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Abstract

We prove that there exists a gradient expanding Ricci soliton asymptotic to any given
cone over the product of around sphere and a Ricci flat manifold. In particular we obtain
asymptotically conical expanding Ricci solitons with positive scalar curvature on R3 x
S!. More generally we construct continuous families of gradient expanding Ricci
solitons on trivial vector bundles over products of Einstein manifolds with arbitrary
Einstein constants.
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1 Introduction

Perelman successfully introduced Ricci flow with surgery to prove the Poincaré con-
jecture in dimension three and more generally Thurston’s geometrization conjecture,
[1,2]. In particular, Perelman could perform a careful singularity analysis and continue
the Ricci flow past singularities.

Work of Feldman—Ilmanen—Knopf [3] and Maximo [4] shows that in dimension four
and higher, Ricci flows on compact manifolds may also develop conical singularities.
Moreover, the examples of Feldman-Ilmanen-Knopf [3] and Angenent—Knopf [5]
indicate that asymptotically conical expanding Ricci solitons may be used to continue
the flow past the singular time. This is also supported by a result of Gianniotis—Schulze
[6] who constructed Ricci flows on compact manifolds with conical singularities by
gluing in asymptotically conical expanding gradient Ricci solitons.

B Matthias Wink
wink @math.ucsb.edu

Jan Nienhaus
nienhaus @math.ucla.edu

1 Department of Mathematics, UCLA, 520 Portola Plaza, Los Angeles, CA 90095, USA

Department of Mathematics, University of California, Santa Barbara, South Hall, Room 6607,
Santa Barbara, CA 93106, USA

Published online: 31 August 2024 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12220-024-01778-4&domain=pdf
http://orcid.org/0000-0003-4047-422X

327 Page20f18 J. Nienhaus, M. Wink

Based on these examples, Bamler—Chen [7, Question 1.1] asked if for a given 4-
dimensional Riemannian cone with nonnegative scalar curvature there is a gradient
expanding Ricci soliton with nonnegative scalar curvature which is asymptotic to the
given cone. Bamler-Chen moreover solved the question affirmatively if the link of the
cone is diffeomorphic to the 3-sphere.

In this paper we provide examples of expanding gradient Ricci solitons asymptotic
to any cone whose link is isometric to S? x S where the metrics on the spheres are
round with arbitrary radii.

More generally, we prove the following Theorem.

Theorem A Let di > 1 and let (M;, g;) be Einstein manifolds with Ric(g;) = w;gi
fori=2,...,r.

(a) There exists an r-parameter family of complete gradient expanding Ricci solitons
and an (r — 1)-parameter family of complete Einstein metrics with negative scalar
curvature on R4 x My x ... x M,.

(d) If ui = 0 for all i, then the expanding Ricci solitons are asymptotically conical.

(©) Ifdy = 2and pu; =0 foralli # 1, then all cones with link of the form

(Sd' XMy x...x M,, ofzgl—i—...—i—a;zgr), o >0

occur as asymptotic cones, where gy denotes the round metric on S%.

By Bamler—Chen [7], the expanding Ricci solitons have positive scalar curvature
if the asymptotic cone has positive scalar curvature, see also Proposition 5.5.

Note that Theorem A(a) does not make any assumptions on the Einstein constants.
This generalizes work of Bohm [8] on Einstein manifolds with negative scalar curva-
ture and Dancer-Wang [9] on expanding Ricci solitons who all considered Einstein
manifolds (M;, g;) with positive scalar curvature and d; > 2. The corresponding
results for d; = 1 were established by Buzano-Dancer-Gallaugher-Wang in [10]. All
examples are also of warped product type.

Theorem A(b) confirms the expectation of Dancer—Wang [9, Remark 3.16] that
their Ricci solitons are indeed asymptotically conical. The case of doubly warped
products was first considered by Gastel-Kronz [11] who constructed asymptotically
conical expanding Ricci solitons on R4+ x M with d; > 2 and M positive Einstein.
Angenent—Knopf [5] gave an independent construction of expanders on R?*! x §¢
for p, g > 2 and p 4+ ¢ < 8 and moreover proved that in this setting there are multiple
expanding Ricci solitons asymptotic to the same cone.

Expanding Ricci solitons with nonnegative respectively positive curvature operators
coming out of cones with links which are (homeomorphic to) spheres were constructed
by Schulze—Simon [12] and Deruelle [13]. In particular, Deruelle provided a classifi-
cation of asymptotically conical gradient expanding Ricci solitons with nonnegative
curvature operators. In contrast, the examples in Theorem A(c) always have negative
Ricci curvatures at the singular orbit in the directions tangent to the Ricci flat factors.

In the Kéhler case, generalizing earlier work of Cao [14], Dancer—Wang [15],
Feldman—Ilmanen—Knopf [3] and Siepmann [16], Conlon—Deruelle [17] constructed
asymptotically conical expanding gradient Kéhler Ricci solitons on the total space of
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the vector bundle L&D where L is a negative line bundle over a compact Kihler
manifold X with ¢;(Kx ® (L*)**t') > 0 and n € Ny. Further classification results,
in particular for asymptotically conical gradient expanding Kéhler Ricci solitons of
complex dimension two, are established by Conlon—-Deruelle—Sun in [18].

Strategy of the proof and structure of the paper Recall that an expanding gradient
Ricci soliton (M, g, u) is a Riemannian manifold (M, g) together with a smooth
function # on M such that

Ric + Hessu + %g =0

for some constant ¢ > 0. The Ricci solitons constructed in this paper are multiple
warped products on (0, T) x $% x My x .. . x M, where the sphere smoothly collapses
to a point as t — 0.

In Sect. 2 we recall the Ricci soliton equations for multiple warped product man-
ifolds and show completeness of the metrics, i.e. Theorem A(a), by establishing that
the shape operator of the hypersurface {¢} x S% x My x ... x M, remains positive
definite. This suffices due to [19, Proposition 1.6]. The expanding Ricci solitons are
parametrized by ( fg el fr C) where f, > (0 rescale the metric of the singular orbit,
(M2 X ...x M,, Z?:z fizgi) , and C < 0 corresponds to the second derivative of
the soliton potential u at the singular orbit.

In order to consider the limit trajectory as C — —oo in Sect. 6, we desingularize the
Ricci soliton equations in Sect. 3 using a well-known coordinate change. Sections 4
and 5 establish the asymptotic behavior of the metrics. In particular, we show that
the expanding Ricci solitons are asymptotically conical in Lemma 5.4 and thus prove
Theorem A(b). This relies on several ODE comparison results, in particular Lemma
4.1. We also compute the scalar curvature at infinity of the solitons in Proposition 5.5.

Section 6 studies the aforementioned limit trajectory as C = (d; + 1)ii(0) - —o0
which corresponds to an invariant subsystem of the Ricci soliton ODE. One motivation
to consider this limit is that the scalar curvature satisfies R = —C —eu —u% — (n+ 1)%
and thus the (non-geometric) limit corresponds (intuitively) to having infinite scalar
curvature. Moreover, if the singular orbit consists only of Ricci flat manifolds, then
the cone angle of the sphere factor must become arbitrarily small as C — —oo to
obtain arbitrarily large scalar curvature. The asymptotic behavior of the trajectory of
the rescaled limit system quantifies this idea.

In the final Sect. 7 we use this to show that there are also regular trajectories,
i.e. trajectories corresponding to complete asymptotically conical expanding Ricci
solitons, where the sphere factor of the link is (and remains) arbitrarily small. By
considering the limit C — 0, i.e. the Einstein trajectories of Theorem A(a), we show
that similarly there are expanding Ricci solitons with spheres of arbitrarily large radii
in the link. Combining these observations we show that we can find an aysmptotically
conical expanding Ricci soliton with any given cone angle of the sphere factor in
Lemma 7.1. Theorem A(c) follows by suitably rescaling the Ricci flat factors of the
link, i.e. by choosing f; > 0 appropriately.
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2 Multiple Warped Product Gradient Ricci Solitons

Forr > 2 let (M;, gi)i=2....., be Einstein manifolds with Ric(g;) = n;g;. Letd; > 1
and setd; = dim M; fori =2,...,r.0On (0, T) x N M> x ...x M, consider the
metric

di* + ) R0

i=1

where g1 denotes the round metric on § 1 of radius 1, so that 1 = di;—1. Note that the
shape operator and the Ricci curvature of the hypersurface {f} x S% x My x ... x M,
are given by

. fi. £ ) . i . My,
L; =diag( —idg, ..., —1idg | and r; =diag | —5idg,,..., —5 idg, | .
' g(fl l fr ' £ 7 2

In this case the gradient Ricci soliton equation with soliton potential u = u(¢) reduces
to

4 i) =~ + 5

— (=1 +tr =—tr -,

dt 2
4l (i)l 4r+ Sid
d[ = u r 21 .

Furthermore, the Ricci soliton satisfies Hamilton’s [20] conservation law
&
ii + (—utr(L))i = tr(L?) + tr(r) + (n — D3 = (i + tr(L))? = C + ¢u,

where n = )";_, d; is the dimension of the hypersurface.
By the work of Buzano [21], the metric extends smoothly to a Ricci soliton metric
on RU*1 x M, x ... x M, if the warping functions f; satisfy the boundary conditions

fi(0)=0, fi(0)=1, £;(0)=f; >0 and f;(0) =0

fori =2, ..., r. Furthermore, if we fix u(0) = 0, then the smoothness condition for
the soliton potential is

C
u(0) =0, #(0) =0, i(0) = SR

With this choice of initial conditions, C is the same constant as in the conservation

law.
The ambient scalar curvature of the warped product is given by

R = tr(r) — tr(L?) — tr(L)? — 2 tr(L).
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For Ricci solitons we thus obtain
) &
R=—-C—-c¢cu—u —(n+1)§

— —tr(r) — tr(L2) + tr(L)2 =2 (u (L) + n%)

and in particular R(0) = —C — (n + 1)%. It follows from Chen [22, Corollary 2.3(i)]
and the strong maximum principle, see also Zhang [23, Theorem 1.5] or Pigola—
Rimoldi-Setti [24, Theorem 3], that a complete, non-Einstein expanding Ricci soliton
satisfies R+ (n+1)5 > 0. In particular, we require C < 0 as a necessary condition to
obtain complete expanding Ricci solitons. Furthermore, Buzano—Dancer—Gallaugher—
Wang [10] observed that if C < 0, then the conservation law implies that u(t) < 0,
u(t) <0andii(r) < 0fort > 0, see also [19, Proposition 1.2]. Furthermore, C = 0
corresponds to Einstein metrics.
Note that the components of the shape operator satisfy

dfi__ figm e
i (u+tr<L>>ﬁ+f2+2

and thus (d) + 1) f;(0) = “’ L+ Efr
For i > 2 choose f; > O such that % + 5 > 0. Then fi(0) > 0 and therefore

f,-(t) > 0 for small + > 0. Note that fi(t) > 0 is preserved as long as %% >

—(—u + tr(L)) f" . For u; > 0 this is immediate and for u; < 0 note that fl-(t) >0

also implies (02 +5> f2 + 5 > 0. Therefore the shape operator remains positive

fi
definite and completeness of the metric follows as in [19, Proposition 1.6]. This proves

part (a) of Theorem A.
In the following we will therefore only consider trajectories with

- i €
F;, = le2 + 5 >0 (1)
fori = 2,...,r. By completeness of the metric, these trajectories are defined for

t € [0, 00).

Remark 2.1 Note that for F; = 0 the warping function f; remains constant and M;
splits off as a product factor.

Remark 2.2 The above construction also applies to Ricci flat metrics and steady Ricci
solitons provided the Einstein manifolds (M;, g;) have positive scalar curvature. This
recovers metrics constructed by Bohm [8], Dancer—Wang [25] and Buzano—Dancer—
Wang [26]. In the above approach it is also possible to include Ricci flat manifolds
(M;, gi). However, as in Remark 2.1, these split off as product factors. In fact, if (M, g)
is a steady Ricci soliton with potential # and (N, &) is Ricci flat, then the Riemannian
product (M x N, g + h) is a steady Ricci soltion with soliton potential u o ;.
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3 Desingularization of the Ricci Soliton ODE

Set

)C:.;, i:ﬁi, XZZ,Cﬁ and Y[=£
—u+tr(L) ds dt fi fi

and denote differentiation with respect to s by ". Then,

,
L x2_ L2
L=C ;d]Xj SL
=

r
’ & &
XiZXi E dei—Eﬁz—l +H«in-2+§£2,

j=1

fori =1, ..., r. Furthermore, let
r r e
Si = X;dixl? + X;diﬂiyiz +(n— 1)552 —1,
1= 1=

,
S = ZdiXi -1
i=1

and observe that

1 r e e
o ax2_ &2 € 2
281 (i_zl i X 2£ )81 + 2£ S,

Sé =8+ <Zd,'Xl-2 - %ﬁz — l) Ss.

i=1

Note that, by the conservation law, S| = (C + ceu)L? and S; = ul. In fact,
45 =S and Sy — S = iiL2.

Solutions to the Ricci soliton equation satisfying the smoothness conditions of Sect.
2 correspond to trajectories in the unstable manifold of the stationary point

1
L =0, X1=Y1=d—, Xi=Y =0 ()
1

fori=2,...,r.
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In the following we are only going to be interested in trajectories that are induced by
solutions satisfying the initial conditions (1) and C < 0. Note that, due the conservation
law, these trajectories are contained in the locus {S; < 0} N {S> < 0} for C < 0 and
in the locus {S§; =0} N {82 = 0} for C = 0. Furthermore they satisfy £, X;,Y; > 0
as well as lim,_, _ OOM,LZ + £ 2 =F >0.

If uj <O, then L = X < 0 implies that —pu; Yi2 < (% — Fi) £? and the
conservation law S 1 5 0 shows that £, all ¥; with u; # 0, and all X; are bounded.
Furthermore, for all i, the ODE for Y; thus shows that ¥; cannot blow up in finite time.
In particular, solutions are defined for all s € R.

To obtain a formula for the scalar curvature R in the new coordinate system we set

R = RL2.

From R = —tr(r) — tr(L?) + tr(L)* — 2 (i tr(L) + n%) it follows that

r r r 2 r
R ZZZdiXi—ZdiX%— (Zd,-Xl) —Zd,-pbiYiz—neﬁz
i=1 i=1 i=1

i=1
—(Si+8+m+ 327

and it is straightforward to compute that

&
EaR (Zd X} - z:2> R+ (8-8-350) 8.

For applications in Sect. 5 we note the following.
Proposition 3.1 Suppose that ; > 0. Then the origin is a stable attractor.

Proof The linearization of the Ricci soliton ODE at the origin shows that all eigen-
values are nonpositive and there is a center manifold. As in [9, Proof of Proposition
3.11] one shows that "/ _; Y7+ £ £* is a Lyapunov function for the flow on the center
manifold near the origin. In particular, the origin is a sink for the flow, see also [27,
Theorem 2]. O

4 Approximate Asymptotics of the Metrics

In the case of Einstein metrics with negative scalar curvature, the condition
Yi_diX; = limplies 1/n < >"I_, d;X? < 1 and the ODE for £ shows that £ is
bounded away from zero outside any neighborhood of the initial parameter s = —oo,
say for s > s9. As L is moreover bounded and Y; /L is decreasing, all ¥; are hence
bounded. Thus, the w-limit set of the ODE is connected, compact, non-empty and
invariant under the flow, see [28, Chapter 3.2]. Furthermore, %% = —%X ; also
implies that X; - ¥; = 0 on the w-limit set. However, the ODE for X; shows that
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X; = 01is impossible on the w-limit set since u; Yi2 + %Ez is bounded away from zero
for s > sg. For u; < 0 this follows by the choice of f; > 0in (1). Therefore, ¥; — 0
ass — 00.

Asd i1 d;iX 3 — ££2 — 1 is negative and bounded away from zero for s > s, the
ODE

,
/ &
X = X)) = (Xe = X) | 3dj X5 = SL£2 = 1) + eV — ¥}
Jj=1

shows by comparison that Xy — X; — 0 as s — oo for all £, [. Thus X; — % and

1 Ji _ Xi

then also %EZ — - ass — oo. In particular, F=7- /n% ast — oo.
13

The key convergence criterion is the following lemma, which can be proven as in
[9, Lemma 3.13].

Lemma4.1 Fori = 1,2letc;: R — R be smooth functions and suppose that c; (s) —
cfass — oo with cf > 0. Suppose that f: R — R satisfies f' = —c1 f + c2.

C*
Then f converges to % as s — oo.
1

Similarly, to treat the case of expanding Ricci solitons, recall that the work of
Buzano-Dancer-Gallaugher-Wang [10] shows that —‘t—‘ — % ast — oo and moreover

there is fo > O such that | tr(L)| < \/n5 fort > to. This implies that £, X;, ¥; — Oas

s — 00. As X; > 0 it follows that j—s% = —%X,- < 0 and thus % converges. Since

2
Wi % + % > 0 is bounded away from zero as before, cf. (1) in case u; < 0, Lemma
4.1 applied to

d X,‘ X,‘ - 2 & Yi2 &
s _Z;djxj+§£ — | +uigs+s
Jj=
shows convergence of % One can now proceed as in [9]. In particular, it follows that
% - £ as

s — oo. Finally, with these asymptotics one can deduce that §£-# — 1 and % -t —> 1
ast — o0o.

% — 0 by considering %—, and invoking L’Hopital’s rule. This implies

5 Scalar Curvature at Infinity
From now on we restrict to expanding Ricci solitons on R4+! x M, x ... x M, where
d; > 2 and (M;, g;) are Einstein with nonnegative scalar curvature fori =2, ...,r.

In particular,

u1=d—1>0 and pu; >0fori =2,...,r.
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To distinguish between trajectories corresponding to expanding Ricci solitons and
Einstein metrics we make the following definition.

Definition 5.1 A trajectory in the unstable manifold of (2) with £ > 0, X; > 0,
Y; >0fori =1,...,ris called regular it S < 0 and S < 0 respectively Einstein
if S =8, =0.

Recall from Sect. 3 that the loci {S; < 0} N {S; < 0} and {S| = 0} N {S, = 0} are
preserved by the ODE as ¢ > 0.

Remark 5.2 The trajectory corresponding to (f2, ..., f», C) is regular if and only if
fi>O0fori=2,...,rand C < 0.

Indeed, in Sect. 3 we established that trajectories induced by the smoothness con-
ditions of Sect. 2 are regular for f; > 0 and C < 0, or Einstein if f; > 0 and
Cc=0.

The converse follows from the linearization at (2), cf. [9, Sect. 2]. Note that for
d; > 2 the fixed point (2) is hyperbolic and that we recover f, = fi(0) and C =
(d1 + 1)ii(0) via

fi=dim o and €= lim 5.

To study the precise asymptotic behavior of the trajectories, we set

Definition 5.3 Fori = 1, ..., r define o; by

_ . : . i
ol = lim f; = lim —,
! t—00 s—o0 Y:
1

where by convention we set o; = 0 if the limit diverges to infinity.

Along Einstein trajectories we have o; = 0 according to Sect. 4. We now prove
that the o; are also well-defined along regular trajectories.

Lemma 5.4 Along any regular trajectory, o; exist and o; € (0,00) fori =1,...,r.
Moreover, we have the refined asymptotics

X;— L7 €
= ) (mei 1)
fori=1,...,rass — oo.

Proof Recall from Sect. 4 that regular trajectories satisfy

X; e Y;
L, X, Y, — 0, [,_;_)5 and Zl_>0

fori=1,...,rass — oo.
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It is straightforward to compute that

Along regular trajectories we have % — 5 ass — oo. Thus % — Qass — o0

and since p; > 0 it follows that X; > %Ez for large times. In fact, if o; converges,

then & = XY _ £45 295 — 00 and Lemma 4.1 implies that Xi—5L?
£2 7 L2X; 29i . plies tha e

N
(5)* (nio? + 1) as s > oo.

To show that o; exist and o; € (0, 00) it suffices to establish convergence of % in
(0, 00). Note that

d Yl‘ Yi d 2 & 0
j=1
for large times as eventually we have X; > %Ez fori=1,...,r.

It remains to show that the o; are positive. Pick some fixed time 7' > 0. By the
previously established asymptotic estimates, there are constants ¢; such that

,
&
—Zde? + 5[:2 —Xi| <Lt
j=1
fort > T.

Using % = /.Z% aswellas 5L -t — 1 fort — oo, we obtain

- 1
Cim573 3

for t+ > T and some constants ¢; > 0.
The corresponding differential equation

dg -8

—=—Cc—, gT)=g0>0

dt 3 g( ) 80
has the explicit solution g(z) = go exp (% (tl2 - %)) . In particular, g(¢) converges
to a positive constant as t — o0o. By comparison, % remains bounded away from

zero for t > T and we obtain positivity of ;. O
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Proposition 5.5 Along any regular trajectory the scalar curvature satisfies

R — (%)2 (;diuiaiz —n(n — 1))

ass — oo.
In particular, the induced gradient expanding Ricci soliton has positive scalar
curvature if its asymptotic cone

-
<(O, o0) X ST x My x ... x My, dt* + (al_lt)zgsd + Z(Ui_lt)ng,)
i=2
has positive scalar curvature.

Proof The formula for the scalar curvature R = R£? from Sect. 3 shows that

5£2 r r X; 2 r Y; 2
B Sl (G

i=1

- <§>2 (z<>z>
i=1 =
en2 [ <
-2 diMiUiz—n(n—l))
6(z

as s — 0o.

We note that the solitons have bounded curvature by direct computation. Therefore
we can apply the work of Bamler-Chen [7, Theorem 2.3] which shows that if the
scalar curvature of an expanding Ricci soliton is positive at infinity, then it is positive
everywhere. The claim follows from the observation that the scalar curvature of the
cone is

1
Reone = (Zdll‘l/l —nn — 1)) t_2

6 A Limiting Subsystem

Consider the Ricci soliton ODE for L =0and X; = Y; =0fori = 2,...,r. Then
one obtains an invariant subsystem in X = X1, Y = Y| withd = d; > 2. Namely,

X =X@x*=1)+d-1Y?
Y = XY@dXx —1).
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The ODE has the fixed points (X, Y) = (0, 0), (iLd, 0), (4, +1). The fixed
point (X, Y) = (%, é) is a saddle and there is precisely one trajectory in the unstable

manifold that emanates into the region 0 < X, Y < %.

Proposition 6.1 Suppose that0 < X, Y < % atso € R.Then 0 < X, Y < éfor all
times and moreover

X 1 (X
X, Y =0, W_)(d_l)’ X ﬁ—(d—l) —2d—-1)

as s — OQ.

Proof Clearly, X > 0 and Y > 0 are preserved. Furthermore, note that for 0 <
X,Y < 5 wehave X ,Y' <0.Thus0 < X, Y < % is also preserved and moreover

if0< X,Y < 5atsoeR, then X,Y — OQas s — oo.
Furthermore, notice that

d X

X
%W:ﬁ(—dxz+2X—l)+d—1

and thus Lemma 4.1 implies that % — d — 1 as s — oo. Similarly, it follows from

dy—(d=1) §—d-
ds Y2 N Y2

X
+d - I)W(Z—dX)

D (—dX2 £2X —1—2X@dX — 1))

that%(%—(d—l))—>2(d—1)2ass—>oo. 0

Consequently, for trajectories as in Proposition 6.1, there are &y > 0 and 51 € R
such that ‘X —(d — 1)Y2| < @1 X2 for s > s1. Thus there are a3 > 0 and s, > s
such that the renormalized scalar curvature R restricted to the subsystem satisfies

R=2dX —dd+ D)X>—(d—1)dY>>dX —axX> >0

fors > s7.

7 Expanding Ricci Solitons Asymptotic to Cones

Throughout this section we assume that d; > 2 and that the manifolds (M;, g;) are
Ricci flat, hence u; =0fori =2,...,r.

Recall from Lemma 5.4 that all O'i_l = lim;, f, exist and are positive. The proof
of Theorem A (c) relies on the following Lemma.

Lemma?7.1 For any fz, ..., fr > 0 the trajectories corresponding to the initial
conditions (fa, ..., fr, C) achieve all values of o1 € (0, 00) as C varies in (—oo, 0).
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Before proving the Lemma, we show how it implies Theorem A(c).

Proof of Theorem A(c) For a given cone

,
((0, 00) X SN x My x ... x My, di* + (o7 ') ggay + Z(ai_lt)zgi)
=2

pick C < 0 according to Lemma 7.1 such that the trajectory with initial condition
fi©) = fi > 0fori =2,...,rand ii(0) = 75 satisfies lim, .o f1(1) = ol
Since all M; are by assumption Ricci flat, we have u; = 0 fori = 2,...,r and
we may observe that ¥; decouples from the other equations in the Ricci soliton ODE.
In particular, given any regular trajectory (X1, Y1, X;, Yi, £), we may obtain for any
c¢; > 0 another regular trajectory given by (X, Y’ 1 X i»ci - Yi, L). Clearly the limit
of ¥ %= is not affected by this process while that of 1 % is rescaled by a factor of ¢; for
i = 2 , 7. Since we know this limit to be nonzero along any regular trajectory, we
may thus obtaln any limits o; by suitable rescalings of ;. O

Remark 7.2 If the original trajectory has the 1n1t1a1 condition ( fz, .. fr, Co), then
the rescaled trajectory has the initial condition (c2 faens - fr, Co).

The proof of Lemma 7.1 relies on the following observations.

Proposition 7.3 Along regular and Einstein trajectories the following hold for all time:
e X1 >X,fori=2,...,r,
o« X1 >3, d,-x?,
o X| > %/:,2.
Proof X| > X; is preserved fori =2,...,r as
d 2 e
_ v, v2_ € _ 2
X1 = X = (X1 = Xi) > dix; L= 1|+ @d =Dy

J=l1

aspu; =0fori =2,...,rand Y7 > 0.

The second statement now follows immediately from the first, using || - ||% <
[l - lloo - Il - |l1 on the vector X = (X1,...,X1,X>,..., X2, ..., Xr,..., X,) and
that || X||; = )_d; X; < 1 with equality only along Einstein trajectories. In particular,

the claim follows for regular trajectories. Along Einstein trajectories, we also have
[ X ||§ < ||X||leo as equality is only possible if all nonzero X; are equal, which is
impossible since X > X, > 0.

For the last claim, it is immediate to compute that

j—s (x - %cz) = (xi- §£2> gd,-xi - %cz ~1
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,
) )
+(d =Y - oL ;dej - 5L

Note that whenever X| = %Ez we have
& i & -
2 2 2| _ .y 2
—5£ dexj_zﬁ =Xi | X1=) djX7] >0
j=1 j=1
and the claim follows. O

Proposition 7.4 Consider a trajectory of the Ricci soliton ODE with X1,Y; > O,
X1>X;>0fori=2,...,rand L > 0. Set

7= Xil ((d1 Y2+ %L‘Z) .

((a) If));—'l > ‘/;1_—11 and 1 — X1 — Z > 0 at so € R, then ;(/—‘I is non-decreasing for
S = 50.
(b) If}% <landl1—X{ —Z < 0atsy €R, then P% is non-increasing for s > sg.

Proof Note that

d Y Y1
—l=1a-x-2
dSXl Xl

and
d £
- w2 _ 22 _ _
1-X1-2) = _Eldjx-/_2£ 1-X1-2
]:

,
> diXiH X+ (d - DY - Z+ 22,
j=1

In particular,
-
(= X1 = 2) gy _x, =— Y _d;jX7 + (d — DY{ + X
Jj=1

In case (a) it follows that

, Y1 \?
1-X;— Z)|Z:1—X1 = X% (-(l’l -D+di -1 <X_]l) ) > 0.
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Thus the term 1 — X — Z remains nonnegative and thus ;—’1 is non-decreasing.
In case (b) observe that

, Y1 \?
(1= X1 = 2)7_1_x, < (d — DX} <<X—11> - 1) <0.

Therefore 1 — X; — Z remains nonpositive and }?—11 is non-increasing. O

Remark 7.5 Note that the condition 1 — X; — Z > 0 is equivalent to ;—“);—11 > 0. It
follows that the trajectory y of the subsystem in Sect. 6 eventually satisfies part (a) of
Proposition 7.4 as % — 00 ass — oo.

Similarly, Einstein trajectories eventually satisfy part (b) of Proposition 7.4 due to

the asymptotics of Sect. 4.

Remark 7.6 Note that Z — 1 both along regular trajectories as well as along trajecto-
ries of the subsystem of Sect. 6. In fact, it follows from (Z — 1)‘Z:1 < nX% -X1 <0
that Z — 1 < 0 is preserved. Moreover, an application of Lemma 4.1 to

dZ—-1 7Z-1 y2 Y diX3
< =2 (-2 -z— -t + =2
ds Xi X1 X1 X

shows that ZX—_ll — —lass — o0.

By quantifying the strategy of the proof of Lemma 5.4, we obtain continuity of o7y,
which is the last ingredient for the proof of Lemma 7.1.

Proposition 7.7 o is continuous on the set of regular trajectories.

Proof Pick some regular trajectory y and fix some 7 > 0. Pick some small compact
neighborhood K of y (T). We want to establish that the constant of equation (3) may
be chosen uniformly for all trajectories passing through K.

Since % is always decreasing by Proposition 7.3, it is bounded in terms of its value
at y(T') for all trajectories passing through K and times ¢ > 7. Plugging this into the

differential equation for % we get a priori bounds for % as well, using that u; =0

and that the conservation law implies %Ez <X < %, Y1 < 1. This in turn gives a

. X —5L2
priori bounds for =X et

With % = E% we find that

d 2 - 2_¢
L= E dix?— -
Stﬁ L +t£( ; 2£>

i=1

<LP+1L (c(y, Ty — %ﬁz) :

We may choose T’ > T such that y(T") is close enough to the origin such that
Proposition 3.1 applies. Hence we may assume c£> < g forall z > T’ and all

@ Springer



327 Page160f18 J. Nienhaus, M. Wink

trajectories passing through K (after possibly shrinking K'). This gives
d
—1L<L? (1 - Ez£) :
ds 4

which gives a uniform bound for £ depending only on its value at y (T").

In particular, we do obtain that the constant of Eq. (3) may be chosen uniformly for
trajectories passing through K. We now deduce continuity o7 at y.

For o} > 0 we find 7} such that 2L (y(t)) < +apoi(y)forallt > Tj.

Note that the comparison solution gi(t) of

de* _ —i £(Ty) =
8 _
dt 8 0 80

converges for each Ty and that the limit converges to go as 7o — oo. In particular, for
ay > 0 there is T > 0 such that lim; , o0 g7 (1) < (1 + a2)go for Ty > .

Choose T > T, T>. By continuity, foreach oz > 0 there is a compact neighborhood
K of y(T) such that

" Gy < a "
X—l(V( ) < ( +013)X—1()/( )

for all y with y(T) € K.
If g% denotes the comparison solution with g7 (T) = ))(/—'l()7(T)), then

o1(y) < tlgglog+(t) = (T +a)d + ) +a3)or(y).

The lower bound follows analogously using g~ O

Proofof Lemma 7.1 Fix f>, ..., f, > 0.InProposition 7.7 we proved that o depends
continuously on C < 0. Therefore it suffices to show that 0y — oo as C — —oo and
oy —> 0asC — 0.

n—1 1

Pick o > ./ =1 . According to Remark 7.5, we can parametrize the limit system

trajectory y of Sect. 6 such that it satisfies X—'] >opand 1 — X1 —Z > Ofors > 0.

Note that for any f, ..., f, > 0 the Ricci soliton system converges to the limiting
system as C — —o0. By continuous dependence on initial conditions we may thus
pick 8o > 0 and Cp < O such that the trajectory corresponding to the initial conditions
(fa, ..., fr, C) passes through a small neighborhood of y (0) for all fl e (fi —
80, fi + 80) and C < Cy. In particular, we may choose parametrizations such that
they are within this neighborhood at s = 0. We may then assume that ;;—11(0) >0

and (1 — X1 — Z)(0) > 0 for all these curves. Proposition 7.4 shows that )};—‘1 is non-
decreasing along all of these curves for s > 0 and thus the limit o1 must be larger than
o.

Similarly, to show that_c71 — O_asC — 0, consider for fz, R fr > (the trajectory
with initial condition (f3, ..., f-, 0), which is Einstein. In particular, according to
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Sect. 4, Y1 — 0 while X — % as t — oo. By continuous dependence on initial

conditions, given g9 > 0 we find §o > 0 and Cp < O such that for all f, € ( f,
do, fi + o) and Cp < C < 0 the trajectory corresponding to the initial condition
(fz,.. fr,C) satisfies Yll <egpaswellasl — X1 —Z <0Oatsomet =T > 0.By

Y

Proposition 7.4, X < €0 is preserved and thus o1 < €. O
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