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Abstract Non-standard Lagrangians have gained recently an increasing interest in the
theory of nonlinear differential equations, classical and quantum nonlinear dynamical
systems. In this work, we discuss a number of dynamical systems characterized by
powers of singular Lagrangians identified to non-standard Lagrangians based on the
resulting Hamilton—Jacobi equation. A number of dynamical problems were addressed
and a number of statements which support the non-standard Lagrangians formalism
were postulated. After connecting the action to a certain complex wave function and
in particular for the case of linear potentials, a link is established between the resulting
modified Schrodinger equation which describes specific classes of quantum mechan-
ical systems and the Navier—Stokes equation which describes the motion of viscous
fluid matters.
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1 Introduction

Newtonian classical mechanics is the most fundamental part of physics which is traced
back to Sir Isaac Newton. It continues till the present moment to play important roles
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in modern sciences, e.g. in fluid dynamics, planetary dynamics and astrophysics. In
its conventional formulation, Newton’s theory describes the relationship between a
system assumed to be of mass m and forces acting upon it which generally depend
on position x, velocity x and time ¢. The general equation of motion is therefore
given by F(x, x,t) = mX. However, in order to solve this set of 2nd-order differ-
ential equations, we need to know the exact form of F(x, x, t) which is somewhat
complicated in particular when constraint forces are present. An additional problem
with Newton’s formulation is the natural use of Cartesian coordinates since jump-
ing to a different coordinates system is usually awkward. Given these limitations,
Joseph-Louis Lagrange and William Rowan Hamilton introduced a geometric formu-
lation of Newton’s mechanics where generalized coordinates and constraint forces are
incorporated correctly in the mechanical theory. Besides, symmetries which are easily
identified in the Lagrangian and Hamiltonian formalisms, have served to construct the
Hamilton—Jacobi theory which plays a leading role in classical and quantum physics
and steers physicists to develop the basic mathematical tools of classical field the-
ory [22]. The Hamilton—Jacobi equation is mainly helpful in identifying conserved
quantities for mechanical systems. It is the only formulation of classical mechanics
in which the particle can be represented as a wave and hence going beyond the usual
WKBJ approximation. The similarity between the Hamilton—Jacobi equation and the
Schrodinger equation is well-known in physics. It is worth stressing that the inter-
play between the Hamilton—Jacobi-type equations describing the propagation of wave
fronts in quantum mechanics and the Hamilton’s equations has been largely inves-
tigated in quantum physics. Many emergent physical theories based on this analogy
are now under studies in particular fluid dynamics. In fact, the interpretation of the
Schrodinger wave equation in terms of a probability fluid dates back to 1927 [54] when
Madelung convert the Schrodinger equation into a set of two nonlinear equations: the
quantum Hamilton—Jacobi equation and the continuity equation by decomposing the
complex wavefunction into amplitude and phase [36]. In other words, the Schrédinger
wave equation takes a hydrodynamic form. It was observed that the velocity field
satisfies the Euler equations for an ideal fluid and the quantum potential is propor-
tional to the pressure field of the frictionless fluid. This hydrodynamic analogy offers
new insights with regard to the wave equation [45,68,69] and it has been used to
describe the carrier transport in open quantum systems. In parallel of this analogy,
Bohm suggested that the quantum potential is a term within the Schrodinger equa-
tion which steers the movement of quantum particles and depends on the curvature
of the amplitude of the wave function [13]. An alternative to Madelung’s and Bohm’s
interpretations of the quantum potential was explored recently in [36] in which the
quantum potential introduced to take into account the dissipative term in the equa-
tions of motion of the probability fluid. In that case, the velocity field does not satisfy
the Euler’s equation for an ideal fluid but the Navier—Stokes equation for a viscous
fluid, i.e. the quantum potential is responsible for the occurrence of viscosity. This
approach is interesting since classical friction in a fluid yields quantum effects and the
fluid described by the classical Navier—Stokes equation becomes a wavefunction sat-
isfying the Schrodinger equation. This framework suggests an alternative appealing
description to the Schrédinger equation. It is noteworthy that although the connec-
tion between the classical Navier—Stokes equation and the Schrodinger equation, the
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resulting systems of partial differential equations obtained differ completely from the
quantum Navier—Stokes—Poisson equations derived from the collisional Wigner-BGK
model using the moment method and the Chapman—Enskog expansion [48,72-74]
used in quantum fluid models. In the present work, we will prove that, based on
the notion of the notion of singular non-standard Lagrangians (NSL), a connection
between a modified Schrodinger equation and the Navier—Stokes equation may be
achieved starting from classical arguments. Our motivations are based on the follow-
ing observations:

In fact, the majority of real-world physical systems, including gas dynamics, fluid
mechanics, plasma physics, biological dynamics, thermodynamics and many more
fields, are modeled by nonlinear differential equations. Despite the tremendous suc-
cess of Lagrangian and Hamiltonian theories, attempts to describe nonlinear dynamics
are doomed to failure. Moreover, these fundamental theories fail to describe non-
conservative dynamical systems. One can use the inverse scheme which start with
the equation of motion and then construct a consistent Lagrangian function. This is
known as the “inverse problem” nevertheless it requires a complicated mathemati-
cal analysis to deal with it [46]. Recently, this problem was alleviated by means of
a special class of Lagrangians known as “non-standard Lagrangians (NSL)” which
allow mathematicians and physicists to identify several classes of equations of motion
that admit a Lagrangian description [20,56,57]. There exist many motivations to
deal with NSL despite their irregular physical forms since neither the ordinary
kinetic term nor the classical potential function is introduced in the Lagrangian.
Quantum field theorists used NSL in color confinement problem to describe large
distances interactions in the region of applicability of classical theory [1]. NSL
plays as well a significant role in theory of nonlinear differential equations, e.g.
nonlinear 2nd order Riccati equation [ 14], the Liénard-type nonlinear differential equa-
tion [18,19], also in classical and quantum theories [2,15,16,27,29-31,52,63,76].
In fact, NSL arise in different forms, nevertheless in this paper, we will focus on
power-law NSL of the form L!** introduced in [29] where ¢ is a real parameter.
This type of Lagrangian is motivating for many reasons. In fact, by considering the
action S = [ L'*¢(%, x, t)dt, the variational principle leads to a generalized Euler—
Lagrange equation which contains higher-order derivative terms and has the general

form:
oL d (0L ¢dL (0L 9L 0L
— 5 \= )=\ tx—+x—=.
dx dr \ ox L ox \ ot 0x 0x

This form is interesting since for singular Lagrangians of the form L = ax +bx((a, b)
are real or complex parameters) the resulting equation of motion is:

a’e¥ + ab(e — )i — b*x = 0.

Obviously, for ¢ = 1 and b*> = —a?, this equation is reduced to ¥ + x = 0 which is
the equation of motion of a harmonic oscillator derived at the moment from a com-
plex singular Lagrangian. However, for ¢ # 1, the differential equation describes
dissipative oscillators. Therefore, this technique works with singular or degenerate
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Lagrangians yet it fails if the standard formalism is used since the Hamilton equa-
tions of motion cannot be obtained by the common procedure [17]. This problem
was in fact solved using Dirac’s method which consists of constructing canonical
equations at the expense of introducing undetermined variables [21,28]. Alternative
solutions were addressed in literature [4,22] yet the topic still required more plausi-
ble solutions. In a recent work [31], it was observed that the power-law NSL Llte
modifies the Hamilton—Jacobi equation and consequently the Schrédinger equation.
A number of interesting physical properties not obtained in the traditional formalism
were derived accordingly. The Hamilton—Jacobi formulation for singular systems was
addressed in literature through different arguments and based on standard Lagrangians
[7,59]. It is worth mentioning that for > = —a? the Lagrangian L = ax + bx is
complexified. However, complex Lagrangians are not forbidden in literature since
they occur not only in quantum but also in classical systems [9-11,32,33]. It was
observed recently that within complexified classical mechanics, the Ostrogradsky the-
orem which predicts boundless kinetic terms may be evaded and lead to real energy
spectrum [60].

Motivated by these outcomes, the main objective of the present paper is to discuss
several implications of the Hamilton—Jacobi equation which result from the power-law
NSL L'*¢ in particular when the Lagrangian is singular. We will prove the impor-
tance of the resulting Hamilton—Jacobi equation at classical and quantum levels. The
jump from classical to quantum dynamics will be made following Bohm approach
[13] which is closed linked to the work of Madelung. Since Bohm’s and Madelung’s
approaches result on a hydrodynamical form of the Schrédinger equation, it will be
motivating to derive the hydrodynamical form of the modified Schrédinger equation
that results from the power-law NSL L'*¢. The strategy we will follow is therefore
completely different from most previous approaches. A comparison between both
hydrodynamical forms will be crucial accordingly. The paper is structured as follows:
In Sect. 2, we review briefly the basic setups of the power-law NSL L!*¢, then we
construct the Hamilton—Jacobi equation and we discuss a number of classical dynam-
ical problems in particular for systems characterized by actions of powers of singular
Lagrangians; in Sect. 3, we consider a special class of singular Lagrangian and we
discuss its implication in quantum dynamics by connecting the action of the theory to
a certain complex wave function; finally in Sect. 4 conclusions are given.

2 Hamilton—Jacobi Formulation: Classical Dynamical Systems

We start by reviewing the basic concepts: given a mechanical system with N degrees
of freedom characterized by the power-law NSL L!*¢, the corresponding Hamiltonian
functions are defined as the Legendre transformation [42]:

N
H(x,p,t) =) J-px— L' (x, p), e
k=1
where
JL'TE LOL
p= — ={U+¢eL" —, 2)
ax ox
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is the non-standard generalized momenta [29]. It is notable that in this approach:

8L1+§
dx

. aL

p= =(1+eL*—. 3)
ox

Remark 2.1 One may logically ask “how can be reasonable that the Hamiltonian

H (x, p, t) has the proper physical dimension?” In fact, it should be pointed out that in

our approach, in order to obtain a physical Hamiltonian dimension, one must introduce

a certain parameter A in the Hamiltonian function with dimension [ML>*T ~2]7¢ in

a way the Hamiltonian recovers the correct energy dimension [E] = [ML*T~2].

(M, L, T) refer respectively to the mass, length and time. We effectively recuperate the

dimensional problem, yet in our approach we set A = 1 for mathematical simplicity.

The Hamilton’s equations of motion in the present formalism are: x; = d H/dpy and
Pr = —90 H /dx; augmented by the constraint:

oH (14 e)L? oL @
— = &)Lt —.

ot ot

The couple (xi, px) is considered as independent variables. Let us look into transfor-
mations which do not change the form of Hamilton’s equations:

.. o0H 0H
(xkv pk) = a0 a4 ) (5)
opr 0xk
To do this, we consider the transformations (X (p, g), Px(p, ¢)) such that:
(Xe. Br) = oH'  0H' 6)
A Y ')
where
N
H'(X.P.ty=Y Xi- P — L' (X, P). 7
k=1

We require that both Hamiltonians yield the same equations of motion, i.e. the two
Hamiltonians differ only by a total derivative of a function F = F(x, p, X, P, t) with
4n + 1 variables with respect to time which mathematically means that:

)'Ckpk—HZXkPk—H/-l-F. (8)

If we choose F = F(x, P, t) then one may check that X; = 0F /0P, px = 0F /0qx
and H' = H + 9F /0t [67]. By denoting S = S(x, P, t) and putting H' = 0 we get
straightforwardly H + 95/3t = 0. However, if H' = 0 we obtain (Xx, Pv) = (0,0)
which gives (X, Pr) = (ax, Bk); (o, B) are integration constants with o = 9.5/
and pr = 35/0qk. The Hamilton—Jacobi equation is then:

35S 35S
(. P, 9
(q EPR >+8t ©
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which contains 27 + 1 derivatives and therefore the solution contains 27 + 1 constants.

Remark 2.2 For the case of singular Lagrangian of the form L = ax + bx, the action
is givenby S = [ L'%¢dt = [ (ax + bx)'"dt and for that reason we entitle the term
(ax +bx)'*¢ as a NSL. Evidently, for e = 1 and b = ia, the NSL is a® (% + i x)*which
is the square of the singular Lagrangian L = a(x + ix).

To illustrate, we choose once more the Lagrangian L = ax + bx with b> =

—a?, i.e. b = ia. The corresponding Hamiltonian is deduced from H(x, p, 1)

SV & - pr — L' and takes the form:

(NN (T
Hx. p) = a <<a(1+8)> bx) <a(1+8)> ' (10)

The Hamilton—Jacobi equationis H(x, dS/dx)+dS/dt = 0 and we naturally assume
a solution of the form § = A(¢) + B(x). Consequently we obtain H (x, dB/dx) +
dA/dt = 0. Since the Lagrangian is time-independent, then the Hamiltonian is con-

stant and is equal to the energy E, i.e. 0H /39t = —(1 + ¢)L*9dL/dt. Therefore
A = —Et and we find:
1 I4e
1dB 1  dB)\:¢ 1 dB)\ ¢
E=—\(l—"—F—) -bx)|—|———— . (11)
a dx a(l +¢) dx a(l+¢) dx
In particular for ¢ = 1 we obtain:
1 dB\* b dB
E=\——F——) ——x—. (12)
2a dx a dx

After arrangement, we get:

dB
—— =2ia*x £ 2aVE — a’x2. (13)

dx
Performing the integration, we find:
E
B=ia’x®+ <§ sin™! <%) + % E — a’x ) , (14)

where we have assumed the integration constant equal to zero. The action takes then
the form:

E
S=—Et+ia’x*>+ (E sin”! (%) + % E — a2x2> . (15)

Using o = 3S/98 = 8S/dE we find x = v2E sin(a + 1)/a where E = 2E. Conse-
quently we recover the usual solution to the equation of harmonic oscillator starting
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from a singular complexified Lagrangian characterized by a complexified Hamilto-
nian and a complexified energy. In other words, the solution to the corresponding
complexified singular Lagrangian exhibit analogous behavior to the harmonic oscil-
lator. This result is expected to have interesting quantum mechanical effects. This is
not surprising since early works showed that a number of quantum dynamical systems
are characterized by complex Hamiltonians and give rise to complexified energies
[11,23,39,40]. Then we can launch the following Ist-statement:

Statement 1 Given the singular complexified Lagrangian L = a(x % ix) and the
classical action S = f L%dt. The corresponding Hamilton—Jacobi equation results
on a 2nd-order differential equation which coincides with the harmonic oscillators
and is characterized by a complexified Hamiltonian and a complex energy.

As a second illustration, we consider the singular Lagrangian L = Ax + By + C,/y
where (A, B, C) are real or complex parameters. The conjugate momenta are given
by:

pr = (1+8)A (A% + By + C/y)", (16)

and
py=(+e)B (A% + By + C/y)", (17)

which gives A = B and p, = p,. The Hamiltonian takes now the following form:
I+e

1
(L C ()T
_<A ((1+8)A> Aﬁ)"* ((1+5)A> : (18)

The corresponding Hamilton—Jacobi equation is:

I+e
1 1 as 1 aS\ ¢ as
(Z (Mﬁ) __*/_) dx _<M£) Ty =0 1

Since this is not a completely separable equation we write § = ,/ySy + yS; with
H = E. Accordingly, for ¢ = 1 we can write Eq. (19) as:

1 dS,\> cCds
— =) == _E=0. (20)
2A dx

This gives Sy = (2AC + v/4A2C? + 4A2E)x after dropping the irrelevant constant
of integration. The total action is therefore:

S = (AC £V4A2C? +4A%E)x/y — yEt. 21
Accordingly we get:

px = £2AV/C2+ E/y, (22)

and

py = (2QAC £2AVC? + E)x — 2/yEL. (23)
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Since px = py, we find after algebra:

Jy AC £ AVCZ+E (24)
y = X.
Et + AVC?2+ E
We can take E = —C? with C = i € C which give rise to a complexified singular
Lagrangian with real energy spectra. The action is therefore given by:
S =2iAx\/y — yEt. (25)
Taking the constants A and E as new momentum variables, we have:
as )
G = oy = 2ix\/y, (26)
and
_ 95 2/yEt 27)
qy = 9E YLI.
Since from Eq. (24) we have ,/y = —Ax/Ct we get:
2 %ct
=—-=, 28
x A (28)
and g
y
= — 29
V= 50 (29)
which give:
Agqy 2
y= ( ’2) , (30)
qxX

with A < 0. The dynamics is therefore hyperbolic and is similar to the scattering
problem which occurs in atomic physics [64]. This result leads unavoidably to the
conclusion that the particle trajectory deviates from a parabola since the Lagrangian
is L = A(x + y) + i/y and the action of the theory S o [ L2dt contains coupled
terms whereas in the standard approach, the action S o [ (A%% + By? + Cy)dt. The
following 2nd-statement may be addressed:

Statement 2 Given the singular complexified Lagrangian L = Ax + By + i,/y
and the classical action S = [ L2dt . The corresponding Hamilton—Jacobi equation
results on a hyperbolic dynamics similar to a scattering process and is characterized
by a real energy.

One may argue that if the Hamilton—Jacobi equation is not separable then the system
can be integrable if the Lagrangian is concurrently of power-law form and complexi-
fied. It is notable that in the Hamilton—Jacobi approach, integrable dynamical systems
are characterized by a complete solution of the Hamilton—Jacobi equation in the Liou-
ville sense. In the case of compact energy level sets, this requires finding smooth and
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invertible action-angle variables by means of the corresponding coordinate transfor-
mations. In many cases, this can be done by means of symmetries since they provide
constants of motion which in their turn leads to find the action-angle coordinates. How-
ever, for bounded orbits, trajectories may be quasi-periodic similar to those occurring
in the quantum Toda lattice and accordingly the action-angle coordinates may not exist
[43].

As a third illustration we consider L = +/%. The Hamiltonian is then given by:

2(s+1)

_ 2[7 3%1_ 21) e—1
H"’((Hs)) <<1+8)) ’ Gb

with ¢ # 1. For ¢ = 3, Eq. (31) is reduced to:

S
I~

2

p
H=>"— 32
3 (32)

1

(o)

The corresponding Hamilton—Jacobi equation is then H(x, dS/dx) 4+ dS/0t = 0
and since we have a separable solution we assume normally a solution of the form
S = A(t) + B(x) which gives H(x,dB/dx) + dA/dt = 0 with A = —Er. We get

therefore:
e ] dB\> 1 [dB\* 33)
T2 \dx 16 \dx )’

dB /
— =424y/1F+1-E. (34)
dx

After simple integration, we find:

B(x) = (izy/l +VJ1—E >x, (35)

and the action takes then the form:

S=—Et+2y/1F+1— Ex. (36)

Using @ = 9S/9B = dS/0E we find x = £4/1 — E(« + t) which corresponds for a
linear motion characterized by 0 < E < 1. Itis obvious from Eq. (31) that fore = —3
(inverse Lagrangians), we obtain H = p —i,/p which is a complexified Hamiltonian.
Using similar steps we find:

which in its turn gives:

(—2E — 1+ V1 +4E)x

B(x) = 5 ,

(37)

and therefore:
o+t
xX=———". (38)
1+
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The following statement holds accordingly:

Statement 3 Given the singular complexified Lagrangian L = /% and the classical
action S = [ L*dt. The consequent Hamilton—Jacobi equation results on a linear
dynamics characterized by a complexified Hamiltonian and a real bounded energy
0<E<.

As a final illustration in this section, we discuss dissipative dynamics using the
Hamilton—Jacobi equation and the singular Lagrangian L = ax + bx. In fact, in
the Hamiltonian formulation of dissipative systems, several methodologies have been
used in literature, e.g. the Rayleigh dissipation method where the friction force is
proportional to the velocity (see [63] and references therein); Bateman method which
aims to include supplementary coordinates in the Lagrangian [6]; Bauer argument
which states that “the equations of motion of a dissipative linear dynamical system
with constant coefficients are not given by a variational principle” [8]; methods based
on fractional calculus of variations [34] among others (see [3] and references therein).
The Hamilton—Jacobi equation was also used to explore dissipative systems [5,26,44,
47,55,61]. As stated in the introductory text of this work, if we consider the Lagrangian
L = ax + bx then the resulting equation of motion in our approach is:

a’ex +ab(e — Dx — b*x = 0, (39)

which describes dissipation for & # 1. In particular for b = i, a = (i = +/3)/2 and
e=({1=xi \/§) /4, the differential equation is reduced to X + X + x = 0 and describes
unforced underdamping harmonic oscillators. For ¢ = 2, the differential equation
takes the form 2a2% 4 abx — b>x = 0 which has the characteristic equation 2a°s? +
abs — b?> = 0 with characteristic roots (—=b £+ 3b) /2. Undoubtedly, one can choose
different values of (a, b, €) so that the differential Eq. (39) describes overdamping
oscillations, e.g. (a, b, €) ~ (4.8i, i, —0.04) which results into X + 5x +x = 0.

In particular for @ = i and b = 1 the system describes an exotic oscillator which
is critically damped and characterized by a complex damping term. Such types of
oscillators are discussed in literature and are connected to quantization (see [24,39]
and references therein). The corresponding momentum is given by:

p = (1+¢&)a(ax + bx)*, (40)

and the canonical Hamiltonian has the form of Eq. (10). For ¢ = 2, the Hamiltonian
is reduced to:

2 /1 /1\2 3 b
H(X’P)Zg 3\, PZ—ZPM (41)

The Hamilton—Jacobi equation is H(x, dS/dx) 4+ 9S/dt = 0 and a solution of the
form § = A(¢) + B(x) exists accordingly. Since the Lagrangian is time-dependent,
then A = —FEt and we obtain:

3 3
2 /1 /1\2 B\? B
E=2 L (L) (4B _b 4B “2)
3V3\a dx a dx
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which gives:

ag 2 [ \3/27a214E2 9aI2E 3f3<27a418E4 4a31653) |

dx 312 2 6 bt T2 PAx1Z 3y

(5 )

3/ 274214 E? 18a12E 27a*I18E4  443I°E3
\/ b2 x6 - + 3\/_ bAx12 - b3x9 + 2

(43)

where I = —(2a/3b)(1/a)3/>/T/3. For x >> 1, we can approximate Eq. (43) by:

dB _ 9p’ax® 8«/_ 2E 1
4+ , 44
dx 4 ( V2t 9p3 X3 )
and after integration we find:
3
2F
B(x) ~ 3 (4 n «3/5) Paxt 4 22 Inx, (45)
a

where the integration constant is set equal to zero. The action takes now the form:

3
2E
sz—Et+3(4+3/§) b2ax® + V2 Inx. (46)
a
Using @ = 90S/908 = 39S/ E we find:
ab(a+t)
X XX e 232 47)
Fora =i and b = 1 we obtain: win
xoxe2¥a . (48)

We state thus the following:

Statement 4 Given the singular complexified Lagrangian L = ix + x and the clas-
sical action S = [ L3dt. The consequential Hamilton—Jacobi equation results on an
exponential dynamics characterized by a complexified Hamiltonian, a complexified
energy and a critically damped complex exotic oscillator.

3 Hamilton—Jacobi Formulation: Quantum Dynamics

In this section, we will discuss a mechanical scenario by considering the singular
Lagrangian L = ax — V(x) where V (x) is a function of the position identified to a



594 R. A. El-Nabulsi

potential. Our aim is to connect the resulting Hamilton—Jacobi equation to quantum
dynamics. The corresponding Hamiltonian is given by:

— E p % _ s I+
H= » ((a(l —}—5)) + V(x)) (ax —V(x)) ™. (49)

In fact, the implications of the classical Hamilton—Jacobi equations in quantum dynam-
ics is done for the first time by Schrédinger by connecting the action to a complex wave
function ¥ by the relation ¥ = Ae'S/ " where h is the Planck’s constant which is set
equal to one for convenience and A is the wave amplitude [65,66]. Since p = d5/0x,
then we get easily py = —idy/dx = —iV, ¢, i.e. the momentum plays the role of a
complex differential operator. Besides ydS/dt = —idy/d¢t. The Hamiltonian takes
therefore the following form:

1 1+¢
i —i g i a
HZ:((m“) +V<x>) Vi~ <—mvx> G0

and the modified Schrodinger equation is now nonlinear and takes the form:

1 I+e

0V _ i iy E+v vy — (———v.) " 51
la—;(mx) ) ) Vid (ﬁ) v Ob

Remark 3.1 For ¢ # 1, Eq. (51) is no-longer interpreted as a modified Schrodinger
equation since the Laplacian operator will be absent. To clarify, for e = 1/2 Eq. (51)
is reduced to the 3rd-order partial differential equation:

dy  20i

Y AN - VOV,

whereas for ¢ = 2, we obtain:

axp 2[ i

= (Vo2 ¥ — SV )iy,
8t 9 a
which is characterized by a fractional gradient operator. Equation (51) gives accord-
ingly a family of partial differential equations although we start from a simple singular
Lagrangian L = ax — V (x).

Fore =1 and a? = 1/2, we can write Eq. (51) as:
0y 1

i =5 AW — iN2V (x) Vi (52)

This is a modified Schrodinger equation which differs from the standard equation
because of the presence of the last term which couples the potential to the momentum
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in place of the usual term V' (x)1. Here we have set the mass of the particle is equal to
one for straightforwardness. Considering the conjugate wave function ¥* = Ae™%,
6 being the real phase of the wave function [12,13], we can write Eq. (51) as:

Wyt 1 .
o = 50V — V2V (x) Ve, (53)

i

By multiplying Eq. (52) by ¥* and Eq. (53) by ¥ and adding the resulting equations,
we obtain:

0 Y™ 1
i (w*a—‘f +v 4 )=—§ (VA — Y AY*) —iV2V () (W Vot + Y Vey™)

ot
(54
This equation may be written as:
8A2 1 * * 2
?jtz(w A — Y AYY) + V2V (x)V, A% = 0. (55)

A? is interpreted now as a probability density p (the particle density). Introducing the
density flux J by the relation:

W*Axw - 1/folﬁ*

divJ =
v 2

(56)
we can write Eq. (55) as:

ap .

o +div + V2V (x)V,p = 0. (57)

Equation (57) is the modified continuity equation since it differs of the continuity
equation of standard quantum mechanics, i.e. in the absence of the potential this
equation is reduced to the standard continuity equation. In fact, since ¥ = Ae'? =
Ae'S and p = V. S, then we can split Eq. (57) after algebra into real and imaginary
parts as follows:

A 1
oo = 5 (AcS+2VAA - ViS) - V2V (x)V,A, (58)
35S 1 ,

— =5 (AXA —A(V,S) ) +V2V(X)V,S. (59)

If we neglect the 1st-term in the parenthesis of Eq. (58), then this equation will be
reduced to the modified Hamilton—Jacobi equation:

s A
_ AE =3 (VeS)? + V2V (x)AV,S. (60)
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Multiplying Eq. (60) by 2A gives:

dA?
=tV (AZVS) V2V (x)V, A 61)
Equation (61) is similar to Eq. (57) since A2 = yy*and j = A?V,S. Introducing
the velocity field of the quantum probability by the relation v = V. § = V,0, then the
gradient of Eq. (59) for irrotational flow gives:

av

St Vv - V2vV, V(x) = 0. (62)

However, an irrotational flow is described by the following Navier—Stokes equation

[36,70]:
v 1 ¢+ Y
— +V-Vo)v+—-V,p—
at P

Acv =0. (63)

Here ¢ and n are respectively the shear viscosity and the bulk viscosity of the fluid
and p is the density of the fluid. Equations (62) and (63) are similar if the following
relation holds: 4

Vip +V2iViV(x) = (g + g) ALV, (64)
where j = pv is the mass flux which is a classical version of j = A%>V,.S [71]. For
the case of a linear potential, e.g. bouncing ball due to gravity effect and gas in a
gravitational field with V (x) = V2x /2, Eq. (64) is reduced to:

. 4n
Vip+j= (é + ?) Ayv, (65)

and eventually this equation states that for the correspondence between both equations
to hold, the mass flux added to the gradient of the pressure must be equal to the viscosity
term in the Navier—Stokes equation. Equation (65) may be written as:

(Ay —p)vV=V,p, (66)
where
. o
p=—7 (67)
{+ 3
and »
p= T (68)
¢+ 3

If, for instance, the potential is constant, then Eq. (66) is reduced to:
AxvV =V,p, (69)

which states that for the correspondence to hold, the gradient of the pressure must
compensate the viscosity term in the Navier—Stokes equation. For a highly viscous
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fluid which appear as solid, we obtain the Laplace equation A,v = 0. All the previ-
ous equations are interesting since they offer new constraints of viscosity solutions.
Altogether, one may set up the following statement:

Statement 5 Given the singular Lagrangian L = ~/2(x — x)/2 and the classical
action S = [ L2dt. Assuming that there exist a complex scalar field = ¢'5/" and
that the velocity field of the quantum probability is v = V, S = V.0, then for the case
of a linear potential, the Hamilton—Jacobi equation leads to a modified Schrodinger
equation which coincides with the Navier—Stokes equation for irrotational and viscous
Sflow. This connection holds only if the mass flux added to the gradient of the pressure
must match the viscosity term in the Navier—Stokes equation.

Obviously, the quantum potential is absent in our framework and hence our treat-
ment is classical since its occurrence accounts for most of the differences between
classical and quantum physics. The theory describes here describes therefore classical
fluids and not quantum fluids.

In Table 1, we summarize for lucidity reasons the main differences between our
appraoch and the basic formal aspects mainly described in [36,70].

Hence, we have shown that if the modified Schrédinger equation is valid to describe
a physical state of a fluid particle, then it coincides with the Navier—Stokes equation
and besides the modified continuity equation implies the existence of the velocity
potential. It is important to point out a distinction between our approach and the

Table 1 Comparison between the power-law NSL approach and basic formal aspects

Power-law NSL
L'+t #approach

Basic formal aspects

Hamiltonian for ¢ = 1 and H=—}A, —iv2V(0)Vy H=- A+ V(@)

a2=12

Action of the theory S=[L""ar = S = [ Lgdt Lg : Schrodinger
[ (ai — V(x)Tedr Lagrangian

Complex wave function U= Al = Ae'S V= Ael? = AelS

Continuity equation % 4 divy + V2V (x)Vx % 4 divi=0
p=0

Velocity field v=V,S§=V,0 v=V,§=V,0

Dynamical equation of v g—f +(v-Vy)v— %—;’ + (v-Vy)v=-V,U—
V2V V(x) =0 ViV U = =3 8l s the

Condition for the
hydrodynamic
correspondence for the case
of a linear potential

V(x) = v/2x/2

Vip+i=(c+ %) Axv
the mass flux added to the
gradient of the pressure
must match the viscosity
term in the Navier—Stokes
equation

quantum potential

the pressure gradient in the
Navier—Stokes equation %—‘t’ +
(V-Vy)v= —%vxp—vxv
is associated with the gradi-
ent term in g—;' +(v-Vy)v=
—VxU — V)V suggesting a
relationship between the den-
sity and pressure
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one described in [50]. The later started from the standard Schrédinger equation, then
introduced the complex wave function i = Ae’® = Ae’S and the velocity field of the
quantum probability v = V,§ = V.60 which permitted to prove a connection between
the continuity equation and the Schrodinger equation; this correlation facilitated to
establish in the case of an incompressible fluid with a constant viscosity a relation
between the Navier—Stokes equation and the reaction-diffusion equation for the wave
function of the de Broglie’s wave associated to the moving fluid substance. Whereas
in our arguments, we have started from the singular Lagrangian L = ax — V (x), then
we have constructed the corresponding Hamiltonian which permitted us to derive a
modified Schrodinger equation after connecting the action to a wave function i by
the relation ¥ = ¢S, In particular for ¢ = 1, a’ = 1/2 and a linear potential, a
correlation between the modified Schrodinger and the Navier—Stokes equations exist
only if the mass flux added to the gradient of the pressure balance the viscosity term
in the Navier—Stokes equation.

The following observation holds: in fact, by introducing the new complex poten-
tial U (x) = —i ﬁV(x)wa /v, Eq. (52) will be reduced to the linear Schrodinger

equation:

0y 1

vl —EAXI// —Ux)y. (70)
This complex potential differs from those introduced in Bohm’s and Madelung’s
approaches to quantum mechanics since it is coupled to the classical potential. In
that case, the standard Hamiltonian operator of the Schrodinger equation is charac-
terized by the presence of a quantum complex potential U (x) and not the classical
potential V (x). This is in contrast to Bohm’s approach where both the classical and
the quantum potential are present in the Hamiltonian. Using Bohm’s suggestion and
letting again ¢ = Ae'S, the linear complex Schrodinger equation is splitted to the
following two real equations:

S (VyS5)2 . l(VxA)2

> 5 St =0, (71)
dA? )
WJFV-(A vs):o, (72)
where VoA
W(x) = —iﬁv(x)< 2 +vxs). (73)

Obviously, the Bohm’s quantum potential is modified and is given by:

1V A vV, A
Q(x)-——T—zszx)( o

> + Vi S) . (74)

Obviously, it is a complexified quantum potential. In short, we can say that in the
Bohmian interpretation, the particle is under the influence of A, S and the classical
potential which is coupled simultaneously to A and S. In the absence of the classical
potential, Q(x) is reduced to the standard Bohm’s quantum potential. The following
statement then holds accordingly:
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Statement 6 Starting from the Schrodinger equation idy /0t = — Ay /2 — U(x)¥
with U (x) = —iv/2V (x)V,yr /¥ and following the Bohm’s approach, we get a com-
plexified quantum potential which is coupled to A, S and the classical potential.

Introducing once more the velocity field of the quantum probability v = V,.S, then
the gradient of Eq. (71) for irrotational flow gives:

ov

5, T V)YV =0, (75)

Comparing this equation with Eq. (63) gives:

1 ¢+ 4
Loop-
0

Ayv =V, 0. (76)

and eventually this equation states that for the correspondence between Egs. (63) and
(75) to hold, the gradient of the pressure must match the viscosity term in the fluid’s
equations of motion added to the gradient of the Bohm’s quantum potential. These
results are summarized in Table 2 and compared with the results obtained in [36]:

Our approach has two different hydrodynamical correspondences: the 1st one is
free from quantum potential (summarized in Table 1) and the 2nd one is characterized
by a modified complexified quantum potential (summarized in Table 2). Although
the quantum potential has multiples implications in different fields of sciences, e.g.
solid state physics and theoretical chemistry, its nature is still not understood [51].
In the basic formal aspects the quantum potential arises from the action of Laplacian
operator on the wave function in the standard Schrodinger equation and it is therefore
it is interpreted as a kinetic-like energy term [62].

One more point is that Eq. (64) is absent in the arguments of [50]. The similar-
ity between both approaches lies on the form of the velocity of the fluid particle
which is given by v = V,§ = V.6 = —iV, ¢y /¥ known as the Cole-Hopf
transformation and which is used to linearize the Burgers equation. Replacing the
relation v = V,0 into Eq. (63) and introducing a new scalar function 1} such that
0 = —2((3¢ +4n)/3p)In, then the Navier-Stokes equation is reduced to the
reaction-diffusion equation:

Y . .
o VALY = vAp, (77

2(c+ %) 0

also known as the Einstein—Kolmogorov equation [50]. Here Ap = p — po, i.e. the
difference between the actual pressure and the initial pressure. It is notable that ¥ and v/
represent the same state of the particle since & = —2((3¢ +41)/3p)Iny = —i Iny.
One can check that Eq. (77) may also be written as:

Ay =

1
ot WWAIL (78)
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Table 2 Comparison between the power-law NSL approach with a new complex quantum potential and

Bohm’s approach

Power-law NSL L!+¢ approach
with a new complex quantum
potential

Bohm’s approach and
Schrodinger versus
Navier-Stokes

Schrodinger equation

Quantum potential

Complex wave function
Continuity equation
Velocity field

Dynamical equation of v

Condition for the
hydrodynamic
correspondence

i =LA - Uy

U@) = —ivav ) BY
1 (TA)?

R
V2V () (Y + Vi)

w — Aei9 — AeiS

¥ ydivi=0

v=V,S=V,0

W+ Vv V0 =0

4
o+

%pr— Axv = VyQ the
gradient O€ the pressure must
match the viscosity term in the
fluid’s equations of motion
added to the gradient of the
Bohm’s quantum potential

i == A - VY

2
o) = —3 &)

V= Aeiﬁ — AeiS

¥ +divi=0

v=V,S=V,60

(V- V) V= —VeU =V, V
U= —%% is the quantum
potential

the pressure gradient in the
Navier—Stokes equation
D pW-Vov=
—iVx P — V, V is associated
with the gradient term in
e+ -Vov=
—VyxU — V.V suggesting a
relationship between the
density and pressure

which is “the reaction-diffusion equation for the wave function corresponding to the de
Broglie’s wave associated to the moving fluid particle with velocity v [50]”. Although
there are a number of similarities between our approach and the one discussed in [50],
the arguments differ totally as stated previously. Substituting v = V.6 into Eq. (69)
which describes the motion of the particle in constant potential field, we obtain using:

Axv=V,(Vy-v) =V, XV, xv=V, A0, (79)

since V, x V, =0:

or

Vi (Axe) = V.Xﬁa

AO = Ap.

Substituting & = —i In ¢ into Eq. (81) gives:

Ay —iAp) Y —
( iIAp) Y "

(Vep)®

(80)

(81)

0, (82)
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which is a nonlinear 2nd-order differential equation where the solution is given by:

N

Y(x) = et 7, (83)

ci,i = 1,2, ... are constants of integration. Assuming initial conditions ¥ (0) = 1 and
¥'(0) = 0, the solution is given by ¥ (x) = ¢’ APx*/2 and it differs completely from
the standard solution of the 2nd-order linear differential equation (A, + )y =0
which is 4+ (x) o e®** where k = +/2E, E being the total energy of the particle (in
units i = ¢ = 1 and assuming the mass of the particle equal to unity). In Fig. 1, we
plot the numerical solutions of ¥ (x) = !27**/2 and ¥ (x) = ¢/** for Ap = k = I:
We observe that the solution ¥ (x) = eix*/2 corresponds to fast oscillations (super-
oscillatory final state) in contrast to the normal oscillatory mode of v (x) = etk

Remark 3.2 If we introduce a new complex wave function ¢ such that r = €'*?, o €
R, then Eq. (82) is reduced to the Poisson equation aAy¢ = Ap and hence the
Ap/a is reduced to a source term. For o = 1 then = 6.

In order to show the difference between the modified Schrédinger equation obtained
in our framework and the standard one used for classical waves and fluids, we introduce
the new complex wave function ¢ = V (x)¥ which permits us to write Eq. (52) after
some algebra as:

ap 1 1 d*v 1 (dV\? dv 1dv
P~ A 2L (L) +iv2st — 2 iV ) V.
Yor T 2 x¢+<2de2 V2<dx)+ dx ¢+(de f) x4

(84)

: /\ MW\ ﬂ n [
051
L L L :3 (x from 0 to 1)
ix2
e —Re[r 2 ]
—10b W \f \u —Re(‘e""]
10} ﬂ
05} \
L L 1 L \ L (x from Oto 1)
2 4 10 .
_osl —Im[rTl
M U | J—

Fig. 1 Variations of real and imaginary parts of ¥ (x) = ¢i**/2 and V(x) = el*
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If we choose the imaginary inverse potential V(x) = ix~'/+/2, then Eq. (84) is
reduced to:
g1

1
=—=A —, 85
i FBx0+ 575¢ (85)

which amazingly is similar the Schrodinger equation in the presence of an inverse
square real potential. In fact, Schrodinger equation with imaginary potentials was
explored in literature to study the propagation of wave in gain media [53,75]. Inverse
potentials are of interest since they represent an intermediate threshold between those
potentials giving rise to ordinary stationary states and singular potentials particle
falling to the center with a non-lower-bounded energy [25,41]. By the method of
variables separation, we set ¢ = f(¢)g(x) and we obtain easily:

Laf 1 1
=T8T o2

"For T 2 =E (86)

where E is a constant (identified to the energy). The LHS part of Eq. (86) gives
f(t) = e7"E" whereas the RHS gives the following 2nd-order differential equation:

Mg+@E—i>g—0 87)

and the solution is given by:

g(x) = \/;(qJ? ( 2Ex) taY g ( 2Ex)> . (88)

Jn(z) and Yy, (z) are respectively the Bessel functions of 1st and 2nd kinds. The general
solution is then given by:

¢ =B x (C3J§ (V2Ex) + cs¥ 5 ( 2Ex)> : (89)

and its corresponding real and imaginary parts are plotted in Figs. 2 and 3 respectively
after setting E = 1 and solving Eq. (87) with initial conditions g(1) = Oand g’(1) = 1
for numerical illustration:

However, if we start from the standard Schrodinger equation and introduce the
inverse complex potential V (x) = ix~! / V2, itis easy to check that Eq. (85) will be
reduced to:

00 _ L g L
! at o 2 x® \/E X
and the general solution is obtained from the method of variables separation and takes
at the end the form:

= xe (ElgmV2Ex (c F (1 +—2: 2«/—2Ex)
¢ 5151 4\/_E

B (90)

+ceU (1 +—2, 2\/—2Ex)) 1)

%F—
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Fig. 3 Plot of the imaginary part solution of Eq. (89)

1 F1(a; b; x) is the Kummer confluent hypergeometric function and U (a, b, x) is the
confluent hypergeometric function of the 2nd kind. The real and imaginary parts of
Eq. (91) are plotted in Figs. 4 and 5 respectively after setting £ = 1 and solving spatial
differential equations for initial conditions g(1) = 0 and g'(1) = 1:

Obviously, the dynamics differ since Figs. 4 and 5 describe the solutions of the
standard Schrodinger equation in the presence of an inverse complex potential whereas
Figs. 2 and 3 describe the solutions of the modified Schrédinger equation in the
presence of an inverse square real potential.
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Fig. 5 Plot of the imaginary part solution of Eq. (91)

Note that in Eq. (85), the Schrodinger operator —A, 4+ x~2 is scaling invariant
and represents a mathematical mean for certain important spectral inequalities such
as Strichartz estimates [35,49]. Inverse square potentials appear also in association
with 2D Schrodinger operators with Aharonov—Bohm-type magnetic field [37,38].
The following statement then holds:

Statement 7 Starting from a singular Lagrangian and introducing the new complex
wave function ¢ = V(x)y where = /5, S = szdt and V(x) = ix /2,
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we obtain a modified Schrodinger equation characterized by a scaling invariant
Schrédinger operator —Ay + x 2.

At the end we note that Eq. (84) may be written as: E¢ = H¢ where H =
p?/2+iop + U(x). Here U (x) represents the terms inside the 1st parenthesis in the
RHS of Eq. (84) and o represents the terms inside the 2nd parenthesis of the same
equation. We observe that in contrast to the relativistic case where the Hamiltonian
involves quadratic and quartic terms on the momentum [58], the Hamiltonian involves
in our framework quadratic and linear terms on p.

4 Conclusions

In this paper, we have discussed the power of singular Lagrangians which are identified
to non-standard Lagrangians. We have established seven different statements which
prove that the Hamilton—Jacobi formulation of the power of singular Lagrangians
offers new features not realized in the standard approach although singular Lagrangians
for a real system are not reported in classical mechanics. The Hamilton—Jacobi equa-
tion was derived from the common procedure and various differential equations which
exhibit various properties were obtained for different forms of singular Lagrangians.
At the classical level, it was observed that for special forms of complexified singu-
lar Lagrangians, the corresponding dynamical system holds a number of interesting
properties which are pointed out in Statements 1 to 4. These statements offer a num-
ber of motivating features which support the physics of NSL in general and singular
Lagrangians in particular. Nevertheless, the main outcomes of the present work con-
cern: 1st: the connection between the modified Schrodinger and the Navier—Stokes
equations for irrotational and viscous flow starting from a singular Lagrangian char-
acterized by a linear potential (pointed out in Statement 5); 2nd: the emergence of a
modified complexified quantum potential which is coupled to the wave amplitude, the
gradient of the action or the velocity field and the classical potential (pointed out in
Statement 6), 3rd: the emergence of a modified Schrodinger equation characterized
by the scaling invariant Schrodinger operator —A, + x~2 which is used in spectral
theories (pointed out in Statement 7). Our approach is characterized by two different
views: the 1st one is free from quantum potential (Bohm’s theory without quantum
potential) and still offers a correspondence between the Schrodinger equation and the
Navier—Stokes equation whereas the 2nd one is characterized by a modified complex
quantum potential. Each view holds its corresponding conditions for the hydrodynamic
correspondence. Our results led to another approach for solving classical problems
characterized by singular complexified Lagrangians. In literature, there exist a num-
ber of classical and quantum models in which the equations of motion are derived
from singular Lagrangians. However, our mathematical framework is totally different
since the action, the corresponding Euler-Lagrange equation, the Hamiltonian and the
canonical equations of motions hold different mathematical structures. In this paper,
we deepened into our formalism and demonstrated that singular Lagrangians offer
new features at both classical and quantum levels that deserve to be taken seriously. It
will be of interest to expand the present work to additional dynamical problems, using



606 R. A. El-Nabulsi

different types of potentials and demonstrate further the importance of singular and
NSL in classical and quantum dynamical systems.

Acknowledgements My sincere appreciation goes to the anonymous referees for reading and criticizing
my work.

References

1. Alekseev, AL, Arbuzov, B.A.: Classical Yang—Mills field theory with nonstandard Lagrangian. Theor.
Math. Phys. 59, 372-378 (1984)

2. Alekseev, A.L, Vshivtsev, A.S., Tatarintsev, A.V.: Classical non-abelian solutions for non-standard
Lagrangians. Theor. Math. Phys. 77(2), 11891197 (1988)

3. Allison, A., Pearce, C.E.M., Abbott, D.: A variational approach to the analysis of dissipative elec-
tromechanical systems. PloS One 2(9), 1-12 (2014)

4. Ambrosetti, A., Zelati, V.C.: Periodic Solutions of Singular Lagrangian Systems. Birkhauser, Springer,
Berlin (1993)

5. Balseiro, P., Marrero, J.C., Martin De Diego, D., Padron, E.: A unified framework for mechanics:
Hamilton—Jacobi equation and applications. Nonlinearity 23, 1887-1918 (2010)

6. Bateman, H.: On dissipative systems and related variational principles. Phys. Rev. 38(4), 815-819
(1931)

7. Batlle, C., Gomis, J., Pons, J.M., Roméan-Roy, N.: Lagrangian and Hamiltonian constraints for second
order singular Lagrangians. J. Phys. A Math. Gen. 21(12), 2693-2703 (1988)

8. Bauer, P.S.: Dissipative dynamical systems. PNAS 5(17), 311-314 (1931)

9. Bender, C.M., Holm, D., Hook, D.W.: Complex trajectories of a simple pendulum. J. Phys. A Math.
Gen. 40, F81-F90 (2007)

10. Bender, C.M., Holm, D., Hook, D.W.: Complexified dynamical systems. J. Phys. A Math. Gen. 40,
F793-F804 (2007)

11. Bender, C.M., Brody, D.C., Hook, D.W.: Quantum effects in classical systems having complex energy.
J. Phys. A Math. Theor. 41, 352003-352018 (2008)

12. Blatt, F.J.: Modern Physics. McGraw-Hill, New York (1992)

13. Bohm, D.: A suggested interpretation of the quantum theory in terms of ‘hidden variables’ I. Phys.
Rev. 85, 166-179 (1952)

14. Carinena, J.F.,, Ranada, M.F,, Santander, M.: Lagrangian formalism for nonlinear second-order Riccati
systems: one-dimensional integrability and two-dimensional superintegrability. J. Math. Phys. 46,
062703-062721 (2005)

15. Carinena, J.F,, Nunez, J.F.: Geometric approach to dynamics obtained by deformation of Lagrangians.
Nonlinear Dyn. 83(1), 457461 (2016)

16. Carinena, J.F., Nunez, J.F.: Geometric approach to dynamics obtained by deformation of time-
dependent Lagrangians. Nonlinear Dyn. 86(2), 1285-1291 (2016)

17. Carinera, J.F.: Theory of singular Lagrangians. Fortschr. Phys. 38(9), 641-679 (1990)

18. Chandrasekar, V.K., Pandey, S.N., Senthilvelan, M., Lakshmanan, M.: Simple and unified approach to
identify integrable nonlinear oscillators and systems. J. Math. Phys. 47, 023508-023545 (2006)

19. Chandrasekar, V.K., Senthilvelan, M., Lakshmanan, M.: On the Lagrangian and Hamiltonian descrip-
tion of the damped linear harmonic oscillator. Phys. Rev. E 72, 066203066211 (2005)

20. Cieslinski, J.L., Nikiciuk, T.: A direct approach to the construction of standard and non-standard
Lagrangians for dissipative. J. Phys. A Math. Gen. 43, 175205-175222 (2010)

21. Cisneros-Parra, J.U.: On singular Lagrangians and Dirac’s method. Rev. Mex. Fis. 58, 61-68 (2012)

22. Cortes, V., Haupt, A.S.: Mathematical methods of classical physics, arXiv: 1612.03100v1

23. Curtright, T., Mezincescu, L.: Biorthogonal quantum systems. J. Math. Phys. 48, 092106 (2007). (34
pages)

24. Dector, A., Morales-Tecotl, H.A., Urrutia, L.F., Vergara, J.D.: An alternative canonical approach to the
ghost problem in a complexified extension of the Pais—Uhlenbeck oscillator, SIGMAS, 053 (22 pages)
(2009)

25. Deng, Y., Jin, L., Peng, S.: Solutions of Schrodinger equations with inverse square potential and critical
nonlinearity. J. Differ. Equ. 253, 1376-1398 (2012)


http://arxiv.org/abs/1612.03100v1

The Hamilton—-Jacobi Analysis of Powers of Singular... 607

26.

27.

28.

29.

30.

31.

32.

33.

35.

36.

37.
38.

39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.

50.

51.
52.

53.
54.
55.

56.

Denman, H.H., Buch, L.H.: Solution of the Hamilton—Jacobi equation for certain dissipative classical
mechanical systems. J. Math. Phys. 14, 326-329 (1973)

Dimitrijevic, D.D., Milosevic, M.: About non-standard Lagrangians in cosmology. AIP Conf. Proc.
Phys. Conf. 1472, 41-46 (2012)

Dirac, P.A.M.: Lectures on Quantum Mechanics. Belfer Graduate School of Science, Yeshiva Univer-
sity, New York (1964)

El-Nabulsi, R.A.: Non-linear dynamics with non-standard Lagrangians. Qual. Theory Dyn. Syst. 12(2),
273-291 (2013)

El-Nabulsi, R.A.: Non-standard non-local-in-time Lagrangians in classical mechanics. Qual. Theory.
Dyn. Syst. 13(1), 149-160 (2014)

El-Nabulsi, R.A.: Non-standard power-law Lagrangians in classical and quantum dynamics. Appl.
Math. Lett. 43, 120-127 (2015)

El-Nabulsi, R.A.: Lagrangian and Hamiltonian dynamics with imaginary time. J. Appl. Anal. 18(2),
283-296 (2012)

El-Nabulsi, R.A.: Fractional quantum Euler—Cauchy equation in the Schrodinger picture, complexified
oscillators and emergence of complexified Lagrangian and Hamiltonian dynamics. Mod. Phys. Lett.
A 23, 3369-3386 (2009)

. El-Nabulsi, R.A.: Fractional variational approach for dissipative mechanical systems. Anal. Theor.

Appl. 30(3), 1-10 (2014)

Fanelli, L., Felli, V., Fontelos, M.A., Primo, A.: Time decay of scaling critical electromagnetic
Schrodinger flows. Commun. Math. Phys. 324, 1033-1067 (2013)

Fernandez de Cordoba, P., Isidro, J.M., Vazquez Molina, J.: Schrodinger vs. Navier Stokes. Entropy
18, 34 (2016). (12 pages)

Frank, WM., Land, D.J., Spector, R.M.: Singular potentials. Rev. Mod. Phys. 43, 36-98 (1971)
Grillo, G., Hovarik, H.: Weighted dispersive estimates for two-dimensional Schrodinger operators with
Aharonov—Bohm magnetic field. J. Differ. Equ. 256(12), 3889-3911 (2014)

Ghosh, S., Modak, S.J.: Classical oscillator with position-dependent mass in a complex domain. Phys.
Lett. A 373, 1212-1217 (2009)

Graefe, E.M., Honing, M., Korsch, H.J.: Classical limit of non-Hermitian quantum dynamics-a gener-
alized canonical structure. J. Phys. A Math. Theor. 43, 075306 (2010). (19 pages)

Goldberg, M., Vega, L., Visciglia, N.: Counter examples of Strichartz inequalities for Schrodinger
equations with repulsive potentials. Int. Math. Res. Not. 2006, article ID13927 (2006)

Goldstein, H.: Classical Mechanics, 2nd edn. Addison-Wesley, Reading (1980)

Gutzwiller, M.C.: Chaos in Classical and Quantum Mechanics. Springer, New York (1990)

Hassan, E.H.: Hamilton—Jacobi formalism for singular Lagrangians with linear accelerations. Mod.
Appl. Sci. 8(3), 31-36 (2014)

Heifetz, E., Cohen, E.: Toward a thermo-hydrodynamic like description of Schrodinger equation via
the Madelung formulation and Fisher information. Found. Phys. 45, 1514-1525 (2015)

Hojman, S., Urrutia, L.F.: On the inverse problem of the calculus of variations. J. Math. Phys. 22,
1896-1903 (1981)

Jarab’ah, O.A., Nawafleh, K.I., Ghassib, H.B.: A Hamilton—Jacobi treatment of dissipative systems.
Eur. Sci. J. 9(30), 70-81 (2013)

Jungel, A., Milisic, J.-P.: Full compressible Navier—Stokes equations for quantum fluids: derivation
and numerical solutions. Kinetic Relat. Mod. 4, 785-807 (2011)

Kovarik, H., Truc, F.: Schrodinger operators on a half-line with inverse square potentials, IF PREPUB.
hal-00959561 (2014)

Kulish, V.V,, Lage, J.L.: On the relationship between fluid velocity and de Broglie’s wave function and
the implications to the Navier—Stokes equation. Int. J. Fluid Mech. Res. 29(1), 40-52 (2002)
Lipovka, A.: Nature of the quantum potential. J. Appl. Math. Phys. 4, 897-902 (2016)

Liu, S., Guan, F., Wang, Y., Liu, C., Guo, Y.: The nonlinear dynamics based on the nonstandard
Hamiltonians. Nonlinear Dyn. 88, 1229-1236 (2017)

Ma, X., Soukoulis, C.M.: Schrodinger equation with imaginary potential. Phys. B296, 107-111 (2001)
Madelung, E.: Quantentheorie in hydrodynamischer form. Z. Phys. A40, 322-326 (1927)

Markus, F., Gambar, K.: Generalized Hamilton—Jacobi equation for simple dissipative processes. Phys.
Rev. E 70, 016123-6 (2004)

Musielak, Z.E.: Standard and non-standard Lagrangians for dissipative dynamical systems with variable
coefficients. J. Phys. A Math. Theor. 41, 055205-055222 (2008)



608 R. A. El-Nabulsi

57. Musielak, Z.E.: General conditions for the existence of non-standard Lagrangians for dissipative
dynamical systems. Chaos Solitons Fractals 42(15), 2645-2652 (2009)

58. Parthasarathy, R.: Relativistic Quantum Mechanics. Alpha Science International, Oxford (2010)

59. Pimentel, B.M., Teixeira, R.G.: Hamilton—Jacobi formulation for singular Lagrangians with second
order Lagrangians, Instituto de Fisica Tedrica, Universidade Estadual Paulista, IFT-P.001/96, (1996)

60. Raidal, M., Veermae, H.: On the quantization of complex higher derivative theories and avoiding the
Ostrogradsky ghost. Nucl. Phys. B 916, 607-626 (2017)

61. Riccia, C.D.: A Hamilton—Jacobi treatment of dissipative systems with one degree of freedom. In:
Dynamical Systems and Microphysics, vol. 261 of the Series International Center For Mechanical
Systems, pp. 291-300, Springer, Berlin (1980)

62. Sanz, A.S.: Bohm’s approach to quantum mechanics: alternative theory or practical picture?
arXiv: 1707.00609

63. Saha, A., Talukdar, B.: Inverse variational problem for non-standard Lagrangians. Rep. Math. Phys.
3(3), 299-309 (2014)

64. Samengo, 1., Barrachina, R.O.: Rainbow and glory scattering in Coulomb trajectories starting from a
point in space. Eur. J. Phys. 15, 300-308 (1994)

65. Schrodinger, E.: Quantizierung als Eigenwertproblem (Erste Mitteilung). Ann. der Phys 79, 361-376
(1926)

66. Schrodinger, E.: Uber das Verhaltnis der Heisenberg Born Jordanischen Quantenmechanik zu der
meinen. Ann. der Phys. 79, 734-756 (1926)

67. Scholze, M.: Classical Mechanics and Dynamical Systems with Applications in Mathematica. Depart-
ment of Applied Mathematics, Faculty of Transportation Sciences Czech Technical University in
Prague, (2012)

68. Sonego, S.: Interpretation of the hydrodynamical formalism of quantum mechanics. Found. Phys. 21,
1135-1181 (1991)

69. Tsekov, R.: Thermo-quantum diffusion. Int. J. Theor. Phys. 48, 630-636 (2009)

70. Vadasz, P.: Rendering the Navier-Stokes equations for a compressible fluid into the Schrodinger equa-
tion for quantum mechanics. Fluids 1, 18 (2016). (11 pages)

71. White, EM.: Fluid Mechanics. McGraw-Hill, New York (2003)

72. Yang,J.,Ju, Q.: Existence of global weak solutions for Navier—Stokes—Poisson equations with quantum
effect and convergence to incompressible Navier—Stokes equations. Math. Meth. Appl. Sci. 38(17),
3629-3641 (2015)

73. Yang, J., Li, Y.: Global existence of weak solution for quantum Navier-Stokes—Poisson equations. J.
Math. Phys. 58, 071507-071512 (2017)

74. Yang, J., Ju, Q.: Convergence of the quantum Navier-Stokes-Poisson equations to the incompressible
Euler equations for general initial data. Nonlinear Anal. Real Word Appl. 23, 148-159 (2015)

75. Yariv, A.: Optical Electronics in Modern Communications. Oxford University Press, New York (1997)

76. Zhang, Y., Zhou, X.S.: Noether theorem and its inverse for nonlinear dynamical systems with nonstan-
dard Lagrangians. Nonlinear Dyn. 84(2), 1867-1876 (2016)


http://arxiv.org/abs/1707.00609

	The Hamilton–Jacobi Analysis of Powers of Singular Lagrangians: A Connection Between the Modified Schrödinger and the Navier–Stokes Equations
	Abstract
	1 Introduction
	2 Hamilton–Jacobi Formulation: Classical Dynamical Systems
	3 Hamilton–Jacobi Formulation: Quantum Dynamics
	4 Conclusions
	Acknowledgements
	References




