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Abstract

This paper investigates a P-function associated with solutions to boundary value prob-
lems of some generalized Monge-Ampere equations in bounded convex domains. It
will be shown that P attains its maximum value either on the boundary or at a critical
point of any convex solution. Furthermore, it turns out that such P-function is actually
a constant when the underlying domain is a ball. Therefore, our results provide a best
possible maximum principle in the sense of L. Payne. As an application, we will use
these results to study an overdetermined boundary value problem. More specifically,
we will show solvability of this overdetermined boundary value problem forces their
P-function to be a constant.

Keywords Monge-Ampére type equations - P-function - Best possible maximum
principle - Overdetermined boundary-value problem
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1 Introduction

We recall the notion of “best possible maximum principle” introduced by L. Payne a
few decades ago [7, 8]. A function P that depends on solutions and their derivatives
of a boundary value problem on bounded domains is said to satisfy a best possible
maximum principle if P satisfies the weak maximum principle for every bounded
domain €2, and if there is a special domain on which it is a constant. As an example,
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let u satisty
Au=11in , u=0 on 9L2.

The function

= |Du|2 - —
satisfies
2 N, 2.2 502
AP_zZ“ ;3 “ii‘;EE(AM) —;—0,
i,j=1 i=1
where u; = Bax , Ujj = 0320 . It follows that P attains its maximum value on 9. If

Q is a ball of radius R centered at the origin, we have

B |x|2 _ R2
- 2n

The corresponding function P = |Du|? — u is a constant in 2.
In [2], the following problem is dlscussed Let @ C R”" be a bounded convex
domain, and let u be a convex solution to the boundary value problem

det(D>u)=11in Q, u=0 on 9.

Corresponding to this solution, consider the function

n 2
adet(D“u)
P = ——uju; — 2u.
Z oujj o

i,j=1
In [2], the authors prove that P satisfies a best possible maximum principle. Similar
problems are discussed in [6, 9].

Let Q@ C R” be a bounded convex domain. For a smooth function # we have

det(D?u) = ( (D u)u) ,

where T(,— 1)(D2u) (T (1— 1)(Dzu)] is the adjoint of the Hessian matrix D?u. Here
and in what follows sub-indices denote partial differentiation, and the summation
convention from 1 to n over repeated indices is in effect.

In the present paper, we find a best possible maximum principle relative to the fol-
lowing generalized Monge-Ampere equation. With p > 1, we consider the boundary
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value problem
1
( (D) Dul" = )_:1 in Q. u=0 on 0Q. (1
J

Note that this generalization of the Monge-Ampeére operator is similar to the p-
Laplacian as the generalization of the Laplacian [13]. For a discussion of problems
related to Monge-Ampere operators we refer to [1, 4, 5].

Problem (1) in case of p = 2 has been discussed in [2]. From now on we concentrate
on the case p > 1, p # 2. We suppose u € ®, where

={u e C&(Q) N CZ(BQ), u is strictly convex and smooth whenever |Du| > 0.}

Let u,, = ming u(x) = u(xp). Clearly, | Du| = 0 at xo only. We say that u is smooth
in O if it is at least C* in O.

Note that the matrix D>y is positive definite where |Du| > 0. We say that u € ®
is a solution to (1) if

—l/ - 1)(D2u)|DuI"(” Duip; dx—/q)dx Vo € HL ().

n

We claim that
: ij 2 -2 _
xl;n;ﬂ To_y) (D w)| Dul" PP u;u; = 0.
Indeed, let
={xeQ:ulx)<t}, u,<t<O.

If we multiply (1) by (t — u)™ and we integrate over Q we find
/ o 1)(D2u)|Du|"(p Dujujdx = n/ (t —u)dx < n|Q'|sup(t — u).
13 QT
It follows that

n(p=2) _ _
|QT|/ (n 1)(D u)|Dul| uu]dx<nsgtp(t u) =n(t —uy).

As 't — u,,, the claim follows.
Define the P-function

p=L= 1y
p

n— 1)(Dzu)|Du|"(1’_2)u,~uj —u, x # xp, 2)

and P (xg) = —uy,.
Our first result is the following
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Theorem 1.1 Let Q be a bounded convex domain. If u € ® is solution to Problem (1),
the function P defined as in (2) attains its maximum value either on the boundary 92
or at the point where Du = 0. Moreover, if Q2 is a ball then P is a constant.

By using Theorem 1.1, we shall discuss the following overdetermined problem. Let

u € ® be a solution to Problem (1). Furthermore, if u,, = ming u(x), suppose there
is some constant ¢ such that

-1
c=—um, 3

Hep—1y|Du"P~ D = ¢ on 3Q,

where H,_1) is the Gauss curvature of 9€2.

Theorem 1.2 [fthere is a solution u € ® to problem (1) which satisfies the additional
condition (3), then the function P defined as in (2) is a constant in 2.

Overdetermined problems for second order linear and quasilinear equations were
discussed more than fifty years ago in the seminal papers [12, 15].

In case of n = 2, we shall prove the analogous of Theorem 1.1 for the minimum.
Similar results are proved in [3]. As an application, we will prove Theorem 1.2 without
the restriction Tlc > —uy,.

2 A Best Possible Maximum Principle

Recall that, where |Du| > 0, the operator T(i,{_l)(Dzu) is divergence free (see, for
example, [10, 11]), that is

(T0_ (D) =0, j=1.-.n. @
Moreover, since T(,—1) (D?u) is the adjoint of the Hessian matrix D?u, we have

Tiu—1)(D*u) D*u = Idet(D?u), Q)

where [ is the n x n identity matrix. On using these facts, after some computation one
finds

1
(T (D) | Du" D )j = (p = DIDu[" PP det(D?u).
Therefore, Equation (1) for x € 2 such that | Du| > 0, can be written as

1
det(D*u) = FlDuV’(z_”). (6)
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Proof of Theorem 1.1. Let xo € €2 be the point where Du = 0, and let u,, = u(xp).
Arguing by contradiction, let ¥ € Q\{xp} be a point such that

r—1 n(p—2)
P(x) = » (,1 1)(D u(x))|Du(x)| ui (X)uj(X) — u(x)

> max[p mgé( (Dzu)lDu|"(” Duju; i) —um].

p

Choose 0 < t < 1 close enough to 1 so that

(D?*u(%))| DuE)|" P2 u; (F)u (%) — tu(X)

P(X) = —IT(’,{ 1
P

p j _
> max[ ;Ié%)é(T(lr{_l)(DzuMDm"(p Z)I/t,'l/tj), —rum].

p
Then, also the function

~ —1
P(x) = p_ T l)(D2u)|Du|"(‘” Dy, jUj — TU
p

attains its maximum value at some pointx € 2\ {xo}. We show that this cannot happen.
On using the equations (5) and (6) we find

1
Tiu—1)(D*u) = —1|Du|"<2—”)(D2u)—1,
Py

where (D2u)~! is the inverse matrix of D2u. Therefore, if [u¥'] = (D?u)~! we have

pP = uM ugu; — pru.
We compute
p13,- = uf-‘lukul + 2uk1uk,-u1 — pTu;.
Since
ukluki = 85 (the Kronecker delta)
we find

pf’i =ufluku1+(2—pt)u,~, i=1,---,n. 7
Further differentiation yields
p.. — ki ko .
pPii = ujjuguy + 2u; ugiu + (2 — pru;.
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We note that our equation (1) is invariant under a rigid rotation. Let us make a suitable
rotation around the point X such that D?u has a diagonal form at this point. With some
abuse of notation, P; denote derivatives of P with respect to the new variables. Then,

pPi = uflugwy + 20l uiiug + 2 — pow, i=1,-- ,n.
C}_f:arly, also (Dzu)’1 will havg a diagonal form at x. Furthermore, for i fixed we have
u''u;; = 1. Multiplying by u'' the equation in above and adding from i = 1 up to
i =n we get

ii kl

puiiﬁii =u"uj;upu; + 2u u;+n2— pr). (8)
By (5) and (6) we find
|Du"® P (D*u) " = (p — DT(u-1)(D*w). ©)

Hence, since the matrix T(n,l)(D2u) is divergence free, we have
(|Du|n(2—17)uil>' =0, I=1,---.n,
1
from which we find (recall that we are adding over repeated indices)
il _ -2 il _ 24l _ )
u; =n(p = 2)|Dul“ujruiu’” = n(p — 2)|Du|”“Sur = n(p —2)|Du|“u

Therefore,

uflul =n(p—2). (10)

Insertion of this equation into (8) yields

pull Py = u" M ugu; +n2p — 2 — pr). (11)

Now we evaluate the quantity 1/’ u kl ; ugu;. Unfortunately, our computations are quite

long. Since [uk!] is the inverse matrlx of [ugr;], we have

uf‘l = —ubmylay,,

Differentiating with respect to x’ we find

kl (uksumj lg +ukm lsqu)usjzuqu _ ukmulqumqii-

Since D?u has a diagonal form at X, from the latter equation we find (here we do not
add with respect to i, k or [)

ukl = 24Kk y iy ijkUijl — Wi, ik l=1,--- ,n.

ll
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Multiplying by u'' and adding from i = 1 up toi = n we get
uiiuf»‘l-l = 2uiiujjukkulluijkuijl — uiiukku”u,-ikl. (12)

To evaluate the last quantity in (12), let us differentiate Equation (6) with respect to
xK. We find

ddet(D? 2 _
(D”u) = n( p)|Du|"(2”’)*2ukSus, k=1 n
dujj -1
By (9) we have
2
w — Tl] (DZM) — ;|Du|n(27p)uij.
auij (n—1) p—1

By the last two equations we find

1 . n2—
TI|DM|"(2_I7)MUMUI¢ = %lp)|DM|"(2_p)_2MksMs-

Simplifying we get
wuije = n@2 — p)|Dulusus.

Further differentiation with respect to x! yields

ij ij 4 -2 2 2k
uuijir 4w uijre = n@2 = p)[ = 2| Dul " uguuriur + |Dul " Pugsius + | Dul " ug sy .

Note that we are using the condition that D?u has a diagonal form at the point X. Since
u;j = —ulluliu; ji (with i and j fixed), by the previous equation we find
. L 4
uuiirg = u uluijrui +n Q2 — p)[ = 21 Dul " uguguggug 13
-2 2,2 ¢k
+ | Du| " “upgius + [Dul™"uy;6; ]

Insertion of (13) into (12) leads to

w'ulfl = 20w e — g

+n(p — [ = 21Dul " wpuy + | Dul2u* u" ugyguy + | Du| 28} ].

Simplifying we find

ji kl ji i kk I —4
uui; = uuuu uijkuij1+n(p—2)[—2|Du| imn

+ |Du|_2ukku”uk1sus + |Du|_281k].
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Multiplying by uxu; (and adding with respect to k and /) we get,

.o s 2
u”uklukul =u'ul’ (ukkuijkuk) —n(p —2) +n(p — 2)|Du| 2™ u" ursugugusy.

Inserting this equation into (11) we find
pu't P = uiiujj(ukkuijkuk)z +np(1 —1)+n(p —2)|Du|™ 2Ry s ugu .
(14)
Letus evaluate the first quantity of the right hand side in (14). By using the inequality
2
Za > —(Zai> , a; €R,
i=1
with a; = b; (3" cix) we find

Z bIZ(Xk: Clk) > %(; b,-c,-k>2.

i

Hence,

o 21 _— 2
Z””””(Z” uzjk“k) Z(””) (Zu M”kuk> 2;(2“”” Miik”k) .
ij k ik
Since

u”ukku k= _uik’
on using (10) we find
e = —ul kuk = —n(p —2).

Therefore,
o 2
Z utul’ (Z ukkujkiuk> >n(p — 2)%. (15)
i,j k
Insertion of (15) into (14) yields

pu'' Py = n(p — 2)> + np(1 — ) + n(p — 2)| Du| ~2u"* u uggsupuus. (16

To finish, we must evaluate the last quantity of the right hand side in (16). This is
easy. By (7), at x (the point of maximum of P) we have

0=ulupu; + Q2 — poyu;, i=1,--,n,
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whence,

kk 1l
w ' ugiugu; = (2 — pru;.

Multiplying by #; and adding from i = 1 up toi = n we find
|Du|72ukku”ukl,'ukulu,' =2— prt.
Insertion of this equation into (16) yields
pu' Py = n(p =2 +np(l = 1) +n(p =22~ pr).
After simplification we get
u' Py = n(p = (1= 1) >0,

contradicting the assumption that X is a point of maximum for P. It follows that P must
attain its maximum value either on the boundary 92 or at the point where Du = 0.

Now consider the case €2 is a ball of radius R, centered at the origin. If u = u(r),
r = |x|, we may assume u; = u’, u; =0, 2 <i < n. Then,

u/

2 . 1 u'
D u:dlag{u ——}
r r

Therefore, Equation (6) reads as

/

u//(”t_)n_l — ;(u/)n(pr)’
r p—1

or

rn—l
(u/)n(p—l)—lu// -

p—1

Integrating we find

Integrating again and using the condition u(R) = 0 we find

)-

)2

p_l(r% — R7T

u(r) =

Recall that our P-function reads as

1
P=—u’ujuj —u,
p
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where [1'/] is the inverse matrix of [u;;]. Then,

P=tln- =p_1r1”11—p_1<rﬁ_Rﬁ):p_1R%.
pu” D p

Hence P is a constant, and the theorem is proved.

3 An Overdetermined Problem

Proof of Theorem 1.2. We note that (see [14])
T (D?w)| Du|" PP wu; = H—y| Du" P~ DT on 8,

where H(,_1) is the Gauss curvature of d2. Therefore, we can write condition (3) as

T (D*w)| Dul" P Pupu; = ¢ on 8%,

¢ > —itp. (17)
p

By Theorem 1.1, the maximum of the function P is either pTTlc (attained on 9€2)

or —u,, (attained where Du = 0). Hence, since pT_lc > —u,,, we have

-1
c, Yxe Q. (18)
p

1
P(x) = TT(’;I 1 (D*0) [ Dul" PPy — u <

Recall that xq is the point of minimum for u, and that u,, is the minimum value of
u. For u,, <t < 0 we define

Q={xeQ:t=<ukx) <0}
Clearly, €2, = 2. Moreover we have
02 =0QU Y, X, ={x€eQ: ulkx) =t}

Lete = (¢!, -+, e") be the exterior unit normal to 9€2;. On 92, we have u; =
| Du|e*. Therefore, using Equation (1) we find

/ TH | (D) Du™ Py dx = 1 / Tou—1y(D*w) | Dul" Dyt do
/( ) T’;f_l)(Dzu)|Du|”<P—2>ul)kdx

:t/ T(';l 1)(D2L1)|D1,t|"(p72)71Ltlukdcr +n | (—u)dx.
Q2
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On X, we have (see [14])
T(I;l,])(Dzu)lDu|n(p_2)MkM1 — 'H(n_])|Du|n(p—1)-+-17

where H(,—1) is the Gauss curvature of %,. Hence,

/ T(]:Ll—l)(Dzu)|Dul"(p_z)uzuk dx:l/ Hu-n|Du"P~Vdo +n | (—u)dx.
Q i

Q2
(19)
On noting that
Hp—-1ydo =nw, (w, = n — measure of the unit sphere),
Py
and that
lim |Du| =0,
t—>upy,
we have
lim / Heu—1)| Du|"P~V do = 0.
t=um 5,
Hence, by (27) we find
lim Te_ (D*u)| Du|" PP ujuy dx :nf (—u)dx, (20)
I—up Q Q
and
/ T (D*w)| Dul" PP uuy dx :n/(—u)dx. 1)
Q Q
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Now we use a sort of Pohozaev identity. We find
/ xieiT(’jL])(Dzu)|Du|"(p72)ukuldo
aQ,
:/ xiu,-T(]ff_l)(Dzu)|Du|"(p_2)ukeldo
092
:/ (xiu,-T(l:llfl)(Dzu)|Du|"(P_2)uk>ldx
v (22)
=/ T(I;ll_l)(Dzu)|Du|"(”_2)u1ukdx
@

+f X ui Ty (D*u)| Du|" P~ P uy dx
o

+ / xiu; (T(I;l_l)(Dzu)|Du |"(1’_2)uk)l dx.
2

Since o)
|Du|"'="P
uitTh_ 1 (D*u) = det(D*u)8} = ?35
we have
. 1 .
/ x’u,-lT(':ll_l)(Dzu)le"(”*z)uk dx = —/ x'u; dx
o3 p—1Jg
t i n
= x'e'do + —— (—u)dx
p—1Js, p—1Jg
nt n
= |2\ |+ —— | (—u)dx.
p—1 p—1Jg
Hence,

im [ xfuy T (D*w)| Dul Py dx = %f(—u)dx. (23)
- Q

t—im Jq,

Finally, on using Equation (1) once more we find

/ xiu,-(T(ljll_l)(Dzu)|Du|”(p72)uk) dx :n/ x'ui dx
Q; l o

=n?t|Q\ | +n% | (—u)dx.
Q

Therefore,

lim xiu,-(T(’fj_l)(Dzu)|Du|"<l’*2>uk) dx :nZ/(—u)dx. (24)
Q l Q

t—um
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Hence, letting t — u,, in (22) and using (21), (23) and (24) we find

/ T(]jll 1)(Dzu)lDu|"(” Dupu; do

_n[( u)dx+—[( u)dx+n/( u)dx (25)
14
:n(n—i—F)/Q(—u)dx.

On the other hand, using condition (17) we find

/ xieiT(l;lfl)(Dzu)lDu|"(p72)uku1 do = c/ x'el do = cn|Q.
aQ Elo)

From this equation and (24) it follows that
c|R2| = n+— /( u)dx. (26)

Using (21) and (26) we get

/Q[P(x)

—1
/ [p Tkl 1)(D2u)|Du|"(/’_2)ukul _u-? c] dx
ot P

]dx

Q[ » n( u) ;lc]dx

ppl ( 1)/9(—u)dx—c|§2|]=

This together with (18) shows that P(x) = ijlc in Q.
The theorem is proved.

4 TheCasen =2
Theorem 4.1 Let Q@ C R? be a bounded convex domain. If u € ® is a solution to

Problem (1) in Q, the function P defined as in (2) for n = 2 attains its minimum value
either on the boundary 0S2 or at the point where Du = 0.
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Proof Let xo € Q2 be the point where Du = 0, and let u,, = u(xp). Arguing by
contradiction, let X € ©\{xo} be a point such that

(D*u(®))| Du(E) PP~ 2u; (F)u j (%) — u(F)

P(x) = r-l T(lll)
p

.rp—1 . ij 2 2(p—2)
min min (77, (D Dul|“'P i), — ]
< 1[ » xeéQ( (1)( u)|Du| u,uj) U
Choose 1 <t <2 — % with t close enough to 1 so that

(D2u(3)) | Du(E)*P~2u; (F)u ; (%) — tu(X)

1
P =2"—1Y
PG

< min[p min (T(ilj)(Dzu)|Du|2(p_2)uiuj), —Tum].
x€0Q

p

Then, also the function

(D*w)| Du*PPuiu; — tu

P(x) = Pl
p D

attains its minimum value at some point x € \{xo}. Choose 7 such that t < 2 — %
We show that this cannot happen.
Let us write P as

pl~’ = uklukuz — prTu. 27

We perform a rigid rotation around X so that D?u has a diagonal form at this point.
By the same computation as in the proof of Theorem 1.1 we find Equation (14) with
n =2, that is,
pu' Py = u'tudl (ukku,-jkuk)z +2p(1 —1)4+2(p —2)|Du|™ 2Ry s
(28)

To evaluate the last quantity in (28) we differentiate P with respect to x*. Since ¥ is
a point of minimum, by (27) we find
uls‘lukul + 2ukluksul — ptus =0,
uls‘lukul + 2 — prus = 0.
Recalling that D?u has a diagonal form, from the latter equation we find

uM ity cugu; = (2 — pPT)Us. (29)
If we multiply by u; we get

2 kk Il
[Du|™u" u" upsurujus = (2 — pt).
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Inserting this into (27) we find
pul By = witudd (M u )’ + 2p(1 = 1)+ 2(p =2 — pr). (30)

To finish, we must evaluate the first quantity in (30). From Equation (1) with n = 2
we find (recall that D%y is assumed to be diagonal at x)

uuize =22 — p)|Dul Pugeur, k=1,2.

Putting 2(2 — p)|Du|_2 := o we have the two equations

11 2
uoui U2 = auqig

(31)
ullurin + u*ur) = aurnus.
Moreover, from (29) we have the two more equations
@"2upud 4 20 wPugpuiuy + @) ?uinul = 2 — pou
(32)

1152 2 1,22 22,2 2
(u ) uriouy +2u uuipuiuy + (W) uxpus = (2 — ptius.

The system of four equations (31)-(32) is linear with respect to uyy1, 1112, u122 and
1222, and the determinant of the coefficients is equal to (u11u22)252, where

S = u“u%—i—u u%

By elementary computation we find

l -
—— (2 - pr)(u“u? — 3u22u1u%) + aull(u22)2u1u4

w152 | (33)
+ 200120 u22)? 11,22 2]

Uil =
u1u§+3au11u u uluz
1 —
Ui = s3] - pr)(3u“u2u2 uzzu%) +au22(u22)2u§
u (34)

—auzzulluzzu%uz 2au11 (u

1
U2 = —>—
u22s2|

11,2
) M1u2]

2- pr)(3u22u1u% u“u?) + aull(u“)Zu?
(35)
— aullu“uzzu%uz 2otu22(u )zulué],

1

(36)

+2au11(u11)2 4 11,22 2 %]

ujur + 3auxpu  u - uiu

@ Springer



49 Page 16 of 20 A. Mohammed, G. Porru

We start computing uk* w1 ug. On using (33) and (34) we find

11 22
uouiul - uTTu U

1
= E[(Z — pr)(u“u? — 3u22u%u§) + auy W) uduf

+ 2()5Lt22(1422)2u%u‘2L + 3au11u11u22u?u%
22N\2 22N\3
222 W)y @) 6
+(2—p1’)<3u uju; — L us ) + aux e uy
— ou,tzz(uzz)zu%uzL — 2au11u11u22u?u5]
1 (u22)2
_ 11,4 4 2222 4
= ﬁ[(Z—pr)(u Wy u2) +oau () ujuy
222 4 11,22 4 2 ??)?
+ouxn W) uju; +auuu u1u2+aungu2].
u

Since

a4 — (?*)?
1 ull

1 S
4 112, 4 2424\ _ 1,2 _ 222
Uy = ((u )uy — (™) uz) = (u''ut — u>u3).

we get

11 22
uuruy +uTupun

1 S
= g[(Z - pr)m(u”u% —u?ud) + auy *)?

+ omzz(uzz)zu%u;L + aullulluzzu?u% “+ aun (M:#ug]
Since
ull(uzz)zu%ué + ullu“uzzu?u% = ulluzzu%u%S,
and
22\2 2 4 @?)? 222 4
up (W) ujuy + uzguTuz = Wuzz(u ) u5S.
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by (43) we get

11 2
U Ui +uTTuu

1 S
= ﬁ[(Z — pr)ul (u“u% u22u%) +au11u22u%u%S
! 2 4
+a uzz(u )qu (38)
1 11,2 222
=§[(2‘p’)u1 (] — )
1
+ a<u11u22u1u2 + uzz(uzz)zué)].
We find

22

1 1
w1 M1u2+ uzz(uzz)zug: 22 2( 11,2 22 2) (39)

11” us\uiiu " uy + upuu;

Recalling that D%u is diagonal, we have upiu'! = upu?? = 1. Therefore, from 39)
we get

22

1
2.2 22\2 4
uiplu M1M2+MTL£22(M )uz—

1
Tu22u%|Du|2.
u

Insertion of the latter result into (38) yields

1
u“ulnul + u22u112u2 = m((2 — pt)(u”u2 — u22u2) +au22u2|Du|2)

(40)

Now we compute u**uyo,uy. By using (35) and (36) (or changing the index 1 and
2 in (40)) we find

1
ull U12U +u? u222u2 = ﬁ<(2 p‘L’)(u u% ull 2)+Om11u%|Du| )
(41)

Finally, let us compute ukkulzkuk. By using (34) and (35), we find

11 22
U upppUl - uTTuuU2

1
= §<(2 — pr)(3ullu?u2 — uzzulug) + auzz(uzz)zulug

au22u11u22u3u2 2au11(u“) uju
+ 2 - pr)(Suzzulu; u“uluz) +au11(u )2u1u2

— au11u11u22u3u3 — 2(xu22(u22)2u1u5>
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After some simplification we find

11 22
u u112M1+u u122U2

((2 pt)2(u uluz +u ulu%) — augz(uzz)zulug

1,22 3 3

— aumu uPudud — au”(uu)z 11,22 3 3)

ujuy — o u U U u;

Further simplification and use of the equations u1] ull = upu?? =1 yields

11 22
U upppul +uTTu0un

1 2 42)
= §<(2 — pT)2uiuy — aujuz|Du| )
By using (40), (41) and (42) we find
Wil (ukkuijkuk)z
L2[((2 - pr)(u”u% u*? 2) + au*u3| Dul? )2
((2 pt)(u uz u”u%) +oaullu 2|Du| )
+ 2u”u22<(2 — pT)2ujuy — au1u2|Du|2)2].
If we expand the powers in above and use the equations
2(u11u2 _ u22u2) + 8u11u22u2u2 _ 252’
(u2u31Dul?)’ + (u"u}1Du?)’ + 2u u® (uyus| Du?)* = S| Dul?,
Z(MHM% uzzu%)(uzzu% u“u%)|Du|2 — 8u”u22u%u%|Du|2 = —28%|Dul’.

we find
u'tudl (ukku,-jkuk)z =22 — pr)2 + cv2|Du|4 —2a(2 — pt)|Du|2.
Since a|Du|? = 2(2 — p), we have
o2 Dul* = 2a(2 — pr)|Dul*> = 4p2 — p)(r — 1).
Therefore,
u'lull (ukkuijkuk)z =22 — pr)2 +4pR2 —p)(r —1).
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Inserting the latter result into (30), after simplification we find
u' Py =2(1-0)[p2-1)—1].

Since 1 < 7 <2 — L we have p2—1)—1>0and u'lP; <0, contradicting the
assumption that x was a point of minimum. The theorem is proved.

If n = 2, we prove Theorem 1.2 by using the following condition
Hpy| Du PP~ = ¢ on 8Q, (43)

where ¢ is some positive constant and 1) is the curvature of the boundary 0.

Theorem 4.2 Let Q@ C R? be a bounded convex domain. If there is a solution u € ®
to problem (1) in Q2 which satisfies the additional condition (43), then the function P
defined as in (2) with n = 2 is a constant in SQ.

Proof 1If pT_lc > —u,,, then the conclusion follows by Theorem 1.2. So, in what

follows, we suppose e=le < —u,,. By Theorem 4.1, the function P has its minimum
value on 9€2. Therefore

— -1
4 T(]il)(Dzu)|Du|2(p_2)ukul —u > P c, Vx € Q. (44)

p

By the same computation as in the proof of Theorem 1.2 we find (21) with n = 2,
that is,

f T (D*w)| Du*P =Py dx =2 / (—u)dx. (45)
Q Q
On the other hand, by the Pohozaev identity (26) for n = 2 we have
clQl = (2+ L) f (—u) dx. (46)
r—1/Ja

Using (45) and (46) we get

/[P(x)— ]dx_/[p T (D) | Du PP~ gy
Q Q P
p—

p
Z/Q[pTZ( 0 -—u= P2 ar =22 (24 L) [cwar - im] -

This result together with (44) shows that P(x) = TIC in Q.

The theorem is proved.

p—1

c:| dx
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