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Abstract

When vehicles with traditional passive suspension systems are driving on complex pavement, the large vibration of the
body will result in relatively negative effects on ride comfort, vehicle handling, and stability of passengers and goods. Body
attitude tracking control based on tandem active—passive suspension can improve vehicle attitude stability and passability by
enabling the body attitude to track an ideal position. In addition, the performance limitations of the actuator are considered in
the design of the attitude tracking control algorithms. The attitude tracking performances are investigated in both simulations
and real car tests. Two control algorithms which adopt linear quadratic regulator (LQR) and model predictive control (MPC)
algorithms, are compared and analyzed in terms of theory and control performance. The simulations and real car tests results
show that both attitude tracking control algorithms can effectively track the ideal body attitude with acceptable errors under
different pavements, and the control effect of MPC is slightly better than that of LQR. In this way, attitude tracking of car
body shows a lot of potential when a vehicle is in harsh environments.

Keywords Attitude tracking control - Model predictive control - Linear quadratic regulator - All-terrain vehicle - Tandem

active—passive suspension

1 Introduction

With high mobility, high passability, and low environmental
footprint, intelligent vehicles have wide application pros-
pects in resource exploration, post-disaster search and res-
cue, and firefighting in a sustainable economy. Vehicles with
traditional passive suspension have difficulty maintaining
a stable body attitude, which seriously affects the comfort,
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safety, handling capability, and stability of passengers, pay-
loads, and goods.

Existing research of attitude control has shown great
potential for improving body stability (Chen et al., 2023a,
2023b). In the field of off-road vehicles, active vehicle sus-
pension systems have been studied for improving ride com-
fort and handling capability of the vehicle by controlling
the car body's vertical, roll, and pitch motions (Pan et al.,
2015). An attitude tracking controller can help the body to
lean inward during cornering, forward during acceleration,
and backward during deceleration to eliminate the forces
acting on the passengers to enhance ride comfort. While
improving ride comfort, the body's active attitude motion
enhances the grip on the pavement and reduces the chance
of rollover by balancing the grip of each wheel during cor-
nering, braking, and acceleration (Youn et al., 2015). To
eliminate the lateral and longitudinal accelerations acting
on the passenger, the attitude controller usually requires
large ideal roll and pitch angles that are wider than those
that can be achieved in actual body motion. Due to suspen-
sion space limitations, an active seating system is added to
the body to accommodate angles larger than the available
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body angles to further enhance ride comfort (Wu et al.,
2018). The influence of steering and braking is consid-
ered in attitude control to maximize the use of suspension
deflection to improve ride comfort and road holding per-
formance (Youn et al., 2006). Considering the coupling
effect of body attitude motion and transverse sway motion,
the attitude controller is combined with a steering control-
ler to produce synergistic effects in terms of smoothness,
handling, and safety (Wu et al., 2021). Considering the
differences between simulated and real vehicles and the
performance limitations of the actuators, the attitude con-
troller is designed to reduce the vertical, pitch and roll
motions of the vehicle (Jia et al., 2023).

Existing research on active suspension systems has
shown significant potential for ground vehicle attitude
motion control. Active systems control the body attitude
based on terrain information to eliminate large body
sway and vibration in harsh terrain conditions (Gu et al.,
2018). The performance of tandem active suspension
and parallel active suspension is studied, and the active
suspension control algorithm is analyzed based on a
quarter-vehicle model (Konieczny et al., 2013). The
parallel active suspensions and joint actuators suffer from
high energy consumption and low reliability, which limit
their applications. Tandem active—passive suspension,
as a type of finite bandwidth active suspension, has
a simpler structure, lower design cost, and greater
attitude adjustment range than parallel and hybrid active
suspensions. Therefore, the design of vehicles with tandem
active—passive suspensions has substantial research value.
Tandem active—passive suspensions are used to eliminate
body roll to reduce the possibility of rollover, which can
achieve a significant reduction in body roll at a relatively
low energy demand (van der Westhuizen & Els, 2013). A
wheel-legged all-terrain vehicle is designed based on a
tandem active—passive suspension, and verified the attitude
closed-loop control strategy through simulation models
and real-world experiments, and further validated the
attitude control algorithm to reduce the effects of rugged
terrain on stability and ride comfort (Jia et al., 2023; Ma
et al., 2020a, 2020b; Ni et al., 2020, 2021, 2022).

Therefore, a tandem active—passive suspension (TAPS)
system is proposed to provide a solution for active sus-
pension technology. The schematic diagram of a quarter
car with TAPS composed of the actuator, cross arm, and
shock absorber is shown in Fig. 1. In the quarter model, the
upper and lower cross arms are installed in the sprung and
unsprung mass, respectively. The spring shock absorber is
connected in series to the actuator, which is driven by an
electric servo actuator. The speed of the electric servo drive
can be controlled to achieve the attitude tracking control
objective. In addition, TAPS offers advantages such as a
simple and symmetrical structure, low actuator driving force
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Fig.1 A quarter real car model with TAPS

requirements, easy suspension control, a wide control range,
and easy troubleshooting.

Many scholars have studied suspension and body
attitude control, such as optimal control, adaptive control,
fuzzy control, and sliding mode control (Du et al., 2018;
Li et al., 2019; Patra et al., 2021; Taghavifar, 2019; Zhu
et al., 2021). Both LQR and MPC are optimal controls and
solve the control problem by minimizing the cost function.
A system control method based on LQR optimal control
performance index is proposed, and appropriate state
variables are designed to solve the control force of active
suspension, providing a reference for the realization of
LQR for systems with large state space variables (Tchamna
et al., 2016). To enhance LQR performance, a composite
controller composed of LQR and PID is designed to
isolate the relationship between body vibration and road
roughness, keep the static height of the body constant,
and control the pitch motion of the body (Nguyen, 2020).
Compared to LQR, MPC can handle state prediction
information and constraints (ElMadany et al., 2011). This
makes the control value of MPC is the optimal under the
restriction of prediction information and constraints, which
is closer to the real situation. MPC shows great control
performance in tracking control and stability control (Gao
et al., 2022a, 2022b; Wu et al., 2024). Similarly, in order
to improve the MPC control performance, many scholars
have conducted related research. Based on exogenous inputs,
a novel autoregressive model predictive control strategy
is proposed and applied to semi-active suspension with a
magnetorheological damper (Pinon et al., 2021). A model
predictive controller is proposed to eliminate the influence
of feedback controller performance (Enders et al., 2020). It
is proposed that the off-line RMPC method can overcome
the problem of large computation amounts by off-line
optimization before implementation, and it is extended to
the problem of uncertain parameters (Moradi et al., 2019).
In addition, to improve the accuracy of position and pose
prediction of fully automatic tracked vehicles during
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running, the Kalman filter algorithm is used to compensate
for errors caused by the vehicle dynamic model and IMU
(Ni et al., 2019).

About vehicle modeling, most of the current simulations
of attitude and suspension control systems are done through
mathematical models. In order to better respond to the
vibration response of the suspension system, a physical
model of the quarter-vehicle suspension is developed using
Simscape and the performance of Skyhook, Groundhook
and Hybrid control strategies are compared (Yerrawar
& Arakerimath, 2016). Multi-physics field dynamics
simulation software provides a more complete representation
of vehicle structural nonlinearities, damping nonlinearities
and tire nonlinearities.

Based on the above analysis and the previous research
background, an 11-degree of freedom (DOF) mathematical
model and a nonlinear Simscape model of an ATV are
constructed. LQR and MPC attitude tracking control
algorithms is designed and theoretically compared and
analyzed. Considering actuator limitations, the designed
LQR and MPC control algorithms are verified and
comparatively analyzed in terms of attitude tracking
performance through simulations and tests. The proposed
attitude tracking control algorithms can provide theoretical
support and an experimental basis for subsequent research on
attitude tracking control under various working conditions
such as vehicle steering and braking.

2 Modeling and Characterization of ATV Full
Car System

In this section, an all-terrain vehicle (ATV) model based on
TAPS configurations is first described. On this basis, a linear
equivalent mathematical model of the full car is summarized
by linearizing the approximation based on the uncertainty
and nonlinear characteristics of the actual system (Jia et al.,
2023). Finally, according to the attitude tracking control
simulation and experimental requirements, a variety of
pavement performance models are developed.

Table 1 Principal parameters of ATV

Parameter Value
Wheelbase/mm 1300
Wheel track/mm 1200
Ground clearance/mm 473
Tire radius/mm 190
Body quality/kg 150
Wheel quality/kg 10
Pitch moment of inertia/kg m? 2029
Roll moment of inertia /kg m? 16.2

2.1 Multi-body Full Car Model and Parameters

An 11-DOF full car is designed, which includes wheels, car
body, TAPS, and electric control system. The compositions
of the TAPS system including the actuator, cross arm,
and shock absorber are illustrated. Based on the vehicle’s
structure, the characteristics of ATV as symmetry,
differential steering, and independent TAPS are described.
In addition, due to the excellent obstacle crossing ability of
ATYV, the attitude tracking control algorithms are designed
based on the ATV full vehicle structure. Attitude tracking
control is achieved by controlling the speed of the actuator.
The principal parameters of the ATV with TAPS are given
in Table 1.

2.2 Linear Equivalent Mathematical Model of Full
Car with TAPS

It is first necessary to extend the quarter car model (Arana
et al., 2017) to the full car model to enable attitude track-
ing control. And a linear equivalent mathematical model of
the TAPS full car based on the Newton—Euler equation is
employed and summarized here, as shown in Fig. 2.

The mass center, pitching, and rolling dynamic equation
of the body is indicated as:

mi=F +F,+F;+F,
1,6 = (F; + Fy) xb— (F, + F) Xa (1
Lp=3(F) = F,) x By + 3 (F; = Fy) X B,

where /; and I, are the pitching and rolling rotational inertia
of the car body, respectively; m, is the body mass; B; and
B, are front and rear wheel bases, respectively; a and b are
the distance from the front and rear axles to the mass center,
respectively.

The vertical displacement at each suspension mounting
point is linearised and expressed as:

2y =2—ad+ 1Bp.zy = z—ab — 1B

2
Zb3=Z+b0+EBr(p’Zb4=Z+b0_EBr(p ( )

The vertical dynamic equations of each actuator support
block and each actuator are described as:

mwizwi =C (Zsi - ZWi) + ks (Zsi - ZWi)

+kt (Zri - ZWi) 3
msizsi =Cy (Zwi - Zsi) + ks (Zwi - Zsi) - Fi ( )
i=1,2,3,4.

An 11-DOF full car is represented by the above formulas.
Notably, the actuator support blocks in the middle of the
suspension only play the guiding role, and the masses (m;)
of the support blocks are quite small. The actuators of TAPS
lack parallel dampers to provide the relationship between
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Fig.2 Linear equivalent model of TAPS full car. m,; and m; are the
masses of four wheels and the four support blocks, respectively; F;
are control forces generated by actuators; ¢, is the damping coeffi-
cient; k, and k, are the stiffness of spring and tire, respectively; z,;,
Zyi» Zsi» and zp; Zy; 7, are the vertical displacements of road and wheel
contacted points, wheel center points, shock absorber and actuator
contacted points, and suspension mounting points, respectively; 6 and
@ are the pitch and roll angles, respectively, and the z variables denote
linear vertical displacements of the mass center indicated

the upper car body and lower passive shock absorbers and
additional sensors to provide the corresponding status
data. Therefore, it is difficult to realize the utilization of
actuator forces for the proposed attitude control in real car
test situation (Theunissen et al., 2020). Based on the above
analysis, a second-order low-pass filter (LPF) (Jia et al.,
2023) to convert from the force control to a speed control
of the actuator is introduced. The mathematical model must
be revised according to the actual performance and set of
actuators and sensors. In this way, the dynamic efficiency
of the support block should be ignored, so that (mZ;) will
not be considered in the dynamic model for the controller
calculation. Therefore, Eq. (3) can be approximated as:

mwizwi =C (Zsi - Zwi) + ks (Zsi - Zwi)

+k, (2,5 — 2

. ! . ' 4
Fi=c (Zwi - in) + ks(zwi - Zsi) @
i=1,2,3,4

The vertical displacement and velocity equations of the
actuator can be expressed as:

— [ . —_ .,
Tsi = Zpi — Uy Zgi = Zpp — U (5)
i=1,2,3,4

The equation of LPF is expressed as:

;= il + 2w il + olul, i =1,2,3,4, (6)

@ Springer

where w, is the cutoff frequency of the TAPS, { is the
damping ratio of the TAPS.

According to the above formulas, the state vector x,
control input vector u, pavement input vector w, and output
vector y of the linear system can be expressed as:

. A . . / . ! T
X =[2.20,0,0, (p,Tzw1~w4,zw1~W4,MM,MM]
u= ul’ I/lz, U3, u4
[ ] T (7
w= [Zrl »8r25 Zr35 L4

y=[220.0,0,%] .

The state space representation of the model can be
constructed as follows:

X = Ax + Bu + Dw
. (®)

y=Cx

Based on the discrete system equation of state, the LQR
and MPC attitude tracking control algorithms are designed
for ATV with TAPS. Therefore, the continuous system needs
to be discretized by zero-order holding input, fixed sampling
time (Chan, 2002), and inverse Laplace transform. The state
space expression after discretization can be expressed as:

x(k + 1) = A x(k) + B u(k) + D, w(k) .
y(k) = Cyx(k) ©)

where
Ag=er =L I-A)"!

T
B, = [ e*Bdt
0. (10)
D, = [ eA'Dd:
0

CdZC,

where T is the discrete period.

Vehicle lateral acceleration is more difficult to obtain in
the above mathematical model and the real vehicle. There-
fore, to investigate the effect of attitude control on lateral
acceleration, a Simscape nonlinear vehicle physical model
is established as shown in Fig. 3.

Since the vehicle lateral acceleration cannot be measured
directly in Simscape, the lateral acceleration needs to be
calculated from the measured quantities and the 3D model
rotation transformation (Haslwanter, 2018). The measured
quantities include yaw angle, pitch angle, roll angle, and
velocity of the vehicle in the x-axis, y-axis, and z-axis direc-
tions of the world coordinate system. The vehicle yaw angle,
pitch angle, and roll angle can be regarded as the rotation
of the vehicle coordinate system around the z-axis, y-axis,
and x-axis in the world coordinate system, respectively, as
shown in Fig. 4.
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Fig.3 Simscape nonlinear vehicle physical model

At the beginning of the simulation, the vehicle coordi-
nate system is coincident with the world coordinate system.
The vehicle lateral acceleration can be obtained by calculat-
ing the derivative of the lateral velocity. The vehicle lateral
velocity can be expressed as:

1 0 0 cosd 0 —sind cosf, sind, 0

vl = [vov,v] 4V, %] 0 cosp sing [X[ 0 1 0 [x —sind, cosf, 0

sind 0 cos® 0 0 1

(11)
where, v,, v,, v, velocity of the vehicle in the x-axis, y-axis,
and z-axis directions of the world coordinate system, Vyb is
the unit vector in the lateral initial direction of the vehicle
in the world coordinate system.

0 —sing cosp

2.3 Pavement Performance Models

To verify the correctness of the vehicle mathematical
model with TAPS and the effectiveness of the designed
attitude tracking control algorithm through experiments and
simulations, sinusoidal, single-side sinusoidal, and C-class
random pavement performance models are established in
this section.

2.3.1 Sinusoidal Pavement Performance Model

To verify the effectiveness of the designed control algorithm
for the tracking control of pitch angle and vertical displace-
ment, a sinusoidal pavement performance model with an

Fig.4 Vehicle model rotation
transformation. O-XYZ and
0-Xy YyZy are the world and
vehicle coordinate systems,
respectively, Oy is the vehicle
yaw angle

amplitude of 0.05 m, a cycle of 0.75 s, and a vehicle speed
of 1 m/s is established based on the actuator travel and actual
working conditions. The impact on the front and rear wheels
is shown in Fig. 5.

2.3.2 Single-Side Sinusoidal Pavement Performance Model

To verify the validity of the control algorithm designed to
track control of the pitch angle, roll angle, and vertical dis-
placement of the single-side wheel through the continuous
impact on the pavement, based on the actuator travel and
actual working conditions, a single-side sinusoidal pavement
performance model with the amplitude of 0.05 m, the cycle
of 0.75 s, and the vehicle speed of 1 m/s is established. The
impact on the wheels is shown in Fig. 6.

2.3.3 C-Class Random Pavement Performance Model

In order to verify the performance of the attitude track-
ing control algorithm designed by the ATV with TAPS
under the impact of random pavement, a C-class random
pavement performance model with the geometric mean
value of the road roughness coefficient is 256 X 10~°m?,
the geometric mean value of the root mean square of the
road roughness coefficient is 15.23 x 107%m, and the vehi-
cle speed is 1 m/s is built. To better reflect the track of
wheels on the C-level random pavement, the Butterworth

0.10
Front Wheels
Rear Wheels
£ 0.05
=
<=
o0
Q
<
= 0.00
Q
=
(5
3
A —0.05
-0. 10
0 1 2 3 4 5

Time/s

Fig.5 Sinusoidal pavement performance model
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Fig.6 Single-side sinusoidal pavement performance model
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Fig.7 C-class random pavement performance model

low-pass filter is used to filter the C-class pavement. Fil-
ter out the high-frequency parts of the pavement that have
little contact with the tire (Shi et al., 2018; Tian et al.,
2021), as shown in Fig. 7.

3 Design of Attitude Tracking Control
Algorithm

In this section, linear quadratic regulator (LQR) and
model predictive control (MPC) attitude tracking control
algorithms are designed to track control the body attitude
on the above three pavement performance models. Finally,

Fig.8 The logical block
diagram of the LQR attitude
tracking control algorithm

Control Matrix

@ Springer

the design and theory of the two attitude tracking control
algorithms are compared and analyzed.

In the ATV with TAPS attitude tracking control,
performance indexes such as the body vertical displacement,
pitch angle, roll angle, vertical acceleration, roll angle
acceleration, pitch angle acceleration, and actuator input are
considered. Therefore, the cost function of attitude tracking
control can be expressed as:

J =022+ 0% + p30” + py 2 + psb + pep*

il (12)

where p;, p,, p3, Pa» Ps, Pg» and p; are body vertical
displacement, pitch angle, roll angle, vertical acceleration,
roll angle acceleration, pitch angle acceleration, and
actuator input weight coefficients, respectively. In addition,
the choice of weight coefficients is based on the absolute
tracking error of the control target and the corresponding
constraints (Shadmand et al., 2019).

3.1 Design of LQR Attitude Tracking Control
Algorithm for the Time-Invariant Infinite
System

The LQR tracking control algorithm is designed to track and
control body attitude on different pavement models based
on discrete system. According to the system mathemati-
cal model and the performance index, the cost function of
the time-invariant tracking system is established, and the
minimum value of the cost function is calculated to obtain
the optimal control quantity satisfying the system control
requirements. In addition, different target quantities can be
controlled by adjusting the weight coefficients of different
quantities. The logical block diagram of the LQR attitude
tracking control algorithm is shown in Fig. 8.

For the problem of the time-invariant tracking system,
the approximate solution of the optimal control system can
be obtained by solving the stable solution of the Riccati
equation (Zhu, 2005). For a linear time-invariant observable
controllable system (10), the error vector of the system can
be expressed as:

e(k) =y (k) — y(k) 13)

X y
Controlled Obj ect]——b[Output Matrix C]—>
Feedback Matrix K
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where y,(k) is the target output of the linear time-invariant
system.

According to the error, the actuator input, and the weight
can represent the cost function of the system as:

N-1
J= kgo 3 [€7()Qe(k) + u ()Ru(k)] 1
+3€7 (N)Se(N).

where, the symmetric positive definite constant matrices Q
and R are the weights of the error and input, respectively. S
is the weighting factor of the terminal error.

The optimal control law is found using dynamic
programming and the Belmann equation (Kappen, 2011),
which can be expressed as:

JOIx(k)] = min {LIx(k), u(k)] + J[x(k + 1)]} (15)

where

LIx(k), u(k)] = 3" (k)Qe(k) + su” (H)Ru(k)

JUIX(N)] = J€ (N)Se(N). (16)

The optimal cost function from state x(k) to the final state
can be expressed as:

JOIx(k)] = %XT(k)P(k)X(k) + b(k)x(k) + c(k), an

where, in the final state x(), define P(N) = CTSC,
b(N) = x!(N)CTS, and ¢(N) = x(N)CTSCx 4 (N).

The cost function (14) is minimal at 9/ /du = 0, therefore,
by substituting (9), (10), and (15) into (14) and taking
partial derivatives of u(k), the optimal control input can be
expressed as:

u(k) = —[R+BTP(k + DB] ' [BTP(k + DAx(k)

+ BTP(k + 1)Dw(k) + B b(k + 1)) {19

The equation calculated by substituting u(k) into (14) is
combined with (16), the following equations are obtained as:

P(k) = CTQC + ATP(k + DA — ATP(k + 1)B
[R+B7P(k + 1)B] 'B"P(k + DA (19)
b(k) = —x"(K)CTQC + w’ (k)D'PA + b(k + DA
~w’()D"PB[R + BTPBl_lBTPA (20)
~b(k + B[R + B’PB| 'B’PA.

When the system is stable, P(k) = P(k + 1), therefore, the
Riccati equation can be obtained as follows:

P=C"QC+A"PA-A"PB[R + BTPB]_IBTPA. (1)

By solving Riccati Eq. (20), P can be obtained, and the
value of u(k) can be solved as follows:

u(k) = —[R + B7PB] ' [B"PAx(k) + BPDw(k)

+ BTb(k + 1) (22)

The LQR attitude tracking control algorithm based on
ATV with TAPS is designed in this section. The relevant
simulation and test contents are described in Sect. 4.

3.2 Design of MPC Attitude Tracking Control
Algorithm for the Discrete System

Model predictive control (MPC) is used to optimize control
by predicting the performance of the system in a certain
period of the future based on the model. It is effective
at dealing with control problems with constraints and
low model accuracy. A discrete state space expression is
generally used in MPC analysis. In addition, the design
and implementation process of MPC includes three steps:
prediction model, rolling optimization, and feedback
correction.

The purpose of the prediction model is to measure and
estimate the current system state based on the known system
state, as well as forecast the input and output of the future
system. As shown in Fig. 9, input i, is applied to the system
at time k. The controller predicts the output and input of the
system at the future time [k, k + N] according to the math-
ematical model and system state. The intervals [k, k + N]
and [k, k + N — 1] are, respectively, called the prediction and
control intervals. Rolling optimization is a feature of model
predictive control. For example, at time k, through calculat-
ing the system at the time [k, k + N] optimization problem
to obtain the solution to the system input uy, u, |, Uy ...,

y, Reference

Actual value
ﬁ M)re Predictive value

Vien-1 YN YkeN+1

Y2
Yi+1

Yk-19
u t
e I
Uk+N+1
u + u
Uy —'u_ulk“’z T
k-1 k  k+l Kk+2 eeeeee k+N-1 k+N k+N+1 7t

Fig.9 The design and implementation process of MPC includes three
steps
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. n> and only the first solution u; acts on the system. The
process is repeated at time k + 1. Therefore, in the MPC-
solving process, each step needs to solve an optimization
problem, which also shows that MPC has high requirements
for the controller. The purpose of feedback correction is to
prevent model failure or deviation of the controller from the
ideal state due to interference. For example, at time & + 1,
the feedback correction process will check the output of time
k + 1and correct the results predicted by the model through
the deviation.

In this section, the MPC attitude tracking control
algorithm of ATV with TAPS is solved by converting the
cost function of the control algorithm into the form of
quadratic programming. The general form of quadratic
programming (Bartlett et al., 2002) is as follows:

min (Z'QZ + C'Z) (23)

x(k + i|k) and u(k + i|k) are used to represent the values
of x and u at time k+i k+1 k+1 predicted at time &,
respectively. The predicted value of x(k) at time [k, k + N],
the predicted value of u(k) at time [k, k + N — 1], and the
value of w(k) at time [k, k + N — 1] are expressed by X(k),
U(k), and W(k), respectively, as:

x(k|k) u(k|k)
X(0) = wa”“,u&p: umtum
x(k + N|k) uk+N — 1]k)
w(klk) @4
W = w@fﬂm
w(k + N — 1]k)

For the discrete time system of ATV with the TAPS, the
reference value of the output is y,(k), so the output error of
the system can be expressed as:

E(k) =y (k) — y(k). (25)

According to the error, the actuator input, and the weight
can represent the cost function of the system as:

N—1

J =Y [E"()QE(K) + u’ (k + il)Ru(k + i|k)] 26)
i=0

+E7(k + N)SE(k + N)

The symmetric positive definite constant matrix Q, R,
and S are the weights of the error, input, and terminal error,
respectively.

According to the ATV with TAPS system mathematical
model, the predicted values of system state x at time k can
be expressed as:

@ Springer
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x(k|k) = x(k)
x(k + 1|k) = A x(k) + B u(k|k) + D, w(k)
>'<(k + NIk) = ANx(k) + AN'Bu(k|k)+, -+ - , 27

+Bu(k + N — 11k) + AY "D, w(k)+, -+ - ,
+D,wk + N —1).

According to (23), (26) can be expressed in matrix form
as follows:

X(k) = Mx(k) + OU(k) + NW(k) (28)
where
1 0 0 e 0
A B, 0 - 0
M=|"“[0=| AB, B, -~ :
A'N N s1 N E2 -0
d Ad_ Bd Ad_ Bd A Bd
0 0 - 0

D, 0 . 0
N=| A,D, D, :
: : ~ 0
Ag‘lDd Ag‘de - Dy,
According to (9) and (23), the cost function J of MPC
attitude tracking control can be simplified to:

PR J— J—
J = 3X7(k)C,QC X(k) - EJQC X(k) + ;E]QE,

il 29
+3UT ()RU(K). 29
where
[ C, Q
- _ oo
‘ c, |9 Q
| C, S
ya(k) R
k+1 | = .
E,=|Y : R= R
| Y,k +N) R

By substituting (27) into (28), the quadratic programming
form of the cost function can be obtained through
simplification as follows:

J=%W&mp®+QW@+Q~ (30)

where U(k) is solved based on the minimum of the quadratic
programming form of the cost function. According to the
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above analysis and the system state, Cq, C,, and C, can be
calculated as follows:

C,=0"C,QC,0 +R

C, = 2 ()M’ C,QC,0 + 2W' (kN'C,QC,0

_2E7QC,0

C, =x"(kM'C,Q [Ede(k) +2C,NW(k) — 2Ed]
+ W (HN'C,Q [EdNW(k) - 2Ed] +EQE,.

The MPC attitude tracking control algorithm is designed
in this section. The relevant simulation and test contents are
described in Sect. 4.

3.3 Comparison of the LQR and MPC Attitude
Tracking Control Algorithm in Theory

In the design of the ATV control algorithm, LQR can be
analyzed according to a discrete or continuous system, while
MPC is generally analyzed based on a discrete system. MPC
is solved by converting the cost function into a quadratic
programming problem, while LQR is solved by solving the
Riccati equation.

The MPC controller has rolling optimization. Each step
forward needs to solve an optimization problem within a
predicted period. The controller applies the first value of
the solution to the system. The LQR controller solves an
optimization problem in the entire control time domain
and inputs all the values of the solution into the system.
Therefore, compared with LQR, MPC has a large amount
of computation, poor real-time performance, and high
hardware costs. The differences in control effects between
these two controllers are analyzed in the following section.

Both MPC and LQR controllers can achieve attitude
tracking control with TAPS for linear systems. In addition,
both control algorithms can control multiple targets at the
same time. Both controllers need to solve the optimization
problem based on the minimum cost function, and the cost
function of both is similar.

4 Simulation and Test

Based on the above derivation and analysis, the LQR and
MPC attitude tracking control model is established in MAT-
LAB/Simulink, as shown in Fig. 10. In this section, through
simulation and real car test, the proposed attitude tracking
control algorithms are verified. In addition, the attitude
tracking control performance of the controller is also ana-
lyzed in the aspects of improving vehicle maneuverability,
passability, and ride comfort. In the simulation,

ydk! ydk
ydk

»xk U yk| -+ »yk

»wk
e

Full car model
Pavement

W »wk

Controller System output

Fig. 10 LQR and MPC attitude tracking control model in MATLAB/
Simulink

In the simulation, 11-DOF ATV simulation model, ATV
Simscape physical model and control algorithms are built in
the MATLAB/Simulink environment. The attitude control
algorithms are simulated and analyzed when the vehicle is
in the stationary state and movement state. When the vehicle
is in the movement state, three kinds of pavements are simu-
lated and analyzed, such as sinusoidal unilateral pavement,
sinusoidal pavement, and random pavement. The objectives
of attitude control include tracking control of vertical dis-
placement, roll angle, and pitch angle. In the test, the host
computer is connected to the ATV Controller Area Network
(CAN) bus via Kveser to control the ATV's TAPS and travel
system and read the attitude data via CAN signals. Due to
the restrictions of driving conditions, actuator travel, etc.,
the control algorithms are tested and analyzed according
to the vehicle on stationary state and driving on single-side
sinusoidal pavement. The control algorithms can multi-
target tracking control the pitch and roll angle. In addition,
the speed of the ATV is 1m/s in motion during simulation
and test.

4.1 Simulation and Comparative Analysis of the LQR
and MPC Algorithms

In this section, LQR and MPC attitude tracking control
algorithms are simulated and compared according to five
cases as follows:

(1) The LQR and MPC are simulated and compared when
the vehicle is in the stationary state.

(2) The LQR and MPC are simulated and compared on
the sinusoidal pavement.

(3) The LQR and MPC are simulated and compared on
the single-side sinusoidal pavement.

(4) The LQR and MPC are simulated and compared on
the C-class random pavement.

(5) The LQR and MPC are simulated and compared in
the Simcape.

The reference values for attitude tracking control are 0,
stable value, and dynamic sinusoidal value. Specifically, the
reference value of 0 is to make the changes of body attitude
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as stable and small as possible to improve the stability and
passability of the vehicle. The reference value of stable value
is the vehicle attitude change tracking to a definite non-zero
value. The reference value of dynamic sinusoidal value is
the vehicle attitude change tracking to a sinusoidal value.
Due to the limitation of actuator travel and the wheelbase
of the ATV being longer than the wheel track, the expected
stable values of the vertical displacement, pitch angle, and
roll angle are 0.05 m, 0.1 rad, and 0.2 rad, respectively. The
expected sinusoidal amplitudes of vertical displacement,
pitch angle, and roll angle are 0.05 m, 0.1 rad, and 0.2 rad,
respectively, and the period is 2 s.

When the vehicle is in stationary state, the reference
values for attitude tracking control simulation analysis
mainly include stable value and dynamic sinusoidal value.
When the vehicle is in movement state, the reference values
for attitude tracking control simulation analysis mainly
include 0, stable value, and dynamic sinusoidal value.

The simulation in Simcape focuses on the effect of
attitude control on lateral acceleration and roll angle.
The reference value of vehicle attitude tracking is 0. The
amplitude and period of the used sinusoidal road surface
are 0.05 m and 1 m, respectively. The rear wheels speed is
5 rad/s. The front wheels are driven wheels.

4.1.1 Simulation and Comparative Analysis of the LQR
and MPC Algorithms in the Stationary State

When the vehicle is in the stationary state and the reference
value of attitude tracking control is stable value, the simula-
tion results of the LQR and MPC are shown in Fig. 11. For
further evaluating the performance of the control algorithms,
the stability, overshoot, and stability time values are inves-
tigated, as shown in Table 2. As can be seen, both the LQR
and MPC can effectively track the vertical displacement,
roll angle, and pitch angle to a quantitative value. Specifi-
cally, the LQR controller is less computationally intensive
and prone to overshooting due to the lack of aspects such as

0.40 0.07
—— LQR Vertical displacement MPC Vertical displacement|
0.35 ——LQR Roll angle ~———MPC Roll angle 0.06
——LQR Pitch angle MPC Pitch angle g
— = Refe i — -R angle =
LEu ) ———-— ————— 0.05 §
<025 g
£ 0.04
%J) 0.20 é.
< 0.03 5
<0.15 =
Q
L0 T T —— 0.02 E
0.05 0.01 >
I
0.00+ 0.00
0 1 2 3
Time/s

Fig. 11 Simulation results of the LQR and MPC for tracking stable
value in the stationary state
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Table 2 Simulation results of stability value, overshoot, and stability
time under LQR and MPC control for tracking stable value in the sta-
tionary state

Parameter Stability value Overshoot (%) Stability
time (s)

Under the LQR Control

Dy 0.05 m 8.52 0.22

Ag 0.2 rad 3.8 0.19

Ap 0.1 rad 3.75 0.2
Under the MPC Control

Dy, 0.05m 442 0.25

Ag 0.2 rad 4.39 0.24

Ap 0.1 rad 4.55 0.44

where, Dy, Ag, and Ap are vertical displacement, roll angle, and pitch
angle, respectively.

rolling optimisation and prediction. The LQR has a better
effect than the MPC in terms of reaction speed, but in terms
of overshoot of vertical displacement tracking control, the
value under MPC control is smaller than that of LQR. Due
to the small amount of calculation of the LQR, when the
ATV is in the stationary state, the LQR is slightly better
than the MPC in quantitative value attitude tracking control
simulation.

When the vehicle is in the stationary state and the refer-
ence value of attitude tracking control is dynamic sinusoi-
dal value, the simulation results of the LQR and MPC are
shown in Fig. 12. For further evaluating the performances
of the control algorithms, sinusoidal curves are fitted out
on the body attitude curve. The performances of the LQR
and MPC attitude tracking control algorithms are analyzed
and compared according to the amplitude, phase, and period
of the fitted curve. In addition, the sum of squares due to
error (SSE) is closer to 0, indicating better curve fitting.
Where the sinusoidal fitting (Renczes, 2017) formula as:
y = Asin(wx + @), where A and o are the amplitude and
angular frequency, which represent the amplitude and

0.6 0.09
[ LQR Vertical displacement — — MPC Vertical displacement
=———LQR Roll angle = =MPC Roll angle
{=——LQR Pitch angle MPC Pitch angle
041 L Refe i - = = Reference angle 0.06 g
T 02 \ 0.03 8
) i\ S
) 7@\ &
Z o0 \ 0.00 S
\ =
2
=
-0.2 *0.03§
-0.4 —0.06
0 1 2 3 7 8 9 10

4 .5 6
Time/s

Fig. 12 Simulation results of the LQR and MPC for tracking dynamic
sinusoidal value in the stationary state
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Table 3 Fitting results of attitude curves under the LQR and MPC
control for tracking dynamic sinusoidal value in the stationary state

Parameter A 17 0] SSE
Under the LQR Control
Dy 0.0499m -0.03276 = 2.70%x107°
Ag 0.2 rad -0.04278 = 9.48x 107
Ap 0.09rad -0.04612 = 4.52x107°
Under the MPC Control
Dy 0.05 m -0.0757 2.05%x107°
Ag 0.2 rad -0.05527 = 1.76x 107
Ap 0.1 rad —-0.07395 7.78%107°
0.20

—— LQR Vertical displacement
= LQR Pitch angle
Passive Vertical displ

———MPC Vertical displacement| {0.06
MPC Pitch angle
Passive Pitch angle

Vertical displacement/m

Time/s

Fig. 13 Simulation results of the LQR and MPC for tracking to 0 on
the sinusoidal pavement

frequency of the vibration of the sinusoidal curve. @ is the
initial phase, which represents the lead or lag of the sinu-
soidal curve.

When LQR and MPC attitude tracking control algorithms
based on ATV with TAPS are analyzed and compared, the
reference curves of the body vertical displacement, roll
angle, and pitch angle are as follows:y, = 0.05sin(x?),
y, = 0.2sin(x1), y, = 0.1sin(x?).

Therefore, the parameters of the sinusoidal fitting curve
under the control of the control algorithms are shown in
Table 3. According to Fig. 12 and Table 3, the designed

control algorithms can effectively track the sinusoidal curves
of the ATV in the stationary state. The vibration amplitude
and SSE under MPC are slightly better than LQR, but MPC
has slightly more lag than LQR. When the system has no
pavement disturbance, the performance of the two control
algorithms is similar.

4.1.2 Simulation and Comparative Analysis of the LQR
and MPC Algorithms on the Sinusoidal Pavement

When the vehicle is driving on the sinusoidal pavement and
the reference value is 0, the simulation results of LQR and
MPC are shown in Fig. 13. Due to the frequency response
characteristics (Gao & Han, 2022), when vehicle drives at
a constant speed on the sinusoidal pavement, the vibration
response of the body attitude also changes sinusoidally.
Therefore, the sinusoidal curve fitting is also used for analy-
sis and comparison of the LQR and MPC on the sinusoidal
pavement. The attitude curves under LQR and MPC control
on the sinusoidal pavement are fitted, as shown in Table 4.
According to the above analysis and calculation, the SSE
of the fitted curve is very close to 0, therefore, the fitted
sine curve is very close to the response curve. The reduc-
tion ratios of vibration amplitudes of vertical displacement
and pitch angle are 89.4% and 41.5%, respectively, under
LQR control. The reduction ratios of vibration amplitudes of
vertical displacement and pitch angle are 93.2% and 92.5%,
respectively, under MPC control. Therefore, the results show
that the designed control algorithms can effectively improve
ride comfort and attitude stability of the vehicle subjected
to continuous sinusoidal pavement disturbances. In addition,
the reduction effect of vertical displacement is better than
that of pitch angle. The reduction effects of the MPC attitude
algorithm are generally better than those of the LQR control
algorithm, and MPC has large lead control. It also shows that
vertical control is more stable, and MPC has stronger anti-
jamming ability. On the other hand, the designed attitude
algorithms do not change the vibration frequency of ATV

Table 4 Fitting results of

. Parameter A @ 0] SSE Reduction
attitude curves under the LQR Ratio of A
and MPC control for tracking to
0 on the sinusoidal pavement Under the Passive State

Dy, 0.0379 m -0.01878 8.377 2.23%x1077 -

Ap 0.0596 rad —0.05042 8.377 9.17x107° -
Under the LQR Control

Dy, 0.0040 m 0.001671 8.377 7.02x1077 89.4%

Ap 0.0349 rad —0.1091 8.377 1.62x107° 41.5%
Under the MPC Control

Dy, 0.0026 m 1.387 8.377 2.63x107° 93.2%

Ap 0.0045 rad 1.373 8.377 4.94%107° 92.5%
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Fig. 14 Simulation results of the LQR and MPC for tracking stable
value on the sinusoidal pavement
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Fig. 15 Simulation results of LQR and MPC for tracking dynamic
sinusoidal value on the sinusoidal pavement

under sinusoidal pavement excitation, compared with the
passive state.

When the vehicle is driving on the sinusoidal pavement
and the reference value is stable value, the simulation results
of LQR and MPC attitude tracking control algorithms are
shown in Fig. 14. The tracking control performance of verti-
cal displacement and pitch angle under MPC control is better
than that under LQR control. The tracking control perfor-
mance of roll angle under LQR control is slightly better than
that under MPC control. It also shows that the MPC atti-
tude tracking control algorithm has strong anti-interference
performance. In addition, the tracking control effect of roll
angle is better than that of other parameters, because the left
and right wheels are under the same excitation.

When the vehicle is driving on the sinusoidal pavement
and the reference value is dynamic sinusoidal value, the sim-
ulation results of the LQR and MPC attitude tracking control
algorithms are shown in Fig. 15. The attitude curves under
LQR and MPC control on the sinusoidal pavement are fitted,
as shown in Table 5. The designed LQR and MPC control
algorithms can effectively track the sine curves of the ATV
on sinusoidal pavement. The vibration amplitude and SSE
under MPC tracking control are slightly better than LQR.

@ Springer

Table 5 Fitting results of attitude curves under the LQR and MPC
control for tracking dynamic sinusoidal value on the sinusoidal pave-
ment

Parameter A @ [0} SSE
Under the LQR Control
Dy, 0.04992 m  0.00092 b4 8.2x107
Ap 0.1001 rad -0.01919 0.611
Under the MPC Control
Dy 0.04998 m -0.07638 =« 53x107*
Ap 0.1 rad -0.0726 9.2x1073
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Fig. 16 Simulation results of the LQR and MPC for tracking to 0 on
the single-side sinusoidal pavement

It also shows that the tracking control effect of pitch angle
under LQR control is slightly poor, and its SSE is larger.

4.1.3 Simulation and Comparative Analysis of the LQR
and MPC Algorithms on the Single-Side Sinusoidal
pavement

When the vehicle is driving on the single-side sinusoidal
pavement and the reference value is 0, the simulation results
of the control algorithms are shown in Fig. 16. The mean
value of the attitude change of the body might not be 0, but it
still vibrates with the vibration of the single-side sinusoidal
pavement. Therefore, the fitting equation of the simulation
curve under the active and passive state can be expressed
as: y = Asin(wx + @) + d, where d is the mean value of the
fitted curve.

The body attitude curves in Fig. 16 are fitted based on
the above formula. The attitude curves under LQR and
MPC control on the single-side sinusoidal pavement are
fitted, as shown in Table 6, and the reduction ratios of
vibration amplitudes under MPC and LQR control are
shown in Table 7. According to the above analysis and
calculation, the SSE of the fitted curve is very close to 0,
therefore, the fitted curves are very close to the response
curve. The mean values of vertical displacement and roll
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Table 6 Fitting results of

: Parameter A 7 [0} d SSE
attitude curves under the LQR
and MPC control for tracking to Passive State
g;ﬁi’;ﬁmgle'“de sinusoidal Dy 0.0189 m 0002544 8377  0.0403m 1.205% 10
Ag 0.029 rad -0.0906 8.377 0.0672 rad 2.507x 107
Ap 0.0298 rad 0.05423  8.377 5.6x10™ rad 3.153x 107
Under the LQR Control
Dy 0.00205 m 0.02315 8.377 0.005m 1.455%10°°
Ag 0.0203 rad -0.1548 8.377 0.0488 rad 1.113x10™
Ap 0.0179 rad -0.0064 8.377 3.3x107*rad 1.069x 107
Under the MPC Control
Dy 0.00129 m 1.409 8.377 1.75%107 m 3.046x 1077
Ag 0.0057 rad 1.245 8.377 9.1x 107 rad 8.201x 107
Ap 0.0056 rad 1.391 8.377 7.7%107° rad 5.837x107°
Table 7 Reduction ratios of vibration amplitudes under the LQR and ——LQR Vertical displacement — MPC Vertical
MPC control for tracking to 0 on the single-side sinusoidal pavement 0.5 :Eg:,i ';ﬁih;:f%fc _]E‘{:E ‘;ﬁlﬁ‘f%f 008
Parameter Reduction Ratio Reduction Ratio ) ) T‘j
Hyn)der LQR Control (L(I;)der LQR Control —§ 0.06 g
(4 (g E B —_—
] 0.04 ‘—g
Vibration amplitudes <o. 3
Dy, 89.2 93.2 k=
Ag 30.1 80.3 40.02.9
Ap 39.8 81.2 0.00

angle are optimized by 87.6% and 27.4%, respectively,
under LQR control. But the mean values of vertical dis-
placement and roll angle are controlled to be close to 0
under MPC control, and MPC has large lead control. As
shown in Table 7, the reduction ratios of vibration ampli-
tudes of vertical displacement roll angle, and pitch angle
are 89.2%, 30.1%, and 39.8%, respectively, under LQR
control. The reduction ratios of vibration amplitudes
of vertical displacement roll angle, and pitch angle are
93.2%, 80.3%, and 81.2%, respectively, under MPC con-
trol. Therefore, the results show that the designed control
algorithms can effectively improve ride comfort and atti-
tude stability of the vehicle dealing with single-side sinu-
soidal pavement disturbance, and the MPC control effect
is more obvious.

When the vehicle is driving on the single-side sinusoidal
pavement and the reference value is stable value, the simula-
tion results of LQR and MPC attitude tracking control algo-
rithms are shown in Fig. 17. The body attitude under LQR
control has a slight deviation from the reference value. The
attitude vibration amplitude under MPC control is smaller
than that under LQR control. The tracking control effects of
vertical displacement, roll angle, and pitch angle under MPC
control are better than those under LQR control.

Time/s

Fig. 17 Simulation results of the LQR and MPC for tracking stable
value on the single-side sinusoidal pavement
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Fig. 18 Simulation results of the LQR and MPC for tracking dynamic
sinusoidal value on the single-side sinusoidal pavement

When the vehicle is driving on the single-side sinusoi-
dal pavement and the reference value is dynamic sinusoidal
value, the simulation results of LQR and MPC attitude track-
ing control algorithms are shown in Fig. 18. The attitude
curves under LQR and MPC control are fitted, as shown
in Table 8. The designed LQR and MPC attitude tracking
control algorithms can effectively track the sine curves of the
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Table 8 Fitting results of attitude curves under the LQR and MPC
control for tracking dynamic sinusoidal value on the single-side sinu-
soidal pavement

Parameter A 7 o SSE
Under the LQR Control
Dy, 0.04997m -0.02789 =  0.0256
Ag 0.1996rad -0.05191 =  0.2512
Ap 0.0998 rad -0.03787 =  0.1529
Under the MPC Control
Dy 0.04999m -0.07636 ©  5.314x10™*
Ag 0.2 rad -0.05528 = 1.825x 107
Ap 0.1 rad -0.0726 9.23%x 1073
0.20
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Fig. 19 Simulation results of the LQR and MPC for tracking to 0 on
the C-class random pavement

ATV on the single-side sinusoidal pavement. The vibration
amplitude and SSE under MPC tracking control are better
than LQR.

4.1.4 Simulation and Comparative Analysis of the LQR
and MPC Algorithms on the C-Class Random
Pavement

When the vehicle is driving on the C-class random pave-
ment and the reference value is 0, the simulation results of
the control algorithms are shown in Fig. 19. Since the body
attitude vibration is relatively random when the ATV driv-
ing on the C-class random pavement, the root means square
(RMS) value of the body attitude is used in the analysis and
comparison of the control effect. The RMS values are inves-
tigated, as shown in Table 9. The reduction ratios of RMS
values of vertical displacement and pitch angle are 87.3%
and 32%, respectively, under LQR control. The reduction
ratios of vibration amplitudes of vertical displacement roll
angle and pitch angle are 98% and 87.7%, respectively, under
MPC control. Therefore, the results show that the designed
control algorithms can effectively improve ride comfort
and attitude stability of the vehicle dealing with single-side
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Table 9 Simulation results of RMS values of the LQR and MPC for
tracking to 0 on the C-Class Random Pavement

Parameter RMS value Reduction ratio
Passive State
Dy 0.0268 m -
Ap 0.0122 rad -
Under the LQR Control
Dy 0.0034 m 87.3%
Ap 0.0083 rad 32%
Under the MPC Control
Dy 3.8x10™*m 98%
Ap 0.0015 rad 87.7%
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Fig.20 Simulation results of the LQR and MPC for tracking stable
value on the C-class random pavement

sinusoidal pavement disturbance, and the MPC control effect
is more obvious. It also shows that the MPC attitude control
algorithm has strong anti-interference performance.

When the vehicle is driving on the C-class random pave-
ment and the reference value is stable value, the simulation
results of LQR and MPC attitude tracking control algorithms
are shown in Fig. 20. The tracking control performances of
vertical displacement and pitch angle under MPC control are
better than those under LQR control. The tracking control
effect of roll angle under LQR control is slightly better than
that under MPC control. It also shows that the MPC atti-
tude tracking control algorithm has strong anti-interference
performance. In addition, the tracking control effect of roll
angle is better than that of other parameters, because the left
and right wheels are under the same excitation.

When the vehicle is driving on the C-class random pave-
ment and the reference value is dynamic sinusoidal value,
the simulation results of LQR and MPC attitude tracking
control algorithms are shown in Fig. 21. The attitude curves
under LQR and MPC control on the C-class random pave-
ment are fitted, as shown in Table 10. The designed LQR
and MPC attitude tracking control algorithms can effectively
track the sine curves of the ATV on the C-class random
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Fig.21 Simulation results of the LQR and MPC for tracking dynamic
sinusoidal value on the C-class random pavement

Table 10 Fitting results of attitude curves under the LQR and MPC
for tracking dynamic sinusoidal value on the C-class random pave-
ment

Parameter A @ 0] SSE
Under the LQR Control
Dy, 0.05019m  0.0412 T 0.01136
Ap 0.0957rad -0.06278 0.0586
Under the MPC Control
Dy 0.05002m -0.07642 n  1.1x10™
Ap 0.1001 rad -0.1116 = 2.5%x1073

pavement. The vibration amplitude and SSE under MPC
tracking control are better than LQR.

4.1.5 Simulation and Comparative Analysis of the LQR
and MPC Algorithms in Simscape

When the vehicle is driving on the sinusoidal pavement in
Simscape and the reference value is 0, the simulation results
of the LQR and MPC are shown in Fig. 22. The peak values
and RMS values are investigated, as shown in Table 11. The
tracking control effect of roll angle under MPC control is
better than that under LQR control. The body attitude con-
trol can effectively improve lateral stability. The effect of
body attitude under MPC control on peak lateral acceleration
is better than that under LQR control. But the RMS value
of lateral acceleration under LQR control is slightly better.
According to the above analysis and calculation, the
designed attitude tracking control algorithms can all
effectively suppress the amplitude of vertical displacement,
roll angle and pitch angle. Attitude control also has a
positive effect on lateral acceleration performance. The
stability and ride comfort of the vehicle under attitude
control is improved. In addition, the designed attitude
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(a) The roll angle simulation results of the attitude
tracking control.
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Fig.22 Simulation results of the LQR and MPC algorithms in Sim-
scape

tracking control algorithm can effectively track to a certain
value or sinusoidal curve. Overall, the MPC attitude
tracking control algorithm is slightly better compared to
the LQR.

4.2 Test and Comparative Analysis of the LQR
and MPC Algorithms

Due to the limited test conditions, the proposed LQR and
MPC attitude tracking control algorithms are verified and
analyzed according to the ATV in the stationary state and
driving on single-side sinusoidal pavement, as shown in
Fig. 23. When the vehicle is in stationary state, the ref-
erence values for attitude tracking control test analysis
mainly include stable value and dynamic sinusoidal value.
When the real car is driving on the single-side sinusoidal
pavement, the reference values mainly include 0, stable
value, and dynamic sinusoidal value. In addition, the speed
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Table 11 Simulation results of

Parameter Peak value Reduction ratio RMS value Reduction ratio
peak values and RMS values
under the LQR and MPC Passive State
control Ag 0.0016 - 73283x10% -
L, 1.3573 - 0.2608 -
Under the LQR Control
Ag 7.0566x 107 55.90% 2.8505% 107 61.10%
L, 1.2219 9.98% 0.1478 43.33%
Under the MPC Control
Ag 6.1541x 107 61.54% 1.3936x 107 80.98%
L, 1.0336 23.85% 0.1516 41.87%

where, L, is lateral acceleration

Fig. 23 The test of ATV with TAPS driving on the single-side sinu-
soidal pavement

0.125
0.100
= 0.075
g
=
3
200.050
<
0.025 = LQR Roll angle (0.05rad) ———MPC Roll angle (0.05rad)
= LQR Roll angle (0.1rad) ———MPC Roll angle (0.1rad)
= LQR Pitch angle (0.05rad) MPC Pitch angle (0.05rad),
0.000 ——LQR Pithc angle (0.1rad) ———MPC Pitch angle (0.1rad)
: (— =Reference
0 1 2 3 4 5
Time/s

Fig. 24 Test results of the LQR and MPC for tracking stable value in
the stationary state

of the actuator is controlled within a certain range to make
the attitude tracking control more stable and effective.

4.2.1 Test and Comparative Analysis of the LQR and MPC
Algorithms in the Stationary State

Due to the limitation of experimental conditions and actua-
tor travel, in attitude tracking control reference value as sta-
ble value, the tracking angle of the pitch angles are 0.05 and
0.1 rad, and the tracking angles of the roll angle are 0.05 and
0.1 rad. A certain value is tracked at 1 s for body attitude.
When the vehicle is in the stationary state and the reference
value of attitude tracking control is stable value, the track-
ing control test results of LQR and MPC attitude tracking
control algorithms are shown in Fig. 24. The stability, over-
shoot, and stability time values are investigated, as shown in
Table 12. The fluctuation of parameters is due to measure-
ment and equipment errors. Due to the delay and limitations
of the actuator, the stabilization time is much higher than
that of the simulation. The experiment mainly reflects the
results under a variety of constraints. According to the above
calculation and analysis, the proposed MPC attitude track-
ing control algorithm has a smaller overshoot and shorter
stability time than LQR in attitude tracking control reference

Table 12 Test results of

. Parameter Tracking value Stability value (rad) Overshoot (%) Stability
stab}l#y v.alue, overshoot, and (rad) TIME (s)
stability time under the LQR
and MPC cqntrol for tfacking Under the LQR control
2::';}6 value in the stationary Ay 0.05 0.05131 36.14 1.86

Ap 0.05 0.05096 29.16 1.86
Ag 0.1 0.1021 16.76 2.48
Ap 0.1 0.10175 18 2.16
Under the MPC control
Ag 0.05 0.05149 6.12 1.56
Ap 0.05 0.0515 10.4 1.85
Ag 0.1 0.103 8.91 1.96
Ap 0.1 0.10315 10.48 1.77
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Time/s

Fig. 25 Test results of the LQR and MPC for tracking dynamic sinu-
soidal value in the stationary state

Table 13 Fitting test results of attitude curves under the LQR and
MPC control for tracking dynamic sinusoidal value in the stationary
state

Parameter A (rad) @ @ SSE
Under the LQR control
Ag 0.0768 -2.024 3142 0.0082
Ap 0.0656 -1.984  3.139 0.0048
Under the MPC control
Ag 0.0761 -1.499  3.129 0.0445
Ap 0.0652 -1.567 3.144 0.0191

value as stable value. On the contrary, the LQR has better
performance at stable values.

When the vehicle is in the stationary state and the refer-
ence value of attitude tracking control is dynamic sinusoidal
value, the tracking control period T of roll angle and pitch
angle in the test is 2 s, and the amplitude is 0.1 rad. The
tracking control test results of LQR and MPC attitude track-
ing control algorithms are shown in Fig. 25. The attitude
curves under LQR and MPC control are fitted, as shown in
Table 13. According to the above analysis and calculation,
the vibration amplitude of the sinusoidal fitting curve under
the LQR attitude tracking control of body attitude is slightly
better than that under the MPC attitude tracking control of
body attitude. In addition, the control curves have a lag of
about 0.5 s, and the lag of LQR tracking results is larger than
that of MPC. The tracking control of roll angle is slightly
better than that of pitch angle, due to the wheelbase of the
vehicle being longer than the wheel track.

When the tracking period T'is 2 s, and the tracking angle
is 0.1 rad, the designed control algorithms cannot make the
body attitude reach the tracking angle, indicating that the
tracking speed has exceeded the ultimate speed of the actua-
tor. Therefore, the tracking angle of the car body attitude is
reduced for tracking, and the tracking angle after reduction

0.075 = LQR Roll angle (0.05rad) MPC Roll angle (0.05rad)
= LQR Pitch angle (0.05rad) = MPC Pitch angle (0.05rad)
Reference
0.050
=]
g 0.025
2
Z 0.000
<V
—0.025
—0.050
0 2 4 6 8 10
Time/s

Fig.26 Reduced tracking angle test results of the LQR and MPC for
tracking dynamic sinusoidal value in the stationary state

Table 14 Fitting test results of tracking curves under the LQR and
MPC control for tracking dynamic sinusoidal value in the stationary
state

Parameter A (rad) @ ® SSE
Under the LQR control
Ag 0.0516  —0.4034 1.0x107°
Ap 0.0497 -0.3267 43x107*
Under the MPC control
Ag 0.0428  —0.8649 1.1x107
Ap 0.0391 -0.8289 7.7x107

is 0.05 rad. The test results are shown in Fig. 26. The attitude
curves are fitted, as shown in Table 14. According to the
above analysis and calculation, both the LQR and MPC con-
trol algorithms can effectively track the sinusoidal curve, and
the attitude under the LQR tracking control has better perfor-
mance. The lag in tracking performance is less than before.
The vibration amplitude of the sinusoidal fitting curve under
the LQR control is better than that under the MPC control.

4.2.2 Test and Comparative Analysis of the LQR and MPC
Algorithms on the Single-Side Sinusoidal Pavement

When the vehicle is driving on the single-side sinusoidal
pavement and the reference value of attitude tracking con-
trol is 0, the body attitude tracking control test result of the
control algorithms are shown in Fig. 27. The vibration of
the body's attitude is relatively random. The RMS values are
investigated, as shown in Table 15. According to the above
analysis and calculation, the reduction ratios of RMS value
of roll angle and pitch angle are 58.2% and 39.8%, respec-
tively, under LQR control. The reduction ratios of RMS
value of roll angle and pitch angle are 59.7% and 41.1%,
respectively, under MPC control. The results show that the
designed control algorithms can effectively improve ride
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(b) The pitch angle test results of the attitude tracking
control.

Fig. 27 The test results of the LQR and MPC for tracking to O on the
single-side sinusoidal pavement

Table 15 Test results of RMS values under the LQR and MPC for
tracking to O on the single-side sinusoidal pavement

Parameter RMS value (rad) Reduction ratio

Passive state

Ag 0.0486 -

Ap 0.0314 -
Under the LQR Control

Ag 0.0203 58.2%

Ap 0.0189 39.8%
Under the MPC Control

A 0.0196 59.7%

Ap 0.0185 41.1%

comfort and attitude stability of the vehicle dealing with
single-side sinusoidal pavement disturbance, and the MPC
control effect is slightly better.

When the vehicle is driving on the single-side sinusoi-
dal pavement, due to structural and actuator speed limita-
tions, the roll and pitch angles are tracked at 0.05 rad. The
reference value as stable value test results of LQR and

@ Springer

Time/s
(b) The pitch angle test results of the attitude tracking
control.

Fig. 28 Test results of the LQR and MPC for tracking stable value on
the single-side sinusoidal pavement

Table 16 Test results of RMS values under the LQR and MPC for
tracking stable value on the single-side sinusoidal pavement

Parameter RMS value (rad)

Tracking attitude

Ap 0.05

Ap 0.05
Under the LQR control

Ap 0.0552

Ap 0.056
Under the MPC control

Ag 0.0546

Ap 0.0557

MPC attitude tracking control are shown in Fig. 28. The
RMS values are investigated, as shown in Table 16. The
test performance is lower than the simulation performance.
The MPC attitude tracking control algorithm has slightly
better performance than LQR.

When the vehicle is driving on the single-side sinusoidal
pavement and the reference value of attitude tracking control
is dynamic sinusoidal value, the tracking control test results
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Fig.29 Test results of the LQR and MPC for tracking dynamic sinu-
soidal value on the single-side sinusoidal pavement

Table 17 Fitting test results of attitude curves on the single-side sinu-
soidal pavement

Parameter A (rad) @ w SSE
Under the LQR control
Ap 0.0396 -1.325 3.147 1.512
Ap 0.05332 -1.137 3.14 1.1386
Under the MPC control
Ag 0.03996 -0.97 3.154  0.5072
Ap 0.04066 -0.9435 3.149 0493

Table 18 RMSE and cosine similarity values of attitude curves on the
single-side sinusoidal pavement

Parameter RMSE value Cosine similarity
Under the LQR control

AR 0.0507 0.1797

Ap 0.0488 0.3295
Under the MPC control

Ag 0.0339 0.5239

Ap 0.0339 0.5266

of LQR and MPC attitude tracking control algorithms are
shown in Fig. 29. The attitude curves under LQR and MPC
control are fitted, as shown in Table 17. The SSE value and
tracking lag of the body attitude fitting curve under MPC
control are smaller than that under LQR control. However,
the vibration amplitude has an error of about 20%. The root
mean squared error (RMSE) and cosine similarity (Ye et al.,
2020) are further introduced to analyze the effect of attitude
tracking control. The RMSE and cosine similarity values are
investigated, as shown in Table 18. The RMSE value of body
attitude curve under MPC control are smaller than that under
LQR control, and the cosine similarity are better than that

under LQR control. Therefore, the tracking control of body
attitude under MPC control is more effective.

According to the above analysis and calculation, the
performance in the experiment is lower than that in the
simulation environment. Considering the difference
between the linear model and the real vehicle, actuator
response time delay, and factors such as wear and tear,
it makes sense for there to be a difference between the
simulation and the real vehicle tests, but the improved
trend is consistent. It fully explains the positive
performance of the proposed attitude control system in
improving vehicle attitude stability and ride comfort. In
addition, the effect of attitude tracking control is also
positive, which has a certain basis for further research
of attitude control in more complex conditions such as
steering and braking.

5 Conclusion

To improve the attitude stability and ride comfort of the
ATYV, the dynamics model of the full car with 11-DOF
is established based on the Newton—Euler equation. The
Simscape kinematic model is developed considering the
ATV structural nonlinearity. According to the full car
mathematical model, the LQR and MPC attitude tracking
control algorithms are designed, and the two tracking
control algorithms are theoretically compared.

In simulation and test, the methods of the fitting curve
and cosine similarity are introduced to analyze the attitude
tracking effect in this paper. In the simulation environment,
the LQR and MPC attitude tracking control algorithms
reduce the body attitude change by at least 30% and 80%,
respectively, when the body attitude is suppressed. The
lateral acceleration is reduced by 43.33% and 41.87%
under LQR and MPC control, respectively. During the
test, the body attitude change is reduced by at least 39%
and 41%, respectively. In terms of tracking control effect,
the two attitude tracking control algorithms are compared.
In addition, simulation and experiment results show that
the designed tracking control algorithms can make the
body attitude track a certain attitude or various sinusoidal
curves, which reflects the transient and steady-state
response characteristics of the tracking control algorithms
and illustrates the effectiveness of the designed attitude
tracking control algorithm. Finally, the proposed tracking
controllers can effectively follow the desired attitude input
and have great potential on the improvement of attitude
stability and ride comfort in harsh pavement.
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