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ABSTRACT−With the real time and accurate information of motor torque and rotation speed of the four-in-wheel-motor-

drive electric vehicles, a slip based algorithm for estimating maximum road friction coefficient is designed using Lyapunov

stability theory. Modified Burckhardt tire model is used to describe longitudinal slip property of the tire. By introducing a new

state variable, a nonlinear estimator is proposed to estimate the longitudinal tire force and the maximum road friction

coefficient simultaneously. With the appropriate selection of estimation gain, the convergence of the estimation error of the tire

longitudinal force and maximum road friction coefficient is proved through Lyapunov stability analysis. In addition, the error

is exponentially stable near the origin. Finally the method is validated with Carsim-Simulink co-simulation and real vehicle

tests under multi working conditions in acceleration situation which demonstrate high computational efficiency and accuracy

of this method.

KEY WORDS : Four-in-wheel-motor-drive electric vehicles, Estimation of maximum road friction coefficient, Lyapunov

stability, Nonlinear estimator 

1. INTRODUCTION

Vehicle dynamics control systems such as traction control

system (TCS), anti-lock braking system/electric braking

distribution system (ABS, EBD), electric stability control

system (ESC) for improving vehicle active safety (Yu et

al., 2013) are realized by the forces at the interface between

the tires and the road (Rajamani, 2005) which are strongly

affected by the maximum road friction coefficient (Alvarez

et al., 2004), therefore the accurate knowledge of the

maximum road friction coefficient is significant for

improving the vehicle active safety (Li et al., 2013; Ahn et

al., 2012; Chen and Wang, 2011). It is difficult to estimate

the maximum road friction coefficient for conventional

vehicles with combustion engine or with single center

motor because of the unknown torque and angular speed of

the wheel. Based on the merits of the four-in-wheel-motor -

drive electric vehicles that the motor torque and angular

speed can be accurately known and quickly controllable

(Hori, 2004), on the one hand it is more feasible to

implement the vehicle dynamics control system on this

kind of vehicles, on the other hand they have advantage to

identify the maximum road friction coefficient than

conventional vehicles (Yu et al., 2006).

The state of the art for estimation of tire-road friction

coefficient has been comprehensively illustrated in Müller

et al. (2004) and Patel et al. (2008). Usually the road

surface condition is included in the tire model implicitly

(Li et al., 2006), thus the modern commercial vehicles

mostly estimate the maximum road friction coefficient

through tire dynamics characteristics (tire model) including

cornering characteristic (Ahn et al., 2013; Haffner et al.,

2008) and longitudinal slip characteristic (Wit et al., 2007;

Gustafsson, 1997) instead of measuring it directly through

sensors (Pohl et al., 1999; Erdogan et al., 2011; Sato et al.,

2007) with the consideration of cost. In order to increase

the working range of the estimator and improve robustness,

in Li et al. (2015), the longitudinal and lateral estimation

results were merged based to give accurate maximum road

friction coefficient under different maneuvers as far as

possible. In Matuško et al. (2007), a neural-network-based

method and an adaption law derived applying Lyapunov

stability analysis were combined to estimate the road

maximum friction coefficient. In Ray (1997), an extended

Kalman filter (EKF) was used to estimate vehicle state and

tire force through a high order vehicle model and then the

maximum road friction coefficient was estimated based on

longitudinal and lateral tire model with statistical methods

using the information measured from standard sensors. In

Qi et al. (2015) a novel tire model was proposed for the

estimation of the tire-road interface characterization and

based on this tire model an EKF was implemented to

estimate the tire model parameters including the maximum

road friction coefficient and slip slope. In Chen et al.

(2015), the vehicle tire force was estimated by a KF

(Kalman Filter) based on a high order vehicle model and*Corresponding author. e-mail: xiong_lu@tongji.edu.cn
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then two UKF (Unscented KF) were adopted to obtain the

maximum road friction coefficient in longitudinal and

lateral direction respectively based on a modified Dugoff

tire model. In Choi et al. (2013), the tire force was

estimated in the same way, but the maximum road friction

coefficient was identified through linearized recursive least

squares methods with a forgetting factor based on a

combined longitudinal and lateral brushed tire model. In

Lin and Huang (2013), an UKF was adopted to estimate the

tire longitudinal tire force and slip ratio in order to estimate

the slip slope. Then the tire-road friction coefficient could

be estimated by mapping the estimated slope to the friction

values such as in Li et al. (2007) and Rajamani et al.

(2010). However, some drawbacks still exist in those

methods: 1) The convergence of estimation error could not

be proved in those kind of KF method, and it is difficult to

guarantee the convergence of estimation error, 2) Another

disadvantage of using the KF method for road maximum

friction estimation is that the computational load is large

which means the real time validity is hard to guarantee

(Imsland et al., 2006). Additionally, in an EKF, the

nonlinear tire model must be linearized thus the accuracy is

only first order due to the taylor linear approximation. The

covariance matrix need to be adapted under different slip

ratio and the stability of the estimator has to be considered

more in those methods above. 3) Few experimental ground

tests were conducted which are significant for validation of

the effectiveness of those algorithm. 

Compared with the kind of KF optimal estimation theory,

nonlinear observers and methods based on logic rule can

reduce the computational complexity in real time estimation.

In Li et al. (2014), in rule-based method, according to the

relationship between the nonlinearity and the use of the

friction in the lateral direction, the friction compensation

algorithm was put forward when vehicle got into large

cornering condition to estimate maximum friction coefficient.

In Rath et al. (2014), a high-order sliding mode observer

was developed to estimate the tire friction using the quarter

vehicle dynamics model by integrating the nonlinear

longitudinal dynamics, the torsional tire dynamics and the

nonlinear LuGre friction model. In Sun et al. (2015), when

vehicle braked emergently, a nonlinear observer was

proposed in which the maximum friction coefficient can be

estimated by solving an ode through selecting appropriate

feedback gain with high computational efficiency. 

In this paper, we develop a nonlinear maximum road

friction coefficient estimation method making full use of

the accurate and controllable torque and angular speed of

the in-wheel-motor and Lyapunov stability theory based on

tire longitudinal dynamics. The estimation error is proved

exponentially stable. First the longitudinal dynamics of

each tire is described by modified Burckhardt tire model

which includes the maximum friction coefficient explicitly.

Then the estimator is designed based on the wheel

dynamics to estimate the longitudinal force of the tire and

the maximum road friction coefficient. At the meantime,

the estimation error of the tire longitudinal force and the

maximum road friction coefficient is analysis through

Lyapunov stability. The estimation error is proved to

converge to zero exponentially if the estimator parameter is

chosen appropriate. In order to provide sufficient excitation

to the estimator, a slip ratio controller is used here to

maintain the slip ratio near the peak of the slip ratio friction

coefficient curve. Finally the method is validated with

Carsim-Simulink co-simulation and real vehicle tests under

multi working conditions in acceleration situation which

demonstrates the method is able to estimate the maximum

road friction coefficient accurately in real time with high

computational efficiency. 

This paper is organized as follows. Section 2 presents

the tire model. The estimator design and estimation error

dynamics are analyzed in Section 3. Estimation strategy is

illustrated in Section 4. The experimental setup, validation

including simulation and experimental test, procedure, and

results are presented and discussed in Section 5. This paper

is concluded in Section 6.

2. TIRE MODEL

Burckhardt tire model can describe the relationship between

the slip ratio and longitudinal force simply containing

maximum road friction coefficient explicitly (Burckhardt,

1993), which means if the longitudinal force and slip ratio

are known, the maximum road friction coefficient can be

abstracted through mathematical method. In Jin et al.

(2014), the parameters of the Burckhardt tire model are

increased from three to five parameters. The modified

Burckhardt tire model is able to describe the real tire

longitudinal characteristic more accurately. The modified

Burckhardt tire model is shown in Equation (1).

 (1)

Here μ is normalized longitudinal tire force and λ is slip

ratio.

The parameters in (1) play the following distinctive

roles: The peak value of normalized tire force in μ − λ

curve is mainly determined by θ which is the maximum

road friction coefficient. c1 dominates the longitudinal slip

stiffness at the origin of the μ − λ curve. c2 can be exploited

to adjust the general stiffness of the tire without influencing

the stiffness at the origin or the maximum tire force. c3 and

c4 are positive numbers used to make μ descend a little bit

after its peak point. If the two parameters are set to be zero,

the μ − λ curve is flat at large slip ratio. Usually c2 ~ c4 vary

a little under different road conditions. Based on the

experimental test of the tire, the parameters of c2 ~ c4 can be

set 8, 0.25, 0.11 respectively. 

The influence of θ and c1 on the shape of the μ − λ curve

is shown in Figure 1. The peak value and longitudinal slip

stiffness near origin can be adjusted through tuning the

values of θ and c1 respectively. 
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In Figure 1 (a), c1 is set 18. In Figure 1 (b), θ is set 0.8.

As is shown in Figure 1 (b), c1 has little influence on the

peak value of the curve. Therefore, it is reasonable that c1 ~

c4 are set to constant, which means that the tire model is

only determined by the maximum road friction coefficient

θ. Based on this innovative assumption, the estimator for θ

is proposed.

3. MAXIMUM ROAD FRICTION ESTIMATOR 
DESIGN

3.1. Wheel Model

The wheel rotational dynamics can be represented as

 (2)

The slip ratio of tire is defined as

 (3)

Where ω is wheel angular speed, Tm is the torque

delivered to the wheel from the actuator, I
ω
 is the wheel

moment of inertia, r is the tire rolling radius, λ is the slip

ratio of the tire, vx is the longitudinal velocity of the tire,

and μ(θ, λ) is the modified Burckhardt tire model shown in

Equation (1). Fz is the wheel normal load calculated by

Equation (4) considering the load transfer due to the pitch

and roll. fl, fr, rl, rr mean front left wheel, front right wheel,

rear left wheel, and rear right wheel respectively.

 (4)

Where m denotes the vehicle mass, g is the gravity

acceleration, lf and lr are the distances from the front axis

and the rear axis to center of gravity (COG), l is the wheel

base, hg is the height of the COG, ax and ay are the

longitudinal acceleration and lateral acceleration

respectively, and Bf and Br are the front and rear wheel

track respectively.

3.2. Estimator Design

The holistic estimator design procedure contains two

sections:

(1) The asymptotically stable estimation of θ with the

knowledge of the second item in right side of Equation (2).

Last but not least, as the term r/I
ω
 in Equation (2) is

constant, the second item represents the nominal

longitudinal tire force Fx = Fz·μ(θ, ω) in this sense.

Therefore if the longitudinal tire force is known, we can

solve Equation (1) to get the accurate maximum road

friction coefficient which means we can transform the

estimation of the maximum road friction coefficient into

the estimation of the tire longitudinal force η as shown in

Equation (5); 

 (5)

(2) The estimation of the η to guarantee the holistic

asymptotically stable estimation of θ and η together.

3.2.1. Estimator design for θ with the knowledge of η

When the longitudinal velocity of the tire is known, λ can

be represent by ω through Equation (3). For the convenience

of estimator design, the Equation (5) is replaced by

 (6)

In this section, for the conciseness of the proof, we

assume that  is equal to η. In next section, we will prove

that  and  will converge to zero together

where  is the estimation of θ and  is the estimation of

. Thus we make that assumption reasonably. 

Inspired by Grip et al. (2010), based on the lemma E.1 in

Krstic et al. (1995), we derive the Equation (7) for the
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Figure 1. μ − λ curve of modified Burckhardt tire model.
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estimation of θ from .

 (7)

Where  is wheel angular speed and bounded, Λ is

a compact set, Proj is the projection function and 

is the unique solution of θ in Equation (6).

Then the dynamics of  is given by Equation (8) since

we assume θ is constant. The derivative of θ is zero .

 (8)

We choose the Lyapunov candidate function as

Where γ is a positive constant to be determined.

It is obvious that there exist constant a1 and a2 satisfying

 and  respectively such that

 (9)

There exists a3 subject to  such that the

derivative of the Lyapunov function can be derived and

satisfies the following inequality.

 (10)

 (11)

If , then , which means 

Therefore,  is an equilibrium point. According to

theorem 4.10 in Khalil (2002),  will converge to 

ultimately. 

In addition, according to the converse theorem of

Lyapunov function, there exists a positive constant a4 such

that

 (12)

3.2.2. Estimator design for η

The dynamics of the estimation error of η is represented by

 (13)

According to Equation (6) the dynamics of η is shown

by

 (14)

The dynamics of  is rewriten as 

 (15)

From Equation (7), we obtained

 (16)

Where  is defined as Equation (17). 

 (17)

For any compact set Λ, since  is bounded, there exists

 for  satisfying Lipchitz condition in

Equation (18).

 (18)

Then we try to find the suitable form of  to guarantee

that the Equation (19) has the same form as the Equation

(16) which is composed by a stable item and a bounded

item. If that form of Equation (15) for Equation (19) can be

find, according to the theorem 4.18 in Khalil (2002), the

estimation error could be bounded at least.

Therefore we assume that  submit to Equation (19) to

backstep for the appropriate form of .

 (19)

Where K is the estimator parameter to be determined.

In addition, we assume  submit to Equation (20).

(20)

Also for any compact set Λ, since  are bounded, there

exists  for  satisfying Lipchitz condition in

Equation (21).

 (21)

In the following, we will prove if there exsists  such

that Equations (19) and (20) hold, then  and  are

asymptotically stable together.

Based on the Equations (16) and (19), for the system

composed of  and , define the new state variable vector

. Assume the Lyapunov candidate function for

the system composed by Equations (16) and (19) is

 (22)

Then the derivative of  can be represented by

 (23)
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From Section 3.2.1 and Equations (18) and (21) we have

 (24)

 (25)

 (26)

 (27)

Therefore we have

 (28)

The right side of the inequality can be written as 

 (29)

Where

, and .

It is apparent that the first order sequential principal

minor of Q(ω) is positive. Second order sequential principal

minor is .

When , where  and  are the

upper bound of  and  respectively,

 is negative. 

Apparently when ξT = 0,  which means ξT = 0 is the

equilibrium point. The estimation error ξT will converge to

zero exponentially. 

Based on the Equations (6), (14), (19) and (20), we

obtain the solution for  as 

 (30)

The right side of Equation (30) contains  which is the

derivative of the wheel angular speed. Since wheel angular

speed from sensor is largely influenced by the noise, the

derivative of the wheel angular speed has poor signal to

noise ratio. In order to eliminate the item which contains

, by introducing the new variable y as Equation (31)

shows, we obtain the needed form for  as Equation (32).

(31)

 (32)

Then the holistic estimator is given by Equations (7),

(31) and (32). This estimator contains only two OEDs

needed to be solved during the estimation process because

there are only two estimated state variables. While if an

EKF is used, five ODEs have to be solved simultaneously

(Imsland et al., 2006). Additionally, in an EKF, the nonlinear

model must be linearized at each sample due to the nonlinear

tire model, which, along with monitoring of boundedness

of the covariance matrix estimate, may involve considerable

computation. There is much matrix computation such as

the calculation of Kalman gain in the EKF. The matrix

computation is great burden to the microprocessor. In this

sense, the nonlinear estimator in this paper has great

potential when implemented on comercial vehicles. 

It is obvious from the nonlinear estimator in Equations

(7), (31) and (32) that the estimation results  of Fx and 

of θ affect each other as shown in Figure 2. 

Based on the obove, the estimation error of longitudinal

force  and maximum road friction coefficient  are

proved convergence to zero globally and exponentially

with appropriate selection of K and γ. Due to the

exponential stability of the estimation error, we will set the

initial value of  as 0.8 in simulation and experimental

tests to prevent the estimation result starting from zero.

4. ESTIMATION STRATEGY

In the slip ratio controller design, the slip ratio is usually

maintained near the optimal slip ratio as far as possible

(Van, 2000). As Figure 1 shows, when c1 ~ c4 are set to

fixed constant, the shape of the μ − λ curve is only

determined by θ. When slip ratio works near the peak of

the curve, sufficient excitation is generated for Equation

(12) to solve the equation for  algebraically.

Therefore in order to improve the estimation accuracy, we
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use a slip ratio controller method according to our previous

work in Wang et al. (2014) to cooperate with the estimator

in the estimation process in simulation and experimental

tests. The slip ratio controller is used to control the slip

ratio near the optimal slip ratio to ensure enough excitation.

The motor torque from slip ratio controller is calculate by

Equation (37). The closed loop estimation system structure

is shown in Figure 3. On the one hand, the real time

estimation result of maximum road friction coefficient

updates the parameters in the slip ratio controller, on the

other hand, the slip ratio is controlled near the optimal slip

ratio. The interaction between each other improves the

estimation accuracy.

Based on the estimation of θ, the optimal wheel slip ratio

can be derived and according to Equation (3), the optimal

wheel slip ratio is equivalent to the optimal wheel anguler

speed as shown in Equation (33). Therefore the slip ratio

controller is designed to tracking the optimal wheel anguler

speed.

 (33)

Where λ r is optimal slip ratio and ωr is optimal wheel

anguler speed. The tracking error of wheel anguler speed is

defined as . Then combining the wheel

dynamics in Equation (2) the dynamics of e is shown as

 (34)

Where  and b(λ r) are defined as

 (35)

 (36)

Inspired by the contitional intrgrators in Singh and

Khalil (2005), we developed this control law in Equation

(37) for the wheel slip ratio controller. Details of the proof

about the tracking error stability analisis of wheel anguler

speed of the slip ratio controller are discussed in the

reference (Wang et al., 2014).

 (37)

Where  is the motor torque upper limit, ρ is the

intermediate state variable like y, k0 and α are positive

constants to be designed,  is the reference angular

speed, e = ω −   is the angular speed tracking error, and

sat is the saturation function. 

From the nonlinear estimator in Equations (7), (31) and

(32) and the wheel slip ratio controller in Equation (37), we

know that the assumption of both the estimator design and

slip ratio controller design is that the wheel torque could be

accurately known and quickly controllable. Since our test

vehicle is the four-in-wheel-motor-drive electric vehicle

derived from the commercial vehicle on which we just

replaced the driving system and did nothing to the

traditional hydraulic braking system, the four motors are

the actuators when the vehicle accelerates. However, the

traditional hydraulic braking system and the four motors

are both actuators when the vehicle brakes. In addition, the

hydraulic pressure of the traditional braking system is hard

controlled and measured, and the response lag is larger than

the motor, which means the wheel torque cannot be

accurately known and quickly controlled when the hydraulic

braking system intervenes with the motors together. In this

sense, in simulation and real vehicle tests, we focus on the

acceleration situation with the knowledge of the accurate

and controllable wheel torque from the merits of the four-

in-wheel-motor-drive electric vehicle.

Fortunately, with the development of the electric

hydraulic braking system (EHB) (Xu et al., 2015) and the

electromagnetic braking system (EMB), it is possible to

know and control the wheel torque in the future if the EHB

or EMB is implemented on our four-in-wheel-motor-drive

electric vehicle, which means the estimation method will

be applied in the braking situation in the future work.

5. EXPERIMENT VALIDATION

5.1. Simulation Validation

In simulation procedure, we setup the virtual four-in-

wheel-motor-drive electric vehicle in Carsim 8.02 and

configure the same parameters of real vehicle to simulate

the test vehicle. The parameters of the test vehicle are

shown in Tables 1 and 2. Then we established the co-

simulation in Matlab/Simulink and CarSim.

From Table 2, we know that front axle is driven by the

motor and a gear box with a fixed transmission ratio. The

maximum torque to the wheel is sufficient to make tire slip,

which means we can use the slip ratio controller to control

the slip ratio at the optimal slip ratio to give enough

excitation to the estimator for high estimation accuracy.

However the motor torque of rear axle is much smaller

than front axle such that the tire slip ratio is in the linear

region (small slip ratio) in most cases. The slip ratio is too

small to generate enough excitation for the estimator

leading to the failure of estimating maximum road friction

coefficient. Therefore considering the facts of the test

vehicle and the characteristic of the estimator, we only
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Figure 3. Closed loop estimation system structure.
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choose front axle to validate the effectiveness of the

estimator.

In order to simulate the real working condition as far as

possible, we add some perturbation and noise in the

simulation: we add white noise with 0.1 m/s amplitude and

0.02 s time delay into the longitudinal velocity signal, we

add white noise with 0.2 rad/s amplitude and 0.02 s time

delay into the wheel angular speed signal and we add 0.005

s time delay into the output of the motor. 

(1) Simulation with low maximum road friction coefficient

a) The vehicle accelerates with full throttle on road where

θ = 0.3 

b) The vehicle accelerates with sine throttle (amplitude is

0.5, mean value is 0.5, period is 4 s) on road where θ = 0.3

Table 1. Parameters of the test vehicle.

Parameter Value Parameter Value

Mass (kg) 1358 Yaw moment of inertia (kg·m2) 1835

Wheel base (m) 2.305 Wheel track (mm) 1325 (Front) / 1390 (Rear)

Distance between COG and 
front axle (m)

1.117
Distance between COG and 

front axle (m)
1.188

Height of COG (m) 0.525 Tire rolling radius (m) 0.29

Steering ratio 16.68 Front/Rear axle load 54/46

Table 2. Motor parameters of test vehicle.

Parameter Front axle motor Rear axle motor

Rated power (kW) 15 5

Peak power (kW) 25 7.5

Rated torque (Nm) 35.8 100

Peak torque (Nm) 90 150

Rated speed (rpm) 4000 480

Maximum speed (rpm) 9500 1350

Gear ratio 6.2 1

Figure 4. Working condition with full throttle on low

maximum road friction coefficient.

Figure 5. Estimation of maximum road friction coefficient.

Figure 6. Working condition with sine throttle on low

maximum road friction coefficient.
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(2) Simulation on high-low maximum road friction

coefficient joint road

The vehicle accelerates with full throttle on θ joint road.

Before t = 3 s, θ = 0.6. After t = 3 s, θ = 0.2

(3) Simulation on maximum road friction coefficient split

road

The vehicle accelerates on θ split road. The θ of left road is

0.2 and the θ of right road is 0.6.

Figures 4, 6, 8 and 10 present the four simulation

working conditions among which Figures (a) and (b) show

the longitudinal acceleration and velocity. Figures (c) and

(d) show the motor torque and rotational speed. The first

three figures show the working results of the front left

wheel and the last shows the working results of the front

axle wheels where FL means the front left and FR means

the front right. 

The estimation results of the maximum road friction

coefficient for the front left wheel in first three simulations

are shown in Figures 5, 7 and 9. The estimation result of

the maximum road friction coefficient for the front axle on

θ-split road is shown in Figure 11.

On low θ road with full throttle and sine throttle, the

estimator can estimate the real value fast with estimation

error less than 0.1 and small overshoot. On high-low θ

joint road, the estimator can detect the sudden change of

the maximum road friction coefficient within 0.4 s and

Figure 7. Estimation of maximum road friction coefficient.

Figure 8. Working condition with full throttle on θ-joint

road.

Figure 9. Estimation of maximum road friction coefficient.

Figure 10. Working condition on θ-split road.

Figure 11. Estimation of maximum road friction coefficient.
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estimate the new real value. On the left-right θ-split road,

the estimator can distinguish the difference between the left

and the right side. The estimation result of each wheel is

nearly identical to the real value with estimation error less

than 0.1.

5.2. Experimental Validation

The experimental tests were conducted to validate the

effectiveness of the proposed method. The test vehicle is

setup from a SAIC Roewe E50 driven by four motors

among which two hub motors are mounted to the rear axle

and two motors and gear boxes are mounted to the front

axle. The main parameters of the powertrain are shown in

Table 2. Figure 13 shows the test system configuration. A

MicroAutoBox from dSPACE is used for real time

controller and data acquisition. A GPS-INS RT3003 from

Oxford Technical Solutions is used to measure longitudinal

velocity and acceleration. The original vehicle gateway can

provide the acceleration pedal signal. Motor torque and

rotational speed are from motor controller. Based on this

measurement system, the maximum road friction estimation

method is proposed. The acceleration signal is used to

calculate the tire vertical load. The longitudinal velocity

and the motor rotational speed are used to calculate the slip

ratio of the tire. 

The tests were conducted in Maxxis tire proving ground.

The tire proving ground contains low maximum road

friction coefficient road, high-low maximum road friction

coefficient joint road and high-low maximum road friction

coefficient split road. We take the front left tire to analyze

in the low θ road and θ joint road and take the two tires of

the front axle to analyze for θ-split road condition.

(1) The vehicle accelerates with full throttle on road where

θ = 0.3. 

The vehicle accelerates on the slippery wet tile road where

the maximum road friction coefficient is 0.3. Figure 14

shows the test road.

Figure 12. Test vehicle.

Figure 13. Sensor configuration of test vehicle.

Figure 14. Test on low maximum road friction coefficient

road.

Figure 15. Working condition with full throttle on low

maximum road friction coefficient.

Figure 16. Estimation of maximum road friction coefficient.
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(2) The vehicle accelerates on high-low maximum road

friction coefficient joint road.

The maximum road friction coefficient before t = 0.32 s is

about 0.65. Then vehicle goes into the slippery road where

the maximum road friction coefficient is 0.25. Figure 17

shows the test road.

(3) The vehicle accelerates on maximum road friction

coefficient split road.

The maximum road friction coefficient of left side is 0.45

higher than right side where the maximum road friction

coefficient is 0.25. Figure 20 shows the test road.

Figures 15, 18 and 21 show the working results of the

three test experiments respectively. Figures (a) and (b)

show the longitudinal acceleration and velocity. Figures (c)

and (d) show the motor torque and rotational speed. The

first two figures show the working results of the front left

wheel and the last shows the working results of the front

axle wheels where FL means the front left and FR means

the front right. 

The estimation results of the maximum road friction

Figure 17. Test on high-low maximum road friction

coefficient joint road.

Figure 18. Working condition with full throttle on θ-joint

road.

Figure 19. Estimation of maximum road friction coefficient.

Figure 20. Test on θ-split road.

Figure 21. Working condition on θ-split road.

Figure 22. Estimation of maximum road friction coefficient.
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coefficient of the front left tire in first two tests are shown

in Figures 16 and 19. The estimation result of the

maximum road friction coefficient on θ -split road is shown

in Figure 22. 

When vehicle accelerates on the low friction road, from

Figure 16, the estimation result converges to the real value

0.3 quickly from initial value 0.8 in 0.6 s. However,

compared with the estimation result of simulation, the

overshoot is bigger because the longitudinal velocity and

wheel angular speed are very low when the vehicle starts to

acceleration, and the signal to noise ratio (SNR) is too low

to calculate the accurate slip ratio. On the other hand, the

low acceleration will lead to slow increase of the velocity.

Therefore the low SNR will last longer than the tests on

high-low maximum road friction coefficient joint road. But

after t = 0.6 s, the estimation error converges till the end,

and a real value 0.3 of the maximum road friction

coefficient is acquired. From Figure 19, on the high-low

maximum road friction coefficient joint road, at the

beginning , the estimation result converges to the real value

in 0.3 s, shorter than that on the low friction road. When the

vehicle drives into the low friction road, the estimation

result quickly converges to 0.26 in 0.4 s. On the θ-split

road, the difference of the maximum road friction

coefficient between left tire and right tire is 0.2. As Figure

19 shows, the estimator can distinguish the difference

between left side and right side. During t = 2 s ~ 3 s, the

estimation result fluctuates in an acceptable range. Because

the maximum road friction coefficient is different on

different side, the longitudinal tire force is also different.

The different tire force will generate yaw moment causing

the vehicle to yaw. In the meantime there will be lateral

force on the tire. However the modified Burckhardt tire

model in Section 2 only focuses on the longitudinal

characteristic. When there exists lateral force, the tire

model cannot describe the tire longitudinal characteristic

accurately. That is why the estimation fluctuates. In addition,

it will be our future work to research the maximum road

friction coefficient estimation under longitudinal and lateral

force coupling condition.

In the tests above, although the convergence time is

longer than the simulation result, estimation result provides

the optimal reference slip ratio for the slip ratio controller

to track, which improves the vehicle's driving efficiency.

For example, on the θ-split road , during t = 1 s ~ 3 s, the

period of fluctuation of estimation result is the same as that

of the motor torque and motor rotational speed, as Figure

21 (c) and 22 show. When the tire starts to slip, the accurate

maximum road friction coefficient will provide the optimal

slip ratio for the slip ratio controller. Therefore the motor

torque decreases immediately, the tire returns to the rolling

state instead of slipping.

6. CONCLUSION

In this paper, we have demonstrated the development and

validation of the maximum road friction coefficient

estimation methodology for the four-in-wheel-motor -drive

electric vehicle using the real-time precise and controllable

motor torque and angular speed. Based on the Lyapunov

stability theory, the estimation method is proposed using a

modified Burckhardt tire model with five parameters. The

estimation error is proved to converge exponentially. This

estimation algorithm has high computational efficiency

compared with KF theory. On the basis of the simulation

and experimental test results, the maximum road friction

coefficient could be estimated by the proposed methodology

in real-time during longitudinal acceleration on low friction

road, high-low friction joint road and high-low friction split

road with sufficient excitation provided by the slip ratio

controller. 

In this study, we assume that no lateral tire force is

exerted. The lateral force affects the longitudinal

characteristics of the tire. So it needs careful consideration

for real vehicle implementation. And the maximum road

friction coefficient estimation under longitudinal and

lateral force coupling condition will be our future work.
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