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ABSTRACT−By solving driver’s optimal handling input, this paper presents a novel Lane Changing Assistance System

(LCAS) which can provide guidance for driver’s lane changing behavior. In addition, vehicle handling inverse dynamics

method is proposed to solve driver’s optimal handling input. Firstly, to recognize driver’s lane changing intention and decrease

the false alarm rate of LCAS, a lane changing intention recognition model is established. Secondly, the handling inverse

dynamics model is established; and then the inverse dynamics problem is converted into the optimal control problem. Finally,

the optimal control problem is converted into a nonlinear programming problem based on GPM; then sequential quadratic

programming (SQP) is applied to get the solution. The direct collocation method (DCM) is used as the contrast verification

of GPM. The simulation results show that the driver’s optimal handling input can be obtained according to driver’s lane

changing intention in the proposed LCAS; and GPM has higher computational accuracy compared with DCM. This method

may provide a reference for the research of LCAS and unmanned vehicles. 

KEY WORDS : Lane changing assistance, Lane changing intention, Handling inverse dynamics, Minimum time handling

input

NOMENCLATURE

c : penalty coefficient

g : kernel function parameter

ωr : yaw rate, deg−1

v : lateral velocity, m·s−1

u : longitudinal velocity, m·s−1

m : vehicle total mass, kg

Fyf : cornering force of the front wheel, N

δ : steering angle of the front wheel, deg

δsw : steering wheel angle, deg

δr : steering wheel angle rate, deg−1

Fyr : cornering force of the rear wheel, N

Iz : rotational inertia around vertical axis, kg·m2

Fxr : braking force, N

Fxf : driving / braking force of the front wheel, N

θ : course angle, deg

a : distance from mass center to front axle, m

b : distance from mass center to rear axle, m

Ff : rolling resistance, N

Fw : air resistance, N

CD : air resistance coefficient

A : frontal area, m2

ϕ : road adhesion coefficient

Fzf : vertical force of the front wheel, N

Fzr : vertical force of the rear wheel, N

g0 : gravity acceleration, m·s−2

k1 : synthesized stiffness of front wheel, N·rad−1

k2 : synthesized stiffness of rear wheel, N·rad−1

hg : centroid height, m

i : steering gear ratio

t0 : initial time, s

te : terminal time, s

ay : lateral acceleration, m·s−2

1. INTRODUCTION

As a typical driving behavior, lane changing can not be

avoided. According to statistics, 4 % ~ 10 % traffic

accidents were related to improper lane changing behavior.

About 75 % of them were caused by human factors.

Although the mortality caused by lane changing was

relatively low, lane changing conflicts were responsible for

10 % of all crash-caused traffic delays (Chovan et al.,

1994). In 2015, about 451000 vehicles were involved in

injury crashes during lane changing and merging in the

United States (NHTSA, 2017). The safety of lane changing

is the key problem. Advanced driver assistance system

(ADAS), which is devoted to improve safety and riding

comfort, has been receiving increasingly more attention in*Corresponding author. e-mail: yqzhao@nuaa.edu.cn
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recent years (Guo et al., 2016). As an important part of

ADAS, the development of Lane Changing Assistance

System (LCAS) can reduce the potential risk in the process

of lane changing. Therefore, it is of great practical

significance and theoretical research value to carry out

research on LCAS.

For decades, researchers have been studying on lane

changing. In 1986, the framework of lane changing

decision making was established (Gipps, 1986). On this

basis, many classic lane changing models were proposed.

Such as MITSIM (Yang and Koutsopoulos, 1996), MRS

(Zhang et al., 1998), SITRAS (Hidas, 2002), CORSIM

(Yang and Zhou, 2004) and minimum safety spacing model

(Jula et al., 2000). Based on theses models, lane changing

warning systems were established. HLCA system (Ruder et

al., 2002), LCA/BSD system (Stein et al., 2000) and ELA

system (Eidehall et al., 2005) are three typical lane

changing warning systems. The above systems usually use

the turn signals as the start signal for lane changing.

However, in the United States, the turn signal usage rate

was approximately 44 % (Lee et al., 2004). And in China,

the turn signal usage rate was less than 40 % (Dang et al.,

2013). Low opening rate will increase the false alarm rate

in practical application. Thus, the reliability of LCAS will

be reduced. 

In recent years, the accuracy of the driver's intention

recognition model has been continuously improved (Berndt

and Dietmayer, 2009; Doga et al., 2011; Gadepally et al.,

2014; Li et al., 2016; Mccall et al., 2007; Zong et al.,

2009). In order to reduce the false alarm rate of ADAS,

researchers have been studying on the combination of

ADAS and driver’s intention recognition model (Xia et al.,

2017; Xiong et al., 2016). The Vision Sense system,

developed by the AIDA research center of Twente

University in Holland, established a two-step safety early

warning algorithm to ensure the real-time warning during

lane changing process. That is, recognize the lane changing

intention first; then estimate the risk of lane changing (Van

Dijck and Van Der Heijden, 2005). Hou et al. (2014)

established a LCAS, which integrate the minimum risk

bayesian classification and decision tree model to classify

and recognize the behavior of vehicles at the next moment.

The extensive studies indicate that the combination of

LCAS and driver’s intention recognition model can

effectively decrease the false alarm rate of LCAS. However,

previous studies mainly focused on lane changing warning.

The driver’s handling input were not considered. Because

of driver’s improper handling input, the traffic accidents

may occurred even if the lane changing environment is

safe. This is not conducive to the safety of lane changing.

In order to compensate for the shortcomings of the

existing LCAS, a novel LCAS which can provide handling

guidance for the driver is established by solving the driver's

optimal lane changing handling input. Usually, the driver-

vehicle-road closed loop system is used to solve the

driver’s handling input problem (Cole, 2012; Guo, 1984;

Guo et al., 2012, 2018b, 2018c; Na and Cole, 2016).

Considering the different steering parameters, Wang et al.

(2017) proposed a gain-scheduling, robust, shared steering

controller to help the driver track the reference trajectory.

Simulation results show that the controller can reduce

driver’s steering delay time of the driver-vehicle system in

emergent maneuvers,especially for the inexperienced

drivers. Guo et al. (2018a) produced a collision-free

trajectory using modified artificial potential field approach,

and an adaptive neural network-based backstepping

tracking control method was proposed to deal with the

characteristics of coupled and parameter uncertainties for

autonomous vehicles, the results show that the proposed

method has excellent tracking performance. The above

methods can be regarded as “positive problem” in vehicle

handling dynamics. In contrast to the “positive problem”,

the research approach of vehicle handling inverse

dynamics is to obtain the driver’s handling input under the

condition that the vehicle model and the motion state are

known; and then analyze what kind of manipulation is the

most acceptable, safest and fastest for most drivers (Wang

et al., 2014). Bernard and Pickelmann (1986) presented a

nonlinear inverse model of a vehicle which simulates

combined steering and braking/driving, the results show

that the inverse method is useful in solving the problem of

path tracking under different braking/driving. It provides a

new idea for the development and application of vehicle

handling dynamics. Fujioka and Kimura (1992) used the

transient vehicle dynamics model to represent the vehicle

with different driving and steering configurations, and the

conjugate gradient descent method was used to solve the

minimum time handling problem that the starting point, the

end point and the trajectory is not constraint. However this

would not happen so universally in general. Hendrikx et al.

(1996) studied the optimal handling inverse problem by

applying optimal control theory and Pontryagin’s

minimum principle, the results show that different

configurations of vehicles have different optimal control

strategies, and this method can evaluate the optimal

transient handling performance of the vehicles. This

algorithm is rather robust with respect to inaccurate starting

values, but it is the least efficient in terms of speed of

convergence. Casanova et al. (2000) established a vehicle

steering control model based on the linear optimal discrete

time preview control theory, and obtained the control input

and optimal completion time by using inverse dynamics

method. Andreasson and Bunte (2006) used the inverse

dynamics method to study the vehicle chassis control, the

results show that this method is an effective method for

dealing with the complex problems of chassis control.

Boyer and Ali (2011) used the handling inverse dynamics

method to study the multi-body dynamics of the vehicle and

analyzed the maneuverability of the vehicle. Wang et al.

(2015) used the multiple shooting methods to study the

emergency collision avoidance problem, However, the

linearization in this method makes the quadratic
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programming problem deviate to a great extent from the

original model. Liu and Jiang (2016) used pseudospectral

method to study the optimal path tracking control problem.

This method shows many advantages compared to the

traditional methods. With the development of the

application of pseudospectral methods, pseudospectral

methods have gradually become the most active branch of

the numerical solution method for optimal control problem

(Garg et al., 2011).

In summary, in order to improve the safety of lane

changing and handle with the parameter uncertainties of

driver model. The main contributions of this paper are:

1. To deal with the characteristic of parameter

uncertainties for driver modeling, a handling inverse

dynamics model consisting of vehicle motion model and

optimal control model is established.

2. A GPM-based solving method is presented to

produced the desired optimal lane changing input; besides,

the computational accuracy and efficiency of GPM is

proven by DCM.

3. To avoid traffic accidents caused by driver’s improper

handling, a novel LCAS which can provide handling

guidance for driver’s lane changing behavior according to

driving intention is constructed.

The paper is structured as follows. The hybrid intention

recognition model based on HMM-SVM is established in

Section 2. The vehicle handling inverse dynamics model of

minimum time lane changing is proposed in Section 3.

Section 4 converts the vehicle inverse dynamics problem

into optimal control problem, and then the solution method

is put forward. Section 5 discusses the contrast verification

and simulation results. Conclusions are drawn in Section 6.

2. INTENTION RECOGNITION MODEL 

To improve the effectiveness of LCAS, a hybrid HMM-

SVM model is established. The HMM model does the

preliminary recognition according to the driver’s input and

the vehicle state; then the maximum likelihood estimate is

output. The SVM model does the secondary recognition

according to the maximum likelihood estimate; and then

the lane changing intention can be obtained.

The steering wheel angle sensor signal and the lateral

acceleration signal generated by the driver’s hardware in

the loop test bench are used as sequence signals.

The proposed LCAS mainly focuses on the driver’s

intention recognition at the initial stage of lane changing,

and guides the driver to complete lane changing operation

according to the driving intention. Therefore, it is

necessary to intercept the lane changing data for training

the driver's intention recognition model. Figure 2 shows the

boxplot obtained from the intercepted data.

It can be seen from Figure 2 that the differences between

Figure 1. Part of experimental data.

Figure 2. (a) Boxplot of lateral acceleration; (b) Boxplot of

steering wheel angle.

Figure 3. Cross validation results.
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the data of LCR (Lane Changing Right), LK (Lane

Keeping) and LCL (Lane changing Left) are remarkably,

and the obvious difference is helpful to improve the

recognition accuracy of the intention recognition model.

In order to obtain the best classification results, it is

necessary to seek an optimal combination of c and g in the

SVM model. Figure 3 illustrates that the accuracy of SVM

model varies with parameters. The optimal value of c and g
are 16 and 0.0313, respectively. The corresponding optimal

accuracy is 99.237 %; and the recognition time is 0.017 s.

The data of LCL, LCR and LK are selected to test the

driver’s lane changing intention recognition model, and the

recognition results are as follows:

The simulation results of driver's intention recognition

are shown in Figures 4 (a) ~ (c), where 0 represents lane

keeping intention, 1 represents lane changing left intention,

−1 represents lane changing right intention. It can be seen

that if the steering wheel angle changes too much during

the process of lane keeping, the driver's intention

recognition model will erroneously assumed that the driver

has lane changing intention, but with the subsequent

operation of the driver, the intention recognition model

corrects the recognition result. Thus, it can be conclude that

during the process of lane changing, the driver's intention

recognition model can identify the driver's lane changing

intention accurately.

3. HANDLING INVERSE DYNAMICS MODEL

3.1. Vehicle Motion Model

Assuming that the tire cornering properties are within the

linear range, the vehicle steering motion model is

simplified as a 3-degree of freedom (DOF) linear vehicle

model (Liu and Jiang, 2016; Wang et al., 2015) with lateral

motion, yawing motion and longitudinal motion, as shown

in Figure 5.

The differential equations of motion can be expressed as

follows:

(1)

Considering the influence of the driving/braking force,

Fyr and Fyf can be expressed as:

(2)

Considering the longitudinal load transfer, Fzr and Fzf are

given by:
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Figure 4. (a) Simulation results of LCR; (b) Simulation

results of LCL; (c) Simulation results of LK. Figure 5. 3-DOF vehicle model.
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(3)

To simulate the trajectory of the vehicle, we established

a ground reference coordinate system, as shown in Figure

5. Letting the coordinates of the vehicle’s center of mass in

the xoy coordinate system be x, y, and the angle between

the x' axis of the vehicle coordinate system and the x axis of

the ground reference coordinate system be θ. The vehicle

velocity in the ground reference coordinate is projected as:

(4)

The integral relationship between the course angle,

sideslip angle and yaw rate can be expressed as:

(5)

Take the derivative of Equation (5):

(6)

where .

The differential equation of δ can be expressed as:

(7)

3.2. Optimal Control Model

Minimum time handling problem can be regarded as the

optimal control problem. The control variables Z(t) is the

steering wheel angle rate δr(t); and the control objective is

to reach the terminal state in the minimum time.

Therefore, the performance index is:

(8)

The state equation can be expressed as:

(9)

where 

.

δ and Fxf are constrained by the vehicle model and the

road adhesion coefficient, respectively. When the vehicle is

under the driving force and driven by the front wheel, the

constraints on Fxf and Fxr are:

(10)

When the vehicle is under a braking force, and all

wheels are assumed to be in a lock-braked condition, the

constraints on Fxf and Fxr are expressed as follows:

(11)

Fxf is constrained by the maximum driving force.

According to the driving resistance equation, the

relationship between the vehicles’ speed and driving force

can be obtained. Assuming that the vehicle is driven by the

front wheel and the driving force remains unchanged

during simulation.

The constraint used to prevent rollover during the

process of lane changing is (Jin et al., 2007; Wu et al.,

2017):

(12)

where B and K are the wheel track and the stability factor,

respectively.

In order to ensure the safety during lane changing. xf is

constrained by the minimum safety distance, and yf is

constrained by the width of road centerline.

The constraint of the control variable is:

The initial state and terminal state of all state variables

are x(0) = [0, 0, u, 0, 0, 0, 0] and x(tf) = [0, 0, u, xf, yf, 0, 0],

respectively.

All the constraints are expressed as follows:

(13)

4. SOLVING METHOD OF INVERSE 
DYNAMICS PROBLEM

For convenience, we summarized the inverse dynamics

problem above as the optimal control problem using Mayer

as the optimization objective:

min (14a)

(14b)

(14c)

(14d)

where x(t) = [v(t) ωr(t) u(t) x(t) y(t) θ(t) δ(t)]
T z(t) = [δr(t)]

T.

Equations (14a) ~ (14d) can be obtained by the objective

function, dynamic equations and constraints of the inverse

dynamics problem.

The steps to solve the inverse problem of vehicle

handling dynamics through GPM are as follows:
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4.1. Interval Transformation

Because the collocation points of GPM are distributed in

interval [−1, 1], the time interval of the optimal control

problem  should be converted into 

when the problem above is solved by GPM, transforming

the time variable t: , Equations

(14a) ~ (14d) are converted into the following forms:

min (15a)

(15b)

(15c)

(15d) 

4.2. Global Interpolation Polynomial Approximation of

State Variables and Control Variables 

N LG (Legendre-Gauss) points and an initial point τ0 = −1

are selected as nodes, N + 1 Lagrange interpolation

polynomials Li(τ)(i = 0, …, N) are constructed, then the

state variables can be approximated using these as the basis

functions:

(16) 

where a Lagrange interpolation polynomial function is

presented as follows:

(17) 

Letting the approximate states on the nodes be equal to

the actual states, that is x(τi) = X(τi), (i = 0, …, N).

The Lagrange interpolation polynomials  are used

as the basis functions to approximate the control variable,

thus:

(18)

where   are the LG

points.

4.3. Convert the Dynamic Differential Equation Constraint

into Algebraic Constraint

The derivative of the state variable can be obtained by

taking the derivative of Equation (15), thereby converting

the dynamic differential equation constraint into algebraic

constraint, that is:

(19)

The differential matrix  is a constant value

when the number of interpolation nodes is given, the

expression of which is shown as follows:

(20)

where τk(k = 1,… N) are the points in the set κ and τi(i = 0,

… N) belong to the set κ0 = {τ0, τ1, …, τN}. Substitute

Equation (19) for Equation (14b), and convert it into the

discrete state at the interpolation node . In this

way, the dynamic differential equation constraints of the

optimal control problem can be converted into algebraic

constraints, for k = 1,… N − 1:

(21)

4.4. Terminal State Constraint under Discrete Condition

The nodes in the GPM include N collocation points (τ1, …,

τN), initial point τ0 = −1 and terminal point τe = 1. The

terminal state Xe is not defined in Equation (15), and the

terminal state should also satisfy the dynamic equation

constraint:

(22)

The terminal constraint is discretized and approximated

by Gaussian integration:

(23)

where ωk is the Gauss weight, and τk are the LG points.

The boundary value constraint (15c) and the path

constraint (15d) are discretized at the interpolated points:

(24)

(25)

The solution to the optimal control problem transformed

from an inverse dynamics problem of vehicle handling is

converted into solving the nonlinear programming problem

through the transformation mentioned above.

5. SIMULATION ANALYSIS

5.1. Contrast Verification

In order to verify the computational accuracy of GPM, a

contrast simulation is implemented.

Figures 7 (a) and (b) are the steering wheel angles

obtained by GPM and DCM, respectively. In order to

verify the computational accuracy of these two methods,

the control variables in Figure 6 are brought into the

dynamic differential equation, and state variables are

obtained through explicit integration. The scatter points in

Figures 7 (a) and (b) are the integral solutions. Figure 7

illustrates that these two methods are all in good agreement

with the explicit integration solutions.
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All computations are performed using a 2.53 GHz/Intel

Dual-core i3-380M CPU running Windows 7 with Matlab

2014a. It can be seen from Table 1 that the computational

efficiency of GPM is higher than DCM, and the advantage

of GPM in computational efficiency becomes more

obvious as the computational accuracy increases. The

computational accuracy of this paper is set to be e−2. It can

be seen from Figure 8 that the error between GPM and

integral solutions is smaller, which indicates that the

discrete and interpolation methods used by the GPM have

higher accuracy.

5.2. Simulation Analysis

The moment lane changing intention occurred is taken as

the initial time. The state variables of the initial time and

terminal time are x(0) = [0, 0, u, 0, 0, 0, 0] and x(tf) = [0, 0,

u, xf, yf, 0, 0], respectively. where u and xf are 25 m/s and 50

m, respectively. The numerical value of yf is 3.5 m, and the

sign of yf is determined by driving intention. The model

Figure 6. Control variables obtained by different methods:

(a) GPM; (b) DCM.

Figure 7. Simulation results of steering wheel angle: (a)

Simulation results of steering wheel angle (GPM); (b)

Simulation results of steering wheel angle (DCM).

Figure 8. Comparison diagram of steering wheel angle

error.

Table 1. Computational efficiency.

Computational
accuracy 

Method Nodes
CPU 

time (s)

e0
GPM 20 1.159

DCM 20 1.226

e−1
GPM 20 1.221

DCM 20 1.299

e−2
GPM 20 1.499

DCM 20 2.099

e−3
GPM 20 2.145

DCM 20 4.976

Table 2. Model parameters.

Parameter Value

m/kg 1500

a/m 1.2

b/m 1.3

k1/N·rad
−1

− 80800

k2/N·rad
−1

− 76100

Iz/kg·m
2 2500

i 20

ϕ 0.8

hg/m 0.53
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parameters are shown in Table 2.

Figure 9 shows the simulation results of steering wheel

angle rate with the minimum time as the control objective.

Figures 10 (a) and (b) are the optimal path during the

process of LCL and LCR, respectively. 

The steering wheel angle of minimum time lane

changing is shown as Figure 11 (a), which can provide

guidance for driver’s lane changing behavior. Figures 11

(b) and (c) are part of vehicle state response during the

process of lane changing.

6. CONCLUSION

(1) In order to recognize driver’s lane changing intention

and to reduce the false alarm rate of LCAS. A hybrid

lane changing intention recognition model is

established based on HMM and SVM. The steering

wheel angle and lateral acceleration are selected as

characteristic parameters of lane changing intention

Figure 9. Simulation results of steering wheel angle rate.

Figure 10. Simulation results of Optimal path: (a) Optimal

path of LCL; (b) Optimal path of LCR.

Figure 11. (a) Simulation results of steering wheel angle;

(b) Simulation results of lateral acceleration; (c)

Simulation results of yaw rate.
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recognition model. The experimental results show that

HMM-SVM hybrid model can accurately recognize

the driver’s lane changing intention.

(2) The inverse handling dynamics method is proposed to

solve the driver's optimal handling input during lane

changing. Firstly, a inverse dynamics model is

established; and then the inverse dynamics problem is

converted into the optimal control problem. The

control objective is to complete the lane changing

behavior in the minimum time. Secondly, the optimal

control problem is converted into a nonlinear

programming problem by GPM. Finally, the SQP

method is used to solve the nonlinear programming

problem. By using this method, the handling input of

minimum time lane changing can be obtained without

the modeling of driver.

(3) In order to verify the accuracy of GPM, the simulation

results obtained by DCM were supplemented. And the

accuracy of these two methods is illustrated by

comparing the errors of these two methods with the

explicit integral solutions. The results show that the

GPM is more consistent with the integral solution,

which indicates that the discrete and interpolation

methods used by GPM have higher computational

accuracy.

(4) A driver assistance system which can provide practical

guidance for lane changing handling input is

constructed. It is helpful to avoid traffic accidents

caused by driver’s improper handling. This study can

not only improve the safety during lane changing, but

also provide some references for unmanned vehicles.
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