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ABSTRACT−The dynamics of spiral bevel gears like most high-speed precision gears employed in motor vehicles and off
highway equipments are substantially affected by the structural characteristics of the shafts and bearings. The lumped
parameter model is one of the common tools applied to perform gear dynamic analysis. Even though the lumped parameter
approach is computationally fast and conveniently efficient, it typically uses limited number of coordinates and may not fully
account for the shaft-bearing structural characteristics accurately. In this analysis, the finite element formulation, that can
generally represent more complete characteristics of the shaft-bearing assembly, is employed to enhance the current lumped
parameter synthesis theory using the concept of effective mass and inertia elements. Computational output shows that the
enhanced lumped parameter synthesis model is capable of predicting sufficiently accurate dynamic response when compared
to the direct dynamic finite element calculations, and much more precise response than previous lumped parameter results,
especially when the gear dynamics are associated with the pinion or gear bending modes. Even though this analysis focuses
primarily on the spiral bevel geared rotor systems, the proposed methodology and analysis results can be easily extended to
other types of gears.
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1. INTRODUCTION

As design of geared-based powertrain systems become
more compact, the dynamics of high speed geared rotor
systems becomes a more critical factor to generated
acoustic noise and structural durability. Under dynamic
conditions, the meshing force acting on the gear teeth is
amplified leading to potential reduction in the gear fatigue
life and allowing transmission of large amplitude vibratory
response to the housing causing gear whine. To be able to
design quieter and more durable gearboxes, we have to
develop an in-depth understanding of the structural
dynamics responsible for excitation and dynamic response.
Hence, an approach that can accurately predict gear
dynamic response and be able to provide an in-depth
understanding of the underlying physics controlling the
vibration and acoustic noise generation is highly desirable.

The dynamics of geared rotor systems have been studied
extensively in the past (Ozguven and Houser, 1998; Smith,
2003, Vedmar and Andersson, 2003; Tamminana et al.,
2007; Iida et al., 1985; Kubur et al., 2004; Vinayak et al.,
1995; Lim and Li, 1999; Lim and Singh, 1991; Lim and
Houser, 1997) . However, most of the studies are focused

on parallel axis gears. Even though a lot is now known
about the dynamical characteristics of parallel axis geared
rotor systems, the results have not been applied much to
analyze the response of non-parallel axis geared rotor
systems such as straight and spiral bevel gears. Only in
recent years that the study of the dynamics of spiral bevel
geared rotor systems have gained some attention (Cheng,
2000; Peng and Lim, 2009a, 2009b, 2007c). For instance,
Cheng and Lim (Cheng, 2000) developed the single-point
gear mesh-coupling model based on the exact spiral bevel
gear geometry. This mesh model is then applied to develop
multiple degrees of freedom, lumped parameter model of
the spiral bevel geared rotor system. Later, by using this
same model, Peng and Lim (Peng and Lim, 2009a, 2009b,
2007c) investigated the influence of various gear system
parameters on the dynamic characteristics of the spiral
bevel geared rotor system. However, due to the limited
number of degrees of freedom employed, the lumped
parameter model cannot fully take into the account of the
shaft-bearing dynamic characteristics. Moreover, the
lumped parameter synthesis method used in the proposed
model, which is the key to representing shaft-bearing
structural characteristics, is quite primitive. Current lumped
parameter approach is fundamentally deficient and unable
to reasonably compute the values of effective lumped*Corresponding author. e-mail: teik.lim@uc.edu
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mass, inertia and stiffness properties of the pinion and gear.
In this study, two modeling methods of spiral bevel

geared rotor dynamic system, which are the dynamic finite
element modeling and the enhanced equivalent lumped
parameter synthesis, are introduced and compared. This
first objective of this paper is to develop a dynamic finite
element model that can better take into account and
describe the shaft-bearing dynamic characteristics as
compared to the existing multiple degrees of freedom,
lumped parameter dynamic approach (Cheng, 2000) . The
second objective is to develop a more accurate lumped
point parameter synthesis method by considering the shaft-
bearing structural characteristics employed in previous
lumped parameter model (Cheng, 2000) and compare the
results with the proposed dynamic finite element model. 

2. DYNAMIC FINITE ELEMENTS 

As shown in Figure 1, the mass and inertia elements for
each of the pinion head and the ring gear is lumped at one
node, and these two nodes are coupled via a mesh stiffness
between them. The mass and inertia elements of the
differential assembly are also lumped at one node. The
pinion shaft and gear shaft are modeled with beam
elements, for which consistent mass matrix is used. The
bearings are modeled as stiffness matrices according to a
bearing stiffness formulation (Lim and Singh, 1990a,
1990b). The engine and load are each represented by one
node. All nodes of the system have 6 Cartesian coordinates
except for the two nodes representing the engine and load
that only have a single degree of freedom (DOF) represent-
ing the torsion coordinate. The system in total has 17 nodes
and accordingly a total of 92 coordinates. 

The stiffness and mass matrices of each beam element are
determined and assembled to form the stiffness [Ksp] and
mass [Msp] matrices of the pinion shaft, and stiffness [Ksg]
and mass [Msg] matrices of gear shaft. Overall shaft stiffness
and mass matrices of the system are then assembled via
superposition according to the following process given by
and [Ks] = Diag[[Ksp]…[Ksg]…] and [Ms] = Diag[[Msp]…

[Msg]…].
The engine and load are separately connected to one

node at the pinion shaft, and one node at the gear shaft,
respectively, with torsional springs. The stiffness matrices
of the torsional spring elements used to connect the engine
and pinion shaft, and the load and gear shaft can be written
in terms of individual torsional spring stiffness as [Ktsp] and
[Ktsg]; both of which are 7x7 square matrices. The overall
stiffness matrices of torsional spring elements of the whole
system can be written as [Kts] = Diag[…[Ktsp]…[Ktsg]]. The
overall mass matrices of the engine and load of the complete
system can be written in terms of torsional moment of
inertia of engine IE and load IL as [ME,L]= Diag[…IE…IL].

In practical applications, the pinion shaft is usually
supported by 2 or 3 bearings and gear shaft is usually
supported by only 2 bearings. For a system having a total of
n bearings, the overall bearing stiffness matrix of the
complete system can be written by assembling the
individual bearing element stiffness matrices [Kbi](i=1 to n)
as [Kb] = […[Kb1]…[Kb2]…[Kb3]…[Kbn]…].

The gear stiffness coupling matrix for the mesh coupling
between the two nodes representing the pinion head and
ring gear is derived from the free vibration equation of
motion of the spiral bevel gear pair. The dynamic model of
the spiral bevel gear pair is shown in Figure 2. The pinion
and gear, which are modeled as rigid bodies, are connected
by a linear set of gear mesh spring and damper elements.
Using the quasi-static three-dimensional finite element
tooth contact analysis program (Vijayakar, 1991, 2003) and
the concept of contact cells (Cheng, 2000), the averaged
mesh point, averaged line-of-action, averaged mesh
stiffness and loaded transmission error are obtained for use
to construct the mesh spring connecting point, mesh spring
direction, mesh spring stiffness and transmission error
excitation between the pinion and gear. Both pinion and
gear are allowed to move in 6 directions such that the gear
pair dynamic system in total has 12 degrees of freedom.
The generalized coordinates of pinion and gear are
separately expressed as {qpg} = {xp, yp, zp, θpx, θpy, θpz, xg, yg,
zg, θgx, θgy, θgz}T. Hence, the undamped free vibration
equations for this gear pair dynamic system can be
expressed as:

Figure 1. Schematic of the setup for the dynamic finite
element modeling of a spiral bevel geared rotor system. Figure 2. Spiral bevel gear pair dynamic model.
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(1a,b,c)

(2a,b,c)

(3a,b,c)

(4a,b,c)

where, (nlx, nly, nlz) is the line-of-action vector, (nlm, nlm, nlm)
(l = p, g) is the mesh point vector. l = p, g refers to the
pinion and gear local coordinate systems, respectively. Here,
km is mesh stiffness. p is relative displacement between
pinion and gear along line-of-action and is expressed as:

(5)

By combining equations (1) ~ (5), a clearer equation of
motion can be obtained as:

(6)

(7)

(8)

In the above equations, {hp} and {hg} are the coordinate
transformation vectors between the spiral bevel gear line-
of-action direction and generalized coordinate directions
for pinion and gear separately. They are expressed as:

(9)

(10)

The gear mesh stiffness matrix [kpg] and the mass matrix
[mpg] of the gear pair can be obtained from equations (6) ~
(10). The overall gear mesh stiffness and mass matrices of
the whole system can then be obtained from [kpg] =
Diag[…[kpg]…] and [Mpg] = Diag[…[mpg]…].

Accordingly, the mass and stiffness matrices of the
whole dynamic finite element model are derived as [M] =
[Mpg]+[Ms]+[ME,L], [K] = [Kpg]+[Ks]+[Kb]+[Kts]. Also, the
system proportional damping matrix [C] used in this model
and the expression of the overall system excitation vector
{F(t)} is given as: 

(11)

(12)

where ζs is the system damping ratio, and ζm is the mesh
damping ratio.

The equation of motion of the whole spiral bevel geared
rotor system can be expressed as:

(13)

The direct matrix inversion method is applied here to
calculate the steady state forced response as:

(14)

The dynamic responses of the pinion head {Xp} and ring
gear {Xg} can then be extracted from X(t) to calculate the
dynamic transmission error given by the following
equation:

(15)

The dynamic mesh force along the line-of-action is
expressed as:

(16)

where, km is the mesh stiffness, cm = ζmkm is the mesh
damping, and ε0 is the loaded transmission error.

It may be noted that, in the present study, the spiral bevel
geared rotor system as shown in Figure 1 is used to apply
the proposed dynamic finite element modeling theory.
However, the same theory can be applied to spiral bevel
geared rotor systems with other kinds of pinion and gear
configurations.

3. ENHANCED LUMPED PARAMETERS

3.1. Spiral Bevel Gear Model
A 14-DOF lumped parameter dynamic model (Cheng,
2000) representing a spiral bevel gear train assembly used
in this study comprises of a spiral bevel gear pair, an engine
element and a load element as illustrated in Figure 3. Both
engine and load have a single DOF in the torsional
direction. The pinion and gear are both modeled as rigid
bodies having 6 Cartersian coordinates. The torsional
springs are used to connect the pinion and engine as well as
to attach gear and load. The meshing between the pinion
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and gear is represented with a mesh coupling. The
averaged mesh stiffness is given by km, and the static
transmission error is denoted by TE. Since the pinion and
gear are modeled as rigid bodies, their mass and inertia
effects are lumped at their centroid points. The lumped
shaft-bearing springs are connected to each lumped point
of the pinion and gear to act as the support for the gearing
assembly. Given these assumption, the equations of motion
in matrix form can be easily derived and expressed as: 

(17)

where the generalized coordinates are given by:

(18)

(19)

The lumped mass and stiffness matrices are described as:

(20)

(21)

In the above equation, [Kll] is the lumped shaft-bearing
stiffness matrix, [Kpg] is the gear mesh coupling stiffness
matrix, [Ktsp] is the coupling stiffness matrix of the torsional
spring used to connect pinion and engine, and [Ktsg] is the
coupling stiffness matrix of the torsional spring used to
connect gear and load. The damping [C] is assumed to be
system proportional that is expressed as: 

(22)

where ζs is system damping ratio and ζm is mesh damping
ratio. The force vector {F(t)} at the right side of equation
(17) is,

(23)

Here, {hp} and {hg} are the coordinate transformation
vectors between the spiral bevel gear line-of-action
direction and generalized coordinate directions for pinion
and gear separately. They are explicitly expressed as,

(24)

(25)

where {nlx, nly, nlz} is the line-of-action vector; {xl, yl, zl} is
the mesh point vector; and l = p, g refers to pinion and gear
local coordinate systems respectively. 

The dynamic transmission error δd is calculated in
frequency domain and expressed as,

(26)

The corresponding dynamic mesh force along line-of-
action direction is expressed as:

(27)

where km is mesh stiffness, cm = ζskm is mesh damping, and
ε0 is loaded transmission error. 

The most critical deficiency of this model lies in the fact
that it is a lack of a fully validated method to synthesize the
lumped point parameters, that is the lumped shaft-bearing
stiffness matrix [Kll], and lumped mass and inertia elements
of the pinion Mpx, Mpy, Mpz, Ipx, Ipy, Ipz and gear Mgx, Mgy, Mgz,
Igx, Igy, Igz, which are key to representing shaft-bearing
structural dynamic characteristics. The lack of a more
comprehensive representation may cause inaccuracy in the
predicted dynamic response, especially if the lumped point
parameters are not well determined. 

3.2. New Lumped Parameter Formulation
The basic idea of proposed lumped parameter synthesis
theory is to approximate the continuous parameter models
of the pinion and gear in lumped parameter models, while
being able to retain the same first order pinion and gear-
shaft bending modes. The fundamental formulation is
given below. First, the shaft-bearing stiffness model is
described and then followed by the derivation for mass and
inertia elements. 

3.2.1. Shaft-bearing stiffness
In this section, the equivalent shaft-bearing stiffness
relative to the lumped point is formulated applying a static
finite element model. The analysis is performed on a 3-

 

 

 

 

 

 

 

 

 

 

 

Figure 3. Spiral bevel geared rotor systems represented by
a 14-DOF lumped parameter dynamic model. 
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bearing straddle mounted pinion configuration as shown in
Figure 4. The pinion with integrated shaft is modeled with
several uniform cross-section beam elements, while the
support bearings are modeled using a stiffness matrix based
on an earlier formulation developed by Lim et al. (Lim and
Singh 1990a, 1990b, 1990c; Liew and Lim, 2005). 

For a unit load at the lumped point, the static equilibrium
equation applying the finite element theory can be
expressed as: 

(28)

where {P} represents the external load exerted at all the
nodes, {R} represents the reaction load at all the nodes, [S]
is the assembled stiffness matrix, and {∆} represents the
displacements of all the nodes. A more detailed equation
can be derived from equation (28) as:

(29)

where Pj and Rj refer to the external and reaction loads,
respectively, exerted at the nodes of the part of pinion with
the integrated shaft (j=F) and bearing outer raceway (j=S),
and the symbol ∆j represents the nodal displacements of the
pinion-shaft (j=F) and bearing outer raceway (j=S). 

Since the reaction load is only exerted at the nodes at the
bearing outer races and the nodes at the bearing outer races
are fixed, RF and ∆s in equation (29) can be set to be zero
yielding, 

(30)

Thus, the following expression can be drawn from the
above equation (30):

(31)

In the above equation, the lumped point displacement
{ } can be obtained from {∆F}. The relationship among
the unit external load at the lumped point { }, the
displacement of the lumped point { } and the equivalent
shaft-bearing stiffness relative to the lumped point [Kll] can
be expressed as: 

(32)

Repeating the above procedure, by adding a unit load in
the other five nodal coordinates individually one at a time,
the lumped point displacements corresponding to each unit
load can be constructed as { } (i =2,3,4,5,6). The unit load
at the lumped point in each of other 5 directions can also
similarly be written as { } (i =2,3,4,5,6). Accordingly, the
following relationship could be obtained:

(33)

Combining equations (32) and (33) yield, 

(34)

Hence, the equivalent shaft-bearing stiffness relative to
the lumped point [Kll] can be calculated as: 

(35)

However, the equivalent shaft-bearing stiffness
calculated from the finite element equilibrium model may
not accurately describe the equivalent axial translational
stiffness. Therefore, the axial translational stiffness model
of the 3-bearing straddle mounted pinion configuration
shown in Figure 5 has to be separately formulated in order
to refine the axial translational stiffness described by
equivalent shaft-bearing stiffness [Kll]. In Figure 5, Kb1 and
Kb2 are axial translational stiffnesses of bearings 1 and 2.
Note that Ks1 is the shaft axial stiffness from the load point
to the center of bearing 1, and similarly, Ks2 is shaft axial
stiffness from the center of bearing 1 to the center of
bearing 2. Also, Kc is additional cascade stiffness
associated with bearing 2 to represent the shaft-bolt-york
elasticity between the center and inner race of bearing 2.
The housing bolt stiffness is given by Khb. 

The axial translation stiffness of [Kll] calculated from the
finite element representation does not take Kc and Khb into
account. Hence, a refinement can be performed according
to Figure 5 in the following way. Before applying the finite
element calculation, the cascade stiffness Ks3 should be
added into the axial translation stiffness of bearing 2 Kb2.

After performing the finite element modeling, the
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Figure 4. Finite element modeling of 3-bearing straddle
mounted pinion configuration .
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temporary equivalent shaft-bearing stiffness can then be
obtained. Finally, the temporary equivalent shaft-bearing
stiffness can be use to add Khb into its axial translation
stiffness to obtain the eventual equivalent lumped shaft-
bearing stiffness of the 3-bearing straddle mounted pinion.

Even though the above analysis is applied to the 3-
bearing configuration, the approach of computing the
equivalent lumped shaft-bearing stiffness of other pinion
and gear configurations (Peng and Lim, 2007c) can be
calculated in the similar way.

3.2.2. Lumped mass and inertia
The first bending mode shape functions of integrated
pinion-shaft and gear–shaft assemblies are first generated
using the Initial Parameter Method described in Reference
(Karnovsky, 2003). In this paper, to calculate first bending
mode shape function, the coordinate system as shown in
Figure 6 is used. The Initial Parameter Method is generally
applied to perform dynamical calculations of beams with
arbitrary peculiarities and varying types of boundary
conditions. 

In Figure 6, the dotted line at y=0 to the left represents
an arbitrary type of support. Transverse displacement z0,
angle of rotation ϕ0, bending moment M0 and shear force
Q0 at y=0 are called initial parameters. State parameters
transverse displacement z(y), angle of rotation ϕ(y),
bending moment M(y), shear force Q(y) at any position x
may be presented in the following forms (Karnovsky,
2003):

(36)

(37)

(38)

(39)

where Mi is the ith lumped mass (note: M0 = bending
moment at x=0), Ji is the moment of inertia of the ith lumped
mass, Ri is the ith concentrated force (active or reactive), yi is
distance between origin and point of application Ri or Mi,zi,
and ϕi are the vertical displacement and slope, respectively,
where the lumped mass Mi is located, and S(y), T(y), U(y)
and V(y) are Krylov-Duncan functions given as:

(40a,b,c,d)

where, k=  is the frequency parameter, m is the linear

density of the uniform beam, ω is radian natural frequency,
E is the Young’s modulus of elasticity, and I is the rotary
inertia of the cross-sectional area of the beam.

This theory can generally be applied to the pinion and
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Figure 5. Axial translational stiffness model.

Figure 6. Design of beam with lumped mass points.

Figure 7. Beam with lumped mass representation of the
pinion with integrated shaft.
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gear sets in the spiral bevel geared rotor system. Consider
an overhung mounted and simply supported pinion example
as shown in Figure 7. The pinion is modeled as a uniform
beam with a lumped mass at the lumped point a.
Accordingly, the transverse displacement z(y), angle of
rotation, bending moment ϕ(y), shear force at any position y
of the pinion model shown in Figure 7 can be expressed by
using the Initial Parameter Method (Karnovsky, 2003) as: 

(41)

(42)

(43)

(44)

The boundary condition can be described mathematically
as M0 = 0;Q0 = 0;z(b) = 0;z(c) = 0;M(d) = 0;Q(d) =0. By
applying these boundary conditions to equations (41) ~
(44), the following set of equations can be obtained:

(45)

(46)

(47)

(48)

The displacement and angle of rotation at y=a are
expressed as:

(49)

(50)

Therefore, the system of homogeneous equations can be
obtained. If and only if the following determinant, which
represents the frequency domain, is zero, the system has a
non-trivial solution. 

(51)

(52)

(53)

(54)

(55)

In the above problem, multiple solutions of k that are
expressed as k1, k2, k3, k4, k5 can be obtained. Here, k1, is the
smallest value of k, which is for the first bending mode.
Substitution of the value of k1 into the above equation and
rearranging yields z0, R1, R2, in terms of ϕ0. Then, further
substitution of the relationship into equations (41), (42) can
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produce the mode shape functions z(y), ϕ(y). 
Then, according to the balance of kinetic energy at the

first bending mode, the first equation could be expressed as:

(56)

where, Meffective and Ieffective are the pinion’s effective mass and
effective moment of inertia that need to be determined.

As for the model in Figure 7, the lumped stiffness
relative to Point a and the first bending natural frequency
can be obtained as [Ka]2×2 and ω1. As the continuous
parameter model in Figure 7 and its equivalent 2-DOF
lumped parameter model should have the same first
bending natural frequency ω1. The second equation could
be expressed according to ω1 as: 

(57)

Using equations (56) and (57), the effective mass Meffective

and effective moment of inertia Ieffective can then be obtained.
Then, in equation (20), the lumped mass and inertia of
pinion can be expressed as:

(58)

(59)

where, Mtotal is the total mass of pinion, and Jtorsion is the
torsional moment of inertia of pinion. Note that x is in
horizontal direction, y is in axial direction, and z is in
vertical direction.

It may be noted that Mtotal, Jtorsion are directly used for Mpy,
Ipy since the pinion does not have torsional and axial
translational deformations when the geared rotor system is
excited at relatively low frequency. Also, the lumped mass
and inertia elements of the pinion or gear with other kinds
of configurations can be calculated by following the
procedure outlined above. For brevity, the detail presentations
are not given here.

4. COMPARATIVE ANALYSIS AND 
DISCUSSIONS

Using the dynamic finite element model and the previous
lumped parameter approach, the dynamic mesh force is
calculated and plotted in Figures 8-10 for the following
three pinion-gear configurations: (a) pinion and gear are
both overhung mounted and simply supported, (b) pinion
and gear are both overhung mounted and flexibly supported,
and (c) pinion is straddle mounted and flexibly supported

while gear is overhung mounted and flexibly supported. 
Predicted results reveal that the dynamic mesh forces

obtained from the two models are different at some of the
structural modes. Figure 8 shows that the dynamic
responses do not match at modes a and b. By examining
the corresponding mode shapes in the basic lumped
parameter model, it is found that the contributions of
coordinate numbers 5 and 7, representing pinion bending,
to the mode shapes are significant. Similar behavior is
observed in Figure 9 where modes a, b, c of the previous
basic lumped parameter model fail to match with the
dynamic finite element dynamic model. Coordinate
numbers 5 and 7 also show major contributions to these
three mode shapes. In Figure 10, however, mode a of the
previous lumped parameter model matches very well with
proposed finite element model, while modes b and c depict
some discrepancies. It is observed from the mode shapes
that mode a is not coupled to the pinion bending response
represented by coordinate numbers 5 and 7 or to the gear
bending represented by coordinate numbers 11 and 13
unlike modes b and c, which are coupled to the critical
pinion bending and gear bending responses. In fact, the
results in Figures 8-10 indicate that dynamic responses of
dynamic finite element model and basic lumped parameter

 

 

 

 

Figure 8. Comparison of the predicted dynamic mesh
forces applying the dynamic finite element model (solid
line ) and previous basic lumped parameter model
(dashed dotted line------) for case (a) with pinion and gear
both overhung mounted and simply supported.
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model do not match well at the modes that are coupled to
pinion or gear bending responses. 

When compared to the dynamic finite element solution,
the mesh force calculated using the proposed, newly
enhanced lumped parameter model shows good agreement
especially at the low frequency range where a perfect
match is observed, as shown in Figures 11-13 for the three
configurations described above. Results show that the
proposed lumped parameter model has the potential to
accurately calculate the dynamic mesh force as compared
to the previous one.

Unlike the previous lumped parameter model, where the
total value of mass and inertia elements is used in the
lumped parameter synthesis method, the newly proposed
lumped parameter model lumps only the effective mass and
inertia elements. The use of effective mass and inertia
elements leads to more accurate representation of system
mass matrix to improve the accuracy of the shaft-bearing
dynamic characteristics. This yields more accurate modal
responses, especially when the contribution of bending
modes is significant.

It has to be noted though, at the high frequency range,
the dynamic finite element model and proposed lumped
parameter model results still show some minor

discrepancies that may be caused by the following two
reasons: (i) The process to calculate the effective lumped

Figure 9. Comparison of the predicted dynamic mesh
forces applying the dynamic finite element model (solid
line ) and previous basic lumped parameter model
(dashed dotted line -------) for case (b) with pinion and gear
both overhung mounted and flexibly supported.

 

Figure 10. Comparison of the predicted dynamic mesh
forces applying the dynamic finite element model (solid
line ) and previous basic lumped parameter model
(dashed dotted line -------) for case (c) with pinion straddle
mounted, gear overhung mounted and both flexibly
supported.

 

Figure 11. Comparison of the predicted dynamic mesh
forces applying the dynamic finite element model (solid
line ) and enhanced lumped parameter model
(dashed dotted line -------) for case (a) with pinion and gear
both overhung mounted and simply supported.
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shaft-bearing stiffness and mass and inertia elements may
have disregarded the effect of higher order parametric
terms leading to minor computational errors; and (ii) Since
the newly enhanced lumped parameter synthesis approach
is developed based on the first bending mode of pinion and
gear, the proposed lumped parameter model cannot
accurately predict modes that are coupled to higher pinion
or gear bending modes at relatively high frequencies.
These neglected higher order bending modes may cause
minor residual errors at the predicted frequencies. 

5. CONCLUSIONS

In this study, an enhanced lumped parameter modeling
approach is proposed to improve the modeling of spiral
bevel geared rotor systems without the penalty of using
large scale finite element models. The enhancement uses
the finite element representation of the gear-shaft assembly
to determine the effective mass and stiffness elements at
the relevant lumped points. Using this enhanced lumped
parameter synthesis approach, the predicted dynamic mesh
force function shows excellent agreement with the
response calculated by the direct dynamic finite element
model. Also, the comparison of the dynamic finite element
results to basic lumped parameter calculations in modeling
spiral bevel geared rotor system response reveal the
limitations of previous approaches. The proposed enhanced
lumped parameters retain the efficiency and simplicity of
the discretization but still can accurately account for the
bending modes of the driving and driven shafts. This is
important because the bending modes of the connecting
shafts are critical to the dynamical characteristics of the
complete spiral bevel geared rotor systems. 
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