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Abstract
In this paper,we study the rigidity phenomena on the (n+1)-dimensional anti-invariant
submanifolds of the unit sphere of dimension (2n+1) from the intrinsic and extrinsic
aspects, respectively. First of all, we establish a basic inequality for such submanifolds
relative to the norm of the covariant differentiation of both the second fundamental
form h and mean curvature vector field H . Secondly, the lower bound of the norm of
H is further derived by means of a general inequality. Finally, in dealing with those
minimal anti-invariant submanifolds with η-Einstein induced metrics, we obtain an
inequality in terms of the Weyl curvature tensor, squared norm S of h, and scalar
curvature. In particular, these inequalities above are optimal in the sense that all the
submanifolds attaining the equalities are completely determined.
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1 Introduction

The study of rigidity phenomena relative to the submanifolds of the unit sphere under
appropriate geometric properties is always an interesting topic and has attracted many
geometers. It is well known that, as a real hypersurface of the complex Euclidean
space Cn+1, the (2n+ 1)-dimensional unit sphere S2n+1(1) admits a natural Sasakian
structure (ϕ, ξ, η, g) (cf. [33]). Moreover, we call anm-dimensional submanifold Mm

of S2n+1(1) C-totally real (or equivalently, integral ) if the contact form η of S2n+1(1)
vanishes when it is restricted to Mm , i.e., η(X) = 0 for any X ∈ T Mm . In particular, a
C-totally real submanifoldMm is said to beLegendrian if it meets the smallest possible
codimension, that is, m = n (cf. [34]). Related to the study of rigidity phenomena
on such Legendrian submanifolds of S2n+1(1), many results have been established
in the last decades, see e.g., [9, 10] for the sectional curvature, [13, 15] for the Ricci
curvature, [20, 21, 24–28, 35] for the scalar curvature, or the monograph [6] and
references therein.

In addition to those above, there exists another class of special submanifolds of
the unit sphere S

2n+1(1) called anti-invariant. As for an anti-invariant submanifold
Mm of S2n+1(1), it satisfies that TxMm⊥ϕ(TxMm) for each point x ∈ Mm , where
TxMm is the tangent space of Mm in S

2n+1(1) at x . It is noted that, for anti-invariant
submanifolds, we have m ≤ n + 1 for the reason that ϕ is necessarily of rank 2n, and
such submanifolds with m = n + 1 differ from Legendrian submanifolds which are
in fact anti-invariant, since the structure vector field ξ of S2n+1(1) is tangent to Mn+1

(cf. [36]), whereas ξ is normal to Mn . Although the above anti-invariant submanifolds
with m = n + 1 have been investigated in [19, 36, 37, 39] and so on, very little is
known about their rigidity phenomena, compared with the Legendrian submanifolds
of S2n+1(1).

In this paper, inspired by the statement above, we will study rigidity phenomena on
the anti-invariant submanifold Mn+1 of S2n+1(1) from both the intrinsic and extrinsic
aspects. Before introducing our main results, we should remark that Mn+1 has η-
Einstein inducedmetric g if its Ricci tensor Ric satisfies that Ric(X ,Y ) = ag(X ,Y )+
bη(X)η(Y ), where a, b are smooth functions on Mn+1, and Mn+1 is totally contact
geodesic if and only if h(X ,Y ) = η(X)h(Y , ξ) + η(Y )h(X , ξ) holds for the second
fundamental form h of Mn+1 → S

2n+1(1) and arbitrary vectors X ,Y tangent to
Mn+1.

In order to better state ourmain results,we recall the following canonicalLagrangian
submanifolds of the complex projective space CPn(4).

Example 1.1 (cf. [11])ThoseLagrangian submanifolds ofCPn(4)with parallel second
fundamental form are exactly one of the following:

(a) totally geodesic submanifolds;
(b) locally a finite Riemannian covering of the unique flat torus, minimally embedded

into CP2(4) with parallel second fundamental form;
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(c) locally the submanifolds which are congruent to one of the standard embeddings
from the following compact symmetric spaces into CPn(4):

SU(k)/SO(k), n = (k − 1)(k + 2)/2, k ≥ 3,

SU(k), n = k2 − 1, k ≥ 3,

SU(2k)/Sp(k), n = 2k2 − k − 1, k ≥ 3,

E6/F4, n = 26;

(d) locally the Calabi product of a point with a lower dimensional Lagrangian sub-
manifold with parallel second fundamental form;

(e) locally the Calabi product of two lower dimensional Lagrangian submanifolds
with parallel second fundamental form.

Remark 1.1 It should be pointed out that all the submanifolds (a)-(c) in Example
1.1 are minimal Lagrangian ones, whereas the submanifolds (d) and (e) include both
minimal and non-minimal Lagrangian ones. Moreover, according to the classification
results of Ejiri [12] and Li-Zhao [22], the minimal Lagrangian submanifold ofCPn(4)
with constant sectional curvature is either totally geodesic, i.e., the real projective space
RPn , or the flat Clifford torus T n . For the latter one, it appears in (b) for n = 2, and
in (d) or (e) for n ≥ 3. In particular, the submanifolds (c) are of Einstein induced
metrics.

Example 1.2 (cf. [3, 4, 7]) TheWhitney spheres ofCPn(4) are a one-parameter family
of Lagrangian sphere immersions, given by �θ : Sn → CPn(4) for θ > 0 with

�θ(u1, . . . , un+1) = π

(
(u1,...,un)

cosh θ+i sinh θun+1
; sinh θ cosh θ(1+u2n+1)+iun+1

cosh2 θ+sinh2 θu2n+1

)
, (1.1)

where π : S2n+1(1) → CPn(4) is the Hopf projection. Note that �θ are embeddings
except at the poles of Sn where it has a double points, and �0 is the totally geodesic
Lagrangian immersion of Sn into CPn(4).

Now, with all previous preparations being completed, our main theorems can be
stated in the sense of (5.2) as follows:

Theorem 1.1 Let Mn+1 be an (n + 1)-dimensional anti-invariant submanifold of the
unit sphere S2n+1(1) with the second fundamental form h and mean curvature vector
field H. Then it holds the following inequality:

‖∇̄h‖2 ≥ 3(n+1)2

n+2 ‖∇⊥H‖2, (1.2)

where ∇̄ denotes the Levi–Civita connection ofS2n+1(1),∇⊥ and ‖·‖ are, respectively,
the normal connection and the tensorial norm with respect to the contact metric on
S
2n+1(1). Moreover, the equality in (1.2) holds identically if and only if one of the two

cases occurs:
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(i) Mn+1 is locally isometric to the Riemannian product ofR and a portion of one of
the Lagrangian submanifolds (a)-(e) of CPn(4), as described in Example 1.1;

(ii) Mn+1 is locally isometric to the Riemannian product of R and a portion of one
of the Whitney spheres of CPn(4), as described in Example 1.2.

Theorem 1.2 Let Mn+1 be an (n + 1)-dimensional anti-invariant submanifold of the
unit sphere S2n+1(1) with the scalar curvature R. Then it holds the following inequal-
ity:

‖H‖2 ≥ n+2
(n+1)2(n−1)

R − n(n+2)
(n+1)2

. (1.3)

Moreover, the equality in (1.3) holds identically if and only if either Mn+1 is a totally
contact geodesic submanifold, or it is locally isometric to the Riemannian product of
R and a portion of one of the Whitney spheres of CPn(4), as described in Example
1.2.

Theorem 1.3 Let Mn+1 be an (n+1)-dimensionalminimal anti-invariant submanifold
of the unit sphere S

2n+1(1) with the Weyl curvature tensor W and squared norm S
of the second fundamental form h, n ≥ 2. Assume that Mn+1 has η-Einstein induced
metric. Then it holds the following inequality:

‖W‖2 ≥ n+1
n(n−1) SR − 2(n+1)

n−1 R. (1.4)

Moreover, the equality in (1.4) holds identically if and only if either Mn+1 is a totally
contact geodesic submanifold, or one of the two cases occurs:

(i) Mn+1 is locally isometric to the Riemannian product of R and a portion of one
of the standard embeddings of the compact symmetric spaces into CPn(4), as
described in Example 1.1(c);

(ii) Mn+1 is locally isometric to the Riemannian product of R and a portion of the
standard embedding of the flat Clifford torus T n into CPn(4), as described in
Example 1.1(b) for n = 2, and (d) or (e) for n ≥ 3.

Remark 1.2 The so-called totally contact geodesic submanifold ofS2n+1(1) is actually
a Riemannian product ofR and Nn , where the Lagrangian submanifold Nn ofCPn(4)
is totally geodesic, and by Remark 1.1, it is the real projective space RPn .

Remark 1.3 It is worth mentioning that, compared with Theorem 1.1, an inequality
for Legendrian submanifolds of the unit sphere S

2n+1(1), between the norm of the
covariant differentiation of second fundamental form and that ofmean curvature vector
field, was established by Yin and his coauthor in [16]. Moreover, studying Legendrian
submanifolds of the Sasakian space formR

2n+1(−3), Blair and Carriazo [2] obtained
an inequality in terms of the scalar curvature andmean curvature vector field, similar to
(1.3), whichwas later extended to Legendrian submanifolds inS2n+1(1) (seeCorollary
16.3 of [6]). Conversely, there is a question about whether an optimal inequality
similar to (1.4) can be verified for Legendrian submanifolds of S2n+1(1) under suitable
geometric conditions.
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Remark 1.4 As stated before, the difference between (n + 1)-dimensional anti-
invariant submanifolds and Legendrian submanifolds of S2n+1(1) lies only on the
role of structure vector field ξ . On one hand, different from Legendrian submanifolds,
by Lemma 2.1, the tangent vector field ξ always causes an (n + 1)-dimensional anti-
invariant submanifold to be locally a Riemannian productmanifold. On the other hand,
given the property of second fundamental form with respect to ξ , the techniques used
in these two cases are not exactly the same, for example, the proof of Lemma 2.2 and
that of Lemma 3.6 in [16].

The rest of this paper is organized as follows. In Sect. 2, we briefly review some
necessary material on Sasakian structure (ϕ, ξ, η, g) of the unit sphere S2n+1(1) and
the theory of anti-invariant submanifolds of S2n+1(1). In Sect. 3, before proving our
main results, two crucial lemmas relative to the properties of anti-invariant subman-
ifolds of S2n+1(1) shall be presented. Moreover, to prove Theorem 1.1, we obtain
two propositions in Sect. 4 depending on whether the function μ is constant or not.
Section5 and Sect. 6 are finally dedicated to the completion of the proofs of Theorems
1.1–1.3.

2 Preliminaries

In this section, we begin with collecting some basic material of the Sasakian structure
(ϕ, ξ, η, g) of the unit sphere S2n+1(1) that can be regarded as a Sasakian space form
with constant ϕ-sectional curvature 1. Moreover, we briefly review the theory of anti-
invariant submanifolds of S2n+1(1) and some relevant results shall be presented here
for later use. For more details, we refer to the references [16, 18, 36–38] and the
monograph [1].

2.1 Sasakian Structure (', �,�, g) of the Unit Sphere S2n+1(1)

As a real hypersurface of the complex Euclidean space Cn+1 with canonical complex
structure J , the (2n + 1)-dimensional unit sphere S2n+1(1) admits a natural Sasakian
structure (ϕ, ξ, η, g): ξ = J N̄ is the structure vector field with N̄ being the unit
normal vector field of the inclusion S

2n+1(1) ↪→ C
n+1; g is the induced metric on

S
2n+1(1); η(X) = g(X , ξ) and ϕX = J X − 〈J X , N̄ 〉N̄ for any tangent vector field
X on S

2n+1(1), where 〈·, ·〉 is the standard Hermitian metric on Cn+1.
For any tangent vector fields X ,Y on S2n+1(1), the Sasakian structure (ϕ, ξ, η, g)

of S2n+1(1) satisfies the properties:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

g(ϕX , ϕY ) = g(X ,Y ) − η(X)η(Y ),

ϕξ = 0, η(ϕX) = 0, rank (ϕ) = 2n,

ϕ2X = −X + η(X)ξ, dη(X ,Y ) = g(X , ϕY ),

∇̄Xξ = −ϕX , (∇̄Xϕ)Y = g(X ,Y )ξ − η(Y )X ,

(2.1)
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where ∇̄ is the Levi–Civita connection with respect to the induced metric g on
S
2n+1(1).

2.2 Anti-invariant Submanifolds of the Unit Sphere S2n+1(1)

Let Mn+1 denote an (n+1)-dimensional anti-invariant submanifold of the unit sphere
S
2n+1(1) which means that TxMn+1 ⊥ ϕ(TxMn+1) for each point x ∈ Mn+1, and so

the structure vector field ξ of S2n+1(1) is tangent to Mn+1 (cf. Lemma 2.1 of [36]).
Denote by N a unit normal vector field along Mn+1 and by X ,Y , Z the tangent vector
fields onMn+1 in the subsequent paragraphs. Then, we have theGauss andWeingarten
formulas:

∇̄XY = ∇XY + h(X ,Y ), ∇̄X N = −AN X + ∇⊥
X N , (2.2)

where∇ is the Levi–Civita connection of the inducedmetric onMn+1, still denoted by
g, h (resp. AN ) is the corresponding second fundamental form (resp. shape operator
with respect to N ), and ∇⊥ is the normal connection in the normal bundle T⊥Mn+1.
In particular, it can be checked from (2.2) that

g(h(X ,Y ), N ) = g(AN X ,Y ). (2.3)

Notice from (2.1), (2.2), and the fact ξ ∈ T Mn+1 that

∇Xξ = 0, h(X , ξ) = −ϕX , ∇⊥
X ϕY = ϕ∇XY , (2.4)

AϕXY = −ϕh(X ,Y ) + η(X)Y − g(X ,Y )ξ. (2.5)

Now, in order to utilize the moving framemethod, we shall take the following range
convention of indices:

i, j, k, 	,m, r , q = 1, . . . , n; a, b, c, d, p = 0, 1, . . . , n;
i∗, j∗, k∗, 	∗,m∗, r∗, q∗ = i + n, j + n, k + n, 	 + n,m + n, r + n, q + n.

As usual, a local orthonormal frame {e0 = ξ, e1, . . . , en, e1∗ , . . . , en∗} of S2n+1(1)
can be chosen such that, restricted to Mn+1, {e0, . . . , en} is an orthonormal frame of
Mn+1, and e1∗ = ϕe1, . . . , en∗ = ϕen are the orthonormal normal vector fields on
Mn+1 of S2n+1(1). Denote by {θ0 = η, θ1, . . . , θn} the dual frame of {e0, e1, . . . , en}.
Let θab and θi∗ j∗ denote the connection 1-forms of T Mn+1 and T⊥Mn+1, respectively,
defined by

∇ea =
∑
b

θabeb, ∇⊥ei∗ =
∑
j

θi∗ j∗e j∗ ,

where θab + θba = θi∗ j∗ + θ j∗i∗ = 0. By (2.2) and (2.4), we have θi∗ j∗ = θi j and
θi0 = 0.
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Put hk
∗

ab = g(h(ea, eb), ϕek). It follows from (2.3)–(2.5) that

hk
∗

ab = hk
∗

ba, hk
∗

i j = h j∗
ik , hk

∗
0b = −δbk, ∀ a, b, i, j, k. (2.6)

Let Rabcd = g(R(ea, eb)ed , ec) and Rabk∗	∗ = g(R(ea, eb)e	∗ , ek∗) be the compo-
nents of the curvature tensors of ∇ and ∇⊥, respectively, corresponding to the above
frame. Then, the equations of Gauss, Ricci, and Codazzi are, respectively, given by

Rabcd = (δacδbd − δadδbc) +
∑
m

(hm
∗

ac h
m∗
bd − hm

∗
ad h

m∗
bc ), (2.7)

Rabk∗	∗ = (δakδb	 − δa	δbk) +
∑
m

(hm
∗

ak h
m∗
b	 − hm

∗
a	 h

m∗
bk ), (2.8)

hk
∗

ab,c = hk
∗

ac,b, (2.9)

where hk
∗

ab,c are the components of the covariant differentiation of h, defined by

∑
c

hk
∗

ab,cθc = dhk
∗

ab +
∑
c

hk
∗

acθcb +
∑
c

hk
∗

bcθca +
∑
j

h j∗
abθ j∗k∗ .

Furthermore, direct calculations with (2.4) and (2.9) show that

hk
∗

i j,	 = hi
∗
j	,k = h j∗

	k,i = h	∗
ki, j , hk

∗
0b,c = 0, ∀ b, c, i, j, k, 	. (2.10)

In particular, the Ricci identity can be written as

hk
∗

ab,cd − hk
∗

ab,dc =
∑
p

hk
∗
pbRpacd +

∑
p

hk
∗

ap Rpbcd +
∑

	

h	∗
abRdck∗	∗ , (2.11)

where the second covariant derivative hk
∗

ab,cd is defined by

∑
d

hk
∗

ab,cdθd = dhk
∗

ab,c +
∑
d

hk
∗

db,cθda +
∑
d

hk
∗

ad,cθdb +
∑
d

hk
∗

ab,dθdc +
∑
j

h j∗
ab,cθ j∗k∗ .

Finally, the mean curvature vector field H along Mn+1 of S2n+1(1) satisfies

H = 1
n+1

∑
a

h(ea, ea) =
∑
k

Hk∗
ek∗ , Hk∗ = 1

n+1

∑
a

hk
∗

aa .

This combining with (2.9), (2.10) and ∇⊥
ep H = ∑

k H
k∗
,p ek∗ implies that

Hk∗
,	 = H 	∗

,k Hk∗
,0 = 0, ∀ k, 	. (2.12)
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By means of (2.7), the components Rab of Ricci tensor Ric and the scalar curvature
R of Mn+1 become

Rac = nδac + (n + 1)
∑
m

hm
∗

ac H
m∗ −

∑
b,m

hm
∗

ab h
m∗
bc , (2.13)

R = n(n + 1) + (n + 1)2‖H‖2 − S, S = ‖h‖2, (2.14)

where ‖H‖2 = ∑
m(Hm∗

)2 and ‖h‖2 = ∑
a,b,m(hm

∗
ab )2.

2.3 Some Results on Anti-invariant Submanifolds of the Unit Sphere S2n+1(1)

In this subsection, as the preparation for proving Theorems 1.1–1.3, we are going
to present the following results on anti-invariant submanifolds of the unit sphere
S
2n+1(1).

Lemma 2.1 (cf. [36]) Let Mn+1 be an (n+1)-dimensional anti-invariant submanifold
of the unit sphere S2n+1(1). Then, Mn+1 is locally isometric to a Riemannian product
R × Nn and R is the 1-dimensional subspace generated by ξ .

Let Ux Nn = {u ∈ Tx Nn | g(u, u) = 1} and e0 = ξ(x) at the point x ∈ Mn+1. We
can define a function f on Ux Nn by f (u) = g(h(u, u), ϕu) and it then follows from
(2.6) that all indices of g(h(u, v), ϕw) are totally symmetric.

Lemma 2.2 Let Mn+1 be an (n + 1)-dimensional anti-invariant submanifold of the
unit sphere S

2n+1(1). There exists an orthonormal basis {e0 = ξ(x), e1, . . . , en} of
TxMn+1 such that ei are tangent to Nn, i = 1, . . . , n, and satisfy the following:

(1) h(e1, ei ) = λiϕei , i = 1, . . . , n, where λ1 is the maximum of f on Ux Nn;
(2) λ1 ≥ 2λ j , j = 2, . . . , n. Moreover, if λ1 = 2λ j for some j ≥ 2, then f (e j ) = 0.

Proof SinceUx Nn is compact, there exists a unit vector e1 ∈ Ux Nn at which the above
function f (u) attains an absolute maximum, denoted by λ1 := g(h(e1, e1), ϕe1), and
so g(h(e1, e1), ϕw) = 0 for any w ∈ Ux Nn orthogonal to e1. In this situation, by
definition, we can pointwisely define a self-adjoint operatorAx : Tx Nn → Tx Nn by

Ax (v) := Aϕe1v − g(Aϕe1v, ξ(x))ξ(x). (2.15)

It is easily seen from (2.5) thatAx (e1) = λ1e1. Therefore, we can obtain an orthonor-
mal basis {ei }ni=1 of Tx Nn , which consists of eigenvectors of Ax with associated
eigenvalues {λi }ni=1, satisfying the following relations:

Aϕe1e1 = λ1e1 − ξ(x), Aϕe1e j = λ j e j , 2 ≤ j ≤ n. (2.16)

Finally, according to Lemma 5.1 of [17], Lemma 2.2 has been proved. 
�
Let CPn(4) denote the complex projective space with constant holomorphic sec-

tional curvature 4, complex structure J , and Kähler metric G. Then, it is known from
[29] that, for such a canonical projection π as in Example 1.2 from the unit sphere
S
2n+1(1) onto the complex projective space CPn(4), we have the lemma below:
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Lemma 2.3 (cf. [29, 31]) The canonical projection π : S2n+1(1) → CPn(4) as stated
above is a Riemannian submersion. Moreover, the following properties hold:

(1) The vertical subspace of π at x ∈ S
2n+1(1) is equal to the span of ξx ;

(2) G onCPn(4) and the contactmetric g onS2n+1(1) are related by g = π∗G+η⊗η;
(3) ϕX = (Jπ∗X)∗, for any vector field X on S2n+1(1), where ·∗ is the horizontal lift

of · with respect to η.

3 Properties of Anti-invariant Submanifolds of the Unit Sphere
S
2n+1(1)

In this section, before proving the main results of this paper, we will give the following
two lemmas related to the properties of anti-invariant submanifolds of S2n+1(1).

Lemma 3.1 Let Mn+1 be an (n + 1)-dimensional anti-invariant submanifold of the
unit sphere S2n+1(1). Then

‖∇̄h‖2 ≥ 3(n+1)2

n+2 ‖∇⊥H‖2, (3.1)

where, with respect to the local orthonormal frame {eA}2nA=0 as described above,

‖∇̄h‖2 =
∑

a,b,c,k

(hk
∗

ab,c)
2, ‖∇⊥H‖2 =

∑
a,k

(Hk∗
,a )2.

Moreover, the equality in (3.1) holds identically if and only if

hk
∗

i j,	 = n+1
n+2 (H

k∗
,i δ j	 + Hk∗

, j δi	 + Hk∗
,	 δi j ), 1 ≤ i, j, k, 	 ≤ n, (3.2)

or equivalently,

hk
∗

i j,	 = μ(δikδ j	 + δi	δ jk + δi jδk	), 1 ≤ i, j, k, 	 ≤ n, (3.3)

where μ = n+1
n(n+2)

∑
	 H

	∗
,	 .

Proof Let us define a tensor T : T Mn+1×T Mn+1×T Mn+1 → T⊥Mn+1, satisfying

T k∗
abc = hk

∗
ab,c − n+1

n+2

(
(δab − ηaηb)H

k∗
,c +

∑
	

δa	δbk H
	∗
,c +

∑
	

δb	δak H
	∗
,c

)
. (3.4)

Here, ηa = η(ea) = g(ea, ξ). Note from (2.10) and (2.12) that T k∗
abc = 0 if any of

a, b, c is equal to 0. Consequently, (3.4) reduces to

T k∗
i j	 = hk

∗
i j,	 − n+1

n+2 (δi j H
k∗
,	 + δ jk H

i∗
,	 + δik H

j∗
,	 ), (3.5)
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and therefore,

0 ≤ ‖T ‖2 = ‖∇̄h‖2 − 3(n+1)2

n+2 ‖∇⊥H‖2, (3.6)

where, to derive the above equation, we made use of the facts hk
∗

0b,c = 0 and Hk∗
,0 = 0

for 0 ≤ b, c ≤ n and 1 ≤ k ≤ n. As the result, we obtain from (3.6) the inequality in
(3.1), and it becomes an equality if and only if (3.2) holds identically.

Assume that (3.2) holds on Mn+1. Then we get the relation by exchanging k and
	:

h	∗
i j,k = n+1

n+2 (H
	∗
,i δ jk + H 	∗

, j δik + H 	∗
,k δi j ), 1 ≤ i, j, k, 	 ≤ n, (3.7)

which combining with (3.2) implies that

Hk∗
,i δ j	 + Hk∗

, j δi	 + Hk∗
,	 δi j = H 	∗

,i δ jk + H 	∗
, j δik + H 	∗

,k δi j . (3.8)

By contracting the indices i and 	 in (3.8), we deduce from (2.12) that

Hk∗
, j = 1

n

∑
	

H 	∗
,	 δ jk, 1 ≤ j, k, 	 ≤ n. (3.9)

From the above equation, we obtain (3.3), and in this case, ∇⊥H = λϕ for λ =
1
n

∑
	 H

	∗
,	 . On the other hand, if (3.3) holds, summing over i and j , by (2.6) we

conclude that

(n + 1)Hk∗
,	 = (n + 2)μδk	. (3.10)

This implies that (3.2) holds. Hence, Lemma 3.1 has been proved. 
�
Lemma 3.2 Let Mn+1 be an (n+1)-dimensional minimal anti-invariant submanifold
of the unit sphere S2n+1(1). Then it holds the identity:

1
2�S = ‖∇̄h‖2 − ‖Rie‖2 − ‖Ric‖2 + (n + 1)R, (3.11)

where, with respect to the local orthonormal frame {eA}2nA=0 as described above,

‖Rie‖2 =
∑

a,b,c,d

(Rabcd)
2, ‖Ric‖2 =

∑
a,b

(Rab)
2.

Proof Choose the orthonormal frame {eA}2nA=0 as in Section 2. By definition, we have

1
2�S = 1

2�
( ∑
a,b,k

(hk
∗

ab)
2
)

=
∑

a,b,c,k

(hk
∗

ab,c)
2 +

∑
a,b,k

hk
∗

ab�hk
∗

ab. (3.12)
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Since Mn+1 is minimal, we deduce from (2.9) and (2.11) that

�hk
∗

ab =
∑
c

hk
∗

ab,cc =
∑
c

hk
∗

ac,bc

=
∑
c

hk
∗

ac,cb +
∑
c,p

hk
∗
pc Rpabc +

∑
c,p

hk
∗

ap Rpcbc +
∑
c,m

hm
∗

ac Rcbk∗m∗

=
∑
c,p

hk
∗
pc Rpabc +

∑
p

hk
∗

ap Rpb +
∑
c,m

hm
∗

ac Rcbk∗m∗ ,

(3.13)

which together with (2.7) and (2.8) shows that

∑
a,b,k

hk
∗

ab�hk
∗

ab =
∑

a,b,c,p,k

hk
∗

abh
k∗
pc Rpabc +

∑
a,b,p,k

hk
∗

abh
k∗
ap Rpb

+
∑

a,b,c,k,m

hk
∗

abh
m∗
ac Rcbkm . (3.14)

On the one hand, with the help of (2.6) and (2.7), it is easy to see that

∑
a,b,c,p,k

hk
∗

abh
k∗
pc Rpabc +

∑
a,b,c,k,m

hk
∗

abh
m∗
ac Rcbkm

=
∑

i, j,k,	,m

hk
∗

i j h
k∗
m	Rmi j	 +

∑
i, j,k,	,m

hk
∗

i j h
m∗
i	 R	 jkm − R.

(3.15)

This combining with the relations

∑
i, j,k,	,m

hk
∗

i j h
k∗
m	Rmi j	 =

∑
i, j,k,	,m

hm
∗

i j h
m∗
k	 Rki j	,

∑
i, j,k,	,m

hk
∗

i j h
m∗
i	 R	 jkm = −

∑
i, j,k,	,m

hm
∗

jk h
m∗
i	 Rki j	,

(3.16)

and (2.7) yields that

∑
a,b,c,p,k

hk
∗

abh
k∗
pc Rpabc +

∑
a,b,c,k,m

hk
∗

abh
m∗
ac Rcbkm = −‖Rie‖2 + R, (3.17)

where, according to (2.7) and (2.13), we used the following facts:

‖Rie‖2 =
∑

a,b,c,d

(Rabcd)
2 =

∑
i, j,k,	

(Ri jk	)
2,

R =
∑
a,b

δabRab =
∑
i, j

δi j Ri j .
(3.18)
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On the other hand, using (2.13) and ‖Ric‖2 = ∑
a,b(Rab)

2 = ∑
i, j (Ri j )

2, we have

∑
a,b,p,k

hk
∗

abh
k∗
ap Rpb =

∑
i, j

(nδi j − Ri j )Ri j = nR − ‖Ric‖2. (3.19)

Finally, by substituting (3.17) and (3.19) into (3.14), we conclude that

∑
a,b,k

hk
∗

ab�hk
∗

ab = −‖Rie‖2 − ‖Ric‖2 + (n + 1)R. (3.20)

Obviously, the assertion follows from (3.12) and (3.20) immediately. 
�

4 The Lemma and Propositions Involving the Function �

In this section, we always assume that Mn+1 is an (n + 1)-dimensional anti-invariant
submanifold of the unit sphere S2n+1(1). When working at the point x ∈ Mn+1, we
also assume that an orthonormal basis is chosen such that Lemma 2.2 is satisfied.
While if we work at a neighborhood of x ∈ Mn+1 and if not stated otherwise, we
will choose an orthonormal frame {E0 = ξ, E1, . . . , En} with E0(x) = e0, E1(x) =
e1, . . . , En(x) = en , where e0, e1, . . . , en are given as in Lemma 2.2.

Lemma 4.1 Let Mn+1 be an (n + 1)-dimensional anti-invariant submanifold of the
unit sphere S2n+1(1). Assume that (3.3) holds. Then it holds that

et (μ) = 0, t = 2, . . . , n, (4.1)

e1(μ) = (2λt − λ1)(1 + λ1λt − λ2t ), t = 2, . . . , n, (4.2)

(λs − λt )(2λk − λ1)h
s∗
kt = 0, 2 ≤ s �= t ≤ n, 1 ≤ k ≤ n, (4.3)

(1 + λ1λt − λ2t )h
t∗
t t = 0, t = 2, . . . , n. (4.4)

Proof We first take the covariant derivative of (3.3) to obtain that

hk
∗

i j,	m = em(μ)(δikδ j	 + δi	δ jk + δi jδk	). (4.5)

Exchanging the indices 	 and m in (4.5) gives

hk
∗

i j,m	 = e	(μ)(δikδ jm + δimδ jk + δi jδkm). (4.6)
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Moreover, by means of the Ricci identity (2.11), we deduce from (2.7) and (2.8) that

hk
∗

i j,	m − hk
∗

i j,m	 =
∑
p

hk
∗
pj Rpi	m +

∑
p

hk
∗

i p Rpj	m +
∑
r

hr
∗
i j Rm	k∗r∗

=
∑
r

hk
∗

r j Rri	m +
∑
r

hk
∗

ir Rr j	m +
∑
r

hr
∗
i j Rm	k∗r∗

=
∑
r

hk
∗

r j Rri	m +
∑
r

hk
∗

ir Rr j	m +
∑
r

hr
∗
i j Rm	kr ,

(4.7)

which together with (4.5) and (4.6) yields that

em(μ)(δikδ j	 + δi	δ jk + δi jδk	) − e	(μ)(δikδ jm + δimδ jk + δi jδkm)

=
∑
r

hk
∗

r j (δr	δim − δrmδi	 +
∑
q

hq
∗

r	h
q∗
im −

∑
q

hq
∗

rmh
q∗
i	 )

+
∑
r

hk
∗

ir (δr	δ jm − δrmδ j	 +
∑
q

hq
∗

r	h
q∗
jm −

∑
q

hq
∗

rmh
q∗
j	)

+
∑
r

hr
∗
i j (δr	δkm − δrmδk	 +

∑
q

hq
∗

r	h
q∗
km −

∑
q

hq
∗

rmh
q∗
k	).

(4.8)

Next, letting i = j = m = 1 and 	 = t ≥ 2 in (4.8), we see from Lemma 2.2 that

e1(μ)δkt − 3et (μ)δ1k = (2λk − λ1)δkt + (3λ1λ
2
k − 2λtλ

2
k − λ21λk)δkt . (4.9)

In this case, we immediately obtain (4.1) by choosing k = 1 in (4.9), and further
obtain (4.2) by choosing k = t ≥ 2 in (4.9). Finally, letting i = j = 1 and 2 ≤ m =
s �= 	 = t ≤ n in (4.8), we apply (4.1) to get (4.3), whereas letting i = 	 = 1 and
j = k = m = t ≥ 2 in (4.8), we apply (4.1) again to get (4.4). In conclusion, Lemma
4.1 has been proved. 
�

In the following, noticing from (2.7), (2.8), (2.10), and the Ricci identity (2.11)
that ξ(μ) = 0 if (3.3) holds identically, we shall consider the following two cases,
depending on the function μ.

4.1 The Relation (3.3) Holds with� = constant

In this situation, we can prove the proposition as follows:

Proposition 4.1 Let Mn+1 be an (n + 1)-dimensional anti-invariant submanifold of
the unit sphere S2n+1(1) such that (3.3) holds everywhere with μ = constant. Then,
μ = 0 and the second fundamental form h is parallel.

Proof First of all, we fix a point x ∈ Mn+1 and choose an orthonormal basis {ea}na=0
of TxMn+1 as in Lemma 2.2 such that

h(e1, e1) = λ1ϕe1, h(e1, ei ) = λiϕei , 2 ≤ i ≤ n. (4.10)
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Then,we take ageodesicγ (t)passing through x in the directionof e1. Let {E1, . . . , En}
be parallel orthonormal vector fields along γ , satisfying Ei (x) = ei for 1 ≤ i ≤ n
and E1 = γ ′(t). Then, using (2.4) and (3.3), by definition, we have

∂
∂t g(h(E1, E1), ϕEi ) = g((∇̄E1h)(E1, E1), ϕEi ) = 0, 2 ≤ i ≤ n, (4.11)
∂
∂t g(h(E1, Ei ), ϕE j ) = g((∇̄E1h)(E1, Ei ), ϕE j ) = 0, 2 ≤ i �= j ≤ n, (4.12)

and therefore, it holds that

g(h(E1, E1), ϕEi ) = g(h(e1, e1), ϕei ) = 0, 2 ≤ i ≤ n, (4.13)

g(h(E1, Ei ), ϕE j ) = g(h(e1, ei ), ϕe j ) = 0, 2 ≤ i �= j ≤ n. (4.14)

Thus, there exist functions λ̃ j for 1 ≤ j ≤ n, defined along γ , such that

h(E1, E1) = λ̃1ϕE1, h(E1, Ei ) = λ̃iϕEi , 2 ≤ i ≤ n, (4.15)

where λ̃ j (x) = λ j for 1 ≤ j ≤ n. Consequently, we conclude that AE j = λ̃ j E j

holds for the operator A(X) = AϕE1X − g(AϕE1X , ξ)ξ for X ∈ T Nn , defined in
(2.15) pointwisely. Applying the fact μ = constant and following the proof of (4.2),
along γ , we further have

0 = E1(μ) = (2λ̃i − λ̃1)(1 + λ̃1λ̃i − λ̃2i ), 2 ≤ i ≤ n. (4.16)

With the help of (3.3) once more, we derive along γ that

∂
∂t λ̃1(t) = ∂

∂t g(h(E1, E1), ϕE1) = g((∇̄E1h)(E1, E1), ϕE1) = 3μ, (4.17)
∂
∂t λ̃1(t) = ∂

∂t g(h(E1, E1), ϕE1) = g((∇̄E1h)(E1, E1), ϕE1) = 3μ,

∂
∂t λ̃i (t) = ∂

∂t g(h(E1, Ei ), ϕEi ) = g((∇̄E1h)(E1, Ei ), ϕEi ) = μ, i ≥ 2. (4.18)

In this situation, we can take the derivative of (4.16) three times along γ (t) to get

12μ3 = 0.

This combining with (3.3) immediately says that μ = 0 and hk
∗

i j,	 = 0 for 1 ≤
i, j, k, 	 ≤ n. Therefore, bymeans of (2.10), we conclude that ∇̄h = 0 since hk

∗
ab,c = 0

for 0 ≤ a, b, c ≤ n and 1 ≤ k ≤ n, that is, the second fundamental form h is parallel.

�

4.2 The Relation (3.3) Holds with� �= constant

Now, we consider the (n + 1)-dimensional anti-invariant submanifold Mn+1 of
S
2n+1(1) such that (3.3) holds with μ �= constant. Since our result is local in nature,

the condition μ �= constant allows us to assume that {x ∈ Mn+1 | X(μ) = 0, ∀ X ∈
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TxMn+1} is not an open subset. For this reason, with the fact ξ(μ) = 0, we shall carry
our discussion in the open dense subset:

� = {x ∈ Mn+1 | there exists X ∈ TxM
n+1 such that X(μ) �= 0}. (4.19)

Proposition 4.2 Let Mn+1 be an (n + 1)-dimensional anti-invariant submanifold of
the unit sphere S2n+1(1) such that (3.3) holds everywhere with μ �= constant. Then,
there exists a smooth non-vanishing function κ such that the second fundamental form
h satisfies the following property:

h(E1, E1) = 3κϕE1, h(E1, Ei ) = κϕEi ,

h(Ei , E j ) = κδi jϕE1, 2 ≤ i, j ≤ n, (4.20)

where {ξ, E1, . . . , En} is an orthonormal frame of Mn+1 with {E1, . . . , En} tangent
to Nn and ϕE1 is parallel to mean curvature vector field H. Moreover, (4.20) implies
that

h(X ,Y ) = n+1
n+2

(
(g(X ,Y ) − η(X)η(Y ))H + (g(ϕX , H) − n+2

n+1η(X))ϕY

+ (g(ϕY , H) − n+2
n+1η(Y ))ϕX

) (4.21)

for any tangent vector fields X ,Y on Mn+1.

Proof As the key of proof, it should be necessary to figure out how the assumptions
of Proposition 4.2 constrain the eigenvalues ofAx : Tx Nn → Tx Nn defined in (2.15)
for any point x ∈ �. For this purpose, we first derive from Lemma 4.1 that

e1(μ) = (2λt − λ1)(1 + λ1λt − λ2t ), t = 2, . . . , n, (4.22)

which, with the fact μ �= constant, says that

λ1 > 0, λ1 − 2λt > 0, 1 + λ1λt − λ2t �= 0, t = 2, . . . , n. (4.23)

Then, putting yt = λ1 − 2λt > 0, we can rewrite (4.22) as

4e1(μ) − yt (y
2
t − λ21 − 4) = 0, yt > 0, t = 2, . . . , n. (4.24)

Related to the solution y of (4.24), it is sufficient to consider the following three cases:

(1) If −λ21 − 4 ≥ 0, then (4.24) implies that e1(μ) > 0, and as an equation of
yt , (4.24) has only one positive solution, i.e., y2 = · · · = yn . This shows that
λ2 = · · · = λn ;

(2) If −λ21 − 4 < 0 and e1(μ) > 0, similarly (4.24) has only one positive solution
and thus λ2 = · · · = λn ;

(3) If −λ21 − 4 < 0 and e1(μ) < 0, then (4.24) has at most two positive solutions. In
this case, at most two of {λ2, . . . , λn} are distinct.
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It is known from (4.23) that λ1 > λt for all t ≥ 2. Based on these above, we can
conclude that the number of distinct eigenvalues ofAx can be at most 3. In particular,
it is equal to 2 or 3. Consequently, the study of anti-invariant submanifolds of S2n+1(1)
such that (3.3) holds everywhere with μ �= constant can be divided into the following
two cases:

Case I: λ2 = · · · = λt �= λt+1 = · · · = λn, 2 ≤ t ≤ n − 1;
Case II: λ2 = λ3 = · · · = λn .
Now, according to the cases above, we separate the remaining proof into three steps.

Step 1. In both Case I and Case II, the second fundamental form h takes the form:

h(e1, e1) = λ1ϕe1, h(e1, ei ) = λiϕei ,

h(ei , e j ) = λiδi jϕe1, 2 ≤ i, j ≤ n. (4.25)

If Case I occurs, with the fact e1(μ) �= 0, it is easily seen from (4.2) and (4.4) that

g(h(ek, ek), ϕek) = 0, 2 ≤ k ≤ t . (4.26)

By linearization, we have

g(h(ei , e j ), ϕek) = 0, 2 ≤ i, j, k ≤ t . (4.27)

Furthermore, applying (4.3) and (4.23), we deduce that

g(h(ei , e j ), ϕek) = 0, 2 ≤ i, j ≤ t, t + 1 ≤ k ≤ n. (4.28)

This combining with (4.27) and Lemma 2.2 implies that

h(ei , e j ) = λiδi jϕe1, 2 ≤ i, j ≤ t . (4.29)

Similarly, it can be verified that

h(ei , e j ) = λiδi jϕe1, t + 1 ≤ i, j ≤ n. (4.30)

Direct calculations with (4.3) and (4.23) give

g(h(ei , e j ), ϕek) = 0, 2 ≤ i ≤ t, t + 1 ≤ j ≤ n, 1 ≤ k ≤ n. (4.31)

Consequently, h(ei , e j ) = 0 for 2 ≤ i �= j ≤ n. Hence, Step 1 has been proved for
Case I.

If Case II occurs, using (4.2) and (4.4) again, we conclude by linearization that

g(h(ei , e j ), ϕek) = 0, 2 ≤ i, j, k ≤ n. (4.32)

Following the proof similar to that of Case I, we can prove Step 1 for Case II.
Step 2. Case I does not occur.
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Suppose on the contrary that Case I does occur. By the fact ξ(μ) = 0 and the
relations

g(gradμ, e1) = e1(μ) �= 0,

g(gradμ, ek) = ek(μ) = 0, 2 ≤ k ≤ n,
(4.33)

we get e1 = ± gradμ
‖gradμ‖ (x). Without loss of generality, we can assume that e1 =

gradμ
‖gradμ‖ (x). Thus, in a neighborhood �′ around x , a unit vector field E1 = gradμ

‖gradμ‖
can be defined, and according to the proof of (4.33), it then follows that for each
x̃ ∈ �′, the function f should attain its absolute maximum over Ux̃ Nn exactly at
E1(x̃). By the continuity of eigenvalue functions ofA(X) = AϕE1X −g(AϕE1X , ξ)ξ

for X ∈ T Nn , defined pointwisely in (2.15), we further conclude that the multi-
plicity of each of its eigenvalue functions is constant. It follows from Lemma 1.2 of
[32] that there is a smooth eigenvector extension of A, from {e1, e2, . . . , en} at x to
{E1(x̃), E2(x̃), . . . , En(x̃)} at arbitrary point x̃ in the neighborhood �′ of x , such that
AEi = λ̃i Ei for 1 ≤ i ≤ n, with the functions {λ̃i }ni=1 satisfying λ̃1 > 2λ̃ j for j ≥ 2
and

λ̃2 = · · · = λ̃t < λ̃t+1 = · · · = λ̃n, 2 ≤ t ≤ n − 1. (4.34)

It should be pointed out that, with respect to the local orthonormal frame {Ei }ni=1, the
foregoing results involving the orthonormal basis {ei = Ei (x)} still remain valid, in
view of which we will calculate by using them directly without further explanation.

Next, by definition, we have

(∇̄Ei h)(Ei , Ei ) = ∇⊥
Ei
h(Ei , Ei ) − 2h(∇Ei Ei , Ei ),

= ∇⊥
Ei
h(Ei , Ei ) − 2g(∇Ei Ei , E1)h(E1, Ei )

− 2
n∑

k=2

g(∇Ei Ei , Ek)h(Ek, Ei ) − 2g(∇Ei Ei , ξ)h(ξ, Ei ),

(4.35)

which together with (2.4) and (4.25) yields that

(∇̄Ei h)(Ei , Ei ) = Ei (λ̃i )ϕE1 + 3λ̃i g(∇Ei E1, Ei )ϕEi

+
∑
k �=i

λ̃i g(∇Ei E1, Ek)ϕEk ,

(4.36)

where 2 ≤ i ≤ n. Similarly, we also obtain that

(∇̄Ei h)(E1, E1) = Ei (λ̃1)ϕE1 +
n∑

k=2

(λ̃1 − 2λ̃k)g(∇Ei E1, Ek)ϕEk, i ≥ 2.

(4.37)
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As the result of (3.3), (4.36), and (4.37), it holds that

3μ = hi
∗
i i,i = 3λ̃i g(∇Ei E1, Ei ), 2 ≤ i ≤ n, (4.38)

3μ = 3hi
∗
11,i = 3(λ̃1 − 2λ̃i )g(∇Ei E1, Ei ), 2 ≤ i ≤ n. (4.39)

Since λ̃1 > 2λ̃i for 2 ≤ i ≤ n, comparing (4.38) and (4.39) immediately gives

λ̃1 = 3λ̃i , 2 ≤ i ≤ n. (4.40)

This shows that λ̃2 = · · · = λ̃n which is a contradiction. Hence, Case I does not occur.
Step 3. Completion of the proof of Proposition 4.2.

According to Step 1 and Step 2, if (3.3) holds everywhere with μ �= constant, then
Case II occurs everywhere, and corresponding to the orthonormal basis {ea}na=0 of
Mn+1 as in Lemma 2.2, the second fundamental form h takes the form in (4.25). Note
that ξ(μ) = 0 and (4.33) still holds. Without loss of generality, we shall assume that
e1 = gradμ

‖gradμ‖ (x) and E1 = gradμ
‖gradμ‖ . Similar argument as in the proof of Step 2 states

that, for an arbitrary point x̃ in a neighborhood�′ of x , the function f should attain its
absolutemaximumoverUx̃ Nn exactly at E1(x̃). For this reason, the operatorA admits
two distinct eigenvalues with multiplicities 1 and n−1 at x̃ , respectively, and thus, we
can apply Lemma 1.2 of [32] again to obtain local orthonormal eigenvector fields of
A, extending from {e1, . . . , en} at x to {E1, . . . , En} around x , such thatAEi = λ̃i Ei

for 1 ≤ i ≤ n, with the eigenvalue functions {λ̃i }ni=1 satisfying that λ̃2 = · · · = λ̃n . In
particular, with respect to {Ei }ni=1 and {λ̃i }ni=1, the foregoing equations from (4.36) up
to (4.40) are still valid. Therefore, we have λ̃1 = 3λ̃i := 3κ for i ≥ 2. This completes
the proof of Proposition 4.2. 
�

5 The Proofs of Theorems 1.1 and 1.2

Let ∇̄ and ∇̃ denote theLevi–Civita connections ofS2n+1(1) andCPn(4), respectively.
Then, for the Riemannian submersion π : S2n+1(1) → CPn(4) as stated in Lemma
2.3, it follows from the well-known O’Neill equations (cf. [30]) that

∇̄X∗Y ∗ = (∇̃XY )∗ + 1
2η([X∗,Y ∗])ξ, (5.1)

where X ,Y are vector fields on CPn(4) and ·∗ is the horizontal lift of · with respect
to η. As the argument in [2], we see that there exists a Lagrangian submanifold Nn of
CPn(4) such that the following diagram commutes:

Mn+1 −−−−→ S
2n+1(1)⏐⏐� ⏐⏐�π

Nn −−−−→ CPn(4)

(5.2)

where Mn+1 is the set of fibers over Nn . Then, we shall prove the theorems as follows:
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Theorem 5.1 Let Mn+1 be an (n + 1)-dimensional anti-invariant submanifold of the
unit sphere S2n+1(1). Then Mn+1 is of parallel second fundamental form if and only
if Mn+1 is locally isometric to the Riemannian product of R and a portion of one of
the Lagrangian submanifolds (a)-(e) of CPn(4), as described in Example 1.1.

Proof Consider that the vector fields X ,Y in (5.1) are tangent to Nn . Then, it holds
from Lemma 2.1 and the relation (5.2) that η([X∗,Y ∗]) = 0, and denoting by ĥ and Ĥ
the second fundamental form and themean curvature vector field along Nn ofCPn(4),
we can make use of the Gauss formula to obtain that

h(X∗,Y ∗) = (ĥ(X ,Y ))∗, (n + 1)H = nĤ∗, (5.3)

where h and H are, respectively, the second fundamental form and the mean curvature
vector field along Mn+1 of S2n+1(1). As Mn+1 is anti-invariant, by definition, we
deduce from (2.1) that

η(∇̄X∗Y ∗) = −g(∇̄X∗ξ,Y ∗) = g(ϕX∗,Y ∗) = 0, (5.4)

which implies that Mn+1 is locally isometric to a Riemannian product of R and the
Lagrangian submanifold Nn of CPn(4).

Now, using Lemma 2.3, (5.1), and (5.3), we easily get (cf. Corollary 2 of [31])

g((∇̄h)(U∗, X∗,Y ∗), ϕZ∗) = G((∇̃ĥ)(U , X ,Y ), J Z) (5.5)

for tangent vector fields U , X ,Y , Z on Nn . This together with the Codazzi equation
and (2.10) shows that h is parallel if and only if ĥ is parallel. By means of the classifi-
cation theorem of Dillen-Li-Vrancken-Wang [11], we complete the proof of Theorem
5.1. 
�
Theorem 5.2 Let Mn+1 be an (n + 1)-dimensional anti-invariant submanifold of the
unit sphere S

2n+1(1). Then, (4.21) holds identically if and only if either Mn+1 is
a totally contact geodesic submanifold, or it is locally isometric to the Riemannian
product of R and a portion of one of the Whitney spheres of CPn(4), as described in
Example 1.2.

Proof Similar argument as in the proof of Theorem 5.1 says that (4.21) holds on Mn+1

if and only if the second fundamental form ĥ of the Lagrangian submanifold Nn of
CPn(4) satisfies the equation (4.8) of Theorem 3 in [3] (cf. also (2) of Theorem 1.1
in [15]), i.e.,

ĥ(X ,Y ) = n
n+2

(
G(X ,Y )Ĥ + G(J X , Ĥ)JY + G(JY , Ĥ)J X

)
, (5.6)

where X ,Y are vector fields tangent to Nn of CPn(4), and it then follows from
Theorem A of [7] (cf. also Theorem 1.1 of [5] or Section 4 of [23]) that either Nn

is totally geodesic, or it is a portion of one of the Whitney spheres in Example 1.2.
Given that Nn is totally geodesic, h(X∗,Y ∗) = 0 for any tangent vector fields X∗,Y ∗
on Mn+1 orthogonal to ξ . Hence, Mn+1 is totally contact geodesic. This completes
the proof of Theorem 5.2. 
�
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5.1 Completion of the Proof of Theorem 1.1

In order to determine those submanifolds satisfying (3.3) at every point, bymeans of the
function μ, it is sufficient to just consider two cases: μ = constant, or μ �= constant.
In the former case, we obtain from Proposition 4.1 that the second fundamental form
h of Mn+1 → S

2n+1(1) is parallel, and thus, Mn+1 is locally isometric to the Rie-
mannian product of R and a portion of one of those Lagrangian submanifolds of
CPn(4) in Example 1.1, according to Theorem 5.1. As for the latter case, applying
both Proposition 4.2 and Theorem 5.2, we conclude that Mn+1 is locally isometric to
the Riemannian product of R and a portion of one of the Whitney spheres of CPn(4),
as described in Example 1.2, provided that Mn+1 is not a totally contact geodesic
submanifold. Hence, we have completed the proof of Theorem 1.1. 
�

5.2 Completion of the Proof of Theorem 1.2

Choosing the local orthonormal frame {e0 = ξ, e1, . . . , en} on Mn+1 as in Sect. 2, by
definition we can apply (2.6) to obtain that

(n + 1)2‖H‖2 =
∑
k

( ∑
i

(hk
∗

i i )2 + 2
∑
i< j

hk
∗

i i h
k∗
j j

)
, (5.7)

S = ‖h‖2 = 2n +
∑
i, j,k

(hki j )
2, 1 ≤ i, j, k ≤ n, (5.8)

and it then follows from (2.14) that

R = n(n − 1) +
∑
k

( ∑
i

(hk
∗

i i )2 + 2
∑
i< j

hk
∗

i i h
k∗
j j

)
−

∑
i, j,k

(hki j )
2. (5.9)

As the same argument of (5.7) in [5], using (5.7) and (5.9), we immediately have

(n + 1)2‖H‖2 − m(R − n(n − 1))

= 6m
∑

k<i< j

(hk
∗

i j )
2 + (m − 1)

∑
k �=i, j

∑
i< j

(hk
∗

i i − hk
∗
j j )

2

+ 1
n−1

∑
i �= j

(
hi

∗
i i − (m − 1)(n − 1)hi

∗
j j

)2 ≥ 0,

(5.10)

wherem = (n+2)/(n−1). From this, we can establish the inequality in (1.3), and the
equality holds if and only if hi

∗
i i = 3 hi

∗
j j and h

k∗
i j = 0 for distinct i, j, k. Furthermore,

e1 can be chosen to satisfy that ϕe1 is parallel to the mean curvature vector field H ,
and thus, hk

∗
i i = 0 for all 1 ≤ i ≤ n and k ≥ 2. In this situation, if Mn+1 is not totally

contact geodesic, the second fundamental form h takes the form as in (4.20). Applying
Proposition 4.2 and Theorem 5.2, we finally complete the proof of Theorem 1.2. 
�
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6 The Proof of Theorem 1.3

Throughout this section, we shall assume thatMn+1 is an (n+1)-dimensionalminimal
anti-invariant submanifold of the unit sphere S2n+1(1)with η-Einstein inducedmetric.

First of all, from the components of the Weyl curvature tensor W of Mn+1 for
n ≥ 2

Wabcd = Rabcd − 1
n−1 (δac Rbd + δbd Rac − δad Rbc − δbc Rad)

+ R
n(n−1) (δacδbd − δadδbc),

(6.1)

we derive the expression as follows (cf. [14]):

‖Rie‖2 = ‖W‖2 + 4
n−1‖Ric‖2 − 2R2

n(n−1) , (6.2)

where ‖W‖2 = ∑
a,b,c,d(Wabcd)

2. Then, with the help of (6.2) and (3.11), we easily
get

1
2�S = ‖∇̄h‖2 − ‖W‖2 − n+3

n−1‖Ric‖2 + 2
n(n−1) R

2 + (n + 1)R. (6.3)

Furthermore, a trace-free tensor R̃ic of (0, 2)-type can be defined to satisfy

R̃ab = Rab − 1
n R(δab − ηaηb). (6.4)

It follows that

‖Ric‖2 = ‖R̃ic‖2 + 1
n R

2, (6.5)

where ‖R̃ic‖2 = ∑
a,b(R̃ab)

2. Substituting (6.5) into (6.3) yields that

1
2�S = ‖∇̄h‖2 − ‖W‖2 − n+3

n−1‖R̃ic‖2 − n+1
n(n−1) R

2 + (n + 1)R, (6.6)

which together with (2.14) yields that

1
2�S = ‖∇̄h‖2 − ‖W‖2 − n+3

n−1‖R̃ic‖2 + n+1
n(n−1) SR − 2(n+1)

n−1 R. (6.7)

Secondly, based on the proof of Theorem 5.1, it is known that Mn+1 is locally
isometric to a Riemannian product of R and one Lagrangian submanifold Nn of
CPn(4). In this situation, we shall prove the following property relative to the anti-
invariant submanifold Mn+1 of S2n+1(1) with η-Einstein induced metric.
Claim. Mn+1 is η-Einstein if and only if Nn is Einstein.

Let ∇̂ be the Levi–Civita connection of Nn and then it holds from (5.1) and (5.3)
that

∇X∗Y ∗ = (∇̂XY )∗, (6.8)
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where we used the fact η([X∗,Y ∗]) = 0 for any tangent vector fields X ,Y on Nn . As
the result of Lemma 2.3 and (6.8), we see that

g(R(U∗, X∗)Y ∗, Z∗) = G(R̂(U , X)Y , Z) (6.9)

for tangent vector fieldsU , X ,Y , Z on Nn and the curvature tensor R̂ of Nn given by

R̂(U , X)Y = ∇̂U ∇̂XY − ∇̂X ∇̂UY − ∇̂[U ,X ]Y (6.10)

Thus, direct calculations by contraction of (6.9) imply that

Ric(X∗,Y ∗) = R̂ic(X ,Y ), (6.11)

where R̂ic denotes the Ricci tensor of Nn . Indeed, this states that Mn+1 is η-Einstein
if and only if Nn is Einstein. Hence, the Claim has been proved.

Next, noting from Lemma 2.1 that Mn+1 is η-Einstein if and only if R̃ic = 0
identically, we can rewrite (6.7) as

1
2�S = ‖∇̄h‖2 − ‖W‖2 + n+1

n(n−1) SR − 2(n+1)
n−1 R. (6.12)

As the Claim says that the scalar curvature R of Mn+1 is constant, it can be verified
by combining with the minimality of Mn+1 of S2n+1(1), (2.14), and (6.12) that

0 ≥ −‖W‖2 + n+1
n(n−1) SR − 2(n+1)

n−1 R. (6.13)

Consequently, we have the inequality in (1.4). Furthermore, according to (5.3), The-
orem 5.1 and the Claim above, the inequality in (1.4) becomes an equality on Mn+1

if and only if Nn is one of the minimal Lagrangian submanifolds of CPn(4) with
Einstein induced metrics and parallel second fundamental form. Finally, we complete
the proof by applying the classification theorem of Dillen et al. [11] (cf. also Theorem
1.2 of Cheng et al. [8]). 
�
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