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Abstract In this work we present an alternative method to build Dulac functions
that allow one to discard the existence of periodic solutions for differential equations
in the plane using partial differential equations. We give some examples to illustrate
applications of these results.
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1 Introduction

There exist two important goals in the study of differential equations, the first one is
to describe the dynamics around fixed points, and the second is the analysis of the
periodic trajectories that are there in a given system. There are criteria that allow us
to know if a system of equations does or does not contain periodic solutions. In the
particular case of a system defined on the plane, one has, for example, criterion like
Poincaré–Bendixson, Bendixson–Dulac, the index theory and special systems as the
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system gradient where it is known that periodic orbits cannot exist, among others see
[1,4,7].

In this paper we are interested in constructing Dulac functions for a system, in order
to aid the reader, we remember the criterion of Bendixson–Dulac see [3].

Theorem 1.1 (Bendixson–Dulac criterion) Let f1(x1, x2), f2(x1, x2) and h(x1, x2)

be functions C1 in a simply connected domain D ⊂ R
2 such that ∂( f1h)

∂x1
+ ∂( f2h)

∂x2
does

not change sign in D and vanishes at most on a set of measure zero. Then the system

{
ẋ1 = f1(x1, x2),

ẋ2 = f2(x1, x2), (x1, x2) ∈ D,
(1.1)

does not have periodic orbits in D.

According to this criterion, to rule out the existence of periodic orbits of the system
(1.1) in a simply connected region D, we need to find a function h(x1, x2) that satisfies
the conditions of the theorem of Bendixson–Dulac, such function h is called a Dulac
function. It is usually not easy to determine such a function, however it is possible to
propose some candidates of the form h = 1, xs

1, xs
2, ex1x2 , xs

1xt
2, for example:

Example Consider the system

{
ẋ1 = (x2 − 2)x2

1
ẋ2 = ax1 + 4x2

and let h = x−2
1 then

∂(h f1)

∂x1
+ ∂(h f2)

∂x2
= ∂(x2 − 2)x2

1 x−2
1

∂x1
+ ∂(ax1 + 4x2)x−2

1

∂x2
= 4x−2

1 ≥ 0,

and the system does not contain periodic orbits in the subset x1 > 0.

In Sáez and Szánto [6] gave a construction of certain Dulac functions using some
methods for the construction of Lyapunov functions.

Our goal is to find another method to construct Dulac functions, and for this we
will use partial differential equations.

2 Methods to Obtain Dulac functions

The list of functions h given above only serves a limited number of systems; therefore
we discuss some more general situations.

(1) First propose another positive or negative function k(x1, x2) that only vanishes on
a set of measure zero, such that it satisfies

∂(h f1)

∂x1
+ ∂(h f2)

∂x2
= k(x1, x2).
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(2) Now we will take advantage of the freedom of k to obtain some results. Then take
k(x1, x2) = c(x1, x2)h(x1, x2), with c positive or negative that only vanishes on
a set of measure zero, and substitute this relation into the previous equation to
obtain the following expression

f1
∂h

∂x1
+ f2

∂h

∂x2
+ h

(
∂ f1

∂x1
+ ∂ f2

∂x2

)
= c(x1, x2)h(x1, x2), (2.1)

we can rewrite this equation

f1
∂h

∂x1
+ f2

∂h

∂x2
= h

(
c(x1, x2) −

(
∂ f1

∂x1
+ ∂ f2

∂x2

))
. (2.2)

(3) Find the solution of this first order quasilinear partial differential equation.
(4) Finally, test h to see if it is a Dulac function for the system (1.1).

Until here we have constructed a method that allows us to discard periodic orbits
associated with a system of differential equations in the plane as summarized in the
following:

Theorem 2.1 For the system of differential equations (1.1) a solution h of the associ-
ated system (2.2) (for some function c which does not change sign and vanishes only
on a subset of measure zero) is a Dulac function for (1.1) in any simply connected
region A contained in D \ {h−1(0)}.
Proof The validity of the result follows from the steps (1)–(4). ��
Corollary 2.2 For the system of differential equations (1.1), if (2.2) (for some func-
tion c which does not change of sign and it vanishes only on a subset of measure zero)
has a solution h on D such that h does not change sign and vanishes only on a subset
of measure zero, then h is a Dulac function for (1.1) on D.

Proof Given a function l : D → R we denote by Zl := {(x1, x2) ∈ D/ l(x1, x2) = 0},
we have ∂( f1h)

∂x1
+ ∂( f2h)

∂x2
does not change sign and vanishes at most in Zc ∪ Zh which

have measure zero. ��
Remark 2.3 With the choice of k in step 2 we obtain a linear equation (1.1), which is
simpler to work, nevertheless other choices are possible.

Remark 2.4 The choice of c is used to simplify the equation (2.1), notice that always
we can take c to be a constant nonzero.

Example Let us consider the system

ẋ1 = x2
1 x2

2 (1 − cos x2)

ẋ2 = 3x2
1 x2
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Replacing in the equation (1.1) we have the expression

x2
1 x2

2 (1 − cos x2)
∂h

∂x1
+ 3x2

1 x2
∂h

∂x2
= h

[
c(x1, x2) −

(
2x1x2

2 (1 − cos x2) + 3x2
1

)]

that it is a quasilinear partial differential equation, applying the method of the charac-
teristic we obtain the associate system

dx1 = x2
1 x2

2 (1 − cos x2)dt

dx2 = 3x2
1 x2dt

dh = h
[
c −

(
2x1x2

2 (1 − cos x2) + 3x2
1

)]
dt

of the two first equations eliminating the parameter t we obtain

3x2
1 x2dx1 = x2

1 x2
2 (1 − cos x2)dx2,

solving this equation we obtain the first characteristic

3x1 + x2 sin x2 + cos x2 − 1

2
x2

2 = C1

taking c := 3x2
1 in the last equation and multiplying the equation by x1 we have

x1dh = −h
(

2x2
1 x2

2 (1 − cos x2)
)

dt

which, by replacing in the first equation of the associate system, we can rewrite as

x1dh = −2hdx1

and solving we have h = C2
x2

1
, note that h is a Dulac function for the given system in

x1 > 0 or x1 < 0, in particular, if there is a periodic orbit it must cut x1 = 0, which
is not possible.

Example Let us consider the system

ẋ1 = 2x1 cos x1

ẋ2 = ex2 + 3x2

Replacing in the equation (2.2) and taking H(x1, x2) = ln h(x1, x2) we have the
expression

2x1 cos x1
∂ H

∂x1
+ (ex2 + 3x2)

∂ H

∂x2
= c(x1, x2) − (2 cos x1 − 2x1 cos x1 + ex2 + 3)



On the Dulac Functions 47

if we take c := 3 + ex2 + 2 cos x1, then the equation is reduced to

2x1 cos x1
∂ H

∂x1
+ (ex2 + 3x2)

∂ H

∂x2
= 2x1 cos x1,

that it is a partial differential equation of the form

f (x1)Hx1 + g(x2)Hx2 = G(x1) + G(x2),

the solution of this system (see [5]) is given by

H = x1 + �

(∫
dx1

2x1 cos x1
−

∫
dx2

ex2 + 3x2

)

and therefore

h = exp

[
x1 + �

(∫
dx1

2x1 cos x1
−

∫
dx2

ex2 + 3x2

)]

where � is an arbitrary function.

Example Consider the system

{
ẋ1 = −2x1x2,

ẋ2 = (x1x2)
2cos(x1) + (1 + x1

2)x2 + x2
2.

Taking c := 1 + x1
2, we obtain

−2x1x2
∂h

∂x1
+

(
(x1x2)

2cos(x1) + (1 + x1
2)x2 + x2

2
) ∂h

∂x2

= h(−2x1x2cos(x1)),

assume that h depends only on x1, then the solution is

h = exp

(∫
−2x1cos(x1)

)
.

This example provides a Dulac function completely different from those listed in the
introduction.

Example Consider the Lotka–Volterra equations

{
ẋ1 = x1(k − ax1 − bx2)

ẋ2 = x2(m − ex1 − dx2)
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Since these equations model biological systems in which two species interact, we take
x1 > 0 and x2 > 0. Replacing in equation (2.2), we obtain

x1(k − ax1 − bx2)
∂h

∂x1
+ x2(m − ex1 − dx2)

∂h

∂x2

= h [c − (k − ax1 − bx2) − (m − ex1 − dx2) + ax1 + dx2]

choosing ad ≥ 0 where a, d are not both zero, we can take c := −ax1 − dx2,

x1(k − ax1 − bx2)
∂h

∂x1
+ x2(m − ex1 − dx2)

∂h

∂x2

= h [−(k − ax1 − bx2) − (m − ex1 − dx2)]

and rewriting with r1 := k − ax1 − bx2 and r2 := m − ex1 − dx2

x1r1
∂h

∂x1
+ x2r2

∂h

∂x2
= h (−r1 − r2) ,

the solution of this partial differential equation is

h = 1

x1x2
.

Example Consider the system of the first example

{
ẋ1 = (x2 − 2)x2

1
ẋ2 = ax1 + 4x2

replacing in equation (2.2) we have

(x2 − 2)x2
1

∂h

∂x1
+ (ax1 + 4x2)

∂h

∂x2
= h (c − (2x1(x2 − 2) + 4))

and taking c = 4 we obtain

(x2 − 2)x2
1

∂h

∂x1
+ (ax1 + 4x2)

∂h

∂x2
= h (−(2x1(x2 − 2)))

and supposing that h only depends on x1 then

(x2 − 2)x2
1

∂h

∂x1
= h (−(2x1(x2 − 2)))

and solving we have h = x−2
1 .

Note that we have recovered the function of Dulac used in the first example.
This algorithm also can be applied to find a function h in the following general

situation see [2].
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Proposition 2.5 Let D0 be an l−connected subset of D (i.e. D0 has l gaps or�1(D0)≈
Z ∗ Z ∗ . . . (l) ∗ Z), and supposes there exists a function h ∈ C1(D0, R) such that
∂( f1h)

∂x1
+ ∂( f2h)

∂x2
does not change sign and vanishes only on a set of measure zero, then

the system has at the most l periodic orbits in D0.
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