
ORIGINAL RESEARCH

Developing constitutive equations of flow stress for hot deformation
of AZ31 magnesium alloy under compression, torsion, and tension

Hamed Mirzadeh1

Received: 20 April 2018 /Accepted: 15 August 2018 /Published online: 18 August 2018
# Springer-Verlag France SAS, part of Springer Nature 2018

Abstract
A comparative study was carried out on AZ31 (Mg-3Al-1Zn) magnesium alloy to understand the effect of deformation mode on
the hot flow stress. Accordingly, the peak flow stress resulted from hot compression, hot tension, and hot torsion tests were
correlated to the Zener-Hollomon parameter using the Sellars-McTegart approach. Based on the analysis, by applying the lattice
self-diffusion activation energy of magnesium (135 kJ/mol) as the deformation activation energy, the hyperbolic sine exponents
were determined to be ~ 5. Consequently, by consideration of creep exponent of 5, some reliable semi-empirical constitutive
equations were proposed for high-temperature deformation of AZ31 alloy and the effect of deformation mode was quantified.
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Introduction

At elevated temperatures, not only the workability of Mg and
its alloys increases as a result of the activation of additional
slip systems [1], but also thermomechanical processing can
significantly enhance the properties of the casting parts [2].
Therefore, hot deformation processing can be considered as a
suitable forming method for magnesium and its alloys. The
understanding of the hot deformation behavior of the material
under consideration together with the constitutive relations
describing material flow (for mathematical simulation) is the
prerequisite for industrial applications. As a result, this subject
has received a considerable attention [3–8].

The hot deformation studies are usually conducted by
simple deformation techniques such as compression, tor-
sion, and tension. Tension often is not able to deliver
flow stresses for high strains required in forming pro-
cesses as a result of instability issues. Compression is
also limited to true strains of about 1.5 due to frictional
effects [9]. Torsion is capable of simulating multistage
hot rolling but results in a radial strain and strain rate

gradient, which requires calculation of equivalent sur-
face stress and strain and tangential microstructural ex-
amination [9]. It is apparent that the level of achievable
strain in these techniques is different. However, what
about the flow stress? Researchers around the world
use one of these deformation modes to study the con-
stitutive behavior of materials. Therefore, it is interest-
ing to conduct a comparative study on the level of flow
stress determined from these techniques. For this pur-
pose, a comparative framework is required to make the
comparison reliable.

The commonly used constitutive equation in hot working
studies has been proposed by Sellars and McTegart [10] and
other researchers [11, 12], which can be expressed as Z ¼ ε̇exp
Q=RTð Þ ¼ A sinh ασð Þ½ � n. It can be seen that the Zener-
Hollomon parameter (Z) [13, 14] has been related to the flow
stress (σ) using the hyperbolic sine function suggested by
Garofalo [15]. Based on this equation, hot working has been
considered as a thermally activated process and it can be de-
scribed by strain-rate equations similar to those employed in
creep studies.

Conventionally, Q (hot deformation activation ener-
gy), A (hyperbolic sine constant), n (hyperbolic sine
power), and α (stress multiplier) are considered to be
apparent material’s parameters by neglecting the under-
lying mechanisms. Recently, an easy to apply approach
in hot deformation studies has been proposed that con-
siders the values of n and Q in the constitutive analysis
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based on the creep deformation mechanisms to obtain a more
reliable relation [16–20]. This technique has been also extend-
ed to make it possible to conduct comparative hot deformation
studies and has been successfully applied for hot deformation
of Mg alloys to elucidate the effect of alloying elements [21,
22] and deformation mechanisms [23]. Therefore, the same
idea might be also applied for the comparison of the different
deformation modes.

In the current work, the constitutive behavior of one of the
most common Mg alloys (AZ31) with emphasis on the appli-
cation of creep-based material’s parameters will be analyzed
to make it possible studying the effect of the deformation
mode on the constitutive behavior and hot flow stress based
on the obtained values of A and α.

Experimental details

The description of flow stress by the equation Z ¼ ε̇exp
Q=RTð Þ ¼ A sinh ασð Þ½ � n is incomplete, because no
strain for determination of flow stress is specified.
Therefore, characteristic stresses that represent the same
deformation or softening mechanism for all flow curves,
such as steady state, peak, or critical stress for initiation of
DRX, should be used in this eq. [5]. In general, the peak stress
is the most widely accepted one for finding the hot working
constants [16]. Therefore, the peak flow stress (σP) data of
AZ31 magnesium alloy with nominal composition of Mg –
3 wt% Al – 1 wt% Zn based on hot torsion [24–26], hot
compression [27–32], and hot tension [33, 34] tests were tak-
en from the literature with emphasis on the consistency of
stress level among different research works that deal with
the same deformation technique. The considered flow curves
exhibited typical dynamic recrystallization (DRX) behavior
[35–38] with a single peak stress followed by a gradual fall
toward a steady state stress.

Since the flow data has been taken from the literature and the
details of the considered materials and experiments in each
research work is different, some other factors such as grain size,
texture, and small variations in chemical compositions can af-
fect the level of flow stress. However, the consideration of these
parameters is not easy and needs a huge database,
which is not the case for the considered material in
the current work. Therefore, the following analysis can
fairly demonstrate the averaged constitutive behavior of
this material for different deformation modes. It should
also be noted that the initial grain size is believed to
exert little effect on the hot flow stress in hot deforma-
tion and in creep when intragranular motion of disloca-
tions is underway but it has a strong influence on the
recrystallization process and also on the transition from
single peak to cyclic behavior [17, 18, 35, 39, 40].

Results and discussion

Constitutive analyses

As shown in Eq. 1, Z can be related to flow stress in
different ways. The power law description of stress is
preferred for relatively low stresses. Conversely, the ex-
ponential law is suitable for high stresses of power law
breakdown regime. However, the hyperbolic sine law
can be used for a wide range of temperatures and strain
rates [9].

Z ¼ ε˙ exp
Q
RT

� �
¼

A sinh ασð Þf gn
A

0
σn

0

A″exp βσð Þ

8<
: ð1Þ

where, A, A’, A^, n, n’, β and α (≈β/n’) are material’s con-
stants. The stress multiplier α is an adjustable constant
which brings ασ into the correct range to make constant
temperature curves in lnε̇ versus ln{sinh(ασP)} plots
linear and parallel [9–12, 41]. Taking natural logarithm
from both sides of Eq. 1 results in the following
expressions:

lnZ ¼ lnε˙ þ Q
R
� 1

T
¼

lnAþ nln sinh ασð Þf g
lnA

0 þ n
0
lnσ

lnA″ þ βσ

8<
: ð2Þ

Based on the Eq. 2, by consideration of peak stresses, the
slopes of the plots of lnε̇ against lnσP and lnε̇ against σP can be
used for obtaining the values of n’, β and subsequently α ≈ β/
n’. The corresponding plots are shown in Fig. 1, which result-
ed in the average value of α ≈ 0.01 MPa−1 for all of the con-
sidered deformation modes.

According to Eq. 2, the slopes of the plots of
ln{sinh(ασ)} against 1/T can be used for obtaining the
value of Q. The required plots are shown in Fig. 2. The
linear regression of the data results in the values of Q =
135.94, 138.89, and 139.60 kJ/mol for hot compression,
hot torsion, and hot tension data, respectively. These
values are close to the value reported for the lattice
self-diffusion activation energy of magnesium, which is
~ 135 kJ/mol [17]. Therefore, the value of Q = 135 kJ/
mol was considered to calculate Z for all of the studied
deformation modes. Since the Z parameter expresses the
deformation condition (deformation temperature and
strain rate), this value is important from the standpoint
of comparative analysis.

Based on the hyperbolic sine law shown in Eq. 2, the slope
of the plot of lnZagainst ln{sinh(ασP)} can be used for
obtaining the values of n for the considered deformation
modes. The corresponding plots are shown in Fig. 3. This
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figure shows that the fitted lines are highly parallel with each
other, and hence, have a same slope or equivalently have a
same value of n. The linear regression resulted in the values of
n = 5.18, 5.05, and 5.07 for hot compression, hot torsion, and
hot tension data, respectively.

Moreover, as it is evident from Eq. 2, the intercepts of the
fitted lines represent the values of lnA. Subsequently, the lin-
ear regression of the data resulted in the values of A0.2 =
140.134, 163.367, and 138.656 for hot compression, hot tor-
sion, and hot tension, respectively. It has been shown that
when the deformation is controlled by the glide and climb of
dislocations (climb-controlled creep), a constant exponent (n)

of 5 and self diffusion activation energy can be used to de-
scribe the appropriate stress [16, 17]. In the current study, the
obtained values for n using the self-diffusion activation energy
are close to 5, which is consistent with the abovementioned
theory. Therefore, the value of n was considered as 5
for all of the studied cases to make the comparison
more reliable by using the creep-based material’s con-
stants (Q and n).

The effect of the mode of deformation

Figure 4 shows the plots of lnZ against ln{sinh(ασP)} by
setting n = 5. Obviously, the fitted lines are parallel with each
other. The linear regression of the data resulted in the values of
A0.2 = 170.20, 177.19, and 143.35 for hot compression, hot
torsion, and hot tension data, respectively. As a result, the
appropriate constitutive equations to characterize the hot

Fig. 3 The analyses based on the hyperbolic sine law using Q = 135 kJ/
mol and by consideration of apparent values of n for each deformation
mode

Fig. 1 Plots used to obtain the values of the stress multiplier α

Fig. 2 Plots used to obtain the values of the deformation activation
energy Q
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deformation behavior of AZ31 alloy can be expressed as
follows:

Z ¼ ε˙ exp
135000

RT

� �

¼
170:205 sinh 0:01σp

� �� �5
⇔Compression

177:195 sinh 0:01σp
� �� �5

⇔Torsion

143:355 sinh 0:01σp
� �� �5

⇔Tension

8><
>: ð3Þ

Since the values of n = 5, Q = 135 kJ/mol, and α =
0.01 MPa−1 were used in the hyperbolic sine equation for all
of the investigated cases, the differences in constitutive behav-
iors can be deduced solely from the values of A. Based on Eq.
1, it is clear that a higher A gives a lower flow stress:
σ = {sinh−1(Z/A)1/n}/α. Therefore, the hot tension test has re-
sulted in a somewhat higher peak flow stress levels in this
case. However, the level of flow stresses form the compres-
sion and torsion tests are close to each other, which is an
interesting finding because these two techniques are the most
widely used ones in hot deformation studies.

It should be noted that while the consideration of the ap-
parent values of n,Q, andα (which somehow deviate from the
considered values) may result in a better fit to experimental
data, but the possibility of elucidating the effect of the mode of
deformation on the hot working behavior will be lost.
Therefore, the used approach in the present work can be con-
sidered as a versatile tool in comparative hot working studies.

The power law constitutive analyses

Based on the power law description of flow stress as shown by
Eq. 2, the slope and the intercept of the plot of lnZ against lnσP
can be used for obtaining the values of n’ and A’, respectively.
The corresponding plots for flow stress data, that have not
exhibited the power law breakdown, are shown in Fig. 5,
which shows that the fitted lines are highly parallel with each

other and hence have a same slope (n’ ≈ 6). Therefore, the
power law description for the hot deformation of AZ31 alloy
can be summarized as follows:

Z ¼ ε˙ exp
135000

RT

� �
¼

0:154σ6P⇔Compression
0:327σ6

P⇔Torsion
0:166σ6

P⇔Tension

8<
: ð4Þ

Or equivalently

σP ¼
1:365Z0:166⇔Compression
1:205Z0:166⇔Torsion
1:349Z0:166⇔Tension

8<
: ð5Þ

Based on the power law equations shown by Eq. 5, the hot
compression and hot tension tests have resulted in the highest
stress levels, while based on the hyperbolic sine law (Eq. 3),
only the hot tension test was found to yield the highest flow
stress. This can be ascribed to the fact that for the analyses
based on the power law some of the flow stress data corre-
sponding to the power law breakdown regime have been
neglected. Anyway, Eq. 5 clearly shows that the level of the
peak flow stresses resulted from the three deformation modes
are not significantly different.

Conclusively, by developing these reliable constitutive
equations for high-temperature deformation of AZ31 alloy,
the effect of deformation mode can be quantified. This ap-
proach can be also applied to different materials and other
deformation modes.

Summary

In summary, it was revealed that the exponent of n = 5 and the
self-diffusion activation energy of magnesium (135 kJ/mol) as
the hot deformation activation energy (Q) can be used in the

Fig. 4 The analyses based on the hyperbolic sine law using Q = 135 kJ/
mol and by setting n = 5 for each deformation mode

Fig. 5 Power law constitutive analysis
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hyperbol ic s ine equa t ion of Z ¼ ε̇exp Q=RTð Þ ¼ A
sinh ασPð Þf g n to describe the peak stress of AZ31 magne-

sium alloy deformed under hot compression, hot torsion, and
hot tension tests. This simple approach reduces the number of
constants that depend on the deformation mode. As a result,
the used method in the present work can be considered as a
versatile tool in hot working studies for comparative purposes
and for elucidating the effect of the deformation mode.
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