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Abstract

In this paper, we generalize a Schwarz lemma to strongly pseudoconvex complex
Finsler manifolds and prove a Schwarz lemma between two strongly pseudoconvex
complex Finsler manifolds. As an application, we give a rigidity result.
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1 Introduction and Main Results

It is well known that the classical Schwarz lemma plays an important role in proving
the Riemannian mapping theorem and Liouville theorem in complex analysis ([7, 36,
38]). In 1915, Pick [36] re-interpreted this lemma in terms of the Poincaré metric and
distance, now known as the Schwarz-Pick lemma which states that any holomorphic
function from a unit disk into itself decreases the Poincaré metric and distance. It
establishes bridges the differential geometric ideas with the Schwarz lemma. Gen-
eralizations of the classical Schwarz lemma to higher dimensional spaces began in
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1921, with results for domains in C? by Reinhardt and were followed some years
later by Carathddory [8] and Cartan [9]. In 1938, Ahlfors [3] extended the Schwarz-
Pick lemma to the Riemannian surface from the viewpoint of differential geometry,
which states that any holomorphic map from a unit disk into a Riemannian surface
equipped with a Hermitian metric with the Gauss curvature bounded from above by
—4 decreases the Poincaré metric of the unit disk, and applied it to give an elementary
new proof of the Bloch theorem with an explicit lower bound for Bloch’s constant

B, namely B > JTg ([3]). Later, there are various generalizations and their applica-
tions of the classical Schwarz lemma and Schwarz-Pick lemma from the viewpoints of
both function theory and differential geometry (Bochner and Martin [6], Koranyi [24],
Kobayashi [21-23], Chern [12], Lu [29], Lu [27, 28], Yau [49], Greene and Wu [17],
Royden [37], Chen, Cheng and Lu [11], Dineen [15], Siu and Yeung [41, 42], Hidetaka
and Takashi [18], Takashi [43], Osserman [35], Kim and Lee [19], Mateljevi¢ [30],
Yang and Chen [48], Tosatti [44], Zuo [53], Ni [31, 32] etc.).

In 1978, Yau [49] used the almost maximum principle to generalize the Schwarz
lemma to a complete Kédhler manifold and obtained the following Schwarz lemma.
The Schwarz lemma has become a powerful tool in complex geometric analysis since
then.

Theorem 1.1 ([49]) Let M be a complete Kdihler manifold with Ricci curvature
bounded from below by K. Let N be another Hermitian manifold with holomor-
phic bisectional curvature bounded from above by a negative constant K. Then if
there is a non-constant holomorphic mapping f from M into N, we have K1 < 0 and

K
2 1 2

In 1980, by using the special type of exhaustion functions of the manifolds, which
is different from the method of Yau, Royden [37] gave the following Schwarz lemma
for a Hermitian manifold.

For a Hermitian manifold (M, g), assume that M satisfies the following condition
©).

(C) There exists a continuous proper non-negative function u on (M, g) with the
property that at each point p it has a smooth upper supporting function w with || Vw|| <
land w,g < g,z at p.

Theorem 1.2 ([37]) Let (M, g) and (N, h) be two Hermitian manifolds, and holo-
morphic sectional curvature of M bounded from below by a constant K1 < 0 and the
holomorphic sectional curvature of N bounded from above by a constant K, < 0.
Assume that M satisfies condition (C). Then any holomorphic map f : M — N
satisfies

K
J*h = —g.
K>

Remark 1.1 It follows from Propositions 2 and 3 in [37] by Royden that M satisfies
condition (C) if it is a complete Hermitian manifold with the Riemannian sectional cur-
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vature bounded from below or it is a complete Kédhler manifold with the holomorphic
bisectional curvature bounded from below.

Chern [13] pointed out that Finsler geometry is just Riemannian geometry without
the quadratic restriction, and that it is possible that Finsler geometry will be most
useful in the complex domain, because every complex manifold, with or without
boundary, has a Carathéodory pseudo-metric ([8]) and a Kobayashi pseudo-metric
([20]). Under favorable (though somewhat stringent) conditions they are C? metrics,
and most importantly, they are naturally Finsler. He also pointed out that complex
Finsler geometry is extremely beautiful ([13]). Lempert [25] proved that any bounded
strongly convex domain D CC C" with smooth boundary, the Carathéodory metric
and Kobayashi metric coincide, furthermore, they are weakly Kahler-Finsler metrics
with constant holomorphic sectional curvature —4. Therefore, a natural and interesting
equation is to generalize the Schwarz lemma in complex Finsler setting.

In 2013, Shen and Shen [39] generalized the Schwarz lemma to compact complex
Finsler manifolds. In 2019, Wan [45] gave the Schwarz lemma from a complete Rie-
mannian surface into a complex Finsler manifold. In 2022, Nie and Zhong [33, 34]
generalized the Schwarz lemma for strongly convex weakly Kéhler Finsler manifolds.
However, the Schwarz lemma for general strongly pseudoconvex complex Finsler
manifolds is still open.

In this paper, by generalizing Royden’s method to find a proper function and its
upper supporting function, we obtain the Schwarz lemma for strongly pseudoconvex
complex Finsler manifolds.

For a strongly pseudoconvex complex Finsler manifold (M, G), we assume that M
satisfies the following condition (A).

(A) There exists a continuous proper non-negative function u on (M, G) with
the property that at each point p it has a smooth upper supporting function w with

9w (E)[? < 1 and §76F L < 1 for any unit vector & € T, "M,
790z

Remark 1.2 For a given complex Finsler metric G on M in condition (A), |[dw(§) |2 <

G(§) and r‘EaS—ﬁﬁ—a“Lﬁ < G(&) always hold for any vector & € Tpl’OM. When G (v) =
77 0Z

84 v* 9P comes from a Hermitian metric, condition (A) is equivalent to condition (C).
Hence, condition (A) is a generalization of condition (C) in Royden [37].

We first give some strongly pseudoconvex complex Finsler manifolds satisfying
condition (A).

Theorem 1.3 Let (M, G) be a complete strongly convex uniform complex Finsler man-
ifold, the first holomorphic bisectional curvature bounded from below by —k*(k > 0),
the mixed part of the (1, 1)-torsion bounded from above by t(t > 0), and the hori-
zontal part of the (2, 0)-torsion bounded from above by 6(6 > 0). Then M satisfies
condition (A).

In particular, if M is a Kihler-Finsler manifold, then the horizontal part of (2, 0)-
torsion term vanishes.
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Corollary 1.1 Let (M, G) be a complete strongly convex uniform Kdihler-Finsler man-
ifold, the first holomorphic bisectional curvature bounded from below by —k*(k > 0),
and the mixed part of the (1, 1)-torsion bounded from above by t(t > 0). Then M
satisfies condition (A).

For a Kéhler-Finsler manifold M, we use the horizontal flag curvature instead of
bisectional curvature.

Theorem 1.4 Let (M, G) be a complete strongly convex uniform Kdhler-Finsler man-
ifold, the horizontal flag curvature bounded from below by —k*(k > 0). Then M
satisfies condition (A).

Remark 1.3 From Theorems 1.3, 1.4, Corollary 1.1 and the results in [34] by Nie and
Zhong, it follows that M satisfies condition (A) if it is a complete strongly convex
uniform complex Finsler manifold with the first holomorphic bisectional curvature
bounded from below, the horizontal part of (2, 0)-torsion bounded from above and the
mixed part of the (1, 1)-torsion bounded from above; or if it is a complete strongly
convex uniform Kéhler-Finsler manifold with the first holomorphic bisectional cur-
vature bounded from below, and the mixed part of the (1, 1)-torsion bounded from
above; or if it is a complete strongly convex uniform Kihler-Finsler manifold with
the horizontal flag curvature bounded from below; or if is a complete strongly convex
uniform weakly Kihler-Finsler manifold with the flag curvature bounded from below.

Now we give the following main theorem in this paper.

Theorem 1.5 Let (M, G) be a strongly pseudoconvex complex Finsler manifold with
the holomorphic sectional curvature bounded from below by a constant K1 < 0,
and let (N, H) be another strongly pseudoconvex complex Finsler manifold with the
holomorphic sectional curvature bounded from above by a constant Ky < 0. Suppose
that M satisfies condition (A), then for any holomorphic map f : M — N, we have

f*H < ﬁG.
=%

A rigidity result can be obtained directly from Theorem 1.5.

Corollary 1.2 Let (M, G) be a strongly pseudoconvex complex Finsler manifold with
non-negative holomorphic sectional curvature, and let (N, H) be another strongly
pseudoconvex complex Finsler manifold with negative holomorphic sectional cur-
vature. Suppose that M satisfies condition (A), then for any holomorphic map
f M — N is a constant.

2 Preliminaries
2.1 Real Finsler Geometry

Definition 2.1 [1] A real Finsler metric on a manifold M is a continuous function
G : TM — [0, +o00) with the following properties:
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(i) G is smooth on M = T M\{0};
(i) G(u) > Oforall u € M;
(iii) G(u) = |A|>G(u) forallu € TM and 1 € R;
(iv) The fundamental tensor g, defined locally by its components

e ] 9°G
Bab = 3 Pab = S Suagub”
is positive definite.
The pair (M, G) is called a real Finsler manifold. A real Finsler metric G comes from
a Riemannian metric iff it is smooth on the whole tangent bundle T M.

Let 7 : M — M be the natural projective map, and denote the vertical bundle
V = ker dm. We can introduce a Riemannian structure (-|-) on ) by setting

VV.W eV, (VIW), = gij)V' W/,

A local frame of V is {31, e, 3,,}, where 3,, = %. One can define the Cartan
connection D : X(V) — X(T*M ® V) that is compatible with (-|-) on V. The
connection form is given by

wf =T§dx' +Tp.y°,

where

| R 1
Thi = EG‘“ [6: (Gep) + 8p(Gei) — 8c(Gpi)l, Ty, = EGakack,

and §; = 0; — Flbf)b, Ff’ = F,l(’_l.uk. {81, ...6,} forms a local frame of the horizontal

bundle M, and {dx’, Y% = du® + I'?dx'} is the dual frame of 7M with respect to
{8i, D). By defining the horizontal map © : V — H corresponding to H, locally
given by ®(9;) = §;, we can induce a Riemannian structure on H by setting

VH,K € H, (HIK) = (07" (167 (K)).
and define a linear connection on H (still denoted by D) by setting
VH € X(H), DH = ©(DO~'(H)).

Hence we obtain a good linear connection on TM , still called Cartan connection, that
is, compatible with a Riemannian structure (-|-) on T M,

VX,Y,Z e TM,X (Y|Z) = (DxY|Z) + (Y|Dx Z).
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Let V : X(TM) x X(TM) — X(T M) be a covariant differentiation associated to
the Cartan connection D. The torsion 8 and the curvature R are given by

0(X,Y)=VxY —-VyX —[X,Y],
R7(X,Y)=VxVyZ —VyVxZ —Vix r1Z

forall X, Y, Z € X(TM). Let 2 be the curvature operator of D, we have Q(X, Y)Z =
Rz(X,Y). The horizontal flag curvature in real Finsler geometry is the extension of
the sectional curvature in Riemannian geometry. For a fixed point x € M, taking a
pair (P; u), where u € Ty M and P C Ty M is a two-plane such that u € P, we call it
a flag at x and define the flag curvature K7 (P, u) by

(QUXH, x ) xw)XH),
(a0l @), (X IXH), — (x| XH)
(R0, XX ),
@) (X7 1XH), — (i HP

KFP,u)y=K (u, X)=

where P = span{u, X} and X is the horizontal lifting of X.

2.2 Complex Finsler Geometry

Let M be a complex manifold with dimcM = n, and let {zl, ..., 2"} be the local
complex coordinates, with z% = x* + ix"t® such that {xl, el x2”} is the local
real coordinates. Let Tr M be the real tangent bundle of M, which is a real bundle
of rank 2n equipped with a complex structure J, and let TcM = TrM Qr C be the
complexified tangent bundle. Set

d 1 d o0 d d 1 d L d
—=—(——-i——— ) and — = - — ).
az% 2 \ 9x“ ! oxotn 9z% 2 \ ox« ! dxatn

0 o 9 I :
Then {a_z" SRR = R CRERE ﬁ} is a local frame of Tc M. Tc M splits as the sum

of two eigenbundles

TeM =T" M T M,

where TV0M = {v € TcM|Jv = iv}and T"'M = {v € TcM|Jv = —iv}. The
local frames of T1OM and T M are {%, el 32—,1} and {;’_T’ e %}, respectively.
z
T1-9M is called the holomorphic tangent bundle of M.
Since the holomorphic tangent bundle 7O M is isomorphic to Tr M, we can take

a bundle isomorphism ° : 7'M — Tr M by
voeT"OM, v°=v+1i.
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It preserves the complex structure J, that is Jv° = (Jv)°. And we denote the inverse
o ToM — T O by

1
Yu € TpM, u, = E(u —iJu).

From the definition, we know that if

then

axa’

where v* = u® + iu®*", and the Roman indices run from 1 to 2n, while the Greek
indices run from 1 to n. Conversely, u, = (1 + iu‘“’”)%. In particular, we denote

M either T1OM or Tr M minus the zero section. The local coordinates of Tgx M and
T10M are {x?, u®} and {z%, v*}, respectively.

Definition 2.2 ([1]) A complex Finsler metric on a complex manifold M is a contin-
uous function G : THOM — [0, +00) with the following properties:

(i) G is smooth on M = YN‘I’OM\{O};
(ii)) G(v) > Oforallv € M,
(i) G(¢v) = |{|2 G(v) forallve T'"OM and ¢ € C.

The pair (M, G) is called a complex Finsler manifold.

Definition 2.3 ([1]) A complex Finsler manifold (M, G) is called strongly pseudo-

convex lf tlle LCVI matrix
(G > - < o ﬂ)
av av

is positive definite on M.

This is equivalent to requiring that the indicatrix Ig(p) = {v € T;’OM |G(v) < 1} 1is
strongly pseudoconvex. Note that it is important to ask for the smoothness of G only
on M , and if G is smooth on the whole of T71:°M, we shall say that F' comes from a
Hermitian metric.

Different from the Hermitian case, a complex Finsler metric is not necessary a real
Finsler metric, even if it is strongly pseudoconvex.

Definition 2.4 ([1]) A complex Finsler metric G is called strongly convex if G° is areal
Finsler metric, where G°(u) = G(u,) foru € T M and u, = %(u —iJu) e TYOM.
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Letw : M — M be the natural projective map. The differential map dr : TeM —
TcM defines the (complex) vertical bundle V over T1-OM by

VY =kerdt NT"OM.

7'M splits as T'OM =V @ H, here H is the horizontal bundle. A local frame of
V is given by {91, ..., d,} and a local frame of ‘H is given by {1, ..., §,}, where

o =0u — T2 05, TP =GPTG,.

Clearly {5,,, ds} gives a local frame field of T1:9M. We denote the dual frame by
{dz", sv“}.

Let (M, G) be a strongly pseudoconvex complex Finsler manifold. Then G defines
a Hermitian metric { , ) on the vertical bundle V. Indeed, if v € M and Z ,WeV,
with Z = Z“éa and W = Wﬂéﬁ, we set

(Z. W)y = Gog(0)Z*WP.

There exists a unique complex vertical connection D : X'(V) — X (T M ® V) such
that
X(Z,W)=(VxZ, W)+ (X, VxW)

forall X € T'9M and Z , W e X(V). Furthermore, this connection is good. The

unique good complex vertical connection D is called Chern-Finsler connection. Its
connection (1,0)-forms are given by

wf =G™9Gp: =T§, dz" +T§,807, @2.1)

where ) )
Fg;u = GT“(SM(Gﬂf), ng = G“"Gﬂfy, 2.2)

and (GE"‘) = (GaB)’l. In particular,

I = Fg;uvﬂ =G Gryp (2.3)
Definition 2.5 ([1]) A complex Finsler metric G is called strongly Kéhler if F%‘_M =
' 55 called Kahler if (I'y. | — FZ;/S)U'B = 0; called weakly Kihler if G (I'%,, —
re vl =0.

By Chen-Shen’s observation in [10], a Kdhler-Finsler metric is actually strongly
Kaihler. Then G is Kéhler-Finsler metric if and only if I' g u= Ffj, B if and only if

3u(Gpy) = 8p(Gup) (Of 8u(Gp) = 55(Gy,z)), l<y=<n
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Remark 2.1 There are lots of strongly convex Kéhler-Finsler metrics which are not
Hermitian quadratic ([46]); there are also weakly Kihler-Finsler metrics which are
not Kihler-Finsler metrics ([14]); there are also holomorphic invariant Kihler-Finsler
metrics on a polydisk in C"(n > 2) which are non-Hermitian quadratic ( [52]).

The curvature tensor €2 of the Chern-Finsler connection is given by Q% = E_)a)g In
local coordinates, it can be decomposed as

Q% =R§, ;dz" AdZ + R ;00" AdZ” + RY. dz" A SUT + Ris;80° A SU7,
2.4)
where
R 5 = =05 (Tp,) = T8 (T9), Rps; = —0u(Tgy),
R%‘);,M = —ay(rg.ﬂ) —Tge07 (7)), Rgsy = —8); (T'gs)-
For a strongly pseudoconvex complex Finsler metric G, one can define a complex
Rund connection VX on M, with its connection form & wﬁ given by

(2.5)

wp =Ty, dz",

where Fg u = G™§ 1+ Gpz. The (2, 0)-torsion 6 and (1, 1)-torsion 7 for the Rund
connection are given by ([4, 5, 51])

0=60°®58, and 7 =1%Q® dy, (2.6)

, respectively, where 67 = %[F;f‘u — FZ.U]dz“ Adz", and % = —SQ(F?‘M)dz“ A
dz¥ — éﬁ(r“ ydz"* A 89P. Moreover, we denote by 1y = —8; (F“ Ydz* A dZ Q Oy
and Tpq = T — 7 the horizontal part and mixed part of 7, respectlvely

The curvature operator Q= Q%S vP ® 4, associated to the Rund connection satisfies

(47D
Q = g Sdz A dz” —i—Pﬁy Mdz /\SUV—FSﬂdez A SvY,
where

RO[

Biuv — _89(Fg;u)’ ng w 8),(F ) Sﬂy w aV(F ) 27

Definition 2.6 ([1]) The (horizontal) holomorphic sectional curvature of a strongly
pseudoconvex complex Finsler metric G along v is given by

KG(U) = )U’

here v e THOM\{0} and x : T1"OM — "H is the horizontal lifting.

The holomorphic sectional curvature is indeed independent of the length of v, for any
¢ € C*, we have Kg(v) = Kg(¢v). Hence we sometimes denote it by K¢ ([v]),
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such notation can be found in [45], in which the holomorphic sectional curvature is
directly defined on PT -9 M. Abate and Patrizio [1] proved an important theorem that
the holomorphic sectional curvature of a complex Finsler metric G is the supremum
of the Gauss curvature of the induced metric through a family of holomorphic maps.

Lemma 2.1 ([1]) Let (M, G) be a strongly pseudoconvex complex Finsler manifold,
and take p € M and v € M. Then

Kg(v) = sup{K (¢*G)(0)}, 2.8)

where the supremum is taken with respect to the family of all holomorphic maps
@ : A — M with p(0) = p and ¢’ (0) = Av for some ) € C*, and K (¢p*G)(0) is the
Gauss curvature of ¢*G at the origin 0.

In more detail, Abate and Patrizio [ 1] gave the following formula between holomorphic
sectional curvature and the induced Gauss curvature.

Lemma 2.2 ([1]) Let (M, G) be a strongly pseudoconvex complex Finsler manifold,
andlet ¢ : A — M be a holomorphic map. Set p = ¢(0) and v = ¢'(0), withv # o),
then

2
(V((p/)H ((ﬂ/) " s X)

K@*G)(0) = Kg(0) — —— | V@) — bl - @9
G(v) ¢ (X5 X
v
The supremum in (2.8) is achieved by the maps ¢ such that
Vet @) (¢'(0)) = ax (¢'(0)) , (2.10)

for some a € C.

Definition 2.7 ([2, 47]) The first and second (horizonal) holomorphic bisectional cur-
vatures of a strongly pseudoconvex complex Finsler metric G are defined by ([47])

(260 XX @), x )
GOXT X,

(@0, x @0, xx0).
G (X, XT),

Bé;(v, X) =

@2.11)

B (v, X) = : (2.12)

here v, X € TI’OM\{O}, and y : T1.90 — ‘H is the horizontal lifting.
The (horizontal) holomorphic bisectional curvature of a strongly pseudoconvex
complex Finsler metric G is defined by ([2])

Bg (v, X) = BE (v, X) + B (v, X). (2.13)
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Here we use the curvature operator associated to the Chern-Finsler connection, and
it is the same to use the one associated to the complex Rund connection. Note that
by definition of the Hermitian structure (, ) on H and V), for any v € T,J’OM , the
horizontal lifting of v through x and the vertical lifting of v through ¢ satisfies

(X (), x@))y = (L), L))y,

while we choose X to be equal to v, B};(v, v) is indeed %KG(U).

Definition 2.8 ([26]) The horizontal flag curvature RS of a strongly pseudoconvex
complex Finsler metric G at v is given by

RE(H,K):=Re(Q(x +%. H+ H)K, x),

1,~ — —
= 3@+ % H+H)(K +K). x +7), 2.14)

forany H, K € H,. And for a flag (v, X), the flag curvature of a strongly pseudocon-
vex complex Finsler metric G can be defined by

RO (XH, xH)

K%, X) = ’
v (X (), x (W), (X7, XH) —[Re(x(v), XH) 17

(2.15)

where X = x (X) is the horizontal lifting of X.
Definition 2.9 ([26]) Forany V, W € X (T:0M), the tangent curvature of a strongly

pseudoconvex complex Finsler metric G is defined by

TV(W)zzRe[<v W”lw,V”> <V AL VH)U]

WHLwH WHwH

Without specification, the curvature operator we consider in the rest of the paper is
the one that associated to the Rund connection VR which has been defined above. In
[26], Li and Qiu expressed the complex second variation formula with the horizontal

flag curvature term for a Kidhler-Finsler metric G.

Theorem 2.1 ([/26]) Let G be a Kdhler-Finsler metric on M. Take a geodesic oy :
[a, b] = M with G(69) = 1, and a regular variation % : (—¢, &) X [a,b] — M of
00, then

dzﬂE R H +H b
SO =Re (VE, U T >GO a
UH 2 H 5H g G /H y1H
/ HVTH+TH ao_'_tRe<U T >a'0 — Ry UTL U pdt,
(2.16)
where £x (s) is the length of the curve og(t), T = 5 aza “zand U = aiaid' The

connection VR here is the complex Rund connection.
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We can define a complex gradient of a smooth function in complex manifolds ([50]).
Let G be a strongly convex complex Finsler metric on M and we denote by G* the
dual metric of G, that is, for any given (1, 0)-form w = w,dz* € (TZI’OM)*,

o (v)[?
G@) "’

G*(w) := sup
veM

then G*(w) = G*Pe (w)wqwg. The Legendre transform L : TZI’OM — (TZI’OM)* is
defined by
Go(v)dzP, if v#0;

L =
@)=, if v=0.

This is equivalent to £1(v) = (-, t(v))y, we can see that for any A € C, L;(Av) =
AL1(v). We should note that £; is a norm preserving diffeomorphism for non-zero
vectors.

For a real function f on M, the complex (1, 0)-gradient V; f is defined by ([26])

Vif =L @05

Since G is a real Finsler metric, there exits the Legendre transform Ly : TpRM —
TgM for G°. Recall that for any V € &X'(V), we have ([1])

(V1((@)%)ve = Re(V, L(v))y,

where ¢ is the vertical lifting. It follows that
1
Lr@?) = ([(v))?)ve = Re(, 1(v))y = Re(L1(v)) = E[Cl(v)]”- (2.17)
Hence, we get from (2.17) that the real gradient of f can be given by
Vfi= Ly df) =2(V1f)°.

In fact, Yin and Zhang [50] have showed that V f = 2L (3 f) +2£, (3 f). Hence,
we have

G°(Vf)=G((V[f)o) = G2V f)=4G(Vi[).

We give a briefly introduction of two Hessian of a smooth function f. Let f be a
smooth function on a strongly pseudoconvex complex Finsler manifold (M, G), the
first Hessian of f is amap D2 f : T."°M — R defined by ([26])

2 ._d_2 1,0
Df(v)._dz(foc) ,veTl,"M.
s s=0

where ¢ : (—¢, &) = M is the geodesic with ¢(0) = v € TZI’OM.
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Definition 2.10 ([26])Forany X, Y € TZI’OM and a smooth function f whose complex
(1, 0)-gradient Vj f|, # 0, the second Hessian is defined by

HI(X.Y) = R+ DT +7)f =V (7" 4787, (2.18)

where X , Y are any extensions of X and Y, respectively, and V;L f+§7(? H ?_H) =
— (VH L TH

V§H+§H Y7 4+vH) _

We have the following relations among D2, H and 99 for a weakly Kihler-Finsler

metric G.

Lemma 2.3 (/26]) Let f be a smooth real-valued function on a weakly Kdhler-Finsler
manifold (M, G). Then for every z € M and for every X € TZI’OM, we have

493 f(X,X) = D> f(X) + D* (i X).
Furthermore, if G is strongly convex, we have

D*f(X) = Hf (X, X) — Ty, p(X),
400f (X, X) = Hf (X, X) + Hf (iX,iX).

3 Strongly Pseudoconvex Complex Finsler Manifolds Satisfying
Condition (A)

In this subsection, we will find the strongly pseudoconvex complex Finsler manifolds
satisfying condition (A). Let (M, G) be a strongly pseudoconvex complex Finsler
manifold of dimcM = n. Fixing o € M, we denote by p(p) = d(o, p) the distance
function from o to p. The Levi form of distance function is defined by

£ 82'0 agp « 0 1,0
L(p)(§,8) = —=£"6F, £=8"—¢eT "M, (3.1
977978 0z

vzhere & isaunitvector. Leto : [a, b] — M be aregular curve, we define ¢ : [a, b] —
M by setting

do® 0
) —

o) = .
( ) dt 82“ (T(l’)

Definition 3.1 ([47]) Let op : [a,b] — M be a regular curve with G (69) = 1 and
As = {z € C||z| < €}. A holomorphic variation of opisamap X : [a, b] x Ay = M
such that

(1) oo(t) = X(¢,0) forall ¢ € [a, b];
(2) forevery w € Ag, 0,(t) = X(t, w) is acurve in M;
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(3) for all fixed ¢, the map X (¢, w) : Ay — M is a holomorphic map for all w € A,.

By using the holomorphic variation, Xiao, Qiu, He, and Chen [47] proved a complex
second variation formula for a strongly pseudoconvex complex Finsler metric.

Theorem 3.1 ([47]) Let (M, G) be a strongly pseudoconvex complex Finsler manifold,
and A = {z € C||z| < €}. Take a regular geodesic oy : [a, b] — M with G (6¢) = 1
(select arc length as parameter) and a holomorphic variation ¥ : [a, b] X Ay — M
of 9. Then

9205
dwiw |,

= [ sl [ e,
<sz (UH, UH) (T), L(T)>do

<f;g (UH,W) , TH>dO} di, (3.2)

where Ly (w) is the length of the curve 6, (t), and T = ¢ (t), IﬁH _Uf 4+

TH+TH
H H azH y _ azt A
6 (U T ) (F;{ " 3zw v+ %) w:05a and yr” = (F;‘ " 3zw v + W) w:oaa'

By taking a special holomorphic variation, one can obtain an estimate of the Levi form
of p through this variation formula.

Theorem 3.2 ([47]) Let (M, G) be a complete strongly pseudoconvex complex Finsler
manifold with the first holomorphic bisectional curvature bounded from below
by —k*(k > 0), the horizontal part of (2,0)-torsion bounded from above by
(«/5 - 1) 06 > 0) and the mixed part of the (1, 1)-torsion bounded from above
by 7(t > 0). Then

R |
=P < | =+0+k+T (3.3)

for any vector & € T;’OM with (€1, SH)vp =1

In particular, if M is a Kéhler-Finsler manifold, then the horizontal part of (2, 0)-
torsion term vanishes. So we have

Corollary 3.1 [47] Let (M, G) be a complete Kiihler-Finsler manifold with the first
holomorphic bisectional curvature bounded from below by —k*(k > 0), and the mixed
part of the (1, 1)-torsion bounded from above by t(t > 0). Then

2p — 1/1
—E£%P < — + k+t (3.4)
372978 2

for any vector & € TI}‘OM with (£H EH)vp =1
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Definition 3.2 [37] A non-negative real-valued function u on M is said to be proper if
the sets {p : u(p) < c} are compact for each real constant c. A function w defined in a
neighborhood U of p is called an upper supporting function for u at p if w(p) = u(p)
and w(g) > u(q) forq € U.

A complex Finsler manifold is called uniform with uniformity constant C¢ ([16])
if there exists a positive constant Cy such that

1
o G® = €, £y, < CoG (&)
0

forany p €e M and v, & € T,}’OM.

Now we consider the strongly convex complex Finsler metrics. We have the follow-
ing complete strongly convex uniform complex Finsler manifold satisfying condition
(A).

Theorem 3.3 (i.e., Theorem 1.3) Let (M, G) be a complete strongly convex uniform
complex Finsler manifold with the first holomorphic bisectional curvature bounded
from below by —k*(k > 0), the horizontal part of (2, 0)-torsion bounded from above
by 0(0 > 0) and the mixed part of the (1, 1)-torsion bounded from above by T(t > 0).
Then M satisfies condition (A).

Proof Since we may always divide u (and w) by a given positive constant, it suffices
to show that there is a constant C and a non-negative proper function # on M which
has a smooth upper supporting function w at each point with |dw(&)|> < C and
gogh 2w < C.
9729z

Since (M, G) is strongly convex and complete, the generalized Hopf-Rinow theo-
rem for a real Finsler manifold ([1]) can be adapted here. Fixing o € M, let the distance
function p(p) = d(o, p), then the closed sets {z € M|p(z) < c} are compact, hence
p is proper. Moreover, p(p) is smooth outside o and the cut points of 0. Denote by 2a
the distance from o to the nearest cut point. Then B, = {p € M|p(p) < a}is aball
that contains no cut point of o.

Let u be a smooth non-negative function inside By, and equals to p outside B,.

For the points inside B,, since B, is compact, we can choose a constant C to satisfy
— 2 . . .
|8u(.§)|2 < Cj and £¥£P . 9 ;Lﬁ < (1 in B,. For the points outside B, and not the cut
90z
points, since u is just the distance function p, we have

10u(€)> < G*(du)G(§)
< G(Ly ()

= G(Viu)
Ty VT

where we use the fact that the distance function p = u satisfies G°(Vp) = 1. On
uniform complex Finsler manifolds, (€7, £#)y o 18 uniform bounded from above by
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Cy for any unit vector & € T1OM. Hence, by the assumption and Theorem 3.2, we
have

— 92 1/1 Co (1
g“gﬂaa;_ﬁ§§<;+01+k+t)(SH,éH)vp_70<;+01+k+t>
7702

for any non-cut points outside B, and any unit vector £ € T,}’OM , where 0] =
(ﬁ + 1)6. Now we set

1 Co (1
C=max—-,C;, —|-+O+k+71)¢,
4 2 \a

then |9u(£)])? < C and £ éﬁ P i 3’173 < C at p for all ordinary points. In this case, we
justlet w = u.

If p is a cut point of o, take o’ € B, on the minimal geodesic joining o and p. Let
o' (p) =d(0, p),then p’is smooth in a neighborhood of p. And setw = d (o, 0')+p’,
then w is smooth in a neighborhood of p, u(p) = w(p), u(g) < w(g), [Dw()|> <
1;moreover, at p, we have

Co (1
_§—0<—+91+k+r>§C
2 \a

for any unit vector § € T;’OM . The function w is the one we desired. O

Now we consider the case that M is a Kidhler-Finsler manifold, and we use the
horizontal flag curvature instead of the holomorphic bisectional curvature. Let (M, G)
be a complete strongly convex Kahler-Finsler mamfold Fixingo € M, let p € M be
a non-cutting point of o, and take a vector X € T M, then there exists a geodesic

y(s) : (—&,&) - M such that y(0) = p and y(O) X. Taking a shortest geodesic
o9(t) connecting o and p, we consider two variations of this geodesic.

Denote by O (—e¢, &) x [0, r] = M the geodesic variation of o (#) whose starting
points are fixed and the ending points lie on the geodesic y (s). More specifically, for
all s € (—e¢,¢), the curve 6,(t) = f)(s, 1) is a shortest geodesic joining o0 = o5 (0)
and o,(r) = y(s). We denote £5(s) by the length of 6,(r), and T(t) = Vip(t),

(7(t) = a()):;* 82‘)‘) o Ifwetake X € T MW1th(X T(r))T(r) = 0, then by Theorem

2.1 and the deﬁnltlon of the Hessian H, we have ([26])

Hp(X,X):/ {HVTH+THU” —Rg)(U”,UH)}dt. (3.5)

o0

We choose a vector field Y (¢) along o¢(¢) satisfying Y (0) = 0 and Y (t) = X, and
associate it with another regular variation X : (—¢, ) x [0, r] — M such that

(i) op(t) = 2(0,1) forall t € [0, r];
(ii) 05(0) = X(5,0) =0, Vs € (—¢,¢);
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(iii) for all s € (—¢, ¢), o4(¢) is a regular curve on M;
(V) Tu(E)ls=0 = Y (0);
(v) fort =r,o4(r) = y(s).

The associated regular variation can always be taken. Since oy (#) is a regular curve,

which implies <7 d”‘) (t) #0forallt € [0, r], ie., 35;5 75 0, hence we can choose &
S=

sufficiently small so that 303 # O forall s € (—¢,¢). By Theorem 2.1, we have

d (2 (O) <

R H H
e VR, Sy 1)

)

: R Hl|?
+/0 HVTH+TTy

0

9 2
— '—Re<YH,TH> -
ot ;

o0

f {H TH+T7YH"- _Rgl(YH’YH)}dt.
(3.6)

)

Rg)(YH,YH)}dz

R H H
< Re (VR ovi T >

Since G, (t) = (s, t) is the shortest geodesic for all s € (—¢, ¢), we have
ls(s) —Lx(s) =0,£5(0) — £x(0) =0.
By the maximum principle, at s = 0,we have

d2€>~: d*ts
O =—5

= (0)

R H H
< Re(VE, yiT )GO

.
H G yH yH
0 /{HVT"’+T"’Y H — Ry (LY )}dt

By Lemma 2.3, we conclude that

H,O(X,X)Z

r
R H H
— Re (VR oyf T >00 0

s/ {H T”+THYHHU R%(Y”,Y”)}dt. 3.7)

We can obtain better estimate of Hp(X, X). Choose an adapt vector field f(¢)Y (¢)
instead of Y (¢) in (3.7), where f : [0, r] — R is a differentiable function satisfying
f(0) =0, f(r) =1, and assume that Y (¢) is parallel along o (#), then we have

Hp(X,X)S/r{f ~ PREM Y ar.
0
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Set f(t) = (%)a,(a > 1) and assume that the horizontal flag curvature is bounded

from below by a negative constant —k?, then we get

r 052 ¢ 20
Hp(X,X)gt/ 7T¢M‘Z+k2(—> dt
0 r* r
1 (a—1)? k2r

= T a1 Taet1

for any vector X € T;’OM with (XH, XH)T(F) = 1. We choose an « that satisfies

(@ —1)? k*r

Qu—Dr 2a+1’

then

(@—1* K
Qa—-1Dr 2a+1

1 1
Hp(X,X) < -+ 2\/ < - +k (3.8)
r r

Take p = r, and use the vector & instead of X, then we obtain

Theorem 3.4 Let (M, G) be a complete strongly convex Kdhler-Finsler manifold with
the horizontal flag curvature bounded from below by —k*(k > 0), then

92 — 1/1
P_goghf < - (— +k> (3.9)
0720978 2 \p

for any vector & € T;’OM with (1, “g‘H)vp =1

Proof By Lemma 2.3, the Levi form of p at point z satisfies

R | .
— £ = —[Hp(£, &) + Hp(i§, i§)]
979978 4

<1 l—i—k
_2p .

Just like Theorem 3.3, from Theorem 3.4, we have

Theorem 3.5 (i.e., Theorem 1.4) Let (M, G) be a complete strongly convex uniform
Kdihler-Finsler manifold with the horizontal flag curvature bounded from below by
—k2(k > 0), then M satisfies condition (A).

Remark 3.1 We do not know if there is a strongly pseudoconvex complex Finsler
manifold satisfying condition (A) which is not strongly convex.
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4 Proof of the Schwarz Lemma

Theorem 4.1 (i.e., Theorem 1.5) Let (M, G) be a strongly pseudoconvex complex
Finsler manifold with the holomorphic sectional curvature bounded from below by a
constant K1 < 0, and let (N, H) be another strongly pseudoconvex complex Finsler
manifold with the holomorphic sectional curvature bounded from above by a constant
K> < 0. Suppose that M satisfies condition (A), then for any holomorphic map
f: M — N, we have

fH < ﬁG.
=%

Proof Set = A Z;H , it is a non-negative function on 71:°M. By the homogeneity of

Gand H, u(p, tv) = u(p, v) for ¢ € C*, so it is indeed a function on PT"OM, we
can denote it by u(p, [v]). By condition (A), there is a proper function u on M, set
D, = {p € Mlu(p) < ;} then Dy is compact. We consider PT1-OM by restricting
the base point p to D_s, ie.,

=) # ',
peD,

PT OM|

where 7 : PT"OM — M is the natural projection map. Since D, is compact, the set
PT'OM o 1s also compact. Lifting the function u to PT'-9M by denoting

u(p, [v]) :==u(@(p, [v])) = u(p).

Consider a special function w(p, [v]) 3 (1 —eu(p, [v])) on PTL 0M|— It attains its
local maximum at some point (po, [vg]) € PTM |75 Do the representatlve element v
here satisfies G(vg) > 0. It is necessary to note that pg is not the boundary point of
D.. Since wip, [v])%(l — eu(p, [v])) goes to zero as p — 9D, (po, [vo]) must be
the interior point of PT'OM | . Furthermore, if the maximum value equals to zero,
then w(po, [vo]) must be zero, which means f*H (po, Cvg) = 0 for all ¢ € C*. This
makes a contradiction, thus we can set i (po, [vo]) 7 (1 —eu(po, [vo])) > 0.

By condition (A), there exists an upper supporting function w of u at pg satisfying
u(p) < w(p) and u(pg) = w(po), with Iaw(é)l2 < 1and S“&ﬂ 02 “;f < 1 for any

unit vector &. Lifting w to PT" 0M|D—Just like u, denote by w, then w(p, [v])2 (11—
ew(p, [v])) is smooth in PT1’0M|D— and satisfies

w(p, D1 — e (p, [v]) < pu(p. DI — eii(p. [v])
< (po. [vol)2 (1 — £ii(po. [vol))
= u(po. o2 (1 — eib(po. [wol). (4.1
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Hence p(p, [v])%(l — ew(p, [v])) attains its maximum at (pg, [vo]).

Now we choose an arbitrary holomorphic function ¢ : A, — M that satisfies
©(0) = po, ¢'(0) = vy, and A, is taken sufficiently small such that ¢(A,) is con-
tained in the domain of w, then ¢ = 0 is a local maximum point of the function

M (‘P(C), [fﬂ’(i)])% (1 — ew(p(2), [¢'(£)]), here we should note that w is indepen-
dent of the direction [¢'(¢)], i.e., w(p(¢)) = W(p(¢), [¢'(£)]). Notice that the pull
back of a complex Finsler metric into a Riemannian surface (we use the disk A, € C
here) is a Hermitian metric, we can set

A2(Q)dedE = p*G(0), (4.2)
o2(0)dgdE = (f o )*H(¢), (4.3)
where
2(0) =G (p(0), ' (D)),
X)) =H (fop@), (fop) ().
Henee 2 (fop@), (fop) ()
02@)  H(fop@).(fop)( .
= = , , 4.4
2(C) G @), ¢ @) 1@ [¢'©]) @4
in particular,
a2 (0)
AZ—(O) = 1 (po, [vol) . 4.5)

1
We apply the maximum principle to the function u (¢(¢),[¢'(D)])> (1 —
sw(p(?), [¢'(£)])) at the maximum point { = 0, we have

_ 1
0> i09log (u(e(), [¢'(©)])* (1 — eb(p(?), [w’(;“)])))‘ ,
=0
,i.e.,
0 2 i 9 log (up(©). [/ ©]) (1 = £ibip(@). 1" OV _,.
for all holomorphic maps ¢ : A, — M with ¢(0) = pg, ¢’ (0) = vg. Now taking the
supremum for these family of ¢, by Lemma 2.1, we can continue our progress.
82 ’ ~ ’ 2
sup { —— log [ 11 (¢(©). [¢'(©)]) (1 — e (©). [¢'©)D) ])4_0}

G(vy) ¢ |0¢0C

2 82 2 82
e 2O, _log(l—3’7)(<P(§),[<P/(§)]))|§:0}

0>

G (vo) S‘;p BILs gkz(é) c=0 003
2 2

= 2 sup § — 9 = logkz(é)‘ + 9 = logaz(g)‘
G(vo) o 9ca¢ t=0  3r9¢ =0
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2
+23§85 log (1 — e (9(). [w’(;)]))@zo}
_ 2P o’ 2 ¥
- p{ 720 5007 VOl Lo + 0 7 v
+ia—2 log (1 — ew(9(2), [¢"(O)D)] }
22(0) 8¢ 9¢ ' §=0
> sup {K (¢*G) (0)} — n(po. [vo])szp {K((fop)*H) (0)}

1oga2(g)(§:0

Ll 4 (@) [ OD . e2|[H(0(0), [¢' (DI |
213200 \T=ed@@). [0 @D | (I — eib(0@). [¢/©)])>

w~

—O]
= K¢ (po, vo) — u(po, [voD) K ¢+ (po, vo)

4 [ elw(e), [¢ D]z N e2\[w(¢(;),[¢’(§)])]§]2
120 \1=ew@@).[¢'©OD (1 —ed@@). 'O )| _, |

— sup
¢

(4.6)
By the assumption and Lemma 2.1, it is clear that
K p+1(po, vo) = Ku(f(po), f«(vo)) = K>
and
Kg(po,vo) = K.

The rest just needs to deal with the last term in (4.6). Since w(p(¢), [¢'(2)]) =
w(e(L)), then by Remark 1.2, we have

a[uw ’ ' : / /
o@D (1o o) < 6e'on = 20 @)

a¢
and
[ (p©). [¢' D] 9%w dp* P , 2
= 0) = — ((0 0)— (0) < G(¢'(0)) = A%(0).
3007 0) 8z“3zﬁ(¢( ) ag()a;()— (¢(0)) 0)
(4.8)
Combining (4.6) ~ (4.8), we get
0> K1 — u(po. [uo) K —4( ¢ + e >
= BT PO, TR 1 —ew(po, [vol) (1 —ew(po, [vo]))?

e — e2W(po. [vo) + 82)

— K| — s [voDK> — 4
1 — n(po, [vo) K2 ( (1 — ew(po. [vo]))?
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8¢
(1 — e (po, [vol))*

> K1 — u(po, [voD K> —

Rearranging terms, we have

K 8
1(po. [vo) (1 — ed(po. [vo]))* < ?1(1 — ew(po, [wo))? + °
2 —K3
- K 8¢
= ?2 + o

Note that (pg, [vo]) is the maximum point of the function /ﬁ (1 — ew), thus for any
,0
otherz € D;andv e T, "M,

iz, [uD (1 — ed(z, [v]))? < p(po. [vo) (1 — edb(po. [vo]))?
- ﬁ n 8e
Ky —-K»

always holds. By the construction of the proper function u and the definition of D,,
for any z € M, when ¢ is small enough, we have z € D;. So letting ¢ — 0, we obtain

1
v < —, 4.9
w(z, [v]) = X (4.9)
forany z € M and v € TZI’OM . This implies
K
*H < —G.
fTH = X,
The main theorem is proved. O
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