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Abstract

In this paper, we study the exact traveling wave solutions for five high-order nonlinear
wave equations using the dynamical system approach. Based on Cosgrove’s work and
the dynamical system method, infinitely many soliton solutions and quasi-periodic
solutions are presented in an explicit form. We show the existence of uncountably
infinite many double-humped solitary wave solutions. We discuss the parameters range
as well as geometrical explanation of soliton solutions.

Keywords Soliton solution - Double-humped solitary wave solution - Quasi-periodic
solution - Periodic solution - Homoclinic manifold - Center manifold - High-order
nonlinear wave equation

1 Introduction

Usually, nonlinear wave equations are used to describe the nonlinear physical phe-
nomena in a lot of areas, such as fluid mechanics, plasma physics, optical fibers, solid
state physics, et al. Some high-order nonlinear equations play an important role in
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these models. How to find exact travelling wave solutions for these models? In this
paper, we considered the following five equations.

1. The Olver Equation

In [7], by constructing meromorphic solutions in terms of the Weierstrass elliptic
function, the authors found some new exact solutions for the Olver equation [16] (and
also see [17]):

N+ 1z +qiNzzzzz + CI2772’72 + g30Mzzz + qanzNzz + G5Nzzz +qemn; = 0. (1)

This unidirectional model describes long, small amplitude waves in shallow water.
It can take the wave velocity or, alternatively, the surface elevation as the principal
variable, i.e., n gives a surface elevation, z is the horizontal coordinate, and coefficients
qi,i =1,...,6 are real constants, depending on surface tension.

Equation (1) contains six arbitrary constant coefﬁcients and four nonlinear terms.

We assume that g1g2g3 # 0. Then, letting n = v(z, t) — 2q2 , Eq. (1) becomes

q
vy + ( 3 ) Vz + q1Vzz027 + CIZU Uz + g3V,
4q>
493496
+q4v;v;; + (QS - _6]2 ) Vzzz = 0. (2)

Consider traveling wave solution v(z, t) = v(x — ct) = ¢(£). We have

2
(1 —c— q—) O + q1¢ssees + 7P + G3DPsse

4q
q:
+qads pss + (% - g) Pezz = 0. (3)
Integrating Eq. (3) once we obtain
q62 1 3 1 2
l—c—— )¢+ qideeee + 5920° + q3¢Pee + = (g4 — q3)(Pz)
4q> 3 2

-0 =0, 4
+(Q5 2q >¢s + 81 = 4

where f1 is an integration constant.
Considering the cases of g1g> > 0 and g1g2 < 0, respectively, under some special
parametric conditions, [7] gave some Weierstrass elliptic function solutions of Eq. (4).
It is different from [7] and [17], in this paper, we use the method of dynam-

ical systems to find the exact solutions of Eq. (4). We make the transformation
y=- (Z—: — 2(12) ¢, then Eq. (4) becomes the following 4-order equation:

"

V" =c1yy" +ea(y)? — 3y’ +cay® +ay + B, (5)
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where

93 1 92 9@ (95 96
Cl = > c2=_(q4_q3), C3=_a C4=__ - T 5 ’

q1 2q, 3q1 91 \q3  2q2
az_q_z(q_s_ﬁ)z_i e 96

o \qz 2q q 492 |7
3 2
1

ﬂzﬁ_£<q_s_q_6> o5 (q_s_ﬁ) ©)

a1 39 \¢3 2q q1 42 ) \q3  2q2

For some given ¢, j = 1 — 5, Eq. (5) has a form of Cosgrove’s higher-order

Painleve equations (see [5]), i.e., the forms F-1II, F-IV, F-V and F-VI. Therefore, we
can obtain exact solutions of y(&) for these integrable systems by using the method
of dynamical systems. Thus, we have

n(E) = p(E) — 2q—6 =-L_ye. )
q2 q3

Formula (7) gives rise to the exact traveling wave solution of Olver Eq. (1). In order
to know exact y(£€), we should consider the following four cases.

(1) The case ¢c; = 15,¢r = %,6‘3 = 15,¢c4 = 01i.e., g2 = 45q1,93 = 15q1,q4 =
%ql, g6 = 6g5 and q1, g5 are arbitrary constants. In this case, Eq. (5) becomes
the form F-III:

45

y//// — lSyy” + Z(y/)2 _ 15)73 +ay+ ﬁ, (8)
(2) The case ¢y = 30,¢2 = 0,¢3 = 60,ca = Oie, g0 = 180q1,93 = q12 =
30g1, g6 = 12g5 and q1, g5 are arbitrary constants. In this case, Eq. (5) becomes

the form F-IV:
y//// — 30yy// _ 60)73 + ay + ,3’ (9)
(3) The case ¢; = 20,¢3 = 10,c3 = 40,c4 = O i.e., g2 = 120q1, g3 = 20q1, qa =
40q1, g6 = 12q5 and q1, g5 are arbitrary constants. In this case, Eq. (5) becomes

the form F-V:
V" =20yy” +10(y")? — 40y + ay + B, (10)
(4) Thecase c; = 18,¢p = 9,¢3 = 24,¢c4 = @, 00 = a?ie., g2 = T2q1,q3 =

1

9
1891, g4 = 3641 and q1, g5 are arbitrary constants, g¢ depends on g1, g5, c. In this
case, Eq. (5) becomes the form F-VI:

1
V" = 18yy" +9(y")? — 24y® + ay? + 5&2y + B. (11



186 J.Li,Y.Zhou

2. A Higher Order KdV-BBM Long Wave Equation
In [15], the authors considered the following higher order KdV-BBM long wave
equation:

1
Ur +uy — guxxt + S1Uxxxxr + O2Uxxxxx

3 1 1
+ (ZMZ + )/(Mz)xx - EM)ZC — Zu3)x =0. (]2)

Substituting u(x, 1) = u(x — ct) = u(§) into (12) and integrating obtained result
once, we have

1
&Mgggg + %ugg + <2y — E) Mé + 2yuuge

1 3
:Zu3—zu2—(1—c)u+g:0, (13)

where @ = 8, — ¢ and g is an integral constant. Making the transformation u =
% (y — %) , Eq. (13) becomes Eq. (5), where

1 24y — 1 1 1 3+ c
cl=—F, = —, 3=—% 4=—7(c+7")]
"= 28 27 spe 0 P T g0 T ya \8 7 32y

1 | c c? 8 1 ) clc—1) n 2 n 3
a==|l-c———-—], =—|- — — .
& 8y 1922 a\ ¢ 6 96y | 3456)2

Similar to the Eq. (4), we can reduce the parameters in Eq. (5), such that it become
the above forms (8)—(11).

3. The (2+1)-Dimensional B-Type Kadomtsev—Petviashvili Equation
[6] investigate the following (2+1)-dimensional B-type Kadomtsev—Petviashvili
equation:

Ur + Uyxxxx — S(uxxy + ax_luyy)
+15(uxuxx+uuxxx—uuy—uxa;luy)+45u2ux =0, (14)
where 9! is the inverse operator of 9.
Substituting u(x, t) = u(x + ay — ct) = u(§) into (14) and integrating obtained
result once, we have

—cu +uggge — Saugs + a’u) + 15(uuge — au®) +15u° + g =0.  (15)

Letu = %a — 2y. Then, (15) becomes

1 25 1
¥ =30yy" — 60y + (c + 10a®)y + <§g - EaZ - gca) : (16)

Equation (16) is F-IV form.
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4. The (2+1)-Dimensional Sawada—Kotera Equation
[2] and [14] discussed the (2+1)-dimensional Sawada—Kotera equation:

1 5
U + — | Uxxxx + Suxy + Suuyy + _M3
9 3" ).

5
+3 (2t + w07y = 87 'y ) = 0. (17)

Substituting u(x, t) = u(x +ay —ct) = u(€) into (17) and integrating obtained result
once, we get

5
uggee — 9cu 4+ 5(a + wluge + 5143 + 5au® + S5a(l —a)u+g =0, (18)

where g is an integral constant. Making the transformation u = —(a + 6y), we obtain
the following F-IV form:

1 3 5
¥ =30yy" — 60y3+(9¢c — 5Sa+10a®)y+( g+ =ca — Za*+=a*). (19)
6° 2 6 18
5. A Sixth Order Solitary Wave Equation
By using Hirita’s bilinear operator, [4] derived the following sixth order equation:

U = 2uyx — 15ltyy)xx + 15(M3)xx + 3(u2)xx — Uxxx + Uxxxxxx- (20)

Substituting u(x, 1) = u(x — ct) = u(§) into (20) and integrating obtained result
twice, we see that

ueger = (14 15uuge —3u® — 15u° — 2 — P)u + g, (21)

where g is an integral constant. Making the transformation u = 2y — %, we obtain
the following F-IV form:

9 1 2 14
m _ 1 //_603 2_ 7 e — . 22
y yy— oy +<C 5)7 7 2% T30 T s 22

For the above five models, the authors of the above references did not give all pos-
sible exact travelling wave solutions. In this paper, by using the method of dynamical
systems (see [8—13] ), we discuss the exact solution families of Eq. (9) (i.e., the form
F-IV). We see from (16), (19) and (22) that we can choose the integral constant g such
that 8 = 0 in Eq. (9).

This paper is organized as follows. In Sect. 2, we consider the exact solutions
in the invariant manifold of the saddle-saddle type of equilibrium points of system
(23) corresponding to the form F-IV. We show that it is different from three-order
wave equation (like KdV equation), high-order wave equations have uncountably
infinite many double-humped solitary wave solutions. In Sect. 3, we discuss the exact
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solutions in the invariant manifold of the center-saddle type of equilibrium points of
system (23). In Sect. 4, we investigate the exact solutions in the invariant manifold of
the center-center type of equilibrium points of system (23). Sect. 5 state some simple
conclusions.

2 The Exact Solutions in the Invariant Manifold of the Saddle-Saddle

"

Letx; =y, x2 =x; =Y, x3=x, =", x4 = xj = y”". Equation (9) is equivalent

to the system

x| =x2, xb=2x3, x)=2x4, x;=30xIx3—60x] +ax; +5, (23)

which has the following first integrals:

D (x1, x2,X3,X4) = xf — 12x4x1x2 — 24x1x§ + 12x3x% + 120x3x?
— 144)(15 — 2ax1x3 + otx% + 4ozx13 (24)

and

1 1
Dr(x1, X2, X3, X4) = xle — 21x12x§ + IZOxfx3 + 7axf — Eo{x% — Ecxlez

1
— 180x? — 9)c§L + gx; — 18)612)62)64 + 36x1x§X3 — X2X3X4
1 3

— b, 2
1296 25)

1
+ gax2x4 — 2ax%x3 +

For given two constants K1 and K>, the two level sets defined by @1 (x1, x2, X3, X4)
= K and ®;(x1, x2, x3, x4) = K, determine two three-dimensional invariant mani-
folds of system (23). Their intersection is a two-dimensional manifold.

Notice that when f§ = 0 under the transformation (xi,x2,x3,Xx4) —
(x1, —x2, x3, —x4) and t — —t, system (25) is invariant. This symmetry is important
for the persistence of homoclinic orbits under some small perturbation (see [18]).

We take o = 60 pz, B =0 (p > 0). Then, system (23) has three equilibrium points
for which E|(— p, 0, 0, 0) is a center—center with the eigenvalues & A1i = £ [(15 +
VI9)p12i, £ i = £[(15 — V/15)p]2i; Ex(0,0,0,0) is a center-saddle with the
eigenvalues £A1i = + (15)1/2pi, £ = =+ (15)1/2p and E3(p,0,0,0) is a
hyperbolic equilibrium point (saddle—saddle) with the eigenvalues =11 = +[(15 +
V103)p12, £ 4y = £ [(15 — V105)p]*.

Corresponding to (24) and (25), we have

S 320
Kll:@l(_pvo’0’0)=_96p s K21=¢2(—P70,070)=Tp .
500
Kip =1(0,0,0,0) =0, Ky =9,(0,0,0,0)= =P
320

Kis = @1(p.0.0.0) =96p".  Kz3 = ®2(p.0.0.0) = = p".
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In this section, we first consider the solutions of system (23) in the invariant man-
ifold of the equilibrium point E3(p, 0, 0, 0). In fact, the two level set (L) and (L7)
defined by @1(x1, x2, x3, x4) = K13 and @2 (x1, x2, X3, X4) = K>3 pass through the
equilibrium point E3. By using the method given by [5], we know that in the intersec-
tion of (L) and (L»), there exist solutions of (23) as follows:

1
Y& =11 = 3 [UO +VE) +UE +VE) —UOVE + As].
(26)

where U (&) and V(&) are defined by inversion of the following two hyper-elliptic
integrals:

I=/U dt +/V dt _é
'T e VB0 Je VP00

/ /U tdt +/V tdt Gyt t on
2= =02 5
oo VP3(1)  Joo A/ P3(1)
and
1
P3(1) = (1% + A3)" — a(t? + A3) + Bst + 3B, (28)
B% = %K13 = %pS, Az = _ 64Ky —%p and él and é‘z are integral constants.

9B2
Under the parameter conditions of this section, we have

1060 166 s 800
Pit) =1 — —prt 4 22 Y i 3
3(1) Pty t 97
1
= @(%2 + 18/6pt + 50p) (912 — 9/6pt — 4p)?
(t — r)(t +r)[(t +r3)(t + ra)T%, (29)

40

wterers =4 (170 4-V8) /7. ro= 4 (170~ V8) . = (V6 - 3) /7
r4 = (\/6 + %) /P- We notice that
Uodr 1
VPs(1) GRS
32+ e (U —r) +A1\/(U — )2+ 2e1(U — 1) + A2
WU —r)

x In

1 A +exU+r)+ Az\/(U +72)2 +2e2(U +12) + A3
+ n 1
(r1 +r2)iz (U +12)

(30)
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and

U rdt i

/«/T(t):_(rl—krz)/\l

1 eU =)+ 2/ (U = ) + 200U — ) + 13
3W =)

X In

. 13+ eaU +1r2) + 92 (U + 12 4 2e2(U +r2) +13
— n
(r1 +r2)k2 1 +1r)

3D

where A% = r12+r1r3 +rira4r3rg = (154+/105) p, k% = r22 —71or3 —rara+rirgy =
(15 = V105)p,e1 = 3Q2ri+r3+714) = 3J/6p + 11,62 = 5(=2r2 + 13 +14) =
%./6p —r.

Hence, by using two integral formulas given by (27), we obtain

()»% +e1U; +)»1\/U12+2€1U1 -H»%) ()»% +e1Vi 4+ A1/ Vi +2e1 Vi —H»%)

U V;
I p— 32)
and
(A% + ez + 30, U3 + 26202 + A%) <k§ FeaVa + oy V2 + 26 Vs + ,\g)
U2V
= Cre %, (33)

where w; = %(l-i-:—;))»l,wz = %(1+%>K2, Uy =U¢&) —n, i=V(E) -

ri, Uy =U(&) + 12, Vo =V(§)+r, Cr and C; are two integral constants.
To get the exact explicit parametric representations of U(£) and V (¢) from (32)
and (33), let

(A2 4 eV + Ay VE+2e1Vi + 43 = a1, A3+ eaUs + i/ UF +2e2Us + 43 = ap,
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where a| and a; are two constants given by (45) below. Thus, (32) and (33) imply that

U = Ua(§) 201
= =ry —
¢ ' 2001 — Cle=@1& — (e} — A})ent
5
Cy

=r — ,
— coshy, (—w1§)

ajer + alze% — (a]2 — 2)&(11)(612 — A%)

2 2
ef — A

€1
Cy

(34)

)

V&) =Veo=rn+Vio=r+

~ 2 52
where C; = Y& 4, = elczkl ,coshy () = %(es + ge~%) is generalized hyperbolic

ap

function defined by [13] andl

§ y 20213
() =Vp() = —r2— 2e,Cy — C2e=2E — (2 — 22)eE
)\2
A
= —r) — C2
& — coshg, (—anf)

ayey + a%e% — (a% - 2)\%&2)(6% — )»%)

2 2
e; — Ay

’

UG)=Up=—-rn+Up=-n+

~ 2 .2
where C, = U%zcz p=2 2 We see from (34) and (35) that

&
2 2,— 242 Mo .
U® 2C 11w [Cle g _ (ef — Kl)ewls] ~¢; sinhg, (—1§) (36)
a = _ 2=
[2¢1C1 = Cfem18 — (ef — AD)e] [2—11 — coshy, (—wlé)]
and
Moy .
Vi) 2005w, [sze"‘)zE — (3 - A%)ewzs] é—c;)z sinhg, (—w2§) 37
b= 2,— 2 _ 42 2= 2"
[262C2 — C3e W _ (e5 — k2)ew2§] I:g_l’z — coshqz(—wzf):l

Therefore, we know from (26) that system (23) has the following three classes of exact

solutions:

/ 2 40[7
x1(§) = y(€) =x11(§) = [Ua(€)+(Ua(é‘)+Va) _Ua(E)Va_T]a (38)

N = N =

40
x1(6) = y(&) =x2§) = [Vb’(é) + (Vo(&) + Up)? — Vo(&)Up — Tp] , (39)
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x1(8) = y(&) = x13(6)
1 40
=3 [Ué(é) + Vi (&) + (Ua(®) + V(N — Ua§) V(&) — Tp] - (40)

Letting & — 4 0o, we have from (38), (39) and (40) that

1 5 5, 40p
xn(é)—>§ 3r1+31’1V10+V10—T = x11(£00), (41)
1 40
xpn) —> 5 |:3r% —3rpUy + U220 — Tp:| = x12(F+ 00) 42)
and
1 2 40p
x13(8) = 3 (ry —r)" +riry — 5 | =P (43)

Now, we take
x11(£00) = x12(£00) = p. 44)

It is easy to see from (41) and (42) that (44) gives rise to two equations with respect
to ap and ap which imply two solutions a; and a, as follows:

a = g (2\/7461\/105 + 82787 + (413 + 27v105)> ;
a = g (9«/105 + 65 — 6y/85+/105 — 465) . (45)

Obviously, three solutions x11(£), x12(£), and x13(§) of (23) with 8 = 0, given by
(38), (39) and (40), respectively, depend on integral constants C or C or both. When
C1 > 0 and C, > 0 these three solutions have singularities at some points where the
denominators of U, (£¢) and Vj(£) are equal to zeros. However, when we choose the
two constants C; < 0 and C; < 0, (38), (39) and (40) give rise to infinitely many
smooth soliton solutions. For some fixed pairs (C1, C), we have the graphs of x13(§),
decaying to a non-zero constant p (See Fig. 1a, b).

(a) C1 = C» = —2, a double-humped wave profile of x13(§). (b) C» = -2, C; €
(=5, —1), infinitely many double-humped soliton solutions. (¢) C; = —2,C, €
(=5, — 1), infinitely many double-humped soliton solutions.

To sum up, we have proved the following conclusion.

Theorem 1 (i) Equation (9) with B = 0 has a two-dimensional global homoclinic
manifold to the hyperbolic equilibrium point E3(p, 0, 0, 0) laying in the intersec-
tion of ®3(x1, x2, X3, X4) = K13 and @4(x1, x2, X3, Xx4) = K73, in which the flow
of (9) is defined by (x13(§), x15(§), x{5(8), x{3(§)), where x13(§) is given by (40).
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>

S

C))

Fig. 1 The infinitely many soliton solutions defined by (40) when p = 1

(ii) Taking C1 < 0,Cy < 0in x11(€), x12(&) and x13(&), then (38), (39) and (40)
give rise to uncountably infinite many solton solutions of Eq. (9). Especially, (40)
defined a family of double-humped solutions.

3 Exact Solitary Wave Solution and Quasi-Periodic Solutions in the
Invariant Manifold of the Saddle-Center

In this section, we investigate the solutions on the intersection of level manifolds
D1(x1,x2,x3,x4) = K12 = 0and D2(x1, x2, x3, x4) = K». By using the result in [3]

cited by [5], we know that

y=x16)=U(E) + V), (46)

where U and V are defined by
1
(U"? =4U° —5p*U + 8\/1( ,
1
(V2 =4v3 —5p%V — g\/Kz. 47)

Taking K> = K>3, then we have

2
1515 V15 415
WY =403 —=5p U+ ——p*=u-—p]| (4U+ —p].
27 6 3
2
154/15 V15 4415
(V2 =4v3 —5p%V — 57 PP = (V + Tp> <4v - Tp> . (48)

Notice that in the (U, U)—phase plane and (V, V)—phase plane, the two equations
defined by (48) determine two cubic algebraic curves shown in Fig. 2a, b, respectively.
Clearly, the first equation of (48) gives rise to a homoclinic orbit, while the second

equation gives rise to an open curve and a point (V, V)= (—@ p, O).
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0.24

Y 0.1 0.2 3 0.4

(@) (U, U)—phase plane for p > 0. ) (V, V)—phase plane for p > 0.

Fig.2 The phase curves defined by (48) a (U, U)-phase plane for p > 0.b (V, V)-phase plane for p > 0.

Thus, by using (48) to do integrate, we obtain the following results.

(1) Corresponding to the homoclinic orbit in Fig. 2a, we have its parametric repre-
sentation

15 2
UE)=Uy () = gp [tanhz(wa - 5} :

where w = %(2\/ 15p)% = %Ag.
(2) Corresponding to the stable manifold and the unstable manifold in the right of

the saddle (“/1675” , 0) in Fig. 2a, we have the parametric representation

15 2
UE) = Un() = £p|:ctnh2(a)§)—§i|

(3) Corresponding to the equilibrium point (@, O) in Fig. 2a, we have its para-
metric representation

U(E) = Ups(£) = ‘/_”

(4) Corresponding to the point (—@ p, 0) in Fig. 2b, we have its parametric
representation

V15

VE) =Vor(§) = ——p-
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(5) Corresponding to the open curve passing through the point (@, O) in Fig. 2b,
we have the parametric representation

/1 p 2
V(E) = Vo) = [ tan* (w§) + 3} :
Therefore, as some intersection curves of two level manifolds @1 (x1, x2, x3, x4) =0
and @ (x1, x2, X3, X4) = 500 p6 we obtain the following exact explicit non-trivial

parametric representations of the solutions of Eq. (9):

y=x1(6) = Up1(§) + Vo1 ()

- _“/§p \/_p [t nh?(wé) — %} = —w’sech?(w§),
y=x1) = 02@ + Vol ()

= —@ + @ [ctnh2<ws> - ﬂ = w’csch® (0§),
¥ = x18) = Ups(®) + Vor )

_ @ . f” |:tan2(w§) + ﬂ = wPsec? (),

y=x1(8) = Uo1(§) + Vi2(§)

- ‘/12_5” [tanhz (w€) + tan2(w$)] ;

y=x1(§) = Un(§) + V2 (§)
 JTp
2

[ctnhz(wé ) + tan®(wé )] ) (49)

In (49), the first solution just gives rise to a solitary wave solution of Eq. (9) which
corresponds to the homoclinic orbit to center-saddle E» (0, 0, 0, 0).

We next consider the intersection of two level manifolds @1 (xq, x3, x3,x4) = 0
and @, (x1, x2, x3,x4) = K> where K < Kypp and 0 < |Ky — K»7| < § withé > 0
sufficiently small such that in the (U, U)-phase plane and (V, V)-phase plane, there
exists respectively a closed branch of the curves defined by (47). For example, taking
K> = Ky = 33°p® in (47), we have

4J—3
4¢_3
9 P

(U? =403 —5p°U + ——

(V2 =4v3 —5p%V — (50)

In the (U, U)-phase plane and (V, V)-phase plane, the two equations defined by (50)
determine two cubic algebraic curves which are shown in Fig. 3a, b, respectively. Obvi-
ously, two equations of (50) give rise to an open curve and a closed curve, respectively.
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(a) (U, U)—phase plane for p > 0. ) (V, V)—phase plane for p > 0.
Fig.3 The phase curves defined by (50) a (U, U)—phase plane for p > 0.b (V, V)—phase plane for p > 0.

In the two cases, we have from (50) that

(U/)Z =4U°3 — 5p2U + é\/IT =4 — U — U)(U —r3),

1
(V)2 =4v3 —5p*V — 5\/172 =4z = V)@ — V)V —z3). (51

where when K, — Koo, r1,1rp — Y22 165p’ r3 —» —Y2L 135”, 0,73 > —¥22 165”, 21—
V15 V15 V15
3p5 ry —r3 — 2p9 i1 — 13 — 2p’

By using (51), we obtain

UE) = UpE) =r3 + (r2 — r3)sn* (Vr1 — 138, k1) = r3 + Rasn®(21&, ky),
V(E) = Vy(€) = 23 + (22 — 23)s0° (V21 — 236, k2) = 23 + Zasn (228, k2),

where ky = /220, ko = \[222, Re = nn—r3, Zg = 22— 23, 21 =
Jr1 — 13, §22 = /71 — 23, sn(, k) is Jacobin elliptic function (see [1]). It is easy to
see that when Ko — Koo, Up(§) — Uy(§), V() — Vo (8).

Hence, we have

y =x1(8) = r3 + 23 + Rysn® (21, k1) + Zasn® (§:8, k2). (52)

This parametric representation gives rise to a family of quasi-periodic wave solutions
of Eq. (9).
To sum up, we have proved the following conclusion.
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Theorem2 (i) Equation (9) has a solitary wave solution given by the first equation
of (49) and other exact solutions given by other equations of (49). Geometrically,
they lie in the intersection of two level manifolds ®1(x1, x2,x3,x4) = 0 and
Do(x1, X2, X3, x4) = K27 of system (23).

(ii) There exists a family of quasi-periodic solutions of system (23) with the paramet-
ric representation given by (52). Geometrically, they lie in the intersection of two
families of level manifolds ®@1(x1, X2, x3, x4) = 0 and @, (x1, x2, X3, X4) = K7 of
system (23) where Ky € (K2 — 8, K27).

4 Exact Periodic Wave Solutions and Quasi-Periodic Wave Solutions
in the Invariant Manifold of the Center-Center

In this section, we discuss the flow related the equilibrium point E;. In this case,
instead of P3(¢) in (29), we have

40
Pi(t) =%+ —pr* +

3 27 (>3)

(=p)2t——op

1060 5 16v/6 s 800 4
3 729

Clearly, by the parameter transformation p — —p, the polynomial P;(¢) becomes
P3(t). Therefore, we have from (34) and (35) that

Uat(§) = ri + Ciii s
=r . : i
al 1 2e1Cy — C%eflwﬁ;' _ (6‘% + )L%)ezwlf
and
Cz)»%
Vp1(§) = —ra + (55)

2e,Cy — C%e*"m‘§ — (e% + )»%)ei“’25 '
Taking the real parts and imaginary parts, respectively, we obtain

C123[2e1C1 — (Cy + €} + 1) cos(wi £)]
[2¢1C1 — (C} + e} + 2D) cos(w1£)12 + (CF — e — 1) 2 sin? (w1 §)
(56)

Ugir§) =r1 +

and

C123[(C? — e — A}y sin(w)§)] .
[2e1C1 — (C1 + e + ) cos(h1E)2 + (€7 — €3 — AD)2sin®(w1§)

Ugi(§) = —

(57
C233[262C) — (Cy + €3 + 33) cos(@))]
[2e2C; — (Ca + €3 + 23) cos(w8) 12 + (C5 — €5 — A3)2 sin®(w£)
(58)

Vo1, ) = —rp +
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and
P T 26,0, — (C2 + €2 + 22) cos(@af) ]2 + (CF — 2 — 22)2 sin® (k)
(59)
Thus, similar to (40), system (23) has the following solutions:
1
x1(§) =y¢) = 3 [Ul1, &) + Vi1, &) + (Ua1,(§)
40
+ Vot () = Uat (8) Vo, () — Tp} (60)
and
1
x1(§) =y¢) = 3 (U216 + Vi () + (Uari (§)
40
+ Vp1i(8))?) — Uari (8) Vo1 (€) — T”] : (61)

Generally, w1 and w; are unreduced. Hence, (60) and (61) give rise to two families of
quasi-periodic solutions of system (23) for any real number pair (Cy, C7).
We see from the above discussion, the following conclusion holds.

Theorem3 (i) There exist two families of quasi-periodic solutions of system (23)
with the parametric representation given by (60) and (61). Geometrically, they lie
in the intersection of two families of level manifolds ®1(x1, x2, x3, x4) = K11 and
Do (x1, X2, X3, X4) = K21 of system (23).

(ii) Letting C1 =0, Cy # 00rCy = 0, C| # O, then there exist two families of peri-
odic solutions of system (23) given by (60) and (61). These solutions lie in the center
manifold of the equilibrium E1 of system (23) given by M1 = {(x1, x2, x3, X4) €
RY®y(x1, x2, X3, x4) = K11, Pa(x1, X2, X3, X4) = K21}

5 Conclusion

In Sects. 2, 3 and 4 of this paper, we obtain the exact solutions in the invariant manifolds

of the three equilibrium points of system (23) with § = 0. Under determined parameter

conditions, these results give rise to the exact travelling wave solutions for above

five nonlinear wave equations mentioned in introduction. We find that the high-order

nonlinear equations have uncountably infinite many double-humped soliton solutions.
When g # 0, to get exact solutions, the calculation is very complicated.
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