairs. J. Reine Angew. Math. 547,
51–68 (2002)
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