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$%675$&7� This paper presents experimental measurements of the Through-Thickness Shear (TTS), (also known as 
out-of-plane shear) that occurs during Single Point Incremental Forming (SPIF) of low carbon steel into cone-shaped 
geometries. The measurements show the dependence of TTS on the cone wall angle. Also formability predictions are 
presented, using a Marciniak-Kuczy ski (MK) type of forming limit model which can take TTS explicitly into account 
[1]. It is seen that the presence of TTS in the process delays the onset of localized necking and thus can be a 
contributing factor to the very high formability during SPIF that is observed.  

.(<:25'6� Single Point Incremental Forming, Marciniak-.XF]\ VNL forming limit model, through-thickness shear. 
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Single Point Incremental Forming (SPIF) is a dieless 
sheet forming process that has emerged over the last 
decade as an economic alternative for rapid 
manufacturing and small batch production. The exact 
deformation mechanism of this process is not yet fully 
understood, however previous Finite Element 
simulations [2] show a highly non-linear deformation 
mechanism. Recent experimental studies [3,4] have 
shown the existence of Through-Thickness Shear (TTS) 
in this process. 
In this paper, additional experimental results on TTS in 
SPIF are presented for a low carbon steel. The focus lies 
on the effect of the wall angle on the amount of TTS. 
These experimental measurements are used to predict 
localized necking based on a Marciniak-Kuczy ski 
(MK) forming limit model that takes the TTS explicitly 
into account, under the assumption of monotonic 
deformation, and using a simple constitutive law. The 
results indicate, in a qualitative way, that TTS in SPIF 
contributes to the high formability of this process. 
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SPIF is applied to DC01 low carbon steel sheets of initial 
thickness 0=1.15mm to form truncated cone geometries. 
The sheet is fully clamped to a backing plate with a 
circumferential orifice of radius rb=91mm. The CNC-

controlled tool, hemispherically ended with a radius 
rt=5mm, is moved with a speed of 2000 mm/min along 
the toolpath that consists of a succession of circles with 
diminishing radius, alternated by a vertical step-down, as 
shown in Figure 1.  
The rotational tool speed around the z-axis is set so that 
a rolling contact is established at half the theoretical 
contact height along the cone wall. Oil lubrication is 
applied to the sheet-tool contact throughout the process.  
&RQHV� ZLWK� GLIIHUHQW� ZDOO� DQJOHV� � DUH� PDGH� (ranging 
from 40° to 67°), all having a maximum inner cone 
radius rc=87mm. Due to the sliding contact, so-called 
scallop lines are formed on the cone inside surface, a 
cross section of which can be seen in Figure 1(b). For all 
the cones, the (theoretical) width in between scallop 
OLQHV� :�LV�VHW�WR�0.653mm (the theoretic scallop height 
K� WKHQ� HTXDOV� �� P��� IURP� ZKLFK� WKH� YHUWLFal step-

GRZQ�RI� WKH� WRRO� ]� � VLQ� �� :� is determined. Under 
these process conditions the limiting wall angle is 70°, 
due to sheet tearing during tool step-down. 
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Prior to forming, 6 small holes (0.4mm diameter) are 
drilled at a radial distance of rh=70mm from the sheet 
centre and remote from any step-down. After forming, 
samples containing the holes are placed onto a manually 
controlled goniometer and visually inspected through a 
stereomicroscope. The intersections of the deformed 
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hole and both sheet surfaces are approximately ellipses. 
Experience shows that the ellipse on the inner surface is 
generally smaller, so both can be seen simultaneously 
when looking from the cone outside. By tilting the 
sample until both ellipses are centred, two TTS-angles 
can be assessed. These angles 13�DQG� 23 are defined in 
the local 1-2-3 reference frame shown in Figure 1, as the 
shear angles from the 3-direction (corresponding to the 
sheet normal) to the 1- and 2-axes, respectively. Figure 2 
SUHVHQWV� WKH� PHDQ� YDOXHV� � DQG� VWDQGDUG� GHYLDWLRQV� �
(sample size: 6) for each tested cone, measured by two 
operators.  
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The results, shown in Figure 2, show some trends which 
appear to be fairly repeatable and operator-independent.  
The angle 13 is generally negative, i.e. as sketched in 
Figure 1(b) in light green. This kind of TTS has also 
been observed in SPIF cones of 30° wall angle of 3mm 
copper plates [4], measured from a brazed grid applied to 
a section through the thickness of the sheet. On the other 
hand, in [3], the TTS-angle 13 in a cone of wall angle 
50° from a 1.5mm thick AA3103 sheet was found to be 
negligible. These observations disprove a deformation 
mechanism of ‘pure shear’ in SPIF, i.e. resulting from 
material displacement along the z-direction only. 

The angle 23, seen in Figure 2(b), is generally positive, 
i.e. the cone inner surface is displaced along the tool 
movement direction (the local 2-direction) with respect 
to the cone outer surface. The same observation is made 
in [3,4]. 
From Figure 2, it can be seen that 13 becomes more 
significant with increasing wall angle, reaching on 
average -28° in the 65° wall angle cone. The TTS angle 

23 on the other hand appears to be independent of the 
cone wall angle within the tested range of ��KDYLQJ�DQ�
overall mean value of 14°. 
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A brief description of an MK model that explicitly 
accounts for TTS is given next. A more elaborate 
description of this model can be found in [1]. 
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Metal sheets have inhomogeneous plastic properties, due 
to the spatial distribution of crystalline grains with 
different orientations, sheet thickness variations, etc… In 
the MK framework, the inhomogeneity is modelled as a 
groove with a slightly reduced initial thickness with 
respect to the surrounding matrix (in the current 
modelling, this is 99.8%). As can be seen in Figure 3, the 
initial groove orientation, determined by 0, changes 
during deformation due to the matrix straining. 
A monotonic deformation is imposed onto the matrix D, 
in terms of a constant velocity gradient / Y . Through 
assumptions of incompressibility, force equilibrium and 
geometric compatibility (i.e. the following equations  
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(1)-(9), all 9 components of the groove velocity gradient 
/ Z  can be determined. They generally evolve during 
deformation, so an incremental procedure is applied. 
For each initial groove orientation 0, there is a certain 
major in-plane strain in the matrix, at which deformation 
gets localized within the groove (subsequently called the 
QHFNLQJ�VWUDLQ� *11). The forming limit strain is found as 
the minimum of all necking strains, considering a large 
number of initial groove orientations 0. In this paper, 
-90°� 0�����LV�FRQsidered, with steps of 1°. 
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Incompressibility of the groove is given as: 

033 =++ /// d de'e  (1) 

 
������ )RUFH�HTXLOLEULXP�DVVXPSWLRQV�
Three components of the force along the groove-matrix 
interface, written in terms of stress tensor components 
and current thicknesses of matrix and groove Y  and Z , 
are: 

fg�gfhg�gh
σθσθ =  ij kilj kl
σθσθ =  m nmo no

33 σθσθ =  

(2) 
 

(3) 
 

(4) 

In equation (4), a non-zero matrix shear stress in the 
thickness direction arises from a non-zero TTS in the 
same plane. 
 
������ *HRPHWULF�FRPSDWLELOLW\�DVVXPSWLRQV�
Five components of the groove and matrix velocity 
gradient (expressed in the groove reference frame), are 
set equal as to assure geometric compatibility: 

p qJrs qJr // =  t u uv u u // =  w�xy x // 33 =  
z {| { // 33 =  } ~� ~ // 33 =  

(5) 
 

(6) 
 

(7) 
 

(8) 
 

(9) 
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For the matrix and groove material, the von Mises yield 
criterion is adopted in combination with a Swift 
hardening law determined from a uniaxial tensile test: 

( ) 25.00034.0515 += �J����C��J� εσ  (10) 

where eq and eq are the von Mises equivalent stress and 
plastic strain, respectively. 
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The MK model is applied to the deformation of the cone 
of 65° wall angle. The total deformation gradient ), 
expressed in the local 1-2-3 reference frame, is found to 
be (see also [3]): 
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where  is the final thickness and ‘tg’ denotes tangent. It 
is assumed that volume is conserved, and that there is no 
length change along the cone circumferential direction, 
i.e. the local 2-axis.  
Four assumed deformation gradients ) of the 65° wall 
angle cone are being used in the MK model, as shown in 
Table 1. Though only the last case corresponds to the 
actually measured total deformation, the other cases are 
also considered in order to illustrate the influence of TTS 
on the onset of localized necking. ���!�	� ����� )RXU�DVVXPHG�WRWDO�GHIRUPDWLRQV�LQ�WKH�FRQH�
ZLWK�  ����

 symbol / 0 13 23 
1)  0.42 0° 0° 
2)  0.42 -28° 0° 
3)  0.42 0° 14° 
4)  0.42 -28° 14° 

 
Earlier Finite Element investigations [2] have shown that 
many strain path changes take place during the SPIF. 
Nevertheless, it is now assumed in the MK model that 
the velocity gradient / is constant throughout the 
process. It can thus be calculated from (11) as:  

( ) W)/ ln=  (12) 

in which ‘ln’ represents the tensorial logarithm, and W is 
the total time of the deformation process, which can be 
arbitrarily chosen for the current strain-rate insensitive 
material model. 
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Figure 4 presents the MK necking strain results from the 
different deformation gradients ) in Table 1, for 
different initial groove normal directions 0. 

   

2 
   

  2 

   

 1 
   

 1 

  t  t 
 n 

  

n 

 

 0 
 

   �

D�������E�

   

 (a)                           (b) 

381



The forming limit (i.e. curve minimum) is higher for the 
cases that 23���� It can also EH� QRWHG� WKDW� 
11(- 0) = 

11( 0), except when both TTS strains are considered 

( ). Consequently, formability predictions including 
TTS should in general consider 0 in the range 
[-90°;90°] and not be limited to the range [0°;90°]. 
Another observation is that TTS either increases the 
necking strain or has no effect on it, but never decreases 
it for the considered cases. 
As developed in [1] in more detail, the delaying effect of 
TTS on the onset of necking, is due to a groove stress 
mode change towards the plane strain point on the yield 
locus. This mechanism is similar to the groove stress 
mode change found under biaxial straining without TTS. 
However, TTS in the n-3-plane (i.e. normal to the groove 
direction t) does not lead to a stress mode change in the 
groove. This can be seen by combining equations (2) and 
(4), which leads to: 

����
� �����

� �
σ
σ

σ
σ 33 =  (13) 

Monotonic loading of the matrix D implies that the left-
hand side of equation (13) is constant, from which it 
follows that also for the groove E, no stress mode 
change, associated with the TTS strain rate '3n, is 
possible, and hence this kind of TTS has no effect on the 
necking strain. 
The beneficial effect arises from the imposed TTS in the 
t-3-plane, which can be characterized by the absolute 
value of the following (normalized) strain rate: 

( ) ( )( ) 1123133 cossin '''W +−=ρ  (14) 

Strain rate components are obtained from the symmetric 
part of the velocity gradient / in (12). 
From the comparison of Figure 4(b) with 4(a), it can be 
seen that the higher this kind of TTS, the higher necking 
limits are raised compared to the deformation without 
TTS ( ). 
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Experiments have shown the existence of Through-
Thickness Shear (TTS) in the Single Point Incremental 
Forming (SPIF) process of truncated cones. The 
observed TTS along the cone wall direction differs from 
that following a pure shear mechanism in SPIF. It 
increases in magnitude with increasing wall angles, 
under the current process conditions and for the used low 
carbon steel DC01. On the other hand, the TTS in the 
circumferential direction of the cone, though non-zero, 
does not appear to depend significantly on the wall 
angle.  
For the cone of 65° wall angle, the TTS measurements 
have been used to study the onset of localized necking, 
using a MK-type model recently proposed by the authors 
[1], which can take the effect of TTS explicitly into 
account. It is concluded that TTS can indeed delay the 
onset of localized necking in SPIF. However, a fully 
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quantitative prediction requires a more accurate material 
model, accounting for anisotropic yielding and 
anisotropic hardening at strain path changes, as well as 
an accurate description of the complex deformation path 
in SPIF. 
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