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Abstract: An improved micromechanical shear lag model, which considers the interphase and bonded fiber end, is
developed to investigate the load-carrying characteristics and stress profiles in hybrid aramid/sepiolite fiber reinforced rubber
composites. The properties of the equivalent matrix, which is combination of sepiolite fiber and rubber matrix, are
determined by Mori-Tanaka method. The axial and shear stresses at the fiber end are resolved by the imaginary fiber
technique. The results obtained from the improved model show the tensile stress has a maximal at the real fiber center and the
interfacial shear stress has a maximal at the end of the real fiber. Comparing with the results from Tsai’s model, the improved
model has a better agreement with the numerical simualtion results. The effects of the imaginary fiber length on the stress
transfer are analyzed and the results show that the effects can be ignored when the imaginary fiber length is greater than twice
of the fiber radius. The effects of interphase modulus and thickness on the maximal axial and shear stresses are discussed.
The results show that the interphase modulus and thickness of about 106.3 MPa and 0.2 µm are optimal to prevent interfacial
debonding and improve the strength of hybrid fiber reinforced rubber composites.

Keywords: Hybrid fiber, Rubber composites, Interphase, Stress transfer, Imaginary fiber technique

Introduction

Fiber reinforced composites are widely used in petroleum,

chemical, textile, electrical and mechanical industry, and

their good applicability have been confirmed by engineering

practices over recent years [1-3]. Hybrid fiber reinforced

rubber composites (HFRR) are usually constituted of

reinforcing fibers, compatibilization fibers, elastic binding

materials, and chemical additives. Fibers or particles

embedded in a rubber matrix can effectively improve the

comprehensive performances such as strength intensity,

fatigue resistance and corrosion resistance, etc. Elastic

binding material binds reinforcing fibers, compatibilization

fibers and chemical additives together, which makes up

elastic network structure. Natural rubber (NR), nitrile rubber

(NBR) and styrene-butadiene rubber (SBR), etc., can all be

used as the elastic binding materials of HFRR among which

nitrile rubber are preferably selected in consideration of

product performances and cost [4].

As the bridge transmitting load between fiber and matrix

material, interphase plays a dominant role in the performance

of fiber reinforced composites [5-7]. It resides in a region

between the original constituents of composites with a size

ranging from several to hundreds of nanometers and is

frequently modified by the use of coupling agents and

sizings [8-10]. One difficulty encountered when modeling

the interphase is the characterization of the dimensions and

physical properties of the interphase. Currently the related

parameters are mainly determined by experimental work. By

using tapping mode phase imaging and nanoindentation tests

based on the atomic force microscope, Gao et al. studied the

sized fiber surface topography variation in the interphase of

E-glass fiber-reinforced matrix composites. The interphase

thickness is found to vary between 100 nm and 300 nm

depending on the type of sizing and matrix materials. The

modulus profiles indicated either a constant or a gradient in

the modulus across the interphase due to the different

interaction mechanisms of interphase [11]. Liu et al. used

atomic force microscopy with force modulation mode to

analyze the interphase of composites. The results show that

the thickness of the transitional layer between carbon fiber

and polyarylacetylene resin is more than 200 nm and the

stiffness of the interphase is between the carbon fiber and

PAA resin [12]. The thickness of interphase was estimated to

be about 30 to 240 nm [13], and similar results were reported

in an experimental study using scanning force microscopy

[14]. However, other experimental findings suggest that the

interphase within polymer matrix composites may be larger.

The results obtained by secondary ion mass spectroscopy

[15] and atomic force microscopy [16] indicate that the

dimension of thickness magnitude is 1 µm for glass-fiber

epoxy composites. 

The shear lag model [17] is widely used to calculate

deformational and elastic properties of fiber reinforced

composites. The original model considers the load transfer

from matrix to fiber by means of shear stress at the fiber-

matrix interface, and several modifications have been made

to account for the stress transfer and failure mechanisms in

fiber-reinforced composites [18-21]. The accuracy of the

model is largely dependent on the imposed boundary

conditions at the fiber end. Generally, stress boundary

conditions, based on arbitrary assumption, are predefined at*Corresponding author: drzhbin@163.com
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the fiber end to obtain the analytical solutions from the

governing equations [22,23]. However, as Hsueh pointed

out, these stresses cannot be predetermined, and therefore

the boundary conditions are ambiguous. To solve this

problem, a scheme was proposed by Hsueh [24] and Nair

and Kim [25], where two imaginary fibers (made of matrix

materials) were employed. This approach is the only one that

gives the analytical solution to the stress distribution in

matrix beyond the limit of the fiber end. However, a model

incorporating the interphase is still to be developed.

In this work, an improved shear lag model is developed to

investigate the load-carrying characteristics and stress

profiles in HFRR made of reinforcing fiber (aramid fiber),

elastic binding materials (NBR) and compatibilization fiber

(sepiolite fiber). Imaginary fibers are added in the region

from the fiber end to the surface of representative volume

element (RVE) model. The properties of equivalent matrix

are evaluated by the Mori-Tanaka method and the properties

of the interphase are obtained by testing resorcinol

formaldehyde latex (RFL) film. Then a finite element model

is established to give numerical results to validate the

accuracy of the improved shear lag model. Finally, the

effects of interphase modulus and thickness on the maximal

axial and shear stresses are discussed.

Analytical Model

Tsai’s Model

Tsai et al. [26] developed a shear lag model which

includes an interphase region between fiber and matrix

material. Tsai’s RVE model is shown in Figure 1, where the

fiber end is subjected to a uniform tensile strain ε0. The

applied load is parallel to the fiber axis. The axial tensile

stress σ(rf, x) and shear stress τ(rf, x) in the cylindrical fiber

are given by

(1)

(2)

where

(3)

where Ef is the Young’s modulus of fiber, Gi and Gm are the

shear moduli of interphase and matrix, respectively. rf, ri and

rm are the radii of fiber, interphase and matrix, respectively.

Constants B and D are dependent on the boundary conditions at

the fiber end.

Applying the following boundary conditions

(4)

The constants B and D can then be solved by equation (5).

(5)

Hsueh’s Model

Hsueh [24] added the imaginary fiber into the shear lag

model. The tensile load is applied to the surface of RVE in

the x direction. The fiber is bonded to the matrix at both the

interface (i.e., at r=rf) and the ends (i.e., at x=±l). The stress

is transmitted from matrix to fiber through the interface and

fiber end. Two parts of matrix that connect the fiber end to

the loading surface (see the domain marked by dash lines in

Figure 2) are treated as two imaginary fibers which have the

same physical properties to matrix. Hence, the stress transfer

problem depicted by Figure 2 can be solved using two shear

lag models: one for 0≤x≤l and the other for l≤x≤L.

Although the stress at the fiber end is unknown, the two shear

lag models are jointed at x=l on the continuity condition,

which, in turn, determines the stress at the fiber end.

σ rf x,( ) Efε0 Bsinh nx/rf( ) Dcosh nx/rf( )+ +=

τ rf x,( )
nrf

2
------ Dsinh nx/rf( ) Bcosh nx/rf( )+[ ]–=

n
2GiGm

Ef Gmln ri/rf( ) Giln rm/ri( )+[ ]
------------------------------------------------------------------=

σ rf l,( ) σ rf l–,( ) 0= =

B 0=

D Efε0/cosh nl/rf( )–=⎩
⎨
⎧

Figure 1. RVE model proposed by Tsai. Figure 2. RVE model proposed by Hsueh.
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Improved Model

When the fiber is embedded into the matrix with bonded

fiber end, it requires a boundary condition to derive the

stress at the fiber end. The Hsueh’s model which has two

imaginary fibers can give the stress at the fiber end, but the

interphase existing in fiber reinforced composites is ignored.

In order to investigate the stress transfer regularity in HFRR,

a model which incorporates the imaginary fiber and interphase

is developed, as shown in Figure 3. In the improved model,

two imaginary fibers with length of L−l and width of r=rf
possess the same mechanical properties to that of the equivalent

matrix material.

In the improved model, the axial tensile stress σf(rf, x) and

interfacial shear stress τf(rf, x) in the cylindrical fiber are

given by equations (6) and (7), which have the similar form

as equations (1) and (2).

(6)

(7)

where

(8)

where Gem and rem is the shear modulus and radius of the

equivalent matrix. Constants C1 and C2 are dependent on the

boundary conditions at the fiber end.

Considering the geometry similarity, equations (1) and (2)

can also be used to describe the stress distribution along the

imaginary fiber by replacing the Young’s modulus of the

fiber with that of the equivalent matrix. Thereby, the axial

tensile stress σif(rf, x) and interfacial shear stress τif(rf, x) in

the imaginary fibers can be rewritten as

(9)

(10)

(11)

where Eem and νem are the Young’s modulus the Poisson’s

ratio of the equivalent matrix. C3 and C4 are dependent on

the boundary conditions at the fiber end.

Applying the following boundary conditions (equation

(12)) and using equations (6)-(11), the constants C1, C2, C3

and C4 can then be solved by equation (13).

(12)

(13)

Properties of Equivalent Matrix and Interphase

Properties of Equivalent Matrix

Since the diameter of the sepiolite fiber (100 nm) is much

less than that of the aramid fiber (15 µm) and the major

reinforced phase in HFRR is the aramid fiber, the sepiolite

fiber together with rubber can be replaced by an effective

homogeneous matrix. The equivalent scheme by application

of Mori-Tanaka method [27-30] is shown in Figure 4 and the

method can be expressed by

(14)

(15)

where [Csf], [Crm] and [Cem] are the stiffness matrices of the

sepiolite fiber, rubber and equivalent matrix, respectively.

[I], [Sijkl] and Vsf are the identity tensor, Eshelby tensor and

volume fraction of the sepiolite fiber, respectively. For a

spherical - like inclusion, [Sijkl] is given in reference [30]. 

The mass ratio of the sepiolite fiber to rubber is assumed

to 10:3 in HFRR. Since the densities of the sepiolite fiber

and rubber are around 2.1 and 1.0 g/cm3, respectively, the

volume ratio is approximately 5:3. The modulus and Poisson’s

ratio of the sepiolite fiber are 86 GPa and 0.2, respectively

[31,32]. The modulus of the rubber is about 2.5 MPa. On the

basic of equations (14) and (15), the longitudinal Young’s

σf rf x,( ) Efε0 C1sinh αx/rf( ) C2cosh αx/rf( )+ +=

τf rf x,( )
αrf

2
------- C2sinh αx/rf( ) C1cosh αx/rf( )+[ ]–=

α
2GiGem

Ef Gemln ri/rf( ) Giln rem/ri( )+[ ]
----------------------------------------------------------------------=

σif rf x,( ) Eemε0 C3sinh βx/rf( ) C4cosh βx/rf( )+ +=

τif rf x,( )
βrf

2
------- C4sinh βx/rf( ) C3cosh βx/rf( )+[ ]–=

β
1

1 υem+( )ln rem/rf( )
-------------------------------------------=

σf rf l,( ) σif rf l,( )=

τf rf l,( ) τif rf l,( )=

τf rf 0,( ) 0=

τif rf L,( ) 0=⎩
⎪
⎪
⎨
⎪
⎪
⎧

C
1

0=

C
2

βC
4
sinh βl/rf( ) βC

3
cosh βl/rf( )+[ ]/ αsinh αl/rf( )[ ]=

C
3

Ef Em–( )ε
0
/ sinh βl/rf( ) coth βL/rf( )cosh βl/rf( )–[=

β

α
--- coth βL/rf( )sinh βl/rf( )coth αl/rf( )

β

α
---cosh βl/rf( )coth αl/rf( )–⎝

⎛+

C
4

coth– βL/rf( )C
3

=⎩
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎧

Cem[ ] Crm[ ] I[ ] Vsf A[ ]+( ) 1–
=

A[ ] Crm[ ] Csf[ ] Crm[ ]–( ) Vsf I[ ] 1 Vsf–( ) Sijkl[ ]+[ ]+{ }=
1–

Cm[ ] Csf[ ]–( )

Figure 3. The improved micromechanical model of HFRR.
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modulus and Poisson’s ratio of the equivalent matrix is

calculated to be 12.5 MPa and 0.45, respectively.

Properties of Interphase

The characterization of interphase modulus is difficult,

and its result usually has large difference by different

experimental methods. The test of the fiber surface treatment

agent is an alternative method to characterize interphase

properties. RFL-based dipping solution is common surface

treatment agent for improving adhesion performance between

the aramid fiber and rubber systems [33,34]. The RFL film

specimen can be prepared by drying the RFL solution, and

then the interphase properties can be obtained by measuring

RFL film. Figure 5 is the RFL film specimen and its

corresponding size is shown in Figure 6.

The properties of RFL film is determined by the dry

weight ratio of resorcinol-formaldehyde (RF) to copolymer

latex system (L), as shown in Table 1 [35,36]. The dry

weight ratio of RF to L in this paper is between 0.1 and 0.25

and its corresponding tensile modulus is between 8.1 and

106.3 MPa. It can be also seen that the strength of RFL film

is improved as dry weight ratio of RF to L increases.

Validation of the Improved Model

Finite Element Model

An axisymmetric finite element model of RVE is established

based on the finite element analysis code ABAQUS, as

shown in Figure 7. The model is given proportions such as

L=0.13 mm and l=0.065 mm. The material parameters are

listed in Table 2. The 4-node bilinear axisymmetric quadrilateral

with reduced integration and hourglass control element

(CAX4R) is applied for the fiber, interphase and equivalent

matrix. The mesh is graded so as to maximize the

computational effort close to the fiber end, as shown in

Figure 8, where the maximal stress concentration occurs. In

radial direction, biased and gradually reduced elements are

used for the fiber and matrix. A tensile load is applied on the

surface of the RVE model. For the present finite element

Figure 4. Equivalent principle by application of Mori-Tanaka

method.

Figure 5. RFL film specimen.

Table 1. Mechanical properties of RFL films with different ratio of

RF and L

RF/L Tensile strength (MPa) Tensile modulus (MPa)

10/100 4.5 8.1

14/100 7.6 17.0

16/100 8.0 23.9

18/100 9.1 41.2

20/100 12.1 65.4

25/100 15.1 106.3

Figure 6. Specimen size of RFL film (unit mm).

Figure 7. Axisymmetric finite element model of RVE.

Table 2. Material properties and dimension of RVE

Material parameter Fiber Equivalent matrix Interphase

Young’s modulus (MPa) 125000 12.5 41.2

Poisson’s ratio 0.22 0.45 0.35

Diameter (mm) 0.013 0.026 0.0134
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model, the boundary conditions include:

(16)

where u
r
 and u

x
 are the displacements in the r and x

directions, respectively. U is the displacement at x=L and a is

a displacement varying with U. In the simulation, it is

assumed that U is equal to 10 % of L, and the boundary of

the model at r=rem is enforced to hold straight during

deformation.

Grid independence analysis is conducted on the finite

element model. Figure 9 shows that the magnitude of the

tensile stress at the fiber end varies with the grid number.

The result indicates that axial tensile stress approaches a

stable value when the grid number is large than 6000.

Therefore, the grid number of about 6000 is enough in the

following finite element model.

Comparison of Results 

In order to validate the accuracy of the improved model,

the results among the finite element model, improved model

and Tsai’s model are compared, as shown in Table 3. The

tensile stress at the fiber center and the shear stress at the

fiber end are chosen as the analysis objects. The results show

that the relative error between the improve model and finite

element model is small (less than 5 %), and the relative error

between the Tsai’s model and finite element model is greater

than 5 %. Therefore, the improved model is more appropriate to

predict the stress distribution in HFRR.

Application of the Improved Model

The improved shear lag model is used to investigate the

effects of the imaginary fiber length and interphase properties

on the stress transfer regularity along the fiber axial direction.

Unless otherwise indicated, the axial strain of the RVE is

10 % and material parameters are listed in Table 2 in the

following analysis.

Stress Transfer Regularity

The stress distribution resulting from the improved model

is investigated under the conditions of L/rf=20, l/rf=10, ε0=

10 %. The tensile stress distribution along the fiber axial

direction can be seen in Figure 10. The horizontal ordinate

(x/rf) denotes the distance from the fiber axial location to the

fiber center (x=0). The dash dot line represents the boundary

between the imaginary and real fiber. The tensile stress

decreases as x/rf increases in the real fiber and it has a

maximal at the fiber center where the fiber fracture will

occurs. In the imaginary fiber, the tensile stress continues to

decrease as x/rf increases and it approaches a stable value at

the loading surface.

The interfacial shear stress along the fiber axial direction

is shown in Figure 11. In the real fiber, the interfacial shear

stress increases with the increment of x/rf. The maximal

interfacial shear stress occurs at the end of the real fiber

where discontinuities of material properties exist. The

interfacial shear stress will cause the interfacial debonding

behavior. In the imaginary fiber, the interfacial shear stress

decrease as x/rf increases and its value is 0 at the loading

surface. 

Effect of Imaginary Fiber Length

The distributions of the axial tensile and interfacial shear

stresses along the loading direction are shown in Figures 12

and 13, respectively, for different values of the imaginary

fiber length (L−l). The results show that the tensile stress and

interfacial shear stress have similar distribution rule. At the

boundary between the imaginary and real fiber (x=l), the

tensile stress has a finite value (Figure 12). This finite value

decreases with an increase of the imaginary fiber length, and

reaches an asymptotic value when the loading surface is

ur 0 at r 0= =

ux 0 at x 0= =

ux U at x L= =

ur a at r rem= =⎩
⎪
⎪
⎨
⎪
⎪
⎧

Figure 8. Grid of RVE.

Figure 9. Independence analysis of grid.

Table 3. Comparison of calculation results

Stress

Finite 

element

model

Tsai’s

model

Relative

error

(%)

Improved

model

Relative

error 

(%)

Tensile stress at the

fiber center (MPa)
80.5 75.6 6.1 78.9 2.0

Shear stress at the

fiber end (MPa)
6.8 6.2 8.8 6.5 4.4
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sufficiently remote from the fiber end. Figure 13 shows that

there is little influence on the shear stress at the fiber end

with different imaginary fiber lengths. The curves of

interfacial shear stress distribution are overlapping in the

real fiber and they are different in the imaginary fiber with

different values of L−l.

It is noted that when the loading surface is sufficiently

remote from the end of the real fiber, both σf and τf approach

their asymptotic values at x=l. This condition can be

satisfied when the distance between the loading surface and

fiber end is larger than twice of the fiber radius, i.e. (L−l) ≥

2rf. Hence, while analyzing the effects of the interphase

properties on stress transfer in the next section, (L−l)=2rf is

chosen and then the effect of the imaginary fiber length on

stress transfer can then be ignored.

Effect of Interphase

From the above analysis results, the maximal tensile stress

and interfacial shear stress occurs at the fiber center and

fiber end, respectively. The fiber fracture and interfacial

debonding will happen at those positions in fiber reinforced

composites.

The effects of interphase on the tensile stress at the fiber

center (x=0) and the interfacial shear stress at the fiber end

(x=l) are shown in Figures 14 and 15. Figure 14 illustrates

the influence of interphase modulus and thickness on the

maximal tensile stress (σmax). It can be seen that σmax

increases as the increase of interphase modulus. When the

interphase modulus is less than 12.5 MPa, the maximal

tensile stress increases significantly. That means the fiber

bears a relative large axial load when the interphase modulus

is large, as a result, the strength of HFRR will be enhanced.

It can be also found that the tensile stress increases with the

increasing interphase thickness when the interphase modulus

is larger than 12.5 MPa, and it decreases with the increasing

interphase thickness when the interphase modulus is smaller

Figure 10. Tensile stress distribution along fiber axial direction.

Figure 11. Interfacial shear stress distribution along fiber axial

direction.

Figure 12. Tensile stress distribution for different values of

imaginary fiber length.

Figure 13. Interfacial shear stress distribution for different values

of imaginary fiber length.
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than 12.5 MPa. Therefore, it can be concluded that the stress

transfer efficiency of HFRR can be enhanced by means of

enhancing the interphase modulus and thickness.

The similar trend on the interfacial shear stress can be seen

in Figure 15. The maximal interfacial shear stress (τmax)

increases as the interphase modulus increases. τmax decreases

with an increase in the interphase thickness when the

interphase modulus is less than 12.5 MPa, and it increases

with the increasing interphase thickness when the interphase

modulus is larger than 12.5 MPa. The interfacial debonding

is a main damage type in fiber reinforced rubber composites

and a high interfacial shear stress will cause the damage of

composites [8-10], so the low interfacial shear stress at the

fiber end can prevent the generation of interfacial debonding

effectively. The interphase properties are listed in Table 1. It

can be seen that high tensile modulus corresponds to high

interphase strength. Consequently, an interphase modulus of

about of 106.3 MPa and an interphase thickness of about

0.2 µm are desired to prevent interfacial debonding and

improve the strength of HFRR.

Conclusion

An improved shear lag model was developed to investigate

the load-carrying characteristics and stress profiles in HFRR

subjected to an axial load. The sepiolite fiber together with

rubber matrix was replaced by an equivalent matrix and its

property was obtained by Mori-Tanaka method.

The results of the improved model show that the maximal

tensile stress occurs at the center of the real fiber where the

fiber fracture will happen, and the maximal interfacial shear

stress occurs at the end of the real fiber where the interfacial

debonding will generate. It can be also obtained that the

results of the improved model show a better agreement with

the numerical simualtion results, comparing with the results

from Tsai’s model.

The effects of the imaginary fiber length, interphase

modulus and thickness on the stress transfer efficiency were

discussed. The effect of the imaginary fiber length on stress

transfer can be ignored when it is larger than twice of the

fiber radius. An interphase modulus of about 106.3 MPa and

an interphase thickness of about 0.2 µm are desired to

prevent interfacial debonding and improve the strength of

HFRR.
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