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Abstract

In this paper, we study the rigidity phenomena on the (n4-1)-dimensional anti-invariant
submanifolds of the unit sphere of dimension (2n + 1) from the intrinsic and extrinsic
aspects, respectively. First of all, we establish a basic inequality for such submanifolds
relative to the norm of the covariant differentiation of both the second fundamental
form & and mean curvature vector field H. Secondly, the lower bound of the norm of
H is further derived by means of a general inequality. Finally, in dealing with those
minimal anti-invariant submanifolds with n-Einstein induced metrics, we obtain an
inequality in terms of the Weyl curvature tensor, squared norm S of %, and scalar
curvature. In particular, these inequalities above are optimal in the sense that all the
submanifolds attaining the equalities are completely determined.
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1 Introduction

The study of rigidity phenomena relative to the submanifolds of the unit sphere under
appropriate geometric properties is always an interesting topic and has attracted many
geometers. It is well known that, as a real hypersurface of the complex Euclidean
space C"*1, the (2n + 1)-dimensional unit sphere S**! (1) admits a natural Sasakian
structure (¢, &, n, g) (cf. [33]). Moreover, we call an m-dimensional submanifold M"™
of S*"*+1(1) C-totally real (or equivalently, integral ) if the contact form n of S>*+1(1)
vanishes when it is restricted to M, i.e., n(X) = O forany X € T M™. In particular, a
C-totally real submanifold M™ is said to be Legendrian if it meets the smallest possible
codimension, that is, m = n (cf. [34]). Related to the study of rigidity phenomena
on such Legendrian submanifolds of S*"*!(1), many results have been established
in the last decades, see e.g., [9, 10] for the sectional curvature, [13, 15] for the Ricci
curvature, [20, 21, 24-28, 35] for the scalar curvature, or the monograph [6] and
references therein.

In addition to those above, there exists another class of special submanifolds of
the unit sphere S>**1(1) called anti-invariant. As for an anti-invariant submanifold
M™ of S*"*+1(1), it satisfies that T, M™ L ¢(T, M™) for each point x € M™, where
T.M™ is the tangent space of M™ in S?**1(1) at x. It is noted that, for anti-invariant
submanifolds, we have m < n + 1 for the reason that ¢ is necessarily of rank 2n, and
such submanifolds with m = n + 1 differ from Legendrian submanifolds which are
in fact anti-invariant, since the structure vector field & of S***+1(1) is tangent to M"+1
(cf. [36]), whereas & is normal to M". Although the above anti-invariant submanifolds
with m = n + 1 have been investigated in [19, 36, 37, 39] and so on, very little is
known about their rigidity phenomena, compared with the Legendrian submanifolds
of SZn+l (D).

In this paper, inspired by the statement above, we will study rigidity phenomena on
the anti-invariant submanifold M"*! of S2*1(1) from both the intrinsic and extrinsic
aspects. Before introducing our main results, we should remark that M"*! has n-
Einstein induced metric g if its Ricci tensor Ric satisfies that Ric(X, Y) = ag(X, Y)+
bn(X)n(Y), where a, b are smooth functions on M"*! and M"*! is totally contact
geodesic if and only if h(X,Y) = n(X)h(Y, &) + n(Y)h(X, &) holds for the second
fundamental form & of M"T! — S?**1(1) and arbitrary vectors X, Y tangent to
Mn+] .

In order to better state our main results, we recall the following canonical Lagrangian
submanifolds of the complex projective space CP"(4).

Example 1.1 (cf.[11]) Those Lagrangian submanifolds of C P" (4) with parallel second
fundamental form are exactly one of the following:

(a) totally geodesic submanifolds;
(b) locally a finite Riemannian covering of the unique flat torus, minimally embedded
into CP2(4) with parallel second fundamental form:;
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(c) locally the submanifolds which are congruent to one of the standard embeddings
from the following compact symmetric spaces into CP"(4):

SU(k)/SOk), n=(k —1)(k+2)/2, k>3,
SUK), n=k>—1, k>3,

SU2k)/Sp(k), n=2k>—k—1, k>3,
Eg¢/F4, n = 26;

(d) locally the Calabi product of a point with a lower dimensional Lagrangian sub-
manifold with parallel second fundamental form;

(e) locally the Calabi product of two lower dimensional Lagrangian submanifolds
with parallel second fundamental form.

Remark 1.1 It should be pointed out that all the submanifolds (a)-(c) in Example
1.1 are minimal Lagrangian ones, whereas the submanifolds (d) and (e) include both
minimal and non-minimal Lagrangian ones. Moreover, according to the classification
results of Ejiri [12] and Li-Zhao [22], the minimal Lagrangian submanifold of C P" (4)
with constant sectional curvature is either totally geodesic, i.e., the real projective space
RP", or the flat Clifford torus T". For the latter one, it appears in (b) for n = 2, and
in (d) or (e) for n > 3. In particular, the submanifolds (c) are of Einstein induced
metrics.

Example 1.2 (cf. [3,4,7]) The Whitney spheres of C P" (4) are a one-parameter family
of Lagrangian sphere immersions, given by Wy : S" — CP"(4) for 6 > 0 with

_ (ui,..., Uy) . s1nh9cosh0(l+un+l)+lun+|
\IIQ (ul, ceey un—l—l) =7 (cosh9+i sinh B, 41 coshZ 6+sinh? 0“3+1 s (1 1)

where 7 : S?"+1(1) — CP"(4) is the Hopf projection. Note that Wy are embeddings
except at the poles of S” where it has a double points, and Wy is the totally geodesic
Lagrangian immersion of S” into CP" (4).

Now, with all previous preparations being completed, our main theorems can be
stated in the sense of (5.2) as follows:

Theorem 1.1 Let M"*! be an (n + 1)-dimensional anti-invariant submanifold of the
unit sphere S*" (1) with the second fundamental form h and mean curvature vector
field H. Then it holds the following inequality:

— 1 2
IVA|? > 2250 v |2, (1.2)
where V denotes the Levi-Civita connection of St (1), V- and || -|| are, respectively,
the normal connection and the tensorial norm with respect to the contact metric on
S?+1(1). Moreover, the equality in (1.2) holds identically if and only if one of the two
cases occurs:
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(i) M"tVislocally isometric to the Riemannian product of R and a portion of one of
the Lagrangian submanifolds (a)-(e) of CP"(4), as described in Example 1.1;

(i) M"*1is locally isometric to the Riemannian product of R and a portion of one
of the Whitney spheres of CP"(4), as described in Example 1.2.

Theorem 1.2 Let M"+! be an (n + 1)-dimensional anti-invariant submanifold of the
unit sphere S***1(1) with the scalar curvature R. Then it holds the following inequal-

ity:

2 n+2 _ n(n+2)
”H” Z (n+l)2(n—l) R (n+1)2 . (13)

Moreover, the equality in (1.3) holds identically if and only if either M is a totally
contact geodesic submanifold, or it is locally isometric to the Riemannian product of
R and a portion of one of the Whitney spheres of CP"(4), as described in Example
1.2.

Theorem 1.3 Let M"*! be an (n+1)-dimensional minimal anti-invariant submanifold
of the unit sphere S**+t1(1) with the Weyl curvature tensor W and squared norm S
of the second fundamental form h, n > 2. Assume that M"+' has n-Einstein induced
metric. Then it holds the following inequality:

2 +1 2(n+1)
W= > n(”nil)SR— TR (1.4)
Moreover; the equality in (1.4) holds identically if and only if either MV is a totally
contact geodesic submanifold, or one of the two cases occurs:

(i) M"*Vis locally isometric to the Riemannian product of R and a portion of one
of the standard embeddings of the compact symmetric spaces into CP"(4), as
described in Example 1.1(c);

(i) M"*1is locally isometric to the Riemannian product of R and a portion of the
standard embedding of the flat Clifford torus T" into CP"(4), as described in
Example 1.1(b) for n = 2, and (d) or (e) forn > 3.

Remark 1.2 The so-called totally contact geodesic submanifold of S+ (1) is actually
a Riemannian product of R and N”, where the Lagrangian submanifold N" of CP" (4)
is totally geodesic, and by Remark 1.1, it is the real projective space R P".

Remark 1.3 It is worth mentioning that, compared with Theorem 1.1, an inequality
for Legendrian submanifolds of the unit sphere S***!(1), between the norm of the
covariant differentiation of second fundamental form and that of mean curvature vector
field, was established by Yin and his coauthor in [16]. Moreover, studying Legendrian
submanifolds of the Sasakian space form R?**!(—3), Blair and Carriazo [2] obtained
an inequality in terms of the scalar curvature and mean curvature vector field, similar to
(1.3), which was later extended to Legendrian submanifolds in S2H1(1) (see Corollary
16.3 of [6]). Conversely, there is a question about whether an optimal inequality
similar to (1.4) can be verified for Legendrian submanifolds of S?**1 (1) under suitable
geometric conditions.
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Remark 1.4 As stated before, the difference between (n + 1)-dimensional anti-
invariant submanifolds and Legendrian submanifolds of S***1(1) lies only on the
role of structure vector field £. On one hand, different from Legendrian submanifolds,
by Lemma 2.1, the tangent vector field & always causes an (n + 1)-dimensional anti-
invariant submanifold to be locally a Riemannian product manifold. On the other hand,
given the property of second fundamental form with respect to &, the techniques used
in these two cases are not exactly the same, for example, the proof of Lemma 2.2 and
that of Lemma 3.6 in [16].

The rest of this paper is organized as follows. In Sect.2, we briefly review some
necessary material on Sasakian structure (¢, &, 1, g) of the unit sphere S2+1(1) and
the theory of anti-invariant submanifolds of S***!(1). In Sect. 3, before proving our
main results, two crucial lemmas relative to the properties of anti-invariant subman-
ifolds of SZ”H(I) shall be presented. Moreover, to prove Theorem 1.1, we obtain
two propositions in Sect.4 depending on whether the function p is constant or not.
Section 5 and Sect. 6 are finally dedicated to the completion of the proofs of Theorems
1.1-1.3.

2 Preliminaries

In this section, we begin with collecting some basic material of the Sasakian structure
(¢, £, 7, g) of the unit sphere S*" ! (1) that can be regarded as a Sasakian space form
with constant ¢-sectional curvature 1. Moreover, we briefly review the theory of anti-
invariant submanifolds of S*"*1(1) and some relevant results shall be presented here
for later use. For more details, we refer to the references [16, 18, 36-38] and the
monograph [1].

2.1 Sasakian Structure (@, ¢, 1, g) of the Unit Sphere S2"+1(1)

As a real hypersurface of the complex Euclidean space C"*! with canonical complex
structure J, the (2n + 1)-dimensional unit sphere S27*1(1) admits a natural Sasakian
structure (¢, £, 7, g): &€ = JN is the structure vector field with N being the unit
normal vector field of the inclusion S?**T1(1) < C"*!; g is the induced metric on
SZH(1); n(X) = g(X, €) and pX = JX — (JX, N)N for any tangent vector field
X on S+1(1), where (-, -) is the standard Hermitian metric on C"*!.

For any tangent vector fields X, ¥ on S21+1(1), the Sasakian structure (0, €,1,8)
of S¥"*+1(1) satisfies the properties:

glpX, YY) =g(X,Y) —n(X)ny),
9& =0, n(pX) =0, rank (p) = 2n,

P*X = —X +n(X)E, dn(X,Y) = g(X, ¢Y),
Vxé = —pX, (Vxp)¥ = g(X,Y)E —n(Y)X,

2.1
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where V is the Levi—Civita connection with respect to the induced metric g on
S2n+1 (1)

2.2 Anti-invariant Submanifolds of the Unit Sphere S2"+1(1)

Let M"+! denote an (n + 1)-dimensional anti-invariant submanifold of the unit sphere
S?+1(1) which means that T, M"+! L (T, M"+1) for each point x € M"+!, and so
the structure vector field & of S*"*1(1) is tangent to M"*! (cf. Lemma 2.1 of [36]).
Denote by N a unit normal vector field along M”+! and by X, Y, Z the tangent vector
fields on M"*! in the subsequent paragraphs. Then, we have the Gauss and Weingarten
formulas:

VxY =VxY +h(X,Y), VxN = —AyX 4+ ViN, (2.2)

where V is the Levi—Civita connection of the induced metric on M"T! still denoted by
g, h (resp. Ay) is the corresponding second fundamental form (resp. shape operator
with respect to N), and V-1 is the normal connection in the normal bundle 7+ M"+1,
In particular, it can be checked from (2.2) that

gh(X,Y),N) = g(AnNX,Y). (2.3)
Notice from (2.1), (2.2), and the fact & € TM"™ ! that

Vxé =0, h(X,£) = —pX, VygY =@VxY, (2.4)
ApxY = —ph(X,Y) +n(X)Y — g(X, Y)E. (2.5)

Now, in order to utilize the moving frame method, we shall take the following range
convention of indices:

i,j,k,¢,m,r,g=1,...,n; a,b,c,d,p=0,1,...,n;
i mE gt =i+, jrnk+nl+n,m+n,r+n,q+n.

As usual, a local orthonormal frame {eg = &, e1,..., e, €1%, ..., eyx} of Szn“'l(l)
can be chosen such that, restricted to M"*1, {eo, ..., ey} is an orthonormal frame of
M"H and e+ = pel, ..., e = @e, are the orthonormal normal vector fields on
M™ 1 of S2F1(1). Denote by {6y = 1,01, ..., 0,} the dual frame of {eg, ey, ..., e,)}.
Let 0,5 and 0;+ j+ denote the connection 1-forms of 7'M n+land T ML, respectively,
defined by

Vea =) Oaver. Vrer =) Opsjeeje,
b J

where 0y + Opg = 0+ j+ + 0+ = 0. By (2.2) and (2.4), we have 0;+ j» = 6;; and
6io = 0.
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Put X, = g(h(eq, ep), per). Tt follows from (2.3)=(2.5) that
Wy = h. W =l b, = 8. Va.b.ij.k. (2.6)

Let Rapca = g(R(eq, epleq, ec) and Ryprr¢x = g(R(eq, ep)esx, ex+) be the compo-
nents of the curvature tensors of V and V-, respectively, corresponding to the above
frame. Then, the equations of Gauss, Ricci, and Codazzi are, respectively, given by

Rabed = (BacOba — Saape) + Y _ (g hity — Wiy i), .7
m
Rapieee = (Bakdpe — SaeSpi) + (I By — hlty B, (2.8)
m
hab c= hac b> 2.9)

where h';;c are the components of the covariant differentiation of /, defined by
Zhab e = dhb, + Zh Ocb + Zhbcew + Zhabe g

Furthermore, direct calculations with (2.4) and (2.9) show that
hf‘j (= = hi ek = hzk; hk, g hObc =0, Vb,c,i,j,k, 1. (2.10)

In particular, the Ricci identity can be written as

g = Moyge = D W Rpaca + Y & Ry + Y hoy Racire=. (2.11)
p p 12

where the second covariant derivative h’;,; g 18 defined by

Z hy caba = dnby 4 hE, Baa + Y BE Oan + D B, f0ac + D D, O
d d d F

Finally, the mean curvature vector field A along M"*! of S?**1(1) satisfies
H= i) heaea) =) H e, HY =55 ) hg,
a k a
This combining with (2.9), (2.10) and Vjp H=Y), H,'j; e+ implies that

HY =HY HY =0, Vi, 0 (2.12)
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By means of (2.7), the components R, of Ricci tensor Ric and the scalar curvature
R of M"*! become

Rue = 8y + (n + 1) Zh’a"j H" — Zh;",f " (2.13)
m b,m
R=nn+ 1+ n+DH|*=S, S=]|h|> (2.14)

where [|H|? = 3, (H™)? and [|h]* = Y, , , (W)

2.3 Some Results on Anti-invariant Submanifolds of the Unit Sphere S2"+1(1)

In this subsection, as the preparation for proving Theorems 1.1-1.3, we are going
to present the following results on anti-invariant submanifolds of the unit sphere
S2n+] (D).

Lemma 2.1 (cf. [36]) Let M™t! be an (n+ 1)-dimensional anti-invariant submanifold
of the unit sphere S*"*1(1). Then, M"*" is locally isometric to a Riemannian product
R x N™ and R is the 1-dimensional subspace generated by &.

Let UN" = {u € TyN" | g(u, u) = 1} and ¢y = &(x) at the point x € M"T!. We
can define a function f on U, N" by f(u) = g(h(u, u), pu) and it then follows from
(2.6) that all indices of g(h(u, v), pw) are totally symmetric.

Lemma 2.2 Let M"*! be an (n + 1)-dimensional anti-invariant submanifold of the
unit sphere S+ (1), There exists an orthonormal basis feo = &(x),e1,...,en} Of
T M+ such that e; are tangent to N, i = 1, ..., n, and satisfy the following:

(1) h(ey,ei) = Ajge;, i =1,...,n, where Ay is the maximum of f on UyN";

(2) A1 =245, j=2,...,n. Moreover, if .y = 2\ for some j > 2, then flej)=0.

Proof Since U, N" is compact, there exists a unit vector e; € U, N at which the above
function f (u) attains an absolute maximum, denoted by A; := g(h(e1, €1), ge1), and
so g(h(ey,er), pw) = 0 for any w € U,N" orthogonal to e;. In this situation, by
definition, we can pointwisely define a self-adjoint operator A, : TyN" — Ty N" by

Ax (V) 1= Age;v — g(Age, v, §(x))E (x). (2.15)

It is easily seen from (2.5) that A, (e;) = Aje;. Therefore, we can obtain an orthonor-
mal basis {e;}?_; of T, N", which consists of eigenvectors of A, with associated

eigenvalues {};}?_,, satisfying the following relations:
Agere1 = Aier —§(x), Ageej =Arjej, 2= j<n. (2.16)

Finally, according to Lemma 5.1 of [17], Lemma 2.2 has been proved. O

Let CP"(4) denote the complex projective space with constant holomorphic sec-
tional curvature 4, complex structure J, and Kihler metric G. Then, it is known from
[29] that, for such a canonical projection 7 as in Example 1.2 from the unit sphere
S2+1(1) onto the complex projective space CP”(4), we have the lemma below:
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Lemma 2.3 (cf. [29, 311) The canonical projection 7w : S*'*+1(1) — CP"(4) as stated
above is a Riemannian submersion. Moreover, the following properties hold:

(1) The vertical subspace of w at x € S*"*1(1) is equal to the span of &;;

(2) G onCP"(4) and the contact metric g on S 1 (1) are related by g = w*G+nn;

(3) X = (JmX)*, for any vector field X on S*"T1(1), where -* is the horizontal lift
of - with respect to .

3 Properties of Anti-invariant Submanifolds of the Unit Sphere
S2n+1 (1)

In this section, before proving the main results of this paper, we will give the following
two lemmas related to the properties of anti-invariant submanifolds of S?*+1(1).

Lemma 3.1 Let M"*! be an (n 4 1)-dimensional anti-invariant submanifold of the
unit sphere S*+1(1). Then

- 2
IVA|? > 2250 v |, 3.0)

where, with respect to the local orthonormal frame {e A},ZAH:O as described above,

VAR = Y (i, 0% IVEHI? =Y A2,
a,b,c.k a.k

Moreover, the equality in (3.1) holds identically if and only if
h{.‘;l =1L HK 550 + H,’;*a,-g +HY 8, 1<i,jkt<n, (3.2)

or equivalently,
hf; o = nGidjo + 8iedje + 8ijdke). 1<, j. k. £ <n, (3.3)
1 *
where . = n&—t—z) Y HY.
Proof Letusdefineatensor 7 : T M"t! x TM" 1 x TM"*+! — TLM"+! satisfying

The = Ay o = 55 (Gab — nanp) HE + " Saedn HE + ) 8p08ak HY ). (3.4)
4 4

Here, n, = n(eq) = g(eq, &). Note from (2.10) and (2.12) that Tak;c = 0 if any of
a, b, c is equal to 0. Consequently, (3.4) reduces to

TII;K = h{‘ie - %(‘SUH@* + 5ij,ie* + 8 HYy ), (3.3)
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and therefore,

- 2
0 < |T)? = IVAa|* = 2255 vEH 1%, (3.6)

where, to derive the above equation, we made use of the facts hff);c =0 and H,]f)* =0
for0 < b,c <nand 1 <k < n. As the result, we obtain from (3.6) the inequality in
(3.1), and it becomes an equality if and only if (3.2) holds identically.
Assume that (3.2) holds on M"*!. Then we get the relation by exchanging k and
£:
W =" H s+ H Sy + HL 8ij). 1<i.j. k.t <n, (3.7)
which combining with (3.2) implies that
HY 850+ HY 810 + HY 81 = HY 8+ HY 8 + HY 5. (3.8)

By contracting the indices i and £ in (3.8), we deduce from (2.12) that

H];* — %ZHQ*(SJ-,(, 1<j,kt<n. (3.9)
4

From the above equation, we obtain (3.3), and in this case, ViH = Ao for A =

%Zz Hfzg. On the other hand, if (3.3) holds, summing over i and j, by (2.6) we
conclude that

(n+ DHY = (n +2)ude. (3.10)

This implies that (3.2) holds. Hence, Lemma 3.1 has been proved. O

Lemma 3.2 Let M"*! be an (n + 1)-dimensional minimal anti-invariant submanifold
of the unit sphere S*"T1(1). Then it holds the identity:

748 = |Vh|* — |Rie|* — [Ric|> + (n + DR, (3.11)

where, with respect to the local orthonormal frame {e A}%”zo as described above,

IRielI> = )" (Rabca)®. [IRicl® = (Rap)*.
a,b

a,b,c.d

Proof Choose the orthonormal frame {e4 }i”zo as in Section 2. By definition, we have

3AS = JA( L) = 3 (P 3 MAKG. )

a,b.k a,b,c.k a,b.k
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Since M"*! is minimal, we deduce from (2.9) and (2.11) that

Ahfl; = Z hab cc Z hac bc

PSS ST T S R 13

c,p c,p

Zh pahc+ZhapRph+ZhaC Rchk*m*

which together with (2.7) and (2.8) shows that

k* ko k* ko k*
ZhabAhab = Z habhpcRPabC+ Z habhapR b

a,bk a,b,c,pk a,b,p.k
+ Z h bhm Rcbkm
a,b,c.k,m

On the one hand, with the help of (2.6) and (2.7), it is easy to see that

> R Rpabe + Y BRI Repiom

a,b,c,p.k a,b,c,k,m
Z hlj mEle}( + Z hz] hzé Rzlkm —R.
i,j.k,t,m i,j.k.l,m

This combining with the relations

m*ypm* .
Z hl] mZR””/Z_ Z hij hk[ Rkijl,

i,j.k,t,m i,j.k,t,m
k* 3 m* _ m*ym* p .
Z hij h,‘g Rﬁjkm = - Z hjk h,’@ szjZ,
i,j.k,t,m i,j.k,t,m
and (2.7) yields that

SRR  Rpae + > BE R Repim = —IIRie]? + R,

a,b,c,p,k a,b,c.k,m

where, according to (2.7) and (2.13), we used the following facts:

IRiel> = ) (Ravea)* = Y (Rijie)’,

a,b,c.d ij.k,t

R= 8aRap =) 8ijRij.
a,b i,j

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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On the other hand, using (2.13) and ||Ric||*> = Za,b(Rab)z = Zi’j(R,-j)z,we have

> Bk hE Ry, = (n8ij — Rij)Rij = nR — ||Ric||”. (3.19)
a,b,p.k i,j

Finally, by substituting (3.17) and (3.19) into (3.14), we conclude that

> h AR, = —|IRie||> — |[Ric||® + (n + DR. (3.20)
a,b.k
Obviously, the assertion follows from (3.12) and (3.20) immediately. O

4 The Lemma and Propositions Involving the Function u

In this section, we always assume that M "+1is an (n + 1)-dimensional anti-invariant
submanifold of the unit sphere S***!(1). When working at the point x € M"*+!, we
also assume that an orthonormal basis is chosen such that Lemma 2.2 is satisfied.
While if we work at a neighborhood of x € M”*! and if not stated otherwise, we
will choose an orthonormal frame {Eg = &, Eq, ..., E,} with Eg(x) = eg, E1(x) =
er, ..., E (x) = ey, where eg, ey, ..., e, are given as in Lemma 2.2.

Lemma 4.1 Let M"*! be an (n + 1)-dimensional anti-invariant submanifold of the
unit sphere S**+1(1). Assume that (3.3) holds. Then it holds that

e(n) =0, t=2,...,n, 4.1
er(p) = Qhy — A (L4 A —A2), 1 =2,...,n, (4.2)
(s —A)Q@M —ADKS, =0, 2<s#1<n, 1<k<n, (4.3)
(14 Ak — AR, =0, 1=2,....n. (4.4)

Proof We first take the covariant derivative of (3.3) to obtain that
RS om = em () GitSje + 8168k + 8ij6ke).- (4.5)
Exchanging the indices ¢ and m in (4.5) gives

hE; e =€) Gik8 jm + Simjk + 8ij8km)- (4.6)
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Moreover, by means of the Ricci identity (2.11), we deduce from (2.7) and (2.8) that
hf{j* me — Z hl;:; Rpi@m + Z hf{; Rijm + Z h,r]* Rueirr+
P p r
= Z hlf; Rriom + Z hf‘: Ryjom + Z hlr; Rinoicsr 4.7)
r r r
= Z hlr(; Ryiom + Z hf: Rrjém + Z h;; Ryokr s
r r r

which together with (4.5) and (4.6) yields that

k*
hlj tm

em () (8ikdje + 8iedjk + 8ij0ke) — ee(i0) (8ikjm + 8imSjk + 8ijOkm)

= Zhi‘, (Breim — Srmdie +th n, th i)
k* _ ) q q* q 4.8)
+Zh (868 jm 6,m81g+Zhr£hj Zh h

+ Zhl, (8r¢8km — SrmOke + th e Zhrmhze).
q

Next, lettingi = j =m = 1 and £ =t > 2 in (4.8), we see from Lemma 2.2 that
e1(8k — 3e (W)d1k = Qhx — A8k + BGAiA; — 2025 — AfA)Sk.  (49)

In this case, we immediately obtain (4.1) by choosing £ = 1 in (4.9), and further
obtain (4.2) by choosing k =t > 2 in (4.9). Finally, lettingi = j = land2 <m =
s #{¢ =1t < nin (4.8), we apply (4.1) to get (4.3), whereas letting i = £ = 1 and
j=k=m=1t=>2in (4.8), we apply (4.1) again to get (4.4). In conclusion, Lemma
4.1 has been proved. O

In the following, noticing from (2.7), (2.8), (2.10), and the Ricci identity (2.11)
that £(i) = 0 if (3.3) holds identically, we shall consider the following two cases,
depending on the function pu.

4.1 The Relation (3.3) Holds with it = constant

In this situation, we can prove the proposition as follows:

Proposition 4.1 Let M"*! be an (n + 1)-dimensional anti-invariant submanifold of
the unit sphere S*" (1) such that (3.3) holds everywhere with ;1 = constant. Then,
w = 0 and the second fundamental form h is parallel.

Proof First of all, we fix a point x € M"*! and choose an orthonormal basis {ea}:_o
of T, M"*! as in Lemma 2.2 such that

h(ey, er) = kipey, hiey,e;) = Aige;, 2 <i <n. (4.10)
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Then, we take a geodesic y (¢) passing through x in the directionof ey . Let {Eq, .. ., E,}
be parallel orthonormal vector fields along y, satisfying E;(x) = ¢; forl <i <n
and E| = y/(t). Then, using (2.4) and (3.3), by definition, we have

3 g(h(Ey, E1), 9E;) = (Vg W) (E, E), 9E) =0, 2<i <n, (@.11)
3 g(h(E1, E).9E)) = g(Vg,W)(E1 ED.9E) =0, 2<i#j<n, (412)

and therefore, it holds that

g(h(E1, E1), pE;) = g(h(er,e1),pe;) =0, 2<i <n, (4.13)
g(E1, E),pEj) =g(h(er,e),pej) =0, 2<i#j<n. (4.14)

Thus, there exist functions X j for 1 < j < n, defined along y, such that

h(E1, E) = M@E1, h(E1, Ej) = higEi, 2<i<n, (4.15)
where % (x) = A; for I < j < n. Consequently, we conclude that AE; = A, E;
holds for the operator A(X) = Ayg, X — g(ApE, X, £)E for X € TN", defined in
(2.15) pointwisely. Applying the fact © = constant and following the proof of (4.2),
along y, we further have

0=E(w) =@k —i)(+ Xk —4)), 2<i=<n. (4.16)

With the help of (3.3) once more, we derive along y that

230 = Lg(h(E1, Ey), pE1) = (Vg h)(Ey, E1), 9E1) =3p, (4.17)
2o1@t) = &g(h(E1, E1), 9E1) = (Vg h)(E1, E1), 9E1) = 3p,
i) = 2g(h(E\, Ep), 9E;i) = g(VE,h)(E1, Ej), 9Ei) = pu, i >2. (4.18)

In this situation, we can take the derivative of (4.16) three times along y () to get
1243 = 0.

This combining with (3.3) immediately says that © = 0 and hk* ¢ =0 for 1 <

i, j, k, € < n.Therefore, by means of (2.10), we conclude that Vh = O smceh =0
forO <a,b,c <nand1 <k < n,thatis, the second fundamental form # is parallel
O

4.2 The Relation (3.3) Holds with i # constant
Now, we consider the (n + 1)-dimensional anti-invariant submanifold M"*! of

S21+1(1) such that (3.3) holds with i # constant. Since our result is local in nature,
the condition ; # constant allows us to assume that {x € M"*! | X(u) =0, VX €
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T, M" 1} is not an open subset. For this reason, with the fact £(u) = 0, we shall carry
our discussion in the open dense subset:

Q = {x € M"*! | there exists X € Ty M" ! such that X(u) #0}.  (4.19)

Proposition 4.2 Let M"+! be an (n + 1)-dimensional anti-invariant submanifold of
the unit sphere S21+1(1) such that (3.3) holds everywhere with i # constant. Then,
there exists a smooth non-vanishing function k such that the second fundamental form
h satisfies the following property:

h(E, E1) =3k@E1, h(E1, Ei) = k¢E;,

h(Ei, Ej) = k8ij9E1, 2<i,j<n, (4.20)

where {&€, E1, ..., E,} is an orthonormal frame ofM"'H with {E1, ..., E,} tangent

to N" and ¢ E| is parallel to mean curvature vector field H. Moreover, (4.20) implies
that

h(X,Y) =21 ((g(X,Y) = n(X)n(Y)H + (g(pX, H) — 53 (X))pY

) 4.21)
+ (g(pY, H) — "2 (Y))pX)

for any tangent vector fields X, Y on M"*!.

Proof As the key of proof, it should be necessary to figure out how the assumptions
of Proposition 4.2 constrain the eigenvalues of A, : Ty N" — T, N" defined in (2.15)
for any point x € 2. For this purpose, we first derive from Lemma 4.1 that

er(p) = Qhy — AL+ Ah —A2), 1=2,...,n, (4.22)
which, with the fact v 7 constant, says that
M >0, A =24 >0, T+rr —22#£0, 1=2,...,n. (4.23)
Then, putting y; = A1 — 2A; > 0, we can rewrite (4.22) as
dej() — vV} =AM =4 =0, >0, t=2,...,n (4.24)

Related to the solution y of (4.24), it is sufficient to consider the following three cases:

(1) If —)\% — 4 > 0, then (4.24) implies that e;(n) > 0, and as an equation of
¥t, (4.24) has only one positive solution, i.e., y» = --- = y,. This shows that
My == Ay

2) If —)»% —4 < 0and ej(u) > 0, similarly (4.24) has only one positive solution
and thus Ay = --- = A,;

3) If —)»% —4 < 0ande;(u) < 0, then (4.24) has at most two positive solutions. In
this case, at most two of {17, ..., A, } are distinct.
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It is known from (4.23) that A; > A, for all + > 2. Based on these above, we can
conclude that the number of distinct eigenvalues of A, can be at most 3. In particular,
itis equal to 2 or 3. Consequently, the study of anti-invariant submanifolds of S?**1(1)
such that (3.3) holds everywhere with ; # constant can be divided into the following
two cases:

Casel My = = A #FMy1=--=Ay, 2<t<n-—1;

Casell: Ay = A3 =--- = A,,.

Now, according to the cases above, we separate the remaining proof into three steps.
Step 1. In both Case I and Case 11, the second fundamental form h takes the form:

h(ey, e1) = Aiger, hiey,e) = Aijpe;,
h(e;, ej) = )L,'gij(pel, 2<i,j<n. (4.25)

If Case I occurs, with the fact e () # 0, it is easily seen from (4.2) and (4.4) that
g(h(ek,ex),per) =0, 2 <k <t. (4.26)
By linearization, we have
g(h(ei,ej),pe) =0, 2<i,j, k=t (4.27)
Furthermore, applying (4.3) and (4.23), we deduce that
gh(ei,ej),per) =0, 2<i,j<t, t+1=<k=<n. (4.28)
This combining with (4.27) and Lemma 2.2 implies that
hei,ej) = Aidijper, 2<1i,j<t. (4.29)
Similarly, it can be verified that
h(ei,ej) = Aidijper, t+1=<i,j<n. (4.30)
Direct calculations with (4.3) and (4.23) give
ghlei,ej),per) =0, 2<i<t, t+1=<j<n, 1<k=n. 4.3
Consequently, h(e;, ej) = 0 for2 <i # j < n. Hence, Step 1 has been proved for
Case L.
If Case II occurs, using (4.2) and (4.4) again, we conclude by linearization that
gh(ej,ej),per) =0, 2<i,j,k=<n. (4.32)

Following the proof similar to that of Case I, we can prove Step 1 for Case II.
Step 2. Case I does not occur.
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Suppose on the contrary that Case I does occur. By the fact £(i) = 0 and the
relations

g(grad u, e1) = e () # 0,

(4.33)
g(gradu, ex) = ex(n) =0, 2 <k <n,

rad . .
we get e] = :téra—dl’f”(x). Without loss of generality, we can assume that e; =
grad . . ’ . _ gradpu
Terad ] (x). Thus, in a neighborhood €2’ around x, a unit vector field £y = Terad ]

can be defined, and according to the proof of (4.33), it then follows that for each
X € €, the function f should attain its absolute maximum over Uz N" exactly at
E1(X). By the continuity of eigenvalue functions of A(X) = Ayp, X —g(ApE, X, )&
for X € TN", defined pointwisely in (2.15), we further conclude that the multi-
plicity of each of its eigenvalue functions is constant. It follows from Lemma 1.2 of
[32] that there is a smooth eigenvector extension of A, from {ey, e2, ..., ¢e,} at x to
{E1(X), E2(X), ..., E,(X)} at arbitrary point X in the neighborhood €’ of x, such that
AE; = M E; for 1 <i < n, with the functions {Xi};’zl satisfying > ZXJ for j >2
and

A== Ah <Al =--=Ay, 2<t<n-—1. (4.34)

It should be pointed out that, with respect to the local orthonormal frame {E;}7_,, the

foregoing results involving the orthonormal basis {¢; = E;(x)} still remain valid, in

view of which we will calculate by using them directly without further explanation.
Next, by definition, we have

(Ve h)(Ei, Ei) = Vi h(Ei, Ei) — 2h(VE, E;, Ep),
= Vi h(Ei, Ei) — 28(VE, Ei, EDh(E), E;)

) (4.35)
—2 " ¢(Vi, Ei, EDh(Ex, Ei) — 28(Vi, Ei, §)h(E, Ey),
k=2
which together with (2.4) and (4.25) yields that
(VEh)(E;, Ej) = E;(\)9E| +34ig(Vg, E1, E)gE;
+ Y 3ig(VE El, ED@EL,
ki

(4.36)

where 2 < i < n. Similarly, we also obtain that

B n
(Ve h)(Er, Er) = EiG)@E1 + Y (i — 200)8(VE E1, ED@Er, i > 2.
k=2

(4.37)
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As the result of (3.3), (4.36), and (4.37), it holds that

3u=hi;; =3kg(VegEr, E), 2<i<n, (4.38)

3u=3hy; =30 —24)g(Vg, E1, E), 2<i<n. (4.39)
Since 11 > 2)2,- for 2 <i < n, comparing (4.38) and (4.39) immediately gives
A =3k, 2<i<n. (4.40)

This shows that A, = - - - = A, which is a contradiction. Hence, Case I does not occur.
Step 3. Completion of the proof of Proposition 4.2.

According to Step 1 and Step 2, if (3.3) holds everywhere with pt # constant, then
Case II occurs everywhere, and corresponding to the orthonormal basis {e,})_, of
M" ! as in Lemma 2.2, the second fundamental form / takes the form in (4.25). Note
that £(u) = 0 and (4.33) still holds. Without loss of generality, we shall assume that

e = Ié%gﬁ\l (x) and E| = ”g:—gﬁu. Similar argument as in the proof of Step 2 states
that, for an arbitrary point X in a neighborhood €’ of x, the function f should attain its
absolute maximum over Uz N" exactly at E (X). For this reason, the operator .A admits
two distinct eigenvalues with multiplicities 1 and n — 1 at X, respectively, and thus, we
can apply Lemma 1.2 of [32] again to obtain local orthonormal eigenvector fields of
A, extending from {e1, ..., e,} atx to {Ey, ..., E,} around x, such that AE; = X, E;
for 1 <i < n, with the eigenvalue functions {ii}?: | satisfying that == ):,,. In
particular, with respect to {E;}!_, and {hi }i'_,, the foregoing equations from (4.36) up
to (4.40) are still valid. Therefore, we have = 3)1,- := 3k fori > 2. This completes
the proof of Proposition 4.2. O

5 The Proofs of Theorems 1.1 and 1.2
Let V and V denote the Levi—Civita connections of S 1 (1) and C P" (4), respectively.
Then, for the Riemannian submersion 7 : S*"*1(1) — CP"(4) as stated in Lemma
2.3, it follows from the well-known O’Neill equations (cf. [30]) that

VxY* = (Vx¥)* + In((X*, Y*)E, 5.1
where X, Y are vector fields on CP"(4) and -* is the horizontal lift of - with respect
to n. As the argument in [2], we see that there exists a Lagrangian submanifold N” of

CP"™(4) such that the following diagram commutes:

Mn+1 S2n+l(1)

l ln (5.2)

N* — CP"(4)
where M" 1! is the set of fibers over N". Then, we shall prove the theorems as follows:
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Theorem 5.1 Let M+ be an (n + 1)-dimensional anti-invariant submanifold of the
unit sphere S*+t1(1). Then M"* is of parallel second fundamental form if and only
if Mt is locally isometric to the Riemannian product of R and a portion of one of
the Lagrangian submanifolds (a)-(e) of CP"(4), as described in Example 1.1.

Proof Consider that the vector fields X, Y in (5.1) are tangent to N". Then, it holds
from Lemma 2.1 and the relation (5.2) that n([X*, Y*]) = 0, and denoting by hand H
the second fundamental form and the mean curvature vector field along N of CP" (4),
we can make use of the Gauss formula to obtain that

hX*, YY) = (h(X,Y)*, (n+ 1)H =nH* (5.3)

where / and H are, respectively, the second fundamental form and the mean curvature
vector field along M1 of S?**1(1). As M"*! is anti-invariant, by definition, we
deduce from (2.1) that

N(Vx:Y*) = —g(Vx+&,Y*) = g(pX*, Y*) =0, (5.4)

which implies that M"*! is locally isometric to a Riemannian product of R and the
Lagrangian submanifold N" of CP" (4).
Now, using Lemma 2.3, (5.1), and (5.3), we easily get (cf. Corollary 2 of [31])

g(VhY(U*, X*,Y*), Z*) = G((Vh)(U,X,Y),JZ) (5.5)

for tangent vector fields U, X, Y, Z on N". Thi§ together with the Codazzi equation
and (2.10) shows that / is parallel if and only if 4 is parallel. By means of the classifi-
cation theorem of Dillen-Li-Vrancken-Wang [11], we complete the proof of Theorem
5.1. O

Theorem 5.2 Let M"+! be an (n + 1)-dimensional anti-invariant submanifold of the
unit sphere S*"*1(1). Then, (4.21) holds identically if and only if either M+ is
a totally contact geodesic submanifold, or it is locally isometric to the Riemannian
product of R and a portion of one of the Whitney spheres of CP"(4), as described in
Example 1.2.

Proof Similar argument as in the proof of Theorem 5.1 says that (4.21) holds on M"+!
if and only if the second fundamental form h of the Lagrangian submanifold N" of
CP"(4) satisfies the equation (4.8) of Theorem 3 in [3] (cf. also (2) of Theorem 1.1
in [15]), i.e.,

h(X,Y)=:25(G(X.Y)H +GUX, H)JY + GJY, H)JX), (5.6)
where X, Y are vector fields tangent to N" of CP"(4), and it then follows from
Theorem A of [7] (cf. also Theorem 1.1 of [5] or Section 4 of [23]) that either N"
is totally geodesic, or it is a portion of one of the Whitney spheres in Example 1.2.
Given that N" is totally geodesic, h(X™*, Y*) = O for any tangent vector fields X*, Y*
on M"*! orthogonal to &. Hence, M"*! is totally contact geodesic. This completes
the proof of Theorem 5.2. O
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5.1 Completion of the Proof of Theorem 1.1

In order to determine those submanifolds satisfying (3.3) atevery point, by means of the
function w, it is sufficient to just consider two cases: ;4 = constant, or 4 # constant.
In the former case, we obtain from Proposition 4.1 that the second fundamental form
h of M"™t1 — S2"*1(1) is parallel, and thus, M"*! is locally isometric to the Rie-
mannian product of R and a portion of one of those Lagrangian submanifolds of
CP"(4) in Example 1.1, according to Theorem 5.1. As for the latter case, applying
both Proposition 4.2 and Theorem 5.2, we conclude that M"+! is locally isometric to
the Riemannian product of R and a portion of one of the Whitney spheres of CP" (4),
as described in Example 1.2, provided that M"*! is not a totally contact geodesic
submanifold. Hence, we have completed the proof of Theorem 1.1. O

5.2 Completion of the Proof of Theorem 1.2

Choosing the local orthonormal frame {eg = &, ¢1, ..., e,} on M n+1 a5 in Sect. 2, by
definition we can apply (2.6) to obtain that

(4 DI =Y (Y02 +2 ) mEws), -7
k i

i<j
S=h|*=2n+ Y (h)* 1<i j.k<n, (5.8)
i,j.k

and it then follows from (2.14) that

R=noi= D+ Y (DO +23 ) = S w2 59
k i

i<j i,j,k
As the same argument of (5.7) in [5], using (5.7) and (5.9), we immediately have

(n+ D H|? = m(R — n(n — 1))
= 6m Z (hf‘cj)2 +(m-1) Z Z(hﬁ' _ h’]‘.j)z
S i <) (5.10)
+ Y (hl = m =D - 1)h3§)2 >0,
i#]

where m = (n+2)/(n—1). From this, we can establish the inequality in (1.3), and the
equality holds if and only if hﬁj =3 A%, and h;‘% = 0 for distinct i, j, k. Furthermore,
e1 can be chosen to satisfy that ge; is parallel to the mean curvature vector field H,
and thus, hfl* =0foralll <i <nandk > 2. In this situation, if M"*! is not totally
contact geodesic, the second fundamental form £ takes the form as in (4.20). Applying
Proposition 4.2 and Theorem 5.2, we finally complete the proof of Theorem 1.2. O

@ Springer



Anti-invariant Submanifolds of the Unit Sphere Page210f24 38

6 The Proof of Theorem 1.3

Throughout this section, we shall assume that M"+! is an (n+ 1)-dimensional minimal
anti-invariant submanifold of the unit sphere S2+1(1) with n-Einstein induced metric.

First of all, from the components of the Weyl curvature tensor W of M"*+! for
n>2

Wabed = Rabed — ﬁ(aacRbd + 8bd Rac — dad Rbe — Sbe Raa)

6.1
+ 7525 BacSba — Saadbe),
we derive the expression as follows (cf. [14]):
. . 2
IRiell> = |WII* + 27 IIRicl® — 255, (6.2)

where |[W]? =Y
get

d(Wabcd)z. Then, with the help of (6.2) and (3.11), we easily

a,b,c,

FAS = |[VR|? = [W]* — 2 |Ricl|® + 552 R* + (n + DR. (6.3)

Furthermore, a trace-free tensor Ric of (0, 2)-type can be defined to satisfy
Rab = Rab = 3 R(Sab — namp)- 6.4)
It follows that
IRic||* = |Ric|* + 1 R?, (6.5)

where [|Ric||? = Y, ,(Rqp)?. Substituting (6.5) into (6.3) yields that

JAS = VAP — [W|* — 29| Ric|> — 2SR + (n+ DR, (6.6)

which together with (2.14) yields that

SAS = |VA|> — |W]? — 253 ||Ric||* + =5 SR — 2ntD R, 6.7)

Secondly, based on the proof of Theorem 5.1, it is known that Mg locally
isometric to a Riemannian product of R and one Lagrangian submanifold N" of
CP"(4). In this situation, we shall prove the following property relative to the anti-
invariant submanifold M"t! of S**1(1) with n-Einstein induced metric.
Claim. M"! is n-Einstein if and only if N" is Einstein.

Let V be the Levi—Civita connection of N and then it holds from (5.1) and (5.3)
that

Vx+Y* = (VxY)*, (6.8)
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where we used the fact n([X*, Y*]) = O for any tangent vector fields X, Y on N". As
the result of Lemma 2.3 and (6.8), we see that

g(RWU*, X*Y*, Z*) = G(R(U, X)Y, Z) (6.9)
for tangent vector fields U, X, Y, Z on N" and the curvature tensor Rof N" given by
R, X)Y = VyVxY — VxVyY — Vig.x)Y (6.10)
Thus, direct calculations by contraction of (6.9) imply that
Ric(X*, Y*) = Ric(X, Y), (6.11)
where Ric denotes the Ricci tensor of N”. Indeed, this states that M"*! is n-Einstein
if and only if N" is Einstein. Hence, the Claim has been proved.

Next, noting from Lemma 2.1 that M"*! is n-Einstein if and only if Ric = 0
identically, we can rewrite (6.7) as

SAS = ||VA|? = |W|? + ;A5 SR — 24D R, (6.12)

As the Claim says that the scalar curvature R of M"*! is constant, it can be verified
by combining with the minimality of M"*! of S?**1(1), (2.14), and (6.12) that

0> —||W|* + ;a5 SR — 24D R, (6.13)
Consequently, we have the inequality in (1.4). Furthermore, according to (5.3), The-
orem 5.1 and the Claim above, the inequality in (1.4) becomes an equality on M"+!
if and only if N” is one of the minimal Lagrangian submanifolds of CP"(4) with
Einstein induced metrics and parallel second fundamental form. Finally, we complete
the proof by applying the classification theorem of Dillen et al. [11] (cf. also Theorem
1.2 of Cheng et al. [8]). O
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