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ABSTRACT-Path tracking control is one of the most important functions for autonomous driving. In path tracking control,
high accuracy and smooth tracking are required for safe and comfort driving. In order to meet these requirements, model
predictive control approaches, which can obtain an optimized solution with respect to a predefined path, have been widely
studied. Conventional predictive controllers have been studied based on a simple bicycle model. However, the conventional
predictive controllers have a performance limitation in practical challenges due to the difference between the simple bicycle
model and the actual vehicle. To overcome this limitation, the actuator dynamics of the steering system should be incorporated
into the control design. In this paper, we propose a model predictive control based path tracking control algorithm to achieve
the accurate and smooth tracking by incorporating the dynamic characteristics of the steering actuation system. In the proposed
control algorithm, an optimal trajectory of the steering command is calculated by applying a quadratic programming
optimization method. The proposed controller was verified by computer simulation with various driving scenarios. The
simulation results show that the proposed controller can improve the tracking performance.
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1. INTRODUCTION

Path tracking control is an essential function for an
autonomous vehicle that guides the vehicle along a
predefined path. The tracking must be accurate and smooth
for safe driving, and must be robust in various driving
conditions (Vahidi and Eskandarian, 2003). In order to meet
these requirements, the control system should be eligible to
deal with several wvehicle characteristics, such as
nonholonomic constraints (De Luca and Samson, 1998),
vehicle dynamics (Rajamani, 2012), and physical limitations
(e.g., constraints on the steering system, maximum allowable
tire forces) (Zhu and Qzguner, 2008). In addition, the
controller is required to solve a trade-off problem between
tracking performance and ride comfort (Hemami and
Mehrabi, 1997).

To deal with these wvehicle characteristics, model
predictive control (MPC) approaches are appropriate for
several reasons. Firstly, the MPC method is applicable to
the path tracking control where a future reference is
provided from the predefined path. Secondly, the MPC
method can easily handle the nonholonomic constraints
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due to its model-based design. The design process of the
MPC method can then incorporate the physical limitations
of the vehicle system as constraints. Lastly, an optimization
technique of the MPC method can solve the trade-off
problem between tracking performance and ride comfort.
Due to these advantages, many researchers have studied
MPC method for path tracking control. The first attempt to
apply the MPC approach in path tracking was performed
by researchers at Carnegie Mellon University (Ollero and
Amidi, 1991). A nonlinear MPC approach was proposed
for path tracking control (Borrelli ef al., 2005; Keviczky et
al., 2006). Since linearization of the nonlinear prediction
model may be able to generate errors, a linear time-varying
MPC approach was proposed for the path tracking control
(Katriniok and Abel, 2011). These studies used only a
simple vehicle model and assumed that the dynamics of a
steering system is negligible. However, the steering
actuator dynamics cannot be negligible because it greatly
affects the vehicle dynamics in the practical challenges.
This paper presents an MPC-based path tracking
algorithm incorporating steering actuator dynamics and
constraints. The proposed algorithm derives an optimal
steering trajectory to solve the path tracking problem by
using a quadratic programming (QP) optimization method.
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Figure 1. System architecture.

The proposed controller was validated and analyzed
through simulations.

This paper is organized as follows: Chapter 2 describes
the system architecture of the proposed controller. A system
model of the controller and its dynamic equations is
derived in Chapter 3. Chapter 4 explains the design process
of the MPC-based path tracking control algorithm. In
Chapter 5, simulation results are presented. Finally,
Chapter 6 discusses the conclusions.

2. SYSTEM ARCHITECTURE

Figure 1 shows the system architecture of the predictive
path tracking control. A predefined path, tracking errors,
and vehicle speed are provided as input variables to the
control system. With the input variables, the proposed
controller determines a desired steering angle for the
automatic steering system. The controller consists of four
components: a system model, a cost function, constraints,
and an optimizer. The system model is a combination of
two simplified dynamic models: a steering dynamic model
and a vehicle dynamic model. Based on the system model,
the path tracking problem is formulated as a cost function.
The constraints then represent the physical limitations of
the vehicle systems. The QP optimization method is
applied as an optimizer that can minimize the cost function
subject to the constraints. Consequently, by using these
components the controller can predict the vehicle trajectory
and determine the optimal control input sequence.

3. MODELING

This chapter presents the modeling of the steering dynamics
and vehicle dynamics in Sections 3.1 and 3.2, respectively.
These two models are combined into an integrated model,
which is described in Section 3.3. The integrated model is
validated in Section 3.4 and applied to the control design as
a system model in Chapter 4.

3.1. Steering Model

The steering model of the control design has two
requirements. One is that the model should represent the
actual system in the operation range. The other is that the
model should be simple in the MPC method for less
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Figure 2. Frequency responses of the system.
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Figure 3. System identification schematic.

computational load. In order to obtain the steering model
that satisfies the requirements, a frequency analysis is
performed with four candidate models. These models are
simple dynamic models (1%, 2", 3", and 4" order dynamic
models) as depicted in Figure 2. These are developed from
the simplification of the automatic steering system dynamics
by using the prediction-error minimization (PEM) method of
system identification (Ljung, 2002). Figure 3 illustrates a
schematic of the identification.

In Figure 2, the simplified models (except the first order)
behave similarly to the reference model at frequencies from
O0Hz to 5Hz Since the frequency range covers the
bandwidth of the steering system (3 Hz), these simplified
models (except the first order) can represent the steering
model. In order to meet the second requirement, the second
order model is selected for the steering model of the
controller. The comparison of the dynamic models of
steering system in model predictive control is explained in
the section 5.2.

Finally, the steering model is expressed as:

<
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é‘ 2
des  S”Fag St ag



MODEL PREDICTIVE CONTROL STRATEGY FOR SMOOTH PATH TRACKING OF AUTONOMOUS VEHICLES 1157

Figure 4. Definition of the tracking errors on the path.

where the input J,, is the desired steering angle, and the
output ¢ is the steering angle.

3.2. Vehicle Model

In this paper, a two degree-of-freedom (DOF) vehicle
dynamic model (from Rajamani, 2012) is applied to the
control design in which the state variables are defined in
terms of position and orientation error with respect to the
path. The first error variable e, is the distance of the CG of
the vehicle from the path. The second error variable e, is
the orientation error of the vehicle with respect to the path.
Using a simplified vehicle model and tracking error
variables as shown in Figure 4, the state space equation of
the vehicle dynamic model is formulated as follows:
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where @, is the derivative of the desired yaw angle, and
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where ¢, and c, are the cornering stiffness of front and rear
tires, /and /, are the distance of the CG of the vehicle front
and rear axles, and m and /. are called the vehicle mass and
the yaw moment of inertia.

3.3. Model Integration

Since the steering dynamics are coupled with the vehicle
dynamics in the vehicle system, both dynamics are
mathematically integrated into the system model of the
path tracking controller. The integrated model is derived

from the steering model and the vehicle model in Equations
(1) and (2), respectively, as follows:
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where x,, and x,, are the angular position and velocity of
the steering system, and {-}, and {-},. denote the elements
of the steering model and vehicle model, respectively.

3.4. Model Validation

The integrated model in Equation (3) is validated with the
reference steering model and the CarSim vehicle model.
The validation is performed on a flat road at different
speeds. Figure 5 illustrates the structure of the validation.
In the validation process, the sinusoidal control input in
Figure 6 is applied to both the reference model and the
integrated model, and the outputs of the models are then
compared.

Figures 7 and 8 show the validation results at 20 km/h and
40 km/h, respectively. The integrated model behaves
similarly to the reference system in terms of lateral position
and orientation. The model accuracy decreases at high speed.

In order to evaluate the model accuracy in various
driving conditions, more tests are performed at different
vehicle speeds from 10 km/h to 60 km/h, and at different
amplitudes of sinusoidal control inputs from 5 degrees to
30 degrees. The contour plots in Figure 9 and 10 show the
RMS errors of lateral position and orientation, respectively.
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- é Vehicle
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Figure 5. Validation structure of the integrated model.
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Figure 6. Desired steering angle for the validation.
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The region of large position errors in Figure 9 (over about
0.1 m) should be avoided for safety in autonomous driving.
The integrated model can then represent an actual vehicle
in normal driving conditions.

4. CONTROL DESIGN FOR PATH TRACKING

This section introduces the control design procedure for
solving the proposed path tracking problem and the
problems caused by the steering actuator. In the control
design, these problems are formulated as a constrained
optimization problem. The QP method is applied to solve
the optimization problem. The predefined path, tracking
states, and vehicle states are provided to determine the
desired steering angle for the automatic steering system.

In the following formulation, N, denotes the length of the
control horizon and N, denotes the length of the prediction
horizon. {-} (k+jlk) and {-}(k;+j) denote the prediction
and future control, respectively, at initial time &; of the
variable {-} at predicted time k; + ;.

In path tracking, there is a trade-off between control
input and tracking performance. In order to balance the
trade-off, an optimization technique is applied over the
prediction horizon. The trade-off is defined as the cost
function in the form of a quadratic equation as follows:
J=Y'OY+AURAU
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where Y and AU are given by

Yk +1]k,) Au(k,)
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V(kk) = [e,(klk;) Ae,(Klk) e (klk) Ae (klk)], k= ki, kit1, kit2,
..., k+ Np are the system outputs that contain tracking
errors in the position and orientation at each prediction
horizon. Au(k+j) = u(kj)—u(k+j—1), j=0, ..., N. — 1 are
the incremental control inputs which represent the desired
steering angle J,, at time k. Q is a diagonal matrix
consisting of the set of ¢ in Equation (5). A weighting
factor g is for balancing between the tracking errors in
lateral position and orientation. R is a weighting factor
between the tracking errors and the control input as shown
in Equation (6). In order to decouple the control effort from
the variation of the prediction horizon N,, Equation (7)
shows the tuning parameter 7, that is defined as a function
of the prediction horizon.
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13 A '[chwrs (6)
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This research considers two limitations of the control
design. The first limitation is the physical limitations of the
steering system. If the control input command exceeds the
limitation, the system model is no longer valid and the
actuator system might perform an unstable operation. The
other is the steering angle limitation for safe driving
according to the vehicle speed. The steering angle
limitation is derived from the kinematic relationship
between the steering angle and the road curvature. The
angle limitation is determined by a base lateral acceleration
Qe With a steering margin 9, at the vehicle speed v,.
By limiting the steering angle according to vehicle speed,
the controller not only provides safe driving, but also
guarantees high model accuracy with the linear dynamic
vehicle model.

Consequently, both limitations are applied to the
constraints on the steering angle amplitude, which are
defined as functions of vehicle speed v, as written in (8).

b - 5
U ppax (V' )= { 5r"“" when Minax {V_‘_} = ()..m

M nax (va ) when M (V.\- ) < é‘m:\x (8)
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Where 77max(Vx) = lzay,base+ é‘margin (9)

Onx 18 the maximum physical steering angle, / is the
wheelbase of the vehicle (/=1/+1), and 7,,(v.) is the
steering angle limitation at vehicle speed v,. The shaded
area in Figure 11 depicts the allowable region of the
steering angle under the constraints.

In the control design, the rate saturation of the steering
system is also considered as a constraint. The constraint is
defined by the steering angle limitation u,, with the
bandwidth of the steering model @g;- The rate limitation is
the maximum rate of the sinusoidal input of the steering
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Figure 11. Region of constrained control input.

angle limitation at the bandwidth frequency. The sinusoidal
input is given by:

u(w,t) = Asin ot (10)

u(w,t) = Aw cos wt (11)
The maximum rate at the bandwidth frequency is

max |i( gy, 1)| = Ay (12)

At high speed the amplitude of the control input is
limited by the constraint in Equation (8). Therefore, the
upper and lower limitations of the incremental variation at
the sampling period 7, are defined as a function of the
amplitude limitation of the control input as follows:

Aoy = umax(vx)wBWTr (13)
Attyin = Unin(Vi) @i T

Finally, the defined constraints are applied to the control
design in the form of the inequality function at sample time
k;, as shown in Equation (14):

Unin < UKT]) < Unax (14)
Attin <Au(kit]) < Aty

where j=0, ..., N,— 1

Note that the constraints are considered in every future
sample, and the optimal steering sequence is derived from
the integrated model by minimizing the cost function with
the constraints.

The difficulty is in the minimization of the quadratic cost
function (4) whose variables are subject to the linear
inequality constraints (14). In order to solve the optimal
problem with constraints, Karush-Kuhn-Tucker (KKT)
conditions and Hildreth’s QP procedure (from Wang, 2009)
are applied.

5. SIMULATION RESULTS

This chapter presents the simulation results of the proposed
controller. In order to evaluate the controller, three
simulation scenarios are demonstrated. First, the effect of the
varying prediction horizon was analyzed and the appropriate
length of the prediction horizon was determined. Control
ability was then analyzed according to vehicle speed. Lastly,
the effectiveness of the controller was validated with the
MPC-based path tracking controller, which does not include
the actuator dynamics and constraints.

5.1. Simulation Environments

In order to validate the proposed controller, a mathematical
model of an automatic steering system and the 27 degree-
of-freedom CarSim vehicle model are applied as reference
systems. The automatic steering model is developed by
modeling the electric motor dynamics and the mechanical
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dynamics of the steering system. More details about the
reference steering model are introduced in the Appendix.
The reference vehicle model is provided from CarSim
software. CarSim software has nonlinear vehicle models of
actual vehicles for vehicle dynamic simulation.

The three simulation scenarios are demonstrated on two
different roads: a double lane change (DLC) course and a
road course. Figure 12 illustrates the DLC course that is a
straight section of two lane road. This course demonstrates
the tracking capability in different prediction horizons and
controller validation. The road course is depicted in Figure
13 and it facilitates a general performance comparison.
This course is used for controller validation at different
speeds.

In the simulation, the vehicle speed is constant, the road is
flat, and the predefined path is continuous, but the curvature
of the path is discontinuous. The control system operates at
100 Hz and the simulation operates at 1 kHz. The control
parameters for simulations are denoted in Table 1.

5.2. Effect of Model Order of Steering System

The model order of steering system for the model
predictive controller should be appropriate value. A low
order system provides less accuracy, and a high order
system provides high accuracy but it brings large
computation time. The model order of steering system is
analyzed in frequency domain in section 3.1. In order to
check the feasibility of the selection in section 3.1, the
steering models are compared in terms of the model
predictive control. The simulation is performed with 1st,
2nd, and 3rd order transfer functions of steering system at
40 km/h, and its results are shown in Figure 14.

50 100 150 200
X[m]

Figure 12. Double lane change course.
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Figure 13. Road course.

Table 1. Control parameters for the simulation.

Description Notation  Value
Prediction horizon length N, 20
Control horizon length N, 8
Sampling interval of the controller T, 10 ms
Weighting factor between the errors

.. . . q 0.5
on lateral position and orientation
Weighting factor between the track-
: X r 60
ing errors and the control input
Base lateral acceleration Appese 0.5 m/8’
Steering margin Onargin 5°

While the tracking results of using the 2nd and 3rd order
steering models are quite good, the tracking result of using
the 1st order model shows worse tracking performance and
brings large oscillation on the driving. The 2nd order
dynamic model of steering system is the lowest order model
that can provide good tracking results. From the simulation
results, the order selection in section 3.1 is verified.

5.3. Effect of Prediction Horizon

The first scenario is performed to analyze the effect of
prediction horizon length and to find the proper value of
the horizon length of the proposed controller. The
simulations were performed on the DLC course at 40 km/h
with different prediction horizon lengths (N, =38, 12, 20,

control input [deg]
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Figure 14. Tracking results with different model order of
steering system.
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30, and 40). Figure 15 shows the simulation results.

The results show that the vehicle oscillates during
driving at N, = 8, since the prediction horizon is insufficient
to cover the actuator dynamics. At horizon lengths less
than 20 the vehicle trajectory overshoots the predefined
path after the turn, whereas at horizon lengths greater than
20 the vehicle makes anticipated moves before the turn.
The anticipated move is the optimization results from the
MPC-based controller minimizing tracking errors over the
entire horizon. The driving with a large horizon length
brings the similar results with the driving with gazing into a
far distance. Therefore it provides relatively stable driving
but provides larger tracking error at the current vehicle
position. In order to balance between driving stability and
tracking error, an appropriate horizon length should be
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Figure 16. RMS tracking errors in position and orientation
for different prediction horizon lengths.

Table 2. Average computation time for the proposed
controller.

Description Time/call
MPC controller with N, =8, N, =8 2.66 ms
MPC controller with N. = 8, N, = 12 331 ms
MPC controller with N, = 8, N, = 20 3.42 ms
MPC controller with N, = 8, N, = 30 4.86 ms
MPC controller with N. = 8, N, = 40 4.97 ms

selected.

Figure 16 illustrates bar graphs depicting the tracking
RMS errors in position and orientation for the whole
simulation at the different horizon lengths (¥, = 8, 12, 20,
30, and 40). The lateral position error is smallest at N, = 20.
Thus, the prediction horizon length of 20 is regarded as a
proper value in the proposed controller.

Table 2 shows the average computation time for the
proposed controller. The computation is performed with
2.4 GHz of Intel® quad-core CPU. Since the sampling
interval is 10 ms, the all performed MPC controllers have
acceptable computation times.

5.4. Performance Evaluation of the Proposed Controller
In order to evaluate the tracking performance of the
proposed controller according to vehicle speed, the last
scenario is performed on the road course with different
constant velocities of 20, 40, 60, and 80 km/h. Each
simulation took about 180, 120, 90, and 45 seconds,
respectively. Figure 17 shows the simulation results.
Tracking errors are small even at high speeds. In the
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Figure 17. Tracking results at different speeds.
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simulation, the maximum tracking errors in position and
orientation are under 4 cm and 1 degree, respectively. Note
that the position tracking errors at different speeds are
almost identical, which confirms that the proposed
controller satisfies the acceptable tracking performance at
various vehicle speeds under the actuator dynamics and its
constraints.

5.5. Comparison Result

In order to validate the proposed controller, two different
controllers are applied in the second scenario. Case A is the
proposed controller, which is the MPC-based path tracking
controller that incorporates actuator dynamics and
constraints. Case B is the MPC-based path tracking
controller based solely on the vehicle dynamics model. Both
controllers use the parameters delineated in Table 1.

The first simulation of both controllers was performed at
20 km/h, and its results are shown in Figure 18. Case B
shows small oscillation in the driving, which is not a big
problem in terms of driving stability. However, the
oscillation increases as the vehicle speed increases, and the
system would be unstable at higher speeds. Figure 19
illustrates the simulation results at 40 km/h. In this
simulation, Case B shows large oscillations in the driving.

The controller that does not consider actuator dynamics
shows worse control performance as speed increases. On
the other hand, the proposed controller maintains high
tracking performance even at high speeds.
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Figure 18. Simulation results on the DLC at 20 km/h.
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Figure 19. Simulation results on the DLC at 40 km/h.

6. CONCLUSION

In this paper, a model predictive control based path tracking
algorithm was proposed to achieve an accurate and smooth
tracking for an autonomous vehicle. In the control design of
the proposed controller, dynamic characteristics of the
steering system were incorporated to improve the tracking
performance by integrating with vehicle model into an
integrated model. An optimal steering command was
calculated by using a QP optimization method based on the
integrated model. The integrated model was validated
under various driving conditions. In addition, high model
accuracy and safe driving were ensured by applying
different limitations on the steering angle according to
vehicle speed.

The performance of the proposed algorithm was
validated through various simulations. According to the
simulation results, the length of the prediction horizon
should be long enough to compensate the steering actuator
dynamics. In comparing the proposed controller to another
controller based only on the vehicle dynamics model, the
proposed controller showed better tracking performance by
incorporating the steering actuator dynamics, especially at
the high speed. In conclusion, the simulation results
confirmed that the proposed control algorithm achieves not
only high tracking accuracy but also driving smoothness.
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APPENDIX

This chapter presents the reference model of the automatic
steering system for the simulations. In this study, the
steering model is developed over two steps. First, the
electric motor dynamics and the mechanical dynamics of
the steering system are modeled as a steering plant model.
Then, a simple PID control law is applied to the steering
system with an input voltage limitation.

Figure A illustrates the structure of the automatic
steering system. The steering system consists of an electric

DC M(l)tor Q_D bc
B

Pinion

Figure A. Automatic steering mechanism.

motor, steering wheel, steering column, rack, and wheel. In
order to develop the steering model, we assume that there
is no driver intervention on the steering wheel and that the
rack position is proportional to the steering angle. In
accordance with Newton’s laws of motion, we derived the
following motion equations.

The electric motor dynamics is given by:

z, = ki (D
L%;+Ri=v—k[9m 2

The dynamic equations of the mechanical parts are given by:

It Bufut K, (6,—N6) = 1, (3)
J§+BO+K[0.-5) = NK.(6,-N6) 4)
M,erB,erK,x—;K,,(QC—r)—M 5)
7,=EFy (6)

where 6,=N6,, x=r@,, and 6=N,x at steady-state. In the
above equations, the meanings of the symbols involved are
explained in Table A. From Equation (1), the motor torque
7, is related to the armature current i by a constant factor k..
In voltage Equation (2), the armature current i can be
expressed in terms of the applied motor terminal voltage v
by applying Kirchhoff’s voltage law to the armature circuit.
A back-EMF is related to the rotational velocity of the
motor armature by the constant factor . In Equations (3)
and (4), Newton’s laws of motion are applied to the angular
motion on the motor armature and the steering column,
respectively, in terms of the torque. Equation (5) shows
forces on the steering rack by applying Newton’s laws.
Self-align torque on the front wheel is a function of lateral
tire force with the pneumatic trail £ in torque Equation (6).
Therefore, the above equations present the physical
mechanism by which electric motor generates torque and
that torque is then transferred via the steering column and
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the steering rack to the front wheel for steering.

Using Equations (1) through (6), the state-space form of
dynamics model of the steering system can be derived as
follows:

[ " ] a,, 0 a, 0 0 0 0[]
9.'" Ay Gy Gy 0 a0 0 6,
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é(. =/ 0 0 Aoy Ogaq Qs 0 A7 Q_
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o - - S 7
b‘rll U ( )
0 0
0 0 v
+ 0 0 L}
0 0 y
0 b
L 0 0 -
5=Nx ®)
R kl t
where astllz_Z7 a.vm:—Z, asr21=—l%,
B _ K, _KN
w2 =7 Qs =7 Gsos g
oo _NK, . _ B _ NK,+K,
5143 Jc > st44 Jc’ st45 J[ )
K K B
a1 = Ty s = 0 Aues = ps
K +K, 1 1
£ by =—

As67 = — P by =7, 5
M,r L M,N,

i

Table A. Parameters and variables of the model.

Description Symbol Unit
Steering wheel(column) angle 0. rad
Steering column moment of inertia J, kg-m’
Steering column damping B.  Nm/(rad/s)
Radius of pinion r, m
Pinion and rack torsional stiffness K, Nm/rad
Rack and wheel assembly mass M, kg
Rack damping B, N/(m/s)
Rack spring constant K. N/m
Motor’s angular position 0, rad
Motor moment of inertia g, kg-m’
Motor damping B, Nm/rad
Motor and gearbox torsional stiffness K, Nm/rad
Motor electric torque T, Nm
Motor gear ratio N -
Rack steering ratio N, Rad/s
Rack displacement x m
Motor torque and voltage constant k, Nm/A
Motor inductance L H
Motor resistance R Q
Motor terminal voltage v \Y%
Motor armature current i A
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