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Abstract
The industrial importance of air bending applications with high-strength steels has increased in recent years. However, the limited
cold formability of high-strength steels requires the application of punches with large radii. The usage of large radii tooling leads
to a change of the loading scheme from traditional 3-point to 4-point bending. Therefore, the conventional formulas used for the
prediction of 3-point bending operations fail to deliver accurate results. In the current work, two regression approaches are
proposed to achieve an accurate prediction of industrially important bending parameters. The first model is based on phenom-
enological observations and fitting of well-established formulas. The second model utilizes the circular approximation model as
base for the regression prediction. Large radius bending is used mostly for high-strength steels. Therefore, Strenx 700 MC and
Strenx 1300 with thicknesses of 4 and 6 mm were used for the investigation. The following bending characteristics have been
studied: position of contact points, bend allowance, bending force and springback. The predicted values are compared with the
experimental results to assess the prediction accuracy of the proposed methods. Neither the phenomenological, nor the circular
model delivers superior overall prediction quality for all output parameters, thus a combination of the two regressionmodels is an
attractive option for a better prediction of large radius air bending.
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Introduction

Small radius air bending is an established and extensively
used forming process within the sheet metal processing indus-
try (Fig. 1a). This process delivers the common and predict-
able technology, which is known for its flexibility, because it
allows producing different bending angles using the same pair
of punch and die. If however a part is bent by tooling with a
ratio of punch radius to die opening above 1/4, the progress of
the bending process is dissimilar to small radius bending, with
its own peculiarities. This process is called large radius bend-
ing (Fig. 1b) and it is used mostly for bending of high-strength
steels, since it imposes less deformation, and materials with
limited cold bendability can still be formed. Another problem
with high-strength steels is that they exhibit greater and more
variable springback, and this issue adds evenmore complexity
to the control and prediction of the forming process.

To be able to reduce the post-forming operations, an
accurate prediction of any forming process is required. A
number of methods can be used for that purpose, but in this
work, we focus on regression analysis based on the exten-
sive available bending database. This approach remains a
popular technique for the prediction of the various bending
characteristics. Narayanasamy and Padmanabhan used the
multiple regression analysis for the springback prediction
of interstitial free steel [1, 2]. The finite element method in
conjunction with orthogonal regression analysis has been
implemented by Li et al. [3] for the prediction of U-
bending and deep drawing. The regression model for the
prediction of the forming limit has been proposed by
Yoshida et al. in [4]. Teimouri et al. [5] implemented a
regression model for carbon spring steel. Multi-regression
modelling of the springback effect on an automotive body
in white stamped parts has been done by Bashah et al. [6].
Zhan et al. [7] used the regression prediction for the nu-
merical control of thin-walled tube forming. Initial study of
the phenomenological regression approach has been al-
ready done by Vorkov et al. [8] in order to predict various
bending characteristics.

Naturally, besides the regression modelling the forming
community tried to predict the bending characteristics by
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various means. Kurtaran [9] compared different ap-
proaches (artificial neural network, empiric DIN-6935,
and response surface models) for prediction of bend al-
lowance. Analytical approach to predict springback and
bend allowance have been developed by the research
group of T. Altan [10, 11]. De Vin [12] has studied the
real curvature of a bend plate and its implication on the
adaptive control in air bending. Currently, also less tradi-
tional approaches have been used, for instance, Strano et
al. [13] used fusion or hierarchical metamodeling for the
prediction of bend allowance.

Most of the prediction models for air bending focus
on springback prediction (Fig. 2b). Indeed, the
springback angle Δβ (Fig. 2b) is probably the most im-
portant and the most difficult to control parameter.
However, the knowledge of other bending characteristics
is also necessary to apply the bending process in indus-
trial applications. For instance, the bend allowance, as
the difference between the initial plate length and the
sum of bent flange lengths (Fig. 2c), is necessary to
obtain the exact bend length of a flat pattern. The bend-
ing force is another bending characteristic that should be
considered carefully. It informs about the required press-
brake capability and the risk of tooling damage. Finally,
the position of contact points (Fig. 2a) is important to
predict the bending force [14].

While there are several existing closed form analytical
solutions for air bending, they are not able to predict large
radius air bending accurately due to its peculiarities (e.g.
multi-breakage effect [15]). Regression analysis provides
a flexible and robust way to get a valid prediction of large

radius air bending. In this work, we developed prediction
models for all-important bending characteristics (contact
points, bending force, springback, and bend allowance) by
means of two regression approaches.

Experimental investigation

Regression fitting and comparison procedures have been
developed on the basis of an extensive experimental in-
vestigation which is completely described in [16] and ex-
perimental data are presented in the Dataverse scientific
repository [17]. Two types of high-strength steels are con-
sidered in this work: Strenx 700 MC – a hot-rolled struc-
tural steel - and Strenx 1300 – a cold-rolled ultra-high
strength structural steel. Table 1 presents the material pa-
rameters used for the development of the regression
models obtained by the tensile tests.

The experimental investigation was conducted on a
press-brake with a capacity of 50 metric tons (Fig. 3). A
camera attached to the upper ram of the press-brake was
used to film the bending process. For minimization of the
telecentric effect, the camera is mounted at a distance of
1.5 m from the forming station. The forming stage was
monitored by means of a LabVIEW script: a profile of the
plate was extracted from the images and the forming an-
gles were measured afterwards. A force cell, which con-
sists of two Kistler 9031a washers, was used for the mea-
surement of the bending force. The data from the force
cell were also logged by a LabVIEW script. The complete
description of accuracy and reproducibility of the
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Fig. 2 Characteristics of large radius bending: contact points position (a), springback (b), and bend allowance (c)

380 Int J Mater Form (2019) 12:379–390



measurement equipment and methods can be found in
[16] with the corresponding data set in [18].

Four dies with different openings w0 have been select-
ed for the experimental study: 40 mm, 50 mm, 60 mm,
and 80 mm. Punches with a radius Rp of 10 or 20 mm
were used for every die, a radius of 30 mm was used for
the 60 mm and 80 mm dies, and a radius of 40 mm for the
80 mm die. Figure 4 shows the notation for the plate and
tooling dimensions. The width of the bent plates is
60 mm. The experimental investigation used in this work
resulted in the dataset with 167 data points split up be-
tween both materials [17], Table 2 presents the scheme of
experimental plan. Experiments are restricted to configu-
rations that are physically possible (e.g. a punch diameter
less than a die opening).

Phenomenological approach

This section describes the phenomenological approach for
the regression modelling. 167 experiments have been used
to calculate models for phenomenological and circular
approaches. The model is based on phenomenological ob-
servations and conventional analytical formulas, and fur-
ther compared with the experimental data of the large
radius air bending. Extensive analysis and interpretation
of the large data set that was generated previously made
clear that process parameters exhibit clear tendencies,

which should in principle qualify a regression model con-
cept for the quantification of process laws.

All fitting procedures and statistical parameter calcula-
tions for both models have been carried out in JMP Pro 13
software. The fitting is done with the polynomial center-
ing, which allows making the regression coefficients more
interpretable when interactions are presented in a model.
In order to distinguish the parameters obtained by the
phenomenological approach, these parameters are
expressed with the index p e.g. lcp, Fp etc.

Contact points position

The position of the contact points between a punch and
a plate determines the bending force. This position
should be considered carefully to achieve an adequate
prediction of the loading scheme during the forming
process. The parameter lc is used as the characteristic
value for the contact points position and is defined as
the distance between the contact points and the central
bend position (Fig. 2a).

As shown in [14, 16], the position of the contact points
lc obeys a linear trend with respect to the bending angle.
Figure 5 illustrates this trend. This parameter also shows
limited dependency on the material parameters, whereas it
strongly depends on the tooling and plate dimensions.
Since a linear behavior trend is expected for the contact
points, multiple linear regression with the plate and

Table 1 Material and plate parameters of high-strength steels

Material Thickness t, mm Elasticity modulus E, GPa Secant elasticity modulus Esec, GPa Ultimate stress Rm, MPa

Strenx 700 MC 3.99, 5.99 205.0 188.2 880.8 (ε = 4.6%)

Strenx 1300 4.15, 5.99 197.5 181.9 1596.6 (ε = 3.9%)

 t

w0

Rp

l0 = 110 mm
Fig. 4 Tooling and plate dimensions
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Fig. 3 Press-brake and testing equipment
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tooling dimensions as the independent variables is expect-
ed to deliver the necessary prediction quality.

After the fitting procedure, the position of the contact
points as parameter lcp (depicted as lc in Fig. 2a) is given as:

lcp ¼ 25:933þ 0:479 t þ 0:518 Rp − 0; 035 w0 − 0:217 β − 0:010 �
Rp − 20:419
� �

β −121:431ð Þ þ 0:001 � w0 − 62:395ð Þ β − 121:431ð Þ ð1Þ

where t is the plate thickness, Rp the punch radius, w0 the die
opening, and β the bending angle in degrees.

Equation 1 gives a prediction of contact points position
with R2 = 0.9890 and mean squared error (MSE) of 0.5428.
Table 3 lists statistical parameters for eachmodel effect, where
only parameters with p-value of less than 0.01 are kept. The
LogWorth parameter is calculated as –log10(p-value). This
transformation is used in order to adjust p-value for a more
interpretable scale. Sign B*^ depicts the interaction between
considered effects. Figure 6 shows the residuals for the contact
points position prediction, and according to the Shapiro-Wilk
test (p-value = 0.1404, W = 0.9874) there is not enough evi-
dence that the residuals are not normally distributed.

Bending force

The loading scheme for large radius bending is defined by
the contact points position and the bending angle. The

loading scheme determines the value of the bending force,
and the correct value of the bending force allows
performing the forming process safely and accurately.
However, traditionally industry uses a formula that takes
into account only the geometrical configuration of tooling
and the material strength:

F ¼ K
Rm⋅t2

w0
ð2Þ

where K is a material-based constant, Rm the ultimate
strength, t the plate thickness, w0 the die opening.

Equation 2 does not take into account the change of
loading scheme throughout the forming stage due to the
presence of the multi-breakage effect [15]. Figure 7 shows
the four point bending scheme – a typical representation of
large radius bending. We propose a better estimation of the
die opening or the effective die opening which takes into
account the actual loading scheme. It reduces the initial die
opening by considering sliding of a plate into a die and the
position of contact points which both affect the resulting
bending force. The effective die opening is defined as:

wef ¼ w−Rdsin
180−β

2
−Rp sin

lcp
Rp

ð3Þ

where Rd is the die radius, β the bending angle in de-
grees, lcp the position of the contact points, Rp the punch

Table 2 Scheme of experimental plan

Material

Parameter Strenx 700 MC Strenx 1300

Bending angle, [°] 90, 110, 130, 150;
110, 130, 150 (t = 6 mm,

Rp = 20 mm,
w0 = 40 mm)

90, 110, 130, 150;
130, 150 (t = 6 mm,

Rp = 10 mm);
110, 130, 150 (t = 6 mm,
Rp = 20 mm,

w0 = 40 mm)

Thickness, [mm] 4 and 6 4 and 6

Punch radius, [mm] 10, 20, 30, 40 10, 20, 30, 40

Die opening, [mm] 40, 50, 60, 80 40, 50, 60, 80

Total 87 80

0

4

8

12

16

80100120140160

c, mm

Bending angle, °

Strenx 700 MC

Strenx 1300

Fig. 5 Position of the contact points for a die opening of 80 mm and a
punch radius of 20 mm. Thickness: 6 mm

Table 3 Statistical parameters for each model effect of Eq. 1

Parameter Estimate LogWorth Lower 95%
limit

Upper 95%
limit

Intercept, [mm] 25.933 – 24.9402 26.9255

Bending angle, β −0.217 129.499 −0.2224 −0.2116
Plate thickness, t 0.479 127.042 0.3575 0.5996

Punch radius, Rp 0.518 71.415 0.5046 0.5314

Die opening, w0 −0.035 12.990 −0.0435 −0.0265
Rp*β −0.010 12.148 −0.0110 −0.0097
w0*β 0.001 2.948 0.0003 0.0011

Fig. 6 Residuals for the prediction of contact points position by
phenomenological regression
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radius and w is calculated according to the following
equation (Fig. 8):

w ¼ w0 þ 2Rdtan 45−
αd

4

� �
ð4Þ

where αd is the die angle.
Taking into account the effective die opening as Eq. 3 and

considering that the position of the contact points has a non-
linear effect on the value of the bending force, the improved
predictionmodel is expressed, by substitution of Eq. 3 in Eq. 2
and adding the fitting parameters.

The fitting parameters are added according to the fol-
lowing reasoning. Figures 9 and 10 show that the conven-
tional prediction does not coincide with the measured
values both in absolute values and in the slope of the
curve, thus the fitting parameters kf1 and kf3 aim to bring
the prediction curve to the correct values and slope.

Further, the parameter kf2 adds additional non-linearity
effect to projection of the contact points position to fit
the measured values more effectively.

Finally, the fitting equation is given as:

Fp ¼ k f 1
Rm⋅t2

w−Rdsin
180−β

2
− Rp sin

lcp
Rp

� �k f 2
þ k f 3 ð5Þ

where kf1, kf2, and kf3 are fitting parameters and lcp is calculat-
ed according to Eq. 1.

Since the fitting model for the bending force is not
linear in regression parameters, the non-linear regression
fitting was executed with a predefined custom model in a
form of Eq. 5. After this procedure, the resulting equa-
tions for the bending force calculation can be obtained by
inserting the corresponding fitting parameters from
Table 4 into Eq. 5. The resulting equation delivers the
prediction with R2 equal to 0.9669 and MSE equal to
11,447.18. Figure 11 shows the residuals for the bending
force prediction, and according to the Shapiro-Wilk test
(p-value = 0.1404, W = 0.8571) there is enough evidence
that the residuals are not normally distributed.

Springback

Springback is defined as the recovery of the elastic defor-
mations after the removal of applied external forces. A

w0

Bending force
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Fig. 7 Loading scheme of large radius air bending
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Fig. 8 Scheme for the determination of the die opening

600

1000

1400

1800

2200

80100120140160

Bending

force,

kN/m

Bending angle, °

Experimental data

Conventional (K=1.5)

Fig. 9 Bending force for a die opening of 40 mm and a punch radius of
20 mm. Plate: Strenx 1300. Thickness: 4 mm
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Fig. 10 Bending force for a die opening of 80 mm and a punch radius of
10 mm. Plate: Strenx 700 MC. Thickness: 6 mm
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typical formula for the calculation of the springback value
can be written as:

Δβ ¼ 2

E
0
I
∫Ltot0 M dL ð6Þ

where M is the internal bending moment, E’ = E / (1-ν2)
the plane strain modulus, ν the Poisson ratio, I = bt3/12
the second moment of area about the middle axis, and L
the position of the plate along a curvilinear axis.

The difference in the transverse displacement of the
bent plate allows to distinguish three regions (Fig. 12a).
In the outer regions, the displacement pattern is rather
straight, whereas significant curvature is observed in the
central region between the two contact points. The evolu-
tion of the elasticity modulus due to deformation has a
significant effect on the resulting value of springback
[19]. Taking into account this evolution, it is reasonable
to conclude that the deformation level should dictate the
value of the elasticity modulus. Thus, two different values
of elasticity modulus E and Esec are assigned to the re-
gions of limited and significant deformations correspond-
ingly (Fig. 12b).

The approximation of bending moment diagram is pre-
sented in Fig. 12b. This approximation is oversimplified
representation of the real bending moment distribution
(Fig. 12c). In order to this approximation able to reflect

the real moment distribution, we propose the fitting model
that allows adjusting for the real moment distribution as
depicted in Fig. 12d. This adjusting is assured by inserting
two fitting parameters ks1 and ks2 in the regression model.
The fitting parameter ks3 is added to the model in order to
give a final overall correction to the prediction.

Finally, the fitting equation for the springback in degrees
for a unit of length can be written as:

Δβp ¼
12

t
ks1

2lc
E

0
sec

þ ks2
s
E

0

� �
180

π
þ ks3 ð7Þ

where E’sec = Esec/ (1-ν
2) is the secant plain strain modulus,

ks1, ks2, and ks3 are the fitting parameters.

Table 4 Fitting parameters for phenomenological model of bending
force according to Eq. 5

Material Parameter Estimate Lower 95%
limit

Upper 95%
limit

kf1 1.310 1.2229 1.3986

Strenx 700
MC

kf2 1.200 1.1855 1.2132

Intercept kf3, kN/m −126.862 −171.1574 −82.6721
kf1 1.346 1.2707 1.4230

Strenx 1300 kf2 1.189 1.1753 1.2016

Intercept kf3, kN/m −224.046 −289.2348 −159.0167

Fig. 11 Residuals for the prediction of bending force by
phenomenological regression

E Esec E

s s

c c

limited
deformation

significant
deformation

a

b
M

E E

c
M

d
M

1/2·s·ks1

2·c·ks2

1/2·s·ks1

Fig. 12 a Division of the bent plate into three regions according to the
level of deformations; b approximation of the bending moment diagram
for large radius bending, with the selected elasticity modulus for every
region of the plate; c real moment distribution; d representation of the
fitting model

Table 5 Fitting parameters and 95% confidence interval for
phenomenological model of springback according to Eq. 7

Material Parameter Estimate Lower
95% limit

Upper 95%
limit

ks1, N/mm2 214.2764 200.6366 227.9162

Strenx 700 MC ks2, N/mm2 223.9019 203.3571 244.4468

Intercept ks3, ° 0.7139 0.283829 1.143928

ks1, N/mm2 431.9591 415.1927 448.7255

Strenx 1300 ks2, N/mm2 457.4842 432.9215 482.0469

Intercept ks3, ° 0.7872 0.258091 1.316369
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Table 5 provides the values of the regression param-
eters along with 95% confidence interval for them ob-
tained by the fitting the linear model of Eq. 7. The
resulting equation delivers the prediction with R2 equal
to 0.9819 and SME equal to 0.4539. Figure 13 shows
the residuals for bend allowance prediction, and accord-
ing to Shapiro-Wilk test (p-value = 0.0018,W = 0.9719)
there is enough evidence that these values are not dis-
tributed normally.

Bend allowance

In addition to the springback, the bend allowance determines
the final shape of a bent part. The bend allowance is the dif-
ference between the original length of a plate and the sum of
the bent flanges (Fig. 2c), and it is used for the determination
of the initial length of a blank.

The bend allowance is a measure of the final shape of
the bent plate. Therefore, this bending characteristic is
primarily associated with the final or product angle.
Moreover, when considered for the same geometrical con-
figuration of the plate and tooling, the bend allowance
does not exhibit a notable dependence on the material
properties, whereas it strongly depends on the geometrical

configuration of the tooling and the plate. Figure 14 illus-
trates the abovementioned points.

As it can be seen from Fig. 14, the bend allowance
approximately obeys an exponential trend. The exponen-
tial relation should satisfy the following condition: if
product angle equals to 180°, the bend allowance should
be equal to zero. This condition is derived from the fact
that if there is no plastic deformation in the plate, then
the bend allowance correction is not required. As in the
case of the contact point position, the fitting coefficient
should take into account of the geometrical configura-
tion of the plate and tooling. Therefore, based on the
phenomenological observations of the experimental data,
we propose the following equation for the bend allow-
ance approximation:

BAp ¼ 1−e 180−β
0� �
⋅ f BA ð8Þ

where β’ is the measured product angle in degrees, fBA
the fitting parameter that depends only on geometrical
parameters.

After a non-linear fitting procedure of the geometrical pa-
rameters, the fitting parameter fBA can be written as:

f BA ¼ 0:024185þ 0:000761 t þ 0:000240 Rp ð9Þ

Equation 8 gives a prediction of bend allowance with R2 =
0.9522 and mean squared error (MSE) of 0.9021. Table 6 lists
the statistical parameters for each model effect of Eq. 9,
where only parameters with p-value of less than 0.01 are
kept. Figure 15 shows the residuals for bend allowance

Fig. 13 Residuals for the prediction of springback by phenomenological
regression

-14.0

-10.5

-7.0

-3.5

0.0

90110130150170

BA,

mm

Product angle, °

Strenx 700 MC

Strenx 1300

Fig. 14 Bend allowance for a die opening of 80mm and a punch radius of
20 mm. Thickness: 4 mm

Table 6 Statistical parameters for each model effect of Eq. 9

Parameter Estimate LogWorth Lower 95%
limit

Upper 95%
limit

Intercept 0.024196 – 0.021423 0.026948

Punch radius, Rp 0.000220 5.787 0.000188 0.000293

Plate thickness, t 0.000761 2.324 0.000260 0.001262

Fig. 15 Residuals for the prediction of bend allowance by
phenomenological regression

Int J Mater Form (2019) 12:379–390 385



prediction, and according to Shapiro-Wilk test (p-value
<0.001, W = 0.8680) there is enough evidence that these
values are not distributed normally.

Circular approximation approach

The plate is formed into a complicated shape, the cross
section of which can be described by a spline approxima-
tion or piecewise function. However, as shown in [20],

the representation of the plate as two straight lines and a
circle can be used to predict the trends within large radius
air bending. The complete description of the circular ap-
proximation model can be found in [16].

The circular approximation model provides a conve-
nient calculation tool, but does not give an accurate pre-
diction. Nevertheless, the theoretical trends of the circu-
lar approximation for the bending characteristics were
verified by an experimental investigation, therefore this
approximation can be used as the base for the regression
model. The difference between the phenomenological
approximation and the circular approximation is that
the latter is based on the physical based formulas instead
of empirical conclusions. It yields the advantage that the
regression coefficients obtained from the circular approx-
imation may be used for materials of different types,
while the regression coefficients obtained from the phe-
nomenological approximation are more linked to high-
strength steels in particular Strenx 700 MC and Strenx
1300. A complete description of the circular approxima-
tion can be found in [10] and schemes of this approxi-
mation are presented in Fig. 16.

For the circular approximation, the bent plate is
modeled to be wrapped around the forming tool, thus
the radius RA of curvature at the mid-plane of the plate

 
 

w0

RA

la
ld

Rd

t/2

θ

ld Fn

t/2 = blev2

θ

Ft
A

C

a b

b levA
C

Fcir

αd

w

Blcir

Fig. 16 Circular approximation:
(a) profile description, (b)
reactions and their levers

Table 7 Fitting parameters and corresponding confidence intervals for the circular approximation regression (Eq. 14)

Acr Bcr

Parameter Material Estimate Lower 95% Upper 95% Estimate Lower 95% Upper 95%

lcir – 1.060 1.032 1.088 −0.727 [mm] −1.074 −0.379
Fcir Strenx 700 MC 0.833 0.807 0.860 −56.136 [kN/m] −79.925 −32.346

Strenx 1300 0.701 0.677 0.724 −117.50 [kN/m] −162.60 −72.410
Δβcir Strenx 700 MC 0.916 0.861 0.970 −0.206 [°] −0.667 0.255

Strenx 1300 0.790 0.737 0.843 −0.081 [°] −1.080 0.918

BAcir – 0.752 0.701 0.804 −0.067 [mm] −0.495 0.361

Fig. 17 Residuals for the prediction of contact points position by circular
regression
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is equal to the radius of the punch Rp plus half of the plate
thickness t. For the model the friction coefficient μ is used
based on the Coulomb friction approximation. The calcu-
lation of the unit moment σ*

A can be done according to
[16, 21]. According to the circular approximation model,
the bending characteristics are defined as (Fig. 16):

lcir ¼ θ⋅ RA−
t
2

� �
ð10Þ

Fcir ¼ 2Fncos θ⋅ 1þ μ tan θð Þ ð11Þ

Δβcir ¼
12σ*

A

t
2la
E

0
sec

þ ld
E

0

� �
ð12Þ

BAcir ¼ 2 Rp þ t
2

� �
θ−2 Rp þ t

� �
tan θ ð13Þ

The idea behind the regression model based on the circular
approximation is that these prediction formulas are amended
by the fitting parameters as:

Kcr ¼ Acr⋅Kcir þ Bcr ð14Þ
where Kcris the prediction of a bending characteristic accord-
ing to the circular regression,Kcir the circular approximation

prediction of the same bending characteristic,Acr andBcr the
fitting parameters. Acr is dimensionless and Bcr has the same
dimension as Kcr.

Table 7 lists the fitting parameters for the regression model
based on the circular approximation.

Figures 17, 18, 19 and 20 show residuals for the prediction
by means of circular regression, and Table 8 summarizes sta-
tistical parameters for the circular regression model.

Results and discussion

This section presents the results obtained by the phenom-
enological and circular approximation approaches. In ad-
dition, in this section we discuss the prediction quality of
the models by calculating the several comparison param-
eters, namely the coefficient of determination R2, the av-
erage absolute error εav and the maximal absolute error
εmax. εav is calculated as the average difference between
the predicted and experimental data taken by absolute
value, and εmax is the maximum value of this difference
or the maximum prediction error.

Table 9 lists comparison parameters for both regres-
sion approaches. The same dataset is used both for the
fitting and assessment of the regression models. All data

Fig. 18 Residuals for the prediction of bending force by circular
regression

Fig. 19 Residuals for the prediction of springback by circular regression

Fig. 20 Residuals for the prediction of bend allowance by circular
regression

Table 8 Statistical parameters for circular regression prediction (Eq. 14)

Shapiro-Wilk Test for
normal distribution

Bending characteristic Mean square error W p-value

Contact points position 1.4314 0.9760 0.0054

Bending force 6418.72 0.8571 <0.001

Springback 1.0634 0.9715 0.0016

Bend allowance 3.0470 0.8207 <0.001
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used in this section can be found in the Dataverse re-
search data repository: experimental data in [17] and
regression data in [22].

Examples of comparison for contact points position
between the regression prediction and experimental data
are presented in Figs. 21 and 22. The phenomenological
and circular approaches both deliver an accurate predic-
tion of this bending characteristic. This also can be con-
firmed by very high values of R2 in Table 9, which are
very close to 1.0. When compared with circular regres-
sion, the phenomenological regression delivers better re-
sults since both εav and εmax are lower.

Figures 23 and 24 provide examples of comparison
between predicted values and experimental results for
the bending force. In this case, the accuracy of the pre-
diction by both models is acceptable, with R2 above 0.96.
The prediction by means of circular approximation, how-
ever, provides better quality, which can be seen by the
higher value of the coefficient of determination and lower
values of average and maximal absolute errors. It is also
important to mention that the conventional prediction of
the bending force (Eq. 2) does not reflect its actual be-
havior during the bending operation. Whereas, both pro-
posed models, as it can be seen from Fig. 24, predict not
only the trend of increase of bending force with decrease
of the bending angle, but also calculate values that are
very close to the measured data.

Figures 25 and 26 show examples of comparisons
between experimental data and regression prediction ac-
cording to Eq. 7 and Eq. 12. The springback depends
not only on change of the loading scheme, but also on
the change of the material parameters during the forming.
This makes the prediction of the springback the most
challenging task among all bending characteristic predic-
tions. Despite these difficulties, both regression ap-
proaches provide a valid prediction with R2 above 0.95:
phenomenological – 0.9815, circular – 0.9669. Even for

Table 9 Comparison of the two regression approaches with experimental results

Regression approach Comparison parameter Contact points position Bending force Springback angle Bend allowance

Phenomenological R2 0.9890 [−] 0.9669 [−] 0.9819 [−] 0.9522 [−]
εav 0.5715 [mm] 70.021 [kN/m] 0.5064 [°] 0.6279 [mm]

εmax 2.2525 [mm] 496.75 [kN/m] 3.0050 [°] 4.1275 [mm]

Circular approximation R2 0.9710 [−] 0.9815 [−] 0.9576 [−] 0.8356 [−]
εav 0.9516 [mm] 53.209 [kN/m] 0.7587 [°] 1.0636 [mm]

εmax 3.7775 [mm] 377.17 [kN/m] 3.9550 [°] 7.3900 [mm]
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Fig. 21 Position of the contact points for a die opening of 60 mm and a
punch radius of 30 mm. Plate: Strenx 700 MC. Thickness: 6 mm
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Fig. 22 Position of the contact points for a die opening of 60 mm and a
punch radius of 10 mm. Plate: Strenx 1300. Thickness: 4 mm
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Fig. 23 Bending force for a die opening of 50 mm and a punch radius of
20 mm. Plate: Strenx 700 MC. Thickness: 6 mm
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the phenomenological regression with very high value of
R2, the value of εmax is significant and equal to 3°. This high
value of the maximal prediction error is for the biggest angle
of the bending process of Strenx 700 MC 4 mm with a die of
80mm and a punch radius of 40mm. At the later stages of this
forming process, the punch already penetrates the bent plate
and the process cannot be considered as pure air bending.
Apparently, this cannot be taken into account during the con-
struction of the regression model. These cases should be mon-
itored and excluded from the prediction, and probably special-
ized models should be developed in order to predict the
springback in these cases.

Figures 27 and 28 present examples of comparison
between measured bend allowance and predicted values
for Strenx 700 MC and Strenx 1300 correspondingly. In
this case, the phenomenological regression provides su-
perior prediction quality, whereas the circular approxima-
tion approach turns out to be less accurate. Both models
are able to predict the trends of the bend allowance quite
accurately. However, the comparison parameters show
that the circular approximation model fails to deliver
acceptable results, i.e. R2 below 0.85 and high values
of average and maximal absolute errors. This can be
explained by the fact that the original fit function (Eq.
13) based on a simple trigonometric relation from DIN
6935 does not capture the exact behavior of a bent plate

after springback, however the phenomenological equa-
tion is able to do this effectively.

Taking the prediction accuracy for all bending charac-
teristics, neither the phenomenological, nor the circular
approximation approach outperforms the other. The posi-
tions of the contact points can be predicted accurately by
the two approaches, but the phenomenological approach
has a small edge over the circular regression due to the
lower average absolute error. The bending force also can
be predicted by both approaches, however in overall, for
this bending characteristic a slightly better prediction is
expected by using the circular approach. For the predic-
tion of the springback, the phenomenological regression
model provides a prediction that is a bit more accurate.
Finally, for the bend allowance, the phenomenological
approach delivers much better results, whereas the use
of the circular approach is not desirable.

Based on the above results, a hybrid regression ap-
proach is recommended for the prediction of the bending
characteristics for large radius bending. Contact points
position, springback angle and bend allowance should be
predicted by the model based on the phenomenological
observations, but the bending force should preferably be
calculated by means of the circular regression model. This
combination of prediction models assures the maximum
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Fig. 24 Bending force for a die opening of 60 mm and a punch radius of
30 mm. Plate: Strenx 1300 MC. Thickness: 4 mm
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Fig. 25 Springback for a die opening of 60 mm and a punch radius of
20 mm. Plate: Strenx 700 MC. Thickness: 4 mm

11.0

13.5

16.0

18.5

21.0

80100120140160

Springback,

°

Bending angle, °

Experimental data

Phenomenological

Circular

Fig. 26 Springback for a die opening of 80 mm and a punch radius of
40 mm. Plate: Strenx 1300 MC. Thickness: 6 mm
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Fig. 27 Bend allowance for a die opening of 80mm and a punch radius of
30 mm. Plate: Strenx 700 MC. Thickness: 4 mm
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values of R2 for each prediction parameters, which in
general expresses the prediction quality.

Conclusions

Based on regression modelling an accurate prediction of large
radius bending can be achieved. However, for different bend-
ing characteristics different approaches are advisable. The
proposed regression approaches were compared with a wide
range of experiments and the quality of the regression predic-
tion was assessed by means of a number of parameters: coef-
ficient of determination R2, average absolute error εav, and
maximal absolute error εmax.

The regression formulas can be used as an accurate
approximation tool for the calculation of the industrially
relevant bending characteristics within the working space,
which is bounded by the experimental investigation. The
formulas for the bend allowance and contact points do not
depend on the material parameters and they are expected
to be valid for any tool combination. For the bending
force and springback, only a few bending tests should
be performed in order to obtain a solution for a new ma-
terial, since the physics reflected by the underlying equa-
tions, as shown in the current and previous works of au-
thors, are generic for large radius air bending. It is impor-
tant to note that only a limited number of material char-
acteristics is needed to achieve acceptable results. These
parameters are the elastic modulus and ultimate stress,
which are usually easy to obtain, and the secant elastic
modulus. Moreover, the secant elastic modulus can be
substituted by the initial elastic modulus, but the results
are expected to be less accurate in this case.
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