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Abstract

In this paper, we study some blow-up conditions via one velocity component for
the 3D incompressible Navier—Stokes equations in the framework of scaling invariant
anisotropic Besov spaces. In particular, we prove that if one component of the velocity
remains small enough in the space H %, then there is no blow-up. This result improves
the previous ones by Chemin et al. (Commun Partial Differ Equ 44:1387-1405, 2019)
and Houamed (J Differ Equ 275:116-138, 2021).
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1 Introduction and Main Results

In this paper, we consider possible blow-up behavior of a regular solutions to the 3D
incompressible Navier—Stokes equations:
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Uy — Au~+ w-Vyu+Vp=0 in (0, c0) x R3,
V-u=0 in (0, 00) x R3, (1.1)
u(0, x) = ug(x) in R3,

where u = u(t, x) = (u;(¢t, x), ua(t, x), u3(t, x)) and p = p(t, x) are the unknown
velocity and pressure, respectively, and ug = ug(x) is a given initial velocity.

It was proved in [19] that for ug € L2(R3) with V - ug = 0, (1.1) has at least one
global weak solution u € L*°(0, oo; L2(R3)) N L%(0, co; H'! (R3)) which satisfies
the energy inequality

1 4 1
§||u(t)||%+/0 ||Vu(r>||%dr55||uo||%, forevery t € [0,00).  (1.2)

It was known in [12] that given ug € H*(R3) with s > 1/2, there exist T* =
T*(|lugll gzs) > 0 and a unique local strong solution « to (1.1) on [0, T*) satisfying

u € C([0, T*); H(R*) N C((0, T*); H*(R*) N C((0, T*); H* T2 (R?)).
(1.3)

It is a challenging problem whether such local strong solution blows up at 7* or can
be smoothly extended beyond 7 up to infinity. This problem still remains unsolved
in spite of tremendous efforts by many researchers over the years. Nevertheless, there
is a vast literature providing sufficient conditions to guarantee the regularity of weak
solution, or equivalently to ensure the smooth extension of maximal solution. (see [8,
10, 27] and references therein). For instance, it was known that if the weak solution
satisfies so called Prodi—Serrin condition

uelLP0,T; LY, forqe (3,o0]and 2/p+3/q =1, (1.4)

then u is regular on (0, T] (see [23, 25]). The limiting case where ¢ = 3 was proved by
Escauriaza, Seregin, and Sverdk in [11]. Note that (1.1) is invariant under the natural
scaling

wp (t, x) = Au(h?t, Ax), palt, x) = A2 p(A*t, Ax), uo, = ruo(hx), A > 0,
(1.5)

and if 2/p +3/q = 1, then we have |[u|lLr,7;L9) = luxllLr 0 1-27:L4)- Therefore,
the Prodi-Serrin criterion (1.4) is optimal from the point of view of scaling invariance.
We refer the readers to [4, 8—10, 13] and references therein for the most up-to-date
results.

We mainly focus on some important regularity results involving one velocity
component. Neustupa and Penel [21] first established a regularity criterion

us € LP(0, T; LY), for q € (6,00) and 2/p +3/q = 1/2. (1.6)

@ Springer



Remarks on the Possible Blow-Up Conditions Page3of17 170

He [17] showed the regularity criterion
Vusz € L?(0,T; LY), for q € [3,00] and 2/p +3/q = 1. 1.7

After that, some improvements to [21] and [17] were made during the last decades
(c.f. [2, 3, 22, 30] and [31]), but most of which are not scaling invariant under the
natural scaling.

Chemin and Zhang [5] proved a scaling invariant blow-up criterion. They showed
that for any initial data with gradient in L? and for any unit vector e € S?, if its

lifespan T* of unique maximal solution associated with the initial data is finite, then
there holds

T*
| e, dr =, 18)
0 H2tD

for p € (4, 6). This criterion was extended to the case p € (4, oo) in [6]. Han, Lei, Li,
and Zhao [16] further extended (1.8) to [2, co). Wolf [28] proved a scaling invariant
criterion

Vus € L*(0, T; L?). (1.9)

Chemin et al. [7] studied what happens to the endpoint criterion when p = o0 in
(1.8). As mentioned in [7], such aresultin the case of p = 0o, assuming it is true, seems
to be out of reach for the time being. They proved “almost” scaling invariant blow-up
criterion reinforcing slightly the H 2 norm in the horizontal direction. Precisely, they
proved the following:

Theorem 1.1 There exists a positive constant cy such that if u is a maximal solution
of (1.1)in C([0, T*), HY), then for all positive real number E and for any e € S?,
we have

T* < 0o = limsup |u(t)-e| 1 > co, (1.10)
t—=>T* Hltz)gh.E
where
2 def PN
lall®, = / |Ellog (E|&n| + e)|a(§)|°dE < oo.
nggILE R?

Later on, Houamed [18] proved the same “almost” scaling invariant blow-up criterion

in the case of p = o0, by slightly reinforcing the H?2 norm in the vertical direction
instead of the horizontal one. That is, it was proved that

Theorem 1.2 There exists a positive constant cy such that if u is a maximal solution
of (1.1) in C([0, T*), H"), then for all positive real number E and for any e € S?,
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we have
T* < 0o = limsup |ju(?) - e| > co, (1.11)
1—>T* lung
where
2 def o P
llall” =/ 1E1log(Elsy] + e)la(§)|"d§ < oo.
Hlng,E R3

L1 L1 .1
Notice that all the spaces I.'-Ilf)gh’ g and H gv.E AT€ smaller than H?Z2. Mgtivated .by
these two results, we first aim to show that if one component of the velocity remains
. 21 .
small enough in space H 2 itself, then there is no blow-up. Now we state the first result
as follows.

Theorem 1.3 There exists a positive constant co such that if u is a maximal solution
of (1.1)in C([0, T™), HY, then for any e € S?, we have

T* < co = limsup ||u(t) - e|| .

t—>T*

| > co. (1.12)

H?2

Remark 1.1 Theorem 1.3 tells us that as long as the HZ norm of one component to the
velocity field is less than cq, the blow-up cannot happen. The introduction of spaces

Hl ogh,E and Hl v, in both Theorems 1.1 and 1.2 was due to the estimate for the
term J given by (3 5) below using the suitable anisotropic Bony decomposition, while

our proof is based on a new trilinear estimate involving scaling invariant anisotropic
Besov norm (see Lemma 2.7) and the proof here is relatively simple.

Next, we are concerned with the anisotropic scaling invariant blow-up criteria. It
is interesting to study the blow-up criterion in the framework of anisotropic Lebesgue
spaces. It becomes most useful when one considers conditional regularity in terms
of only one velocity component or its gradient. In general, the gradient of a function
is more informative than the function itself, and hence the results are better. The
anisotropic Lebesgue spaces make it possible to obtain almost scaling invariant blow-
up criteria which is not the case for corresponding result formulated in the framework
of standard Lebesgue spaces (see [14, 15, 24, 26, 29]).

Although the anisotropic Lebesgue spaces are convenient to obtain almost scaling
invariant blow-up criteria involving one velocity component, it is hardly reachable the
optimal Prodi-Serrin level. Recently, the second author [9] reached the Prodi-Serrin
level in the endpoint anisotropic Lebesgue space for the first time, which states that u
is regular if Vuy satisfies an anisotropic scaling invariant condition

Vuz € L*(0, T; LCLY), (1.13)
where h and v denote the horizontal and vertical components, respectively. Very

recently, the authors [13] proved more general anisotropic scaling invariant regularity
criterion, which covers (1.9) and (1.13), simultaneously.
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In order to reduce the differentiability order, Liu and Zhang [20] proved a scaling
invariant one component anisotropic regularity criterion, which states that u is regular
if
2 2 1 2

3p_ B e —H
us € LP(0, T; L72) N LP(0, T; (By,

TOORBE W, (1.14)

where p € (4,00), q1 €[1,2), u>0, g2 €[2,(1/p+ )", andx € (1, 00).

Motivated by the above cited results, the second aim of this paper is to establish new
blow-up criteria involving the gradient of one velocity component in the framework
of scaling invariant anisotropic Besov spaces. More precisely, we prove the following
blow-up criteria.

Theorem 1.4 There exists a positive constant cy such that if u is a maximal solution
of (1.1)in C([0, T*), HY), then for any e € S*, p € [1,2] and g € [2, 00), we have

T* < 0o = limsup [V(u(t) -e)|| 2.1 > . (1.15)

" 2+l =
t—T (By,o " L)y

Theorem 1.5 Let u be a maximal solution of (1.1) in C([0, T*), HY). if T* < oo,
then for any e € S?, pell,2],q €[2,00) and o € (2, 00) such that

1
—+ - <1,
a q

we have

T*
/0 V(@) -el* » dt = oo. (1.16)

1,2
cSstata—2
BT ),

Remark 1.2 The space-time norms in (1.15) and (1.16) are scaling invariant quantities
under the natural scaling (1.5). We remark that the Besov spaces for horizontal variables
in both Theorems 1.4 and 1.5 have the negative indices, even the limiting value —1 by
proper choice of p, ¢, and «.

The rest of this paper is organized as follows. In Sect. 2, we introduce the anisotropic
Besov spaces and useful lemmas, and establish two trilinear estimates involving the
anisotropic Besov norm. Section 3 is devoted to the proof of the main results.

2 Preliminaries

Throughout this paper, we will use the following notations. We denote by C the positive
constant which may vary from line to line. For simplicity, we omit R? in all function
spaces X (R3) over R? as long as no confusion arises. For a normed space X, we denote
by || - |lx the X-norm. L? denotes the standard Lebesgue space.
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The anisotropic Lebesgue space LZ LY consists of all measurable functions f over
RR3 such that

A lpeg = H I 0Ly, o2y @

with the usual modification if p = oo and/or g = <.

Let us introduce the anisotropic Littlewood-Paley theory (see [1]). Let B be the ball
B = {& € R?| || < 4/3} and C be the annulus C = {£ € R? | 3/4 < |£| < 8/3).
Then, there exist radial smooth functions x and ¢ with their values in the interval
[0, 1], and supports, respectively, in B and C such that

XE+Y 977 =1,V6 e R,

Jj=0

Y077 =1, v& e RM\{0). @D

J€EZ

Moreover, suppp(2~/-)Nsuppp(2~%.) = @if | j —k| > 1 and suppe(2~/-) Nsuppx =
@if j > 0.LetS’ be the space of tempered distributions, F and F~! denote the Fourier
transform and the inverse Fourier transform, respectively.

Foru € & and (j,k,0) € 73, the homogeneous dyadic blocks A j and the
homogeneous low-frequency cut-off operators S ; are defined for all j € Z by

Aju=Fl@Q DD, Su= Y. Aju.
Jj'<j—1

We have the anisotropic version of the dyadic decomposition:

Atu=F N e@ e, Sfu= Y Auu,
k' <k—1

Au=F @@ Y&,  Su= Y Alu,
'<e—1

where & = (&, &), & = (&1, &) and 4 = Fu.
We denote by S;, the space of tempered distributions u such that

lim [|Sjulleo = 0.
Jj—>—00

Lets € R and p, g € [1, 00]2. The homogeneous Besov space B;,q is defined as
follows: .
By, ={weS; | lulg < oo}
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where

1
(Xjez 221Aul3)", 1<p oo, 1=g <00

lall gy = -
sup ez 270 | A jullp, l<p<oo, g=00

We recall the definition of anisotropic Besov spaces (see [1] for more details).

Definition 2_.1 Let S1, 82 be two real numbers and let p, g1, g2 be in [1, oo], we define
the space (Bf,‘,q1 ) h(Bf,%qz)v as the space of tempered distributions u such that

q1 a1

a2
q?2
el iz, = | 2227 (quzl”imkm uLp) <o, (22)

keZ leZ

with the usual modification if g; = oo and/or g2 = oco.

We remark here that

iy 3 =l @2 = @147 :
Il = ey o) = |10l () 23)

Il = Ny, ~ | @ 12,0, -

We review some useful lemmas from the literature.

Lemma 2.2 ([1], Proposition 2.20) Let 1 < p; < pp <ococoand 1 <r; <rp <

oc. Then, for any real number s, the space B L (RY) is continuously embedded in

B;z i(ﬁ_ﬁ)(]Rd)

Lemma 2.3 ([1], Proposition 2.22) A constant C exists which satisfies the following
properties. If s1 and s are real numbers such that s1 < so and 6 € (0, 1), then we
have, for any (p,r) € [1, ool andu € S,;,

¢ 1 1 0 1-6
Il gyt < ——— (5 +— 9) lulo Tt 24)

Lemma 2.4 ([1] Proposition 2.39) For any p,q € [1,00]> such that p < q, the

space B ” i is continuously embedded in LY. In addition, if p is finite, then B' s
contmuously embedded in the space of Cy of continuous functions vanishing at znﬁnzty

Lemma 2.5 ([5], Lemma 4.3) For any s positive and any 0 € (0, s), we have
el gy, i, < Ml 2.5)

The following law of product in R? which is the slight generalization of Lemma A.3
in [7] is also useful.
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Lemma 2.6 A constant C > 0 exists such that ifu € LN H'(R?) andv € Bg’l (R?)
with0 < 6 < 1, then

vl g < Cllullz + el ) vl g 2.6)
and ifu € LN H'(R?) and v € H? (R?) with0 < 6 < 1, then
luvll go < Clulize + lull g llvll go- (2.7)

Proof We only prove the first assertion since the second one is similarly proved up to
a slight modification. We use the Bony decomposition in the horizontal variables:

uv = TMo + T'u + R (u, v), (2.8)
where

va:ZSj-l_luA?v and Rh(u, V) = Z A?MAZU.
j lj—kl=1

According to Theorem 2.47 of [1], we have

1T vllgo < Cllullzelvilgo - 2.9)

As to thu, it follows from (2.3) that

|k ullgs, => 2

keZ

:ZZ’“Q AZ Z Slh_lvAfu

keZ |I—k|<4

Al (ZSZ (A )

leZ

L2

L2

k6O h h
<C) 2 D St VAL (2.10)
ke lv|<4 12

kO || ¢h h
<C YN S, vllll AL ulle
lv|<4 keZ

ktv—1)(O—1) y oh k h
=C Z Zz( DOV Sl 2 AL ull
v|<4 keZ

= Cllvligo-tllull gy, = Clluligillvlige
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where we have used the equivalence of Besov norms

leZ

1
2
2(k+v=-1)(0—1 h 2
(Zz< i >||Sk+v_1v||po) ~ Joll -1

for negative index 8 — 1 < 0 and the embedding Bg’l — Bgo_’% in R2.
For the remaining term Rh (u, v), by the use of Theorem 2.52 in [1]

IR" @, 0)llgg = Cllullgg, NIvllgg, < Clullzlvll gg - 211
Collecting (2.8), (2.9), (2.10), and (2.11) imply that (2.6) holds.

We need the following trilinear inequality for the proof of Theorems 1.3 and 1.4.

Lemma 2.7 Let p € [1,2], q € [2, 00). Then there exists a constant C > 0 such that

fw fgp dx < CIIfII(B%%,z IVrgli2[IVell 2, (2.12)

P2 In(L9)y

2

L2419
forany f € (B, ," In(L)y, g € H'and p € H'.

Proof By the density argument, it is sufficient to prove the inequality for g € C{°.
Applying the Holder inequality and the duality argument between Besov spaces, we

have
/ fgy dx = / ( Sy dxh) dx,
R3 v Ry

S| OIAN 2h1, lgell o2 1 dx
/Rv BT B, ' (2.13)
=1
I 201, lgell o2-1 4 -
2T O, B " L,

P—

Then, by virtue of Lemma 2.2, we have

1 2_1

L1-1 )
(By " n = (BLI”2 s
S
and

.1 2q
(qu’l)v — (L172),.
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Considering the above embedding and taking into account the conditions g € [2, 00)
and 1 — é > 0, we now use Lemma 2.6 and Lemma 2.5. Then, (2.13) reduces to

[ feodn=il s el sy
R B,y 1 LDy B_," @i,
p—1
<CIIfII 2,1 lgell _1
By, T On(La)y (B, Dn(L e,
<CIIfII 2,1, (lgliperz + Mgl gD llell 1 _1 2
(B, o In(La)y b By, n(LT7D),
=ClIfll 2,1, (gllzgerz +IVagli)lel o1 1
BFy T L), By, (B4 )y
=CIAIl 211, (gllzgers + IVagli2)llel g1 -

(Bp,z Y (L9)y
(2.14)

As argued in [13], since g has compact support, by virtue of the Newton-Leibniz
formula, we have

X1 X2
g(-xha -xl)) = / alg(gv X2, xv)dg = / 82g(-x17 7, xU)dn’
—0o0 —0o0
X1

lgCen, x0)I? = 2 f g(. 12, x)31 g €. X2, x0)dE

X1 X7
—2 f (f azg(s,n,mdn)alg@,xz,xv)ds.

Thanks to the Fubini theorem, we get

2 2
g7 002 =/ max [g|“dx,
h ~v Ru Xh

52/ max/ (f |azg(s,n,xv>|dn>|alg<s,xz,xv>|d5dxv

2 [ Ionglioagl ds < 20Vgz.
(2.15)

Thus, collecting the estimates (2.13), (2.14), and (2.15) gives the target inequality
(2.12). Finally, the Lemma 2.7 is proved.

We establish the following trilinear estimate involving the anisotropic Besov norm
for the proof of Theorem 1.5.
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Lemma 2.8 Letp € [1,2],a € (2,00),q € [2, 00) and % +¢17 < 1. Then, there exists
a constant C > 0 such that

2 1-2
/R% fepdx <CIfll 2,2,1, IVagll2llellf- Vel ., (2.16)

2,21
BYo" T Hp(L)y

2421
o

forany f € (B) s * a(L9)y, g€ H andp € H'.

Proof By the density argument, it is enough to prove the inequality for g € C{°.
Applying the Holder inequality and the duality argument between Besov spaces, we

have
/ fgp dx = / ( fge dxh) dx,
R3 v Rh

=< AN 2200, llgell ,o2_2_1 dx
/IARU (B;;a+q z)h (szpla 7, v 2.17)
=t
=< ”f” 2,21 4 ||8€0|| 222 1 q
BT, B T,

and
.1 2
(qu,l)v — (L3972)y.

Considering the above embeddings and taking into account the conditions o €
2,00),q € [2,00), and 1 — % - L3 0, we now use Lemma 2.6 and Lemma

q
2.5. Then, (2.17) reduces to
/ fep dx <Clfll 2,2.1, lgell —2_1 4
R3 Broo™ T L)y By, * DL Ty,
<CIfIl 2,2,1_ (gl + gl gip)llel 21 2
G T e, BTy T,
SCIfIl 202,15, (lgllpser2 + IVaglipDlel _2_1 1
Broo™ 1 LDy By * DBy
<CIfll 2,2,1, (lgllzeer2 + 1Vagli2)lell -2
B T L)y By,
(2.18)
On the other hand, as in the proof of Lemma 2.7, we have
1811722 < 21V FII7- (2.19)
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On the another hand, it follows from Lemma 2.3 that

2 =

2,1

lell -2 =Cllell .2 Vel -2
B B B, .7

2

;2’0‘) 1—22‘00 (2.20)
< Clel Vel “.

Therefore, collecting the estimates (2.17), (2.18), (2.19), and (2.20) gives the target

inequality (2.16). Finally, the Lemma 2.8 is proved.

3 Proofs of Main Results

Proof of Theorem 1.3 We adopt the proof procedure of [7]. Without loss of generality,
we shall always take o = e3. The proof is divided into two steps. First, we estimate
IVhpull ;2. Multiplying (1.1) by Aju and integrating by parts, we get

3 2
1d
3 1wl 199t = 32 5 [ st
i,j=1k=1

2 2
= Z /R} 8ku,~3,-uj8kujdx+ Z j}; aku3a3uj3kujdx

i,jk=1 k=1 3.3)

2 2
+ Z / Bkuiaiu38ku3dx+2/ Oru303u30 uszdx
. R3 R3
i,k=1 k=1
=L+ DL+ 51+ 1.

It is obvious from the divergence free condition that

2
I = Z /R3 Oku;i0ju joxu jdx

i,jk=1

2
f —03u3 Z (8iuj)2 + 01updouy — ojuqd2un | dx.
3 i j=1

The three terms 1, I3, and I4 are sums of terms by the form
1 = / 3iu33/‘ukalumdx, (3.4)
R3

with (7, 1) € {1,2}> and (i, k, m) € {1, 2, 3}3. In order to estimate I, it is sufficient
to study the following term by the form

]=/ 0;u303u;0;u;dx, 3.5)
R3
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with (i, 1) € {1, 2}>. We now estimate / and J, separately. We use the duality argument
and product law in three-dimensional Sobolev spaces to estimate /. Then, we have

I < CIIVM3||H,% IIVhMVhMIIH%

(3.6)
< Cllusl , y IVaull,
We now use Lemma 2.7 with p = 2 and g = 2 to estimate J. Then, we have
J < C||Vpus|| B’%) ) 1 Viozull L2 [ Vau|l g
22 h v
< ClIVausll _y VA%,
pT 2 2 H
(Bz,z (L) (37)
< Clusll IVhull 1
(Bz z)h(Lz)u
< Cllusll 1 IVaull%,
Combining (3.3) with (3.6) and (3.7), we obtain
2Vl + 209Vl < Cllusl 1 1Vjull? (3.8)
dt h L2 h L2 = 3 % h L2 .
We set
1
T, =sup T € [0, T%)| sup IIMzII =
0,71 C
Then, we have for all t < T,
2 ! 2 2
IVau()l;2 +/ IVVRru(s)72ds < IVau(0)|l7; .. (3.9)
0

Second, we estimate ||d3u|| ;2. Multiplying (1.1) by 8323u and integrating by parts
together with the divergence free condition give us

—l10sull72 + IVO3ull 72 < CIVaull 21V Vaull 210307, + —IIV33M||L2

1d
2dt -
The Gronwall lemma leads to

t
1851012, < 135u(0)]12, - exp (C /0 ||vhu<s>||Lz||vvhu(s>||des>. (3.10)

As we have (3.9), we see that ||d3u||;2 is also bounded on (0, 7%). Thus, ||Vu||2
remains bounded on (0, T,). Thus, by contraposition, if ||Vul|;> blows up at finite
T* > 0, then
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170 Page 140f 17 Z.Guo, Chol-Jun O.

1
Vi €[0,T%), sup |usll 1 > — = co,
s €[0,] H? — C
which proves the Theorem 1.3 by passing to the limit r — T*. O

Proof of Theorem 1.4 We proceed exactly in the same way as in the proof of Theorem
1.3 up to (3.5). Without loss of generality, we shall always take o = e3. We now use
Lemma 2.7 to estimate I and J, separately. Then, we get

I:/ 0ju30juydjuy,dx
R3

= ClVusll 2,1, Vi Viull 211V Vaull 2

Br T L, G.11)
<ClVusll 2,1, IV Vaul..
By, (L),
As to the term J, we have
J = ClIVpusll 2,1, IViO3ull (2 IV Vhull 2
B, T @y
< Cl|Vpusll 2, 1_ VVul?
I ||(B;;q Z)h(L‘i)v l ||L2 (3.12)
<CIVusll 2.1, IVViul?,.
R XN
P,
Combining (3.3) with (3.11) and (3.12), we obtain
invhuniz +2VVul?, < ClIVusll 2,1, IVVaulz,.  (3.13)
dt By ® Ly
We set
. 1
Ty =sup T €[0,T%)/ sup |Vus|l 2,1, <—=r.
[0.7] By " wwn, €
Then, we have forall t < T,
2 ! 2 2
Vau(0)l7 2 +/ IVVRu(s)ll;2ds < [VauO)ll2, (3.14)
0

which together with (3.10) implies that || Vu|| ;2 remains bounded on (0, 7). Thus,
by contraposition, if || Vu| ;2 blows up at finite 7* > 0, then

1
Vi €[0,T%), sup [[Vusll 2,1, > — =<,
s €l0.1] By T e, — €
which proves the Theorem 1.4 by passing to the limit ¢ — T*. O
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Proof of Theorem 1.5 Without loss of generality, we shall always take 0 = e3. We now
use Lemma 2.8 to estimate / and J, separately. Then, we get

I:/ 0iuz0jugoju,dx
R3

2 1-2
=ClVusll 2,1.2., VR Vaull 2 (IVaull (5 IV ViU (3.15)
(B])oo Y (L1)y
2 22
=ClVusll 2,1.2., VRl 2 IV VRull
(B poo W (L9)y

The remaining term J is similarly estimated by

2 -2
J=ClIVhusll 21,2, VaO3ull 2 [VRull {2 IV VRull,
(Bl L)y
) ,2 (3.16)
=ClVusll 2,1.2., IVaull IV VRull 5.
( P, ooI Y (L1)y
Thus, combining (3.3) with (3.15) and (3.16), we obtain
d 2 2 : -2
EHV},MIILZ +2[VViull;, < CIIVu3||(3§;5+%,2)h(Lq)UIIthllellvvhulle :
(3.17)
Applying the Young inequality and Gronwall lemma leads then to
! 2 2
IIth(t)Ile +/ IVVhu(s)lI;2ds < [Vau(0) I,
0
t
- exp / ClIVusll® 5 1 > ds |, (3.18)
0 BT
p,o0 h v

which together with (3.10) implies that Vull 2 remains bounded on (0, 7). By
contraposition, if there is a blow-up of the H! at finite 7* > 0, then we have

T*
/ ||Vu3(t)||a‘%+%+a;72 dr = oco.
0 (Bp, ) (L1)y

Thus, the proof of Theorem 1.5 is complete. O
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