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Abstract
In this paper, we focus on the existence of normalized solutions to the following
Schrodinger equation with the Stein—Weiss potential
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where 2o + n < 2,0 < u < 2, I, denotes the Riesz potential and f : R — R

has critical exponential growth which behaves like ¢?’  The solutions correspond to
critical points of the underlying energy functional subject to the L?-norm constraint,
namely, |; R2 U |2dx = a®fora > 0 given. Under some weak assumptions, we prove the
existence of the normalized solution for the equation by developing refined variational
methods. In particular, we shall establish two new approaches to estimate precisely
the minimax level of the underlying energy functional. As far as we know, our result
is the first one in seeking normalized solutions of nonlinear equations involving the
nonlocal Stein—Weiss reaction.
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1 Introduction

In this paper, we are concerned with the existence of normalized solutions to the
following nonlinear Schrodinger equation with the Stein—Weiss reaction under the
exponential critical growth case

_ — Fa)'\ fu) 2
[ Au+)»u_glﬂx|x|a>|xa,xeR, Pa)

Jpe lul?dx = a®,
wherea > 0,0 < u < 2, 2a + o < 2. I, denotes the Riesz potential defined by

Ny A

T2kl xR

L (x) x € R*\ {0},

where I' represents the gamma function, * indicates the convolution operator, F(s) is
the primitive of f(s) with that f(s) has exponential critical growth in R?. Next, we
shall introduce three typical features of this problem to set the tone for the rest of the

paper.
1.1 Introduction of Three Typical Features
1.1.1 L2-Constraint

We aim to search for solutions to (P,) having prescribed mass, the normalized sta-
tionary states, whose existence can be formulated as follows: given a > 0, we aim to
find (A, u) e Rx H ! (Rz) solving (P,) together with the normalization condition

|u|%=/ uPdx = a,
]R2

and in this case A € R cannot be prescribed but appear as Lagrange multipliers in
the variational approach. This type of problem has important physical significance in
Bose—Einstein condensates and the nonlinear optics framework, and the L?-norm of
such solutions is a preserved quantity of the evolution and the corresponding vari-
ational feature contributes to analyzing the orbital stability or instability. Naturally,
such problems have attracted much attention in the fields of nonlinear PDEs in the
last decades. We give brief introduction of the relative progress with the most general
Schrodinger equation
—Au+ru=|ulP2u, inRN, N >2, L1
{fRNu2dx=a, .1y

which has been investigated extensively via the variational methods. One can search
for the existence of the normalized solutions of (1.1) by considering the critical points
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of the corresponding energy functional 7 : H'(R"Y) — R defined by

1 .1
JW) == [Vul“dx — — lulPdx,
2 Jrw P JrN

under the constraint
Sun = {u e H®RY): / |u|? =a}.
RN

Generally, the types of such problems are divided into three parts: L2-subcritical
case, L2-critical case, L2-supercritical case, after a simple stretching consideration
presented by

up N(x) = I%M(X),

during which one can find there exists a new L>-critical exponent ¢* = 2 + 4/N.
Generalizing to more general nonlinear term f, one can conclude that if f admits
a L’-subcritical growth, i.e., f has a growth u”~! with p < ¢* at infinity, then
J s, y 1s bound below and in this occasion, minimization method is the conventional
approach to find normalized solutions, we refer to [12, 31] and the references therein
in this aspect. If f admits a L?-supercritical growth, i.e., f has a growth u?~! with
p > ¢* at infinity, then J is unbound below on S, y, which implies the traditional
minimization method does not work and more efforts are always required in the study
of the L2-supercritical case.

One of the groundbreaking pieces of work in the L?-supercritical case is accom-
plished by Jeanjean [21]. Jeanjean [21] obtained the normalized solution at the
mountain pass level of its energy functional under the following conditions:

(HO) f is odd,;
(H1) f € C(R, R) and there exist o, 8 € R satisfying 2N +4)/N <a < B <2* =
2N /(N — 2) such that

0<aF@) < f(Dt < pF(), VieR\{0},

and the existence of ground state solutions was proved if f also satisfies

(H2) the function F(¢) := f()t —2F(t) is of class C!' and

~ 2N +4
F' ()t > +

F(t), YteR\ {0

Condition (H1) is the general Ambrosetti-Rabinowitz condition, which is benefit
for us to obtain bounded Palais—Smale sequences for J constrained on S, y, and
Jeanjean developed a novel argument related to the mountain pass geometry for the
scaled functional j(u, s) = J(u, s) withs=xu(-) := e% (e*-), which is widely used to
find normalized solutions in the L2-supercritical case. Based on the above conditions
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and by applying the fountain theorem to the scaled functional 7, Bartsch and de
Valerioda [5] obtained infinitely normalized solutions. Another variational approach
is presented by Bartsch and Soave [6, 7], and it is based on Ghoussoub minimax
principle [19]. Applying this abstract minimax theorem, Barstch and Soave established
the existence and multiplicity of normalized solutions of equation (1.1) with general
nonlinearities f. We also refer to Bieganowski and Mederski [8], which considered
the normalized solutions under the L?-supercritical case but Sobolev subcritical, they
provided nearly optimal conditions in some ways. For more information, please see
[8] and its references.

We conclude this part with a brief progress about the critical Schrodinger equation
in the sense of Sobolev embedding when N > 3. In 2020, Soave [28] first considered
the Schrodinger equation with Sobolev critical growth:

{ —Au+ 2 u = plul?2u + |u|2*_2u, inRN, N > 3,
2 1.2)
Jpy u*dx = a.

This type of problem is more delicate since they need to analyze how the lower-
order term |u|9~2u affects the structure of the corresponding energy functional and to
solve the lack of compactness caused by the Sobolev critical growth. According to the
findings in [28], Eq. (1.2) has ground state solutions in the L?-subcritical perturbation
case 2 < g < 2+ N/4 and L?-supercritical perturbation case 2 + N/4 < g < 2%,
respectively, for ua(l—y,)q < o, wherea = a(N, ¢) is aspecific constant depending
on N, q and y; = N(q — 2). We also refer to Wei and Wu [33], Jeanjean and Le [22],
Jeanjean et al. [24] which settled several open questions proposed by Soave [28].

1.1.2 Critical Exponential Case

Besides the L2-constraint, another novel feature of equation (P,) is that functions
f(u) have critical exponential growth that is the maximal growth that allows us to
treat (P,) variationally in H'(R?), which was shown by Trudinger [32] and Moser
[26], and it is motivated by the following Trudinger—-Moser inequality [11].

Lemma 1.1 (i) Ifa > 0 and u € H'(R?), then

/ (eo‘“2 — 1) dx < oo;
RZ

(i) ifu € HY(R?), ||Vu||% < 1, lulla £ M < oo, and o < 4m, then there exists a

constant C(M , ), which depends only on M and «, such that

/RZ (e"”‘z — )dx <C(M,a).

Inspired by the Trudinger—-Moser-type inequality, we can say that a function f €
C(R, R) possesses critical exponential growth if there exists a constant og > 0 such
that
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lim

lf@®l |0, for all o > ay,
NESS (FD)

+o0, forall @ < «ap.

Here, we refer Adimurthi—Yadava [36] and de Figueiredo—Miyagaki—Ruf [17] to
the readers for more information. Based on the Trudinger—Moser inequalities, many
authors considered the existence and multiplicity of weak solutions for the nonlinear
Schrodinger equations. We refer to [2, 13, 14] and the references therein for more
details about the relative progress in this direction.

1.1.3 Stein—-Weiss Convolution Reaction

We briefly recall the related background and some pioneering contributions in this
field, and we start with the weighted L? estimates for the fractional integral

(Tup)(x) = /RN %d)’, 0<p<N,

which is a fundamental problem in the field of harmonic analysis and such weighted L?
estimates are generated from quite natural phenomena and have practical significance
in the large wide of mathematical fields, which can be summarized as that the appear-
ance of some suitable symmetry hypotheses, notably radial symmetry, contributes to
improving the classical estimates and some embedding properties of function spaces.

Many mathematicians have studied on the weighted L? estimates for the fractional
integral T,,. Historically, Hardy and Littlewood [20] first considered the weighted
L7 estimates for the one-dimensional fractional integral operator T, then Sobolev
[29] extended it to the N-dimensional case. Later, Stein and Weiss [30] obtained the
following two-weight extension of the Hardy—Littlewood—Sobolev inequality, which
is known as the Stein—Weiss inequality.

Proposition 1.2 (Doubly weighted Hardy—Littlewood—Sobolev inequality) Let ¢, s >
land0 < pu < Nwithd+B > 0,1/t +(u+0+B)/N+1/s =29 <X g <,
g1 € L'(RN) and g € L*(RN), where t' and s’ denote the Hilder conjugate of t and
s, respectively. Then there exists a constant C(N, u, 9, B, t, s), independent of g1, g2

such that

1()820)
L[ s andy < cv e o, ol
v Jav v = Y17 l]

For 9 = B =0, it is reduced to the Hartree type (also called the Choquard type)
nonlinearity, which is driven by the classical Hardy-Littlewood—Sobolev inequality.

Integrability for integral operators can be quantified using the Stein—Weiss inequal-
ity, which is fundamentally determined by the dilation nature of integral operators. Due
to its significance in applications to issues in harmonic analysis and partial differential
equations, the study of and comprehension of the Stein—Weiss inequality has sparked
a growing amount of attention among scholars. We now look at the applications that
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the Stein—Weiss term has in relation to them. The polyharmonic Kirchhoff equations
involving the critical Choquard-type exponential nonlinearity with singular weights
were explored by Giacomoni et al. [4]. It is important to note the beautiful work of
Du et al. [18], where they investigated the equation as below,

1 22’” *
—Au = — (/ Mdy) Iu(x)lzﬂ»ﬂﬂu, X € RN,
R

|x|* Nx = yl#ly|®

where 25 w= (2N —2a — ) /(N —2). In order to analyze the existence of solutions,
study the regularity, and symmetry of positive solutions by moving plane arguments
under the critical situation, as well as the results under the subcritical situation, the
authors created a nonlocal version of the concentration—compactness principle. Yang
et al. [38] achieved the symmetry, regularity, and asymptotic features of the weighted
nonlocal system with critical exponents associated with the Stein—Weiss inequality by
employing the moving plane arguments in integral form. For other results, we refer to
[9, 37, 39, 40] and the references therein.

1.2 Introduction of Our Goal and Main Results

Among the investigations into normalized solutions of the nonlinear Schrodinger equa-
tion with critical growth, an new emerging interest is seeking the normalized solutions
under the critical exponential growth in the sense of the Trudinger—Moser inequality,
which was recently constructed by Alves et al. [3]. Under following hypothesis,

(F2) limj; -0 |f(t)|/|t|1 = 0 for some constant [ > 3;

(F3') there exists a constant ;g > 4 such that f (1)t > puoF () > Oforallr € R\{0};
(F4') there exist constants p > 4 and y > 0 such that F(t) > y|t|? forall t € R;
(F5') the function F(7) := f()t —2F(¢) is of class C' and satisfies

F'()t > 4F(), VteR,

they established the existence of normalized solutions to equation:

{—Au—i—ku = f(u), in R? (13)

Jr2 u’dx = a.
Their result reads as follows in this topic.

Theorem 1.3 ([3, Theorem 1.2]) Assume that f possesses critical exponential growth
and satisfies (F2)-(F4"). If a € (0, 1), then there exists y*(a) > 0 such that (1.3) has
a radial solution for all y > y*(a), where y is given by (F4"), moreover; this solution
can be chosen as a positive ground state solution if f also satisfies (HO) and (F5').

Based on the idea introduced by Jeanjean [21], forevery a € (0, 1), they constructed
a special (PS) sequence {u,} C S} := 5, N Hr1 (R?) such that

¢un) — 5°(a) > 0, ¢lg (un) > 0 and ¥ (un) — 0,
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where the mountain pass level ¢7°(a) depends ony and ¢ : H I(R?) — Ris given by

1
o) = -/ [Vu|*dx —/ F(u)dx,
2 Jr2 R2

on the constraint S, which is defined by

S, = {u e H'(R? :/ |u|? :a}.
]RZ

As a consequence of the Pohozaev identity (see [21, Lemma 2.7]), any solution u
of ¢ exists in the Pohozaev manifold given by

Mo={uecS,:9%wu) =0},

where ¥ is called the Pohozaev functional defined by
9 (u) = || Vul? —f [fu —2Fw)]dx, Yue H'(R?.
R2

Next, let us discuss a few key components of their proofs in the work [3]. By
establishing the crucial estimation

lim sup ||Vun||% — 0 as y — oo,
n—oQ

they could overcome the influence caused by the exponential critical growth. Indeed,
as long as lim sup,,_, o, [[Vu, ||% < 1 — a, then the following property

im [ fu,l® (e“”5 - 1) dx =/ la|* (e“ﬁz - 1) dx,
n— 00 Rz R2

is a natural conclusion, since we have the Trudinger—Moser inequality and the compact
embedding H,l (R?) < LS(R?) for any s > 2. Then they were able to derive the
Brezis—Lieb property

fRz Lf un)un — f)u — f(up — i) (up, — )] dx = o(1),

and also the convergence
[, 1@ = p@pinax = ot

if u,—i in H'(R?). In this case, the dealing process of their problem is similar to
the one of nonlinearities like f (1) ~ |u|? 2y with g > 2. After this work, a series of
subsequent studies have been done on the existence of different types of normalized
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solutions to the nonlinear equations in the planar case. Here, we refer to the work by
Jeanjean and Lu [23], and Chen and Tang [15] and the references therein for more
details.

Motivated by the above works, especially [3], in this paper, we discuss some refined
analysis for the existence of normalized solutions to nonlinear Schrodinger equation
with Stein—Weiss convolution term. As far as we know, our result is the first one in the
fields of seeking normalized solutions involving the nonlocal Stein—Weiss reaction.

To state our results, besides (F1), we make the assumptions on f:

(F2) limy o £/t =0;
(F3) f(t)t > (6 — ju — 2a)F(t)/2 forall t € R\ {0};
(F4) liminf)- o0 BAORES 0;

()([2

(F5) there exist constants My > 0 and By > 0 such that

F(t) = Mol f(D)I, Y t] = Bo.

Theorem 1.4 Assume that a > 0, « < u and f satisfies (F1)—(F5). Then equation
(Pa) has a radial normalized solution. Moreover, for any solution the associated
Lagrange multiplier ) is positive.

Remark 1.5 We would like to point out that the purpose of both Theorem 1.4 and
following Theorem 1.6 is to demonstrate that radial solutions exist for (P;). As a
result, we focus on the space H,1 (R?) since it compactly embeds in L*(R?) for all
s > 2 and aids in the recovery of compactness. The solutions in Hr1 (R?) are in reality
solutions in whole H ! (R?) according to Palais’ principle of symmetric criticality [35].

Set
21’*(6;20!*#) 20[0 2P*(6220*M)
y*(a) = 4-2&-,; T |:(4 o — M)Tfi| . (1.4
VC(N, w,)a 4 iy
4720:7;/.

where A is defined in (3.10).

Theorem 1.6 Assume that a > 0, @ < p and f satisfies (F1)=(F3), (F4') with y >
y*(a) and (F5). Then conclusions of Theorem 1.4 hold.

Let us now outline the main strategy to prove Theorems 1.4 and 1.6. Our arguments
are based on variational approaches and refined analysis techniques in order to com-
plete the proofs of main results. It is easily seen that solutions of problem (7,) can be
found by looking for critical points of the energy functional ® : H!(R?) — R given

by
D u) = l/ |Vul> — l/ <1M x —F(”)) F) g
2 Jre 2 Jre x|« J |x|*

By proposition 1.2, we know the latter term of the right-hand side of equation ® ()
is well defined if F(u) € L'(R?) for r > 1 given by 2/t + (u + 2«)/2 = 2. This
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means that we must require F(u) € LH%M (R?), which can be guaranteed by (F1),
(F2) and the continuous Sobolev embedding H' (R?) — LP(R?), where p > 2.
Furthermore, it is standard to show that ® € CI(H I(Rz), R). More precisely, since
the exponential critical growth in R? implies that the energy functional ® is no more
bounded from below on S,, and we shall look for a critical point satisfying a minimax
characterization. Here, we introduce the following definition.

Definition 1.7 For given a > 0, we say that ® possesses a mountain pass geometry
on S, if there exists p, > 0 such that

c(a) := inf max ®(g(r)) > max max{P(g(0)), P(g(1))}, (1.5)
gel', t€[0,1] gely

where I'y := {g € C([0, 1], 8,) : V(0|3 < pa. P(g(1)) < O}

We intend to make use of the above definition to verify the mountain pass geome-
try of our problem. Besides, we highlight how the Stein—Weiss convolution term, in
conjunction with the critical exponential growth, presents some new difficulties to our
approach, as well as the accomplishments in our paper, which can be seen below.

(i) One of the main challenges comes after the appearance of the Stein—Weiss convo-
lution term. We must confirm that the weak limit of the (PS) sequence of energy
functional ® is, in fact, the solution to the equation (P,). However, in the case of
exponential growth, the appearance of the Trudinger—Moser inequality requires
that the critical exponent « be less than 2. We notice that Alves and Shen [1]
provided a version of proof of such property; here, we would like to show another
version of proof based on the condition that « < p, which is motivated by the
method explored in Qin and Tang [27, Lemma 4.8].

(i) The work by Alves et al.[3] is significant in the field of normalized solutions in
the two-dimensional critical case, and the technique previously described demon-
strates that it is possible to control the energy level of the corresponding energy
functional arbitrary small by simply taking a large enough value for the param-
eter y. This estimation is one of the most crucial components that cannot be
overlooked because we are working with the exponential critical case. The first
technique we developed in this instance is to provide an exact lower bound y,
which is defined by (1.4). We shall provide a precise range of values for y to
fulfill the energy estimation in this method.

(iii)) We would like to point out that, in the ordinary methods, one usually could take
advantage of the Moser-type functions to pull down the critical value to a particular
threshold value. However, it seems like there is no such estimation in seeking
normalized solutions of the nonlinear equations except the very recent work by
Zhang et al. [41], where they used the traditional Moser-type function, then to
perform a stretch to satisfy the constraint mass and then gave the estimation. Here,
motivated by Chen et al. [16], we will directly improve the traditional Moser-type
function. By the suitable extension of the traditional Moser-type function, we can
obtain the test functions in H'(R?) on the L>-constraint S,. Another highlight in
this progress is our assumption with the growth on f at infinity is relatively weak
compared to the existing works about the Stein—Weiss convolution term.
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(iv) Our results are superior than those of [3] in that we additionally change the
constraint condition utilized in [3] froma € (0, 1) toa > 0.

Remark 1.8 We emphasize that the ground state normalized solution can be obtained
using our work with some additional assumptions. However, in some ways, finding a
ground state normalized solution is similar to the process explored as in our paper.

The organization of the remainder of this paper is as follows. In Sect.2, we shall
introduce some preliminary results and establish the mountain pass geometry of the
associated energy functional. In Sect. 3, we shall apply two different approaches to
give a precise estimation for the mountain pass energy level. In Sect. 4, we shall restore
the compactness and prove the existence of normalized solutions of the equation P,,.

Finally, we introduce some notations that will clarify what follows.

e C,Ci,c; (i =1,2,...) denote positive constants which may vary from line to
line.

e For any exponent p > 1, p’ denotes the conjugate of p and is given as p’ =
p/(p—1.

e B, (x) denotes the ball of radius r centered at x € R2.

e The arrows — and — denote the weak convergence and strong convergence,
respectively.

e L*(R?)(1 < s < 4o00) denotes the Lebesgue space with the norm |u|; =
(fz Il dx) 7.

ef:H:=H'(R? xR — H'(R?) is a continuous map defined by

B, 1)(x) = e'v(e'x) forve H'(R?), 1 € Rand x € R, (1.6)
where H is a Banach space equipped with the scalar product
((v1,51), (v2, 2)) = (V1, v2) +5182, YV (vi,s) € H, i =1,2,

and corresponding norm || (v, )|y = (||v||2 + |t|2)l/2 for all (v,s) € H.

2 Preliminary Results

In this section, we give some preliminary results which will be useful throughout the
rest of the paper.

Lemma 2.1 (Gagliardo—Nirenberg inequality [34]) Let g > 2. Then there exists a
sharp constant S; > 0 such that

2

q— 2
1/q q
lullg < Sg" IVull,? llully,

where Sy = ————, and Uy is the ground state solution of the following equation:

q
21041l

2 2 L,
—AU +——U =——|U|"""U.
qg—2 q—2
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To deal with the nonlocal type problem (P, ), we also need the following inequality.

Lemma 2.2 (Cauchy-Schwarz type inequality [25, Sect. 5]) For f, h € L _(R?),
there holds

71 hldx < 71 d. 71 h| ) |h|d %
/Rz<|x|2—ﬂ * 'f')' = Uw(pcﬁ—ﬂ * 'f')'f' ’“/Rz(|x|2—ﬂ x| ')' | x] '

Finding the bounded (PS) sequence relies on the mountain pass geometry based
on Definition 1.7. Especially, verifying the boundedness of such a sequence is not
trivial, which needs the information of L2-Pohozaev inequality. Here, we introduce
the following:

12 ,  htad F(tu)\ F(tu)
O (tu;) = E||Vu||2 - . I, x dx, (2.1

2 lx[* /x|

and

d
J(u) = a@(tu,)

4—pn—-2 F F
= ||Vul3 + #/ 1, x WY Fe,.
t=1 2 R2 |x|% ) |x|*

_/ <I/L X F(u)> f(u)udx.
R? x| ) x|

Following that, we show that ® has a mountain pass geometry on the constraint
S,, which is as follows.

(2.2)

Lemma 2.3 Assume that (F1)—(F3) and (F5) hold. Then

(i) there exists K (a) > 0small enough such that ®(u) > 0and J(u) > Oifu € Ak
and

0 < sup ®(u) < inf {CD(u) L€ Sa. |Vl = 2K(a)} , 2.3)

UEAK

where Ak = {u € Sy : |Vul3 < K(a)}and Arx = {u € S, : |Vul3 < 2K (a)}.
(ii) Tq = {g € C([0, 11, Sa) : IVg(0)[13 < K (a), P(g(1)) < 0} # ¥ and

c(a) = inf max ®(g(r)) > inf {CD(u) ‘u €Sy, ||Vu||% = 2K(a)}
gel', tel0,1]

> ?éall,x max{®(g(0)), ®(g(1))}.
Proof (i) Fixing @ > «y, by (F1) and (F2), we know that for any ¢ > O and any ¢ > 1,
there exists Cy ¢ g > 0 such that

4—p—2a

O = eltl =5 + Cagltl? (e =1), VieR 2.4)
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moreover, using (2.4), we deduce that for any ¢ > 0, there exists Cy . > 0 such that

|F ()] <

L Collt] (e‘”z — 1) . VieR 2.5)

Thus, by Proposition 1.2, Lemma 2.1, and (2.5) and by selecting & small enough,
we have

1 CQ2,p,a)
P = SVl - ——~—IF @I’
2 u—Za
1 c2,pu, 4 2(6—p—2a)
2 E”VU”% — % </ C1847M—2a |U| 475720, dx
RZ
Fp—2a 2 a= ;f—Zot 10-p—2a #
_|_f ClC M o (eow _ 1) |v| 4—p—2a dx>
1 C(Z,M’a) 4—p—2a 6— 12
= SIVol3 = =00, T e ”””M
nw—2c0
C 2’ s 4—p—2a
_CQ2.p Ot)C3C1 - Cﬁ,g

4—p—2a 4—p—2
4 2(10—p—2a)
|U| 4—pn—2a
R2

2 C(zv [L,(Y) doule 2 dude

1
bep—2
ZEHVU”z_TCZCl : 882(6/4205)61 m= a”VU”z
4—pn—2a

CQpua) . w2 2 e

——F—C3C, 2 Ciue et n-2« — 1 [dx
2 ’ R2

_A4=p=20 4—p—2a 3
52(10,M,2a)a Z || Voll3

4—p—2a

1 4—p—2a
2 4—p—2 2 3
=5 IVvll; = Caa K| Voll3 — Csa 2 [Vl

1 2 4—p—2a
Z||VU||2 Csa e ||Vv||2

v

Now, let 0 < K be arbitrary but fixed and suppose u, ug, v, v9 € S, satisfy that
||Vu||2 K, ||Vv||2 2K, and ||Vv0||% = 2K. From above, when K > 0 is small
enough, we can say that ®(v) > 0. Similarly, we can obtain that J(v) > 0 and again
by selecting ¢, K small enough, we have

1 1 F F 1
(o) = @) = 3 Vuoll} - 5 /R <1u x (”O)) SO SIvul3

2 el ] x|®

1 Fu)\ F(u)
+§/Rz ("‘ X |x|a) e &

5K Coa* 222K — Cya™ 5 2K
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4—pn

T K)2 > éK.

1
=-K —Cga
4

From above, there exists K = K (a) > 0 sufficiently small such that ® (x) > 0 and
J(u) > 0if u € Ay, and (2.3) holds.
(ii) We first prove that I';, # . Using (F3) and (F5), it is easy to see that

F(t) > F(Bosign(1)e"=P)/Mo -y 1] > g, (2.6)

For any given w € S,, we have |tw;|» = ||w|2, and so tw; € S, for every ¢t > 0.
Then (2.1) and (2.6) yield

O (tw;) - —0o0 as t — +00. 2.7

Thus we can deduce that there exist 7 > 0 small enough and #, > 0 large enough
such that

IVwe) I3 = 2IIVwl3 < K@), V(w3 = 3 1Vw|3 > 2K (a) and d(wy,) < 0.
Let go(t) := (t1 + (t2 — 1)) Wt +-(1,—1;)¢- Then go € T'y, and so I'y, # ¥. Now using

the intermediate value theorem, for any g € I'y, there exists 7y € (0, 1), depending on
g, such that || Vg(to) |13 = 2K (a) and

max (g(1) = @(gli0)) = inf [®(u) :u € S, |Vul} = 2K @]

which, together with the arbitrariness of g € I',, implies

c(a) = inf max ®(g(r)) > inf{dD(u) L€ Sa. |Vl = 2K(a)}. (2.8)
g€l 1€[0,1]

Hence, (ii) follows directly from (2.3) and (2.8), and the proof is completed. O

We recall that any solution of (P,) lives in the L?-Pohozaev manifold given by

=o}.
t=1

Remark 2.4 From J(v) > 0 when v € S, and ||Vv||% < 2K, we can deduce that for
any a > 0, there exists a constant p(a) > 0, just depending on a > 0, such that
IVulla > p(a) forallu € M,.

.= {u €S,:J) = %q)(lut)

Next, inspired by [21], we consider the following auxiliary functional:

62 e(u.+2a74)t

) t
b, 1) = @B, 0) = —Vvl} - ——— /R (1" :

F(e’v)) F(e'v)
— dx
2

|x[* |x|*

(2.9)
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We shall show that ® also possesses a kind of mountain pass geometrical structure
on S, x R. Since the proof is standard, we omit it here.

Lemma 2.5 Assume that (F1)—(F3) and (F5) hold. Let v € S, be arbitrary but fixed.
Then we have

1) VB, )2 = 0and ®(B(v,t)) — Oast — —o0;
@G) VB, t)|l2 > +oo and ®(B(v,t)) - —ocoast — +0o0;
(iii) there exist s1 < 0 and sy > 0, depending on a and v, such that the functions
= B(v, s1) and vy = B(v, s2) satisfy
V33 < K(@). V5213 > 2K (@) and ® () <O0.

Lemma 2.6 Assume that (F1)—(F3) and (F5) hold. Then

c(a) = &a) == inf 111[3>§]q>(g(r)) > maxmax{cb(g(O)) CD(g(l))]

gEF Te g€l
where
T, = 1{g € C(0, 11, S, x R) : §(0) = (81(0), 0), V&1 (0I5 < K (a), P(g(1)) < O}

By the argument explored as in [35], we know that forany a > 0, S, is a submanifold
of H'(R?) with codimension 1 and the tangent space at S, is defined as

Tuz{veHl(Rz): uvdx:O}.

R2

The norm of the C! restriction functional CDI:Sa (u) is defined by

lols, @)l = sup (@), v).
veTy,|lv[=1

AsinJeanjean [21], forevery (u, t) € S, x R, we define the following linear space

Tu,, = {(v,s) eH :/ uvdx =O}.
R2

We see that q~>(v, 1) is of class C! and for any (w,s) € H,
<ci>’(v, 0, (w, s)> = o f Vo - Vudx + 25| Vo3
R2
_ e(l/-+2a—4)t/ I x F'v) fe'vew
R? x| x|«

4 - —2a)s F(e'v)\ F(e'v)
+ Ded—pn—2a)t A;Z I“ X |x | |x | dx
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s ! F(e'v) f(e’v)elvd
T o@—p=2a) R2 w X |x | x| X

=(@"(Bv, 1), Bw, D)) +5J (B, 1)).

The norm of the derivative of the C! restriction functional & |s, xR is defined by

1905,z 0l = swp (Bl w0, @,9).
W,)€Tur 1(v,9) | m=1

In the same way as [21, Proposition 2.2], we have the following proposition.

Proposition 2.7 Assume that ® has a mountain pass geometry on the constraint Sy X R.
Leta > 0 and {g,} C I'y be such that

- 1
max ®(g,(t)) <cla)+ -, VmneN.
7€[0,1] n

Then there exists a sequence {(v,, t,)} C S; X R such that
L ®a. tn) € [6a) = 3. @) + 3]
2. minzeo,1) [[(Vn, tn) — §n(T)IIH < \/%
||CD|S XR(Un’ W) < f ie.,

D (U, tn), (v, )| < Y (v,s) €T,

nstn

fll(v ).

Note that

S0 = (@00, 01)

o (G—p—2a) F(e'v)\ Fe'v)
=e”[[Vvls + e Jo, \ 1% e e
1 F(e'v) f(e'v)e'v
e I, x m ” dx
e 13 R2 |X| |.X'|
=J(B.1), Y(v,1)eH. (2.10)

With the aforementioned lemmas, we can get the desired sequence as follows.

Lemma 2.8 Assume that (F1)—(F3) and (F5) hold. Then there exists a bounded
sequence {u,} C S, such that

®(u,) — c(a) > 0, <I>|£Sa (up) = 0 and J(u,) — 0. (2.11)
Proof Let

up = B(vn, tn) and g,(7) = B(gn(7)) for v € [0, 1], (2.12)
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where 8 is defined by (1.6), v, t,,, and g, are given in Proposition 2.7. Then u,, € S,
and g, € I'; by (ii) of Lemma 2.3. Moreover, by (2.9), (2.10), Lemma 2.6, and

Proposition 2.7, we have

D (up) = vy, ty) € [c(a) L c(a) + 1] :
n n
and
T(uy,) = (cb/(vn, i), (O, 1)> )

By (F3), we have

c(a) +o(l) = P(u,) — %J(un)

—6+u+2a/ Fu)\ F(u)
= IM X — dx
4 R2 [x] ) |x|*

+/ (IM x M) LACLN
R? x|/ lx|*

6—pn—2 F F
> #/‘ I, x @) (u)dx,
i e o) e

(2.13)

(2.14)

which implies that [, (IM x mg) P g is bounded. Using (F3) and (F4), we know

that for any § > O there exists Rs > 0 such that
f®rt=>8F@) >0, V]|t|>Rs.
Then we have
c(a) 4+ o(1)

1
= P(un) = 7 J (un)

| 1 F Fu — L2 F )
= —||Vun |3 + —/ <1M % (u)) [ 2 ]
4 litn|<Rs

4

|x|*

fu — 3422 p )
+1/ (IM x F(“)> [ ’ ]dx
[tn|>Ry

4 x| |x|*

|x|*

[ 5452 P ) — £ @] i i<r

|x|*

X
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1
(L5 ]
R? x|/ |x|*
4;42 4;/. —2a 2
Clun| Clun|
[ (oo Jom 7 low ]
R2

dx
| x|«

1, cC
Z”Vun“z— 7

A%

v

1 4—p—2 2 .
annu% Cllun ]S> by taking § = 4,

which implies that {u, } is bounded in H!(R?). To finish the proof, it remains to prove
that <I>|S (uy) — 0, 1ie. <CI> (uy), w) — O for all w € T,,. For this, we just need to
show that {(B(w, —1,),0)} C Ty, ;, and {(B(w, —t,), 0)} is bounded in H since

ns tn
(@ ), w) = (& W, 1), (B, 1), 0)) = %Il(ﬂ(w, ~),0)ln, YweT,.

Indeed, for any w € Ty,

/ uwdx =/ emv, (e"x)w(x)dx =0,

R2 R2

we have

/ v () B(w, —t,)(x)dx =/ v, (x)e mw(e Mx)dx :/ e, (e"x)w(x)dx =0,
R2 R2 R2

which implies

(Bw, —=1,),0) € Ty, 1,- (2.15)

Moreover, by (ii) of Proposition 2.7, we have

[t;] < min ||(v,, 1) — g’n(f)”H < 1forlargen € N,
t€[0,1]

which leads to

1(Bw, —t,), 013 = 18w, —t:) ]I

= e 2 |Vulls + ]} < &lw]? for large n € N.

This shows that {(8(w, —t,),0)} C Ty, s, is bounded in H. Jointly with (2.15), we
get <I>|S (un) — 0. From this, (2.13) and (2.14), we conclude that {u,}, defined by
(2.12), is bounded, and satisfies (2.11). The proof is completed. O
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3 Energy Estimates for Minimax Level

In this subsection, we give a precise estimation for the energy level c(a) given by
(2.8), which helps us to restore the compactness in the critical exponential case in next
p p p
subsection. .
Let k := liminf ;- fa (()tt)Z By (F4), we know that k > 0. Then we can choose
e
d > 0 such that

Q2 —W)3— W — W@ —2a — (1 +e)ml" 3"
= 4=2a—pn . (31)
26n2d4—2a—ua0 2

For large n € NV, let R, > d be such that

2

) 4 8
1+ 2log2 +2log"2 — — — — logn
n n

log?2
48(2R, — d) logn

‘= 16logn

(8R3 +4R%d — 10R,d* + 3d3) .

Then one has

. R? 12a
lim =—=.
n—00 log n 10g 2

Now we define the following new Moser-type functions w,, (x) supported in By :=
B4(0)

Viogn, 0=<lxl=d/n;
Wn(¥) = — 2@0710(;2 dm =l = dr (3.2)
V2T | GRa—diyiogn® 4/2 =1 = Ras
0, x| = Ry.

Computing directly, we get that for large n € N,

log2 (2R, +d)log?2
logn 2R, —d)logn —

IVw, I3 = /R |Vw,|?dx = 1 — (3.3)

and

5 ) d/n
lwn Il =/ lwn|“dx =/ (logn)rdr
R2 0

+/d/2 logz(d/r)rdr fRn 4(R, —r)210g22r .
dm  logn a2 (2R, —d)*logn
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2 4 8
- 1+2log2+2log?2 — — — —1
16logn ( +eloga2log n?2  n? ogn)
+ log*2 (8R3 4+ 4R2d — 10R,d> + 3d3)
48(2R, —d)logn \ " n "
=da.

We also give the observation on the estimation of convolution term.

—2a
/ / dxdy > / / ——dxdy
Bpn Y Bpn |x|a|x - y|M|y|a Bp/n Bp/,, )’|“

4—20—p
(2—M)(3—M)(4—,U«) (f,) '

Lemma 3.1 Assume that (F1)—(F4) hold. Then there exists n € N such that

sup @ (1 (wi),) < W. (3.4)

t>0
Proof By (F4), we may choose ¢ > 0 small and 7, > 0 such that

1) = (k — )e®”, rF(z)z%e“O'z, V|| > 1. (3.5)

Using (3.3), we have

t? 5 1 F(twy () \ Ftwa(x))
S IVwally = 55— dx
2 2047201 fpo \ Jga |x — y|#]y|® |x |

12 1 / (/ F(w,(y)) ) F(twp(x))
- dx,
2 264720k Jgo \JRe |x — y|#]y|® x|

VYt >0, forlarge n € N.

@ (t(wn)r)

There are three cases to distinguish. Without mentioning, all inequalities hold for
large n € N in the rest of the Lemma.
Casei 1 € [O, V@ =20 — u)n/2a0]. Then by (F3), we have

12 1 F(tw,(y)) \ Fw,(x))
D)) =5 - /Rz (/H;{z . _WW) 2o

t (4 200 — w)m
2 4oy

3

which yields the existence of 7 € N satisfying (3.4).

Case ii 1 € [J@=2B— wn/200, /& =20 — )(I + &)m/ag]. In this case,
twy(x) > t; for x € By, and n € N large. Then it follows from (3.2) and (3.5)
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that
1 F(twn(y)) \ FQ@w,(x))
4—20— o o dx
2t # w2 \Ur2 [x — y[*]y] x|
1 F@w,(y)) \ F(w,(x))
Z 532 dx
2657201 J By \J By 1X = YIHIYI® x|
7'[3d472a7M(K _ 8)2ea0n’1tzlogn
Z 9
2= B — W)@ — pynt=2" 1o logn®=2a=n
then

12 1 F(tw,(y)) F(twy (x))
PUn) =5 = Janey /R (/R =y ) we

B ) n3d4—2a—u,(K _ 8)2€a0n’1t210gn
T2 2-wG—wE— wnt2rallognt6-2e i
) 2 n3d4—2a—ua;72‘217“
= 5 = 6—2a—u
2 2-wB-wE—wlE—2a—wl+em] 7
(K _ 8)Zea0n’11210gn

n4—2e=ilogn
= @n(1).

Choosing f,, > 0 be such that ¢/, (t,) = 0, then we have

4—2a—p _
L 2n2d472a7ua0 2 (K o 8)2601071 lt,% logn
6—2a—, 4D —
Q—w@— W —wlé—2a—wl+erl 2 s
Let

2 14-2 o
By =2n7d" " Py

Bo=(2 - wG— 10— Wl —2a — (1 + )] 2",

then it follows that

oo @2 wn [1 ., log B> — log(B1 (k - 5)2]}

oo 4 —20 —pn)logn
4—20 — Bi(k —¢)?
_( o—pmT o [Bi(k — &) ]’ 3.6)
oo oo logn B
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and

t2
on(t) < op(ty) = 2

——F—, Vt=>0. 3.7
2 2aplogn - 37
Using (3.6) and (3.7), we are led to
2
t e
H< 2 - -
onll) < 2 2aplogn
. 4 —-2a — wm T o Bi(k — 8)2 b4
o 2 20 logn & B 200 logn
4 — 2o — Bi(k —¢)?
2 200 logn 2

where from (3.1), we know that

4—2a—n

2n2d4—2a—ua0 2 (k — 8)2

1 + log 6201t
C-wG-—we@—-—wlé-20—-—wd+e)m] 2

> 0,

thus we have

B (t(wy)y) < S 20T ”

[H]Og B](K—£)2:| - (4—205—”)71‘

20 B 200 logn B 20

Then we deduce that (3.4) holds for some n € N.

Caseiv 1 € (V4 —2B — w)(1 + &)m/ayp, 00). Since tw, (x) > t, for x € By, and
n € N large, we deduce from (3.2) that

2
St (wn)) < = ;/Rz </R F (1w, (y) dy) Fltwn()

2 2% 2am 2 Jx — ylElyl® x|
12 T3g42a—n (k — 8)2ea0n—112 logn
2 2B - W@ — ) n-2engdlogni®- 2k
@-28-w+em
20
ﬂ3d4—2a—u (K _ 8)26(4—2ﬂ—u)810gn

=<

Q=G =@ =) adlognl(4 - 26 — (1 + ey/ag] T
_@=28— (4o
- 3ag

’

where we have used the fact that the function

2 g3g42e—n (K — E)Zeaon’ltzlogn

t
1):i=—=— ’
)= = T G G- n*20-ng2 log nt6-2a—n
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is decreasing on t € ( H;[—;”)”(l + ¢), +oo) for large n. In fact,

) =t 3d420—1 (K — 8)2 eﬂloﬂ_llzlogn
Pnll) = 2— w3 — )@ — ) n4-20-1glogn 1772k
20 log nt?
(w_(é_za_m>_
T

Assume that s, > \/ W(l + ¢) such that ¢/, (s,) = 0 for large n. Then

sS—Zot—u. _ 7T2d4—2a—u (K _ 8)2 '
" 2 - WG~ W@ — u) n* 2}
<2a0s3 _ (6 —2a — M)n) eaon"s,% logn’

logn

which yields

ng (4—ZZ—M)H [+

0
logl2 ~ )3 — )4 — padsh 7] — log (w2421 ¢ — 72 (2ags} — C=Fecir )
(4 —2a —p)logn
. S S L) il wadsy
a0 @ologn " 72420 e — )2 (2asf — ET)

2 _ @=2a—jhm

This implies that lim,,_, o 5, = 0

, a contradiction. So ¢, () is decreasing

for large n when t € (\/W(l +e), +oo). Thus (3.4) holds for some 71 € N.
Till now, we have completed the proof. O

Lemma 3.2 Assume that (F1)—(F5) hold. Then c(a) < 27 /o for any a > 0.
Proof Let wj; be given by Lemma 3.1. Since ||V (wj), I|% = 1?|Vw; II%, we know that

there exists t,, > 0 small enough and 7, > 0 large enough such that ||V, (w7), ||% <
K (a) and ®(T,,(wi)T,) < 0by (2.7). Set

go(t) = [ — 1)ty + tTwl(wa)1-v)yry+:1» YT €0, 1].

Then go € I'y. Jointly with the definition of c(a), we have c(a) < 2w /g for any
a > 0. O

Lemma 3.3 Assume that f satisfies (F1)=(F3) and (F4") withy > y*(a). Then c(a) <
[(4—2u — B)]/Qap), where y*(a) is given by (1.4).
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Proof Since

o 2p—(4=2a—p) 42—
_42e ) IVull llull,
c ., = inf 2 ’
fros ey ueH' (R?)\{0} flaell p4p

4="2a—p

we can choose v, € S, such that

o 2p—(4—20—p) 4=2a—p o
_4-2a—pn ”an” a 2 _4-2a—n 1

-z 2 2
¢ .. < - <C ,> +-. VYneN. (38
4=2a—pn ” u || 4p 4="2a—pn n

4—2a—pn

Note that

;2 2 1 F(tv,(y)) \ F(tva(x))
Ca)e) = EHVU"HZ C A 2a—p /Rz (/RZ |x — )’|"|)’|°‘> | x| dx

BLATS ||2_;f / Pl WIP | ylion 1P
=5 nll2 24—"2a—p r2 \JR2 |x — y[#|y|* x|

Y22, pu, )P~ G-2emw)
lvnll™ 4,

2 4—2a—n

2
2
< 3||an||2 -
‘= g,(1), V>0, neN. (3.9)
Let g, (#,) = 0, then one has
2| Va3

2p — (4 — 20 — W1y2CQ2. . ) vall Py,

4—2a—p

2p—(6-2a—p)
iy =

It is easy to see that g, () < g,(#,) for all t > 0. We define that

820 )=2p
22p=6"20=w) [2p — (6 — 200 — )]
= 2p—(4—2a—p) °

[2p — (4 = 2 — )] 2r=C2=0)

A: (3.10)

Then it follows from (3.8) and (3.9) that

1 2p—(6—2a—p)
D(t(vn)i) < gn(tn) = A (—)

y2CQ2, 1, )
2
2p—(6—2a—p)
2p—(4—2a—un)
Vv, ”217
2p
lvnll™ 4,
4="2a—pn
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2
, C774*ngﬂ 1\ 7@
1 G | gk
<A|57—— — 5 ,
y2CQ2, p, o) a T
Vt>0,neNlN. (3.11)

Since p > 6_2% and y > y*(a), then there exists €y > 0 such that

y =y @ — 60)[(6—2W—M)—2P]/4

2p—(6—20—p) 2p—(6—2a—p)
_ E |: 20 i| 4
- 4—20— 4—2a—n _ _ _ ’
CO S “ e 4?’ 4 —20 — pwym(l — &)
4-"20—n

which together with (3.11) imply that

2
420 =6-2a—m
¢ 47 ’ + %
, 4—2a — 1 -
ORI = — G20 wrld =) gy, g pen,
e 20
c o
4—20—pn
which implies that there exists 7 € N large enough such that
4 —2a — u)mw
max B (1(vy),) < G 2ET T (3.12)
t>0 20

Replacing wj by vj; in the proof of Lemma 3.2, we can get c(a) < max;~qo D (¢ (vj);)
for any y > y*(a). From this and (3.12), we derived the desired conclusion, and so
the proof is completed. O

4 Restore the Compactness

Let us first establish the following two convergence results which contribute to the
final proof.

Lemma 4.1 Assume that o < [, u,—u in Hr1 (R?) and

/ </ F(uy(y)) dy) f(un(x))un(x)dx <K,
r2 \JR2 [y[*|x — y|* x|

for some constant K > 0. Then for every ¢ € Cg° (R?), we have

lim ( [, L) dy> fUn)e) |
R2 \/R

=00 2 | y[*lx = y|® x|

@ Springer



Normalized Solutions for Schrodinger Equations with Stein-Weiss... Page 250f38 341

f (/ F(u(y)) d ) fu(x)e(x)
= y dx.
Rr2 \JRr2 [¥|¥|x — y|* x|

Proof By the Fatou’s Lemma we have

/ (/ Fu(y)) dy) f@))u) <K
r2 \JR2 [y[*|x — y[# |x|*

Take Q = supp g, for any given ¢ > 0, let M, := K||¢|looe ", then it follows that
for n large enough,

/ (/ F(uy(y)) d ) | f (un(x))@(x)]
y dx
(Jun|>Mo)U(ul=M,) \JR2 [Y|*[x — | x|«

3 26 (/ F(un(y)) dy) f(un(X))un(X)dx < 2¢,
R

=K Sz Ure Iyl =y e

and similarly

/ (/ Fu(y)) dy) |f(u(x))g0(x)|dx —
=M, \Jr2 [y|[*]x — y[* |x |«

Since | f (un) | Xjuy)<m, — 1F @ Xjuj<m, a.e. in Q\D,, where D, = {x € Q :
|u(x)| = M.}, and

|f(un)|X|un|§Mg < max |f(t)| <00, VxeQ,
[t <M,

the Lebesgue dominated convergence theorem leads to

4 4
i | )2 dx =f | ()| 72 dx.

> 00 J(Q\D)U{Jun | <M} (Q\De)U{lu| <M.}
Here, we choose K, > f( such that

4—2a—pn

1
ol (”f?’c ) [20(2,u,a> f |f<u>|4zi‘wdx} T
& Q

/ [F(u(y))anzxg dy] If(u(X))wldx .
lu| <My

[y[*lx — y|* |x|*

and

With the help of Lemma 2.2, we have

/ (/ F(un(Y))X|un|2Kgd ) | f (un (x))g]
y dx
(lunl<M)N(ul#M) \JR2  [y[*]x — y[# ||
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1
F F 2
< 10llso [/ (/ Un () Xjun|> K dy) (n (X)) Xjup|> K dx}
R2 \JR2  [y[¥]x — y|* x|
1

8 [/2 (/‘2 |f(un()’))|X(§2\D€)ﬂ{|un|§M€}dy) |f(“n(x))|X(Q\D£)ﬂ{\un|§M£}dx}j,
R2 \JR

[y1¥1x — y|#* ||

then from (F5) and Proposition 1.2, one has

/ (/ F(un(y))X\u,,\ZKgd ) | f (un(x))p]
y dx
(lunl<MN(ul#M) \JR2  [y[¥]x — y[# |x |«

1
< lolles [/ (/ Fun(y)) dy) F("”(x))dx]z
lug|>K. \JR2 [y[¥]x — y[* x|
1

y [/ (/ |f(un(Y))|X(S2\D5)ﬁ{|u,,|§M5}dy) If(un(X))IX(Q\DE)n{|un|§ME}dxr
R2 \JR2 [y|*|x — y[* x|

1
Flin(») )F(un(x» ]f
< d dx
= #lleo [/\u,,\zm (/Rz e — i) T
4 4—2a—pn
x [C(z, o) f | ) |7 dx]
(Q\De)ﬂ{‘un‘SMe}

1
oo [ [ ([, D ay) L, |
Ke Jiu, =k, \JR2 [y[*|x — y|# x|

4—20—n

x [26(2,u,a) / | ()| 72 dx +o<1)]
Q

4—2a—n

1
SII(ﬂIIoo(Ai(.)K)z[2C(2,H,0l)/9If(M)Ii“‘Zi‘#dx] b o) <e+o(l).

&

For any x € R2, define Zn(x) and ;_'(x) as follows:

F(u, up|<Ke
£ (0) ::/ | F(u £Y))|X\ Wl<K dy.
R2 |y|¥lx — y|#

and

_ F ul<
F) :Zf [ F(u(y))lx \,Kgdy
Rz |y[¥lx — y[#

Let us first point out some relationships here. For fixed x € R?, we consider the
term

1
/ 4
x—y|<R [Y1¥P1]x — y|*P)
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When x € R2/Brg(0), y € Bg(x), thus |[x — y| < |y|. Select p; such that
(u 4+ @)p1 < 2, and thus we have,

/ 1 dy < / ;dy -0 (R2—(M+a)p]) )
lx—y|<R |y|ot[71 [x — y|ﬂ[71 lx—y|<R [x — y|(l1-+01)171

When x € Byg(0), one has

1 1
e
/|x—y|§R |y|«P]x — y|P yl<r |y|Fer:
+ / G dy = O (R ).
[x—y|<3R |x —_ y|(a+M)P1 Y

That is

/l 1 dy < o (R27(u+oz)171> )

x—y|<R |)’|‘”" |X - y|‘”"

Choosing ¢ such that g < 2 < uuq, one has

1
[y = ®
x—yl=R [¥1¥|x — y|*a

1
/ rTPE—TTe +/ rTPE—Te
(R2\Br()NBR(0) 1Y% |x — ¥| (R2\ Bg (0)NR2\Bg (0)) Y% |x — ¥|

< L 1 dy + L édy -0 (RZ—(OH-M)q) )
RH4 [y <R |y R* Jr2\gp(x) X — y[H4

Then from (2.4), we have

Ig“n(x)—g:(x)IS/ ||F(Mn(Y))|X|u,1|§K8—|F(M(Y))|X|u|§K£|dy
R2 [y1lx = yI#

1
(f )"
X —dy
x—y|<R |¥|*P1]x — y|#P1

’
+ [/ [1F )| Xy )<k, — |F @) xja<k, | d)’}
[x=y|>R

1
(f )’
X —dy
[x—y|>R [y[¥9|x — y|*d

< O (R¥m=ar) [/ [|F @)X <&, = |F @<k, | dy]
|x—y|<R

1

_ 4 P

< [/ [IF ) Xjuy )<k, — 1F @ xja<k, | dy] !
[x=y|<R

q

P

vo(Rlemy ([ F i, <k, ~ F@b<x. | 0 )’
[x=y[>R
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1

= O (R¥P—e) [1F @) Xy <k, = 1F @<k, | dy |7
|x=y|=R

2 (@=2a=p (@4=2a—p)p

—o— 4 = 4

+O (R ! M) [“”" I amzaspg + 11 (4—2a—u>pq’]
7 7

<0 (RZ/PI—“—“) on(1) + O (Rz/q_"‘_“> .V xeR2

which implies that for any x € R?, we have ¢,(x) — ¢ (x). Similarly, by choosing
suitable p, and p3, then for any x € R2, we know that

F
12 (0| 5/ | (un(x))|X|u,l|§Kgdy
R y|¥lx — y[#

1 1
/ ra 1 2
Py
F(ttn (X)) Xjun <k |7 dy} [ / —dy]
U|xy|sR| 2D Xiun k| _yl<k Y1972 ]x — y|p2

1 1
! ra 1 3
+ / F (0 (X)) Xjun <k |7 dy] ’ [ / —dy}
|: [x— y|> | ! nl= | [x—y|>R [y|¥P3|x — y|HP3

IA

2 2/ 2 (4 Za wp
7
< C.
It follows that
Cn(X)f(un();))x(x)xmﬂgm <c ’w(x)ma><||z||§Mg If(t)l‘ - |C|/a .
X X

By o < 2, it is easy to verify that \XI" € LIOC(R2) Therefore, together with

L (x) — ;(x) and the Lebesgue dominated convergence theorem, we have

/ </ F(un(x))Xlunnggd ) | f (e (x))p(x)]
y dx
(unl<MoN(il£Me) \Jr2  [y[¥]x — y|# x|

<f F(u(x)) Xju|<k, ) |f @(x))p(x)|
— dy dx
lu|<M, R2

Iy[*]x = y[# |x[*

From the arguments above all and by the arbitrariness of ¢ > 0, we can conclude
this Lemma. o

Lemma 4.2 Assume that {u,} is bounded in Hr] (R?), up,—u in H,1 (R?) and

r2 \Jr2 [y[*]x — y|* el
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Then we have

/ (/ F(un(y)) dy) F(un(X))dx_)/ (/ Fu(y)) dy) Fu@)
r2 \JR2 [Y[*]x — y[¥ x| r2 \JR2 [y[*]x — y[¥ x|

Proof In view of u,—it in H!(R?), we know u,, — u in L4(R?) with ¢ > 2. By [35,
Theorem A.1], there exists g € L9 (R?) such that

lun(X)] < g(x), |u(x)| < g(x), ae. x € R%.

For any given ¢ € (0, My/ty), it follows from (F5) that

/ </ Fun(y)) d ) F(un(x))
y dx
lun|>Moe—! \JR2 [¥]¥[x — y|H x|
- Mo/ </ F(un(y)) dy) lf(u"(x))|dx
lun|=Moe—! \JR2 [¥[¥]x — y|* [x]*

< / ( / Fun (7)) dy) S )
lun|>Moe—! \JR2 [¥[¥|x — y[* x|«

Similarly, one has

/ </ F(u(y)) dy) F(u(x))dx < ce.
lul=Moe—! \JR2 [¥|*|x — y[* x|

Now, we can choose R, > 0 such that

/ (/' Fu(y)) d ) F(u(x))
y dx < g,
R2\5g, | \Jr2 171 — I @

/ </ lu(y)|? d ) |u(x)|?
Yy
R2\Bg, | \JR2 [y|*|x — y[¥ x|

dx < ¢,

and

dx < e.

/ / gé-i-l dy gé-i-l
R2\Bg, | \JR2 [Y[¥|x — y|* x|

Let C be the constant in (4.1) and choose K > max{C My/e, to} such that

/ (f wa» @)ngwdx<a (4.2)
lul<Mos—! \Jju=k 1y¥lx — y|* x|
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By (F5), one has
/ (/ F(u,(y)) ) F(un(x)) X B,
dy dx
lunl=Moe= \Jjuy =k [Y1%1x = y[# |x |
p 1 (/ F(Mn(y))un(y)dy) F(un(x)) X B, e
K Jjui<moe=t \Jjup 1=k 1Y1%|x — y[* x|«
< %/ (/ f(un(y))un(y)dy) Fun )by,
K S <moe=! \Jjun=x  1Y1%1x — y|# x|
<M / ( / F (un (y)) dy) fn@un ) - 3
K Jr2 \Jgr2 [y[*|x — y|* x|

By (F2), we know that there exist C > 0 and g > (4—22& such that for |¢| < K,

|F(1)] < Cle)a+!, (4.4)

Thus we have

F(uy(y)) d F(uy(x))
e o4y > dx
{R2\Bg, In{lun| <Moe="} \Jluyl<k [VI¥1X = Y] |x|
G+1 G+1
C/ / tn dy tn dx
R2\Bg, \Jjun<k [V[%1x — y[# x|
G+1 G+1
c / f § dy | E—dx < e,
R2\Bg, \Jjus|<k [Y1¥x — y[# x|

IA

IA

which leads to

/ [(/ F(un(y)) d )F(un(x))
y
[R2\ B, )N{un<Moe=1) L\JR2 [¥|%]x — y[# x|

(/ Fu®) ) F(u(x))} ‘
- y dx
r2 [y[¥|x = y[# | x|

F(u,(y)) F(u,(x))
< dy dx
[R2\ B, IN{lun|<Moe—1} \JR2 [Y|¥]x — y|# x|«
F F
+ / (/ (u(y)) dy) (M(X))dx
[R2\ B, N{lun | <Moe=} \JR2 [Y[*[x — y|¥ x|«

F F
< o4 / ( / (un (y)) dy) (1 (x) dx
{R2\ B 0{Jtn | <Moe=1} \Jjuy 1<k Y11 — y|* x|

F F
+/ </ (un () dy) (u"(x))dx (4O
{R2\ Bg, IN{[un|<Moe=1) \Jjun|=K 1¥1¥x — y|* x|
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On the other hand,
/ |:</ F(un(y)) d ) F(uy(x)) (/ F(u(y)) ) F(u(x))]
y — dy dx
Br, R2 [y[*|x — y[# x| R2 [y[¥|x — y|* x|
/ ( F(un(y)) dy) F(un(x))dx
B N{lun|<Moe=1) \IY[*|x — y[¥ x|
_/' ( F(u(y)) dy) F(M(x))dx
B, N{lul<Moe—1} \|¥|¥lx — y|* x|«

It remains to prove that as n — oo,

/ < / F(un(y)) ) F(un (X)) XBp,
dy dx
(lunl<Moe=1y \JR2 [¥[*|x — y|H ||

N (/ Flu(y)) dy) P Xy 4 (4.5)
(=poe) \Jr

2 |y[¥lx = yl# |x|*

< 2Ce +

Combining (4.2) with (4.3), we can see that

‘/ {/ Fun(y) | FQn(x)xBy,
dy
lunl<Moe=! U g1z 1Y1%1X — y|H* x|

/ (/ F(u(y)) ) F(u(x))XBg, }
- dy dx
=k \JR2 |x — y[* |x |

In order to prove (4.5), it remains to verify that as n — 4-oo there holds

F(u,(y) F(un (X)) X B,
dy dx
(lun|<Moe=1) \Jjup <k 1¥I%|x — y|# x|

/ </' Fu(y)) ) F(u(x))XBpg,
— dy dx.
(lul<Moe=1y \Jjuj<k |¥1¥]x — y[# [x]*

Indeed, it can be easily verified that as n — oo,

F(un(y)) F(un(x))
| dy X{BggNlun|<Moe~"}

unl<k 1Y[%|x — y[# |x]¥

F(u(y)) F(u(x)) o
- dy X{Bg.Nlu|<Mye~1} POINLWISE a.e.
|

ul=k |y1*1x =yl |x|*

< 2s¢.

From (4.4), we have

/ </ F(u,(y)) d > F(u,(x))
y dx
B, Nlun|<Mos= \Ju, <k 1YI%|x — y|# x|«
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u q+1 o (x g+1
SC/ / [y (P)] dy |1y (x)] dx
B, Nlunl<Moe= \Jjun|<k 1Y1%lx — y|# ||

G+1 G+1
< C/ / lun ()] (y)dy |17 ()| dx
Rr2 \JR2 [y|¥|x — y|# x|«

2(g+1 2(g+1
< C-Cu, ) un2H) — € - Clu, ) u) ) as n — oo,

4—"2a—n 4—2a—pn

From [10, Theorem 4.9], there exists F € L! (Rz) such that up to a subsequence,
still denoted by {u,}, for each n € N, we have

Fuy F(uy,
‘(/ [ dy) . (x))X{BRgﬂlunlsMos—l} < |FX)I.

gl <K 1Y% = y|# x|

Using the Lebesgue dominated convergence theorem, we can conclude this Lemma.
O

Lemma 4.3 Assume that (F1)—~(F3) hold. If there exist u € H'(R?) and 1 € R such
that

, xeRz,

—Au + Au = (Iu X F(u)) f

x|« /) x|
then J(u) = 0, where J is defined by (2.2).

The proof of lemma is standard, so we omit it. Hereafter, we are ready to prove the
Theorem 1.4.

Proof of Theorem 1.4: Let S) = S, N Hr1 (R?). In the same way as Lemmas 2.8 and
3.2, we can deduce that for any @ > 0, there exists a bounded sequence {u,} C S,
such that

D (uy) — cr(a) € (0,21 /), <I>|:9, (up) = 0 and J(u,) — 0, (4.6)

and

cr(a) = inf max P(g(r)) > max max{P(g(0)), ®(g(1))},
gely 4 t€l0,1] gel 4

where I', , = {g € C([0, 1], S)) : ||Vg(0)||% < K(a), ®(g(1)) < 0} and K (a) is
givenin Lemma2.3. Then there exists i € Hr1 (R?) such that, passing to a subsequence,

Up—u in Hr1 (Rz), U, — U in LS(Rz) fors > 2, u, — i ae.in R

Arguing similar as Lemma 2.8, we know that

/ (/ F(un(y)) dy) f(un(X))un(X)dx <K
r2 \JR2 [y|¥|x — y[# |x|*
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Then, it follows that Lemma 4.2 holds, that is

[ (/ F(un(y)) d ) F(uy(x))
y dx
R2 \JR2 [y[*|x — y|* x|

=/ (/ FlaG) dy> FU) o+ o). 4.7
Rr2 \JR2 [¥[¥[x — y|#* x|

Next, we claim that u # 0. Otherwise, we suppose that u,—0 in H,l (Rz). Then
one has

R2 \JR2 |y[¥|x — y[¥ |x]

@4 -2u—ayr . _
=2¢r(a) + o(l) ;== —— (1 — 3&) + o(1) for some constant £ > 0.
ag
4.8)
Choosing g € (1, 2) be such that
(1+&)(1—38)g
_ <1,
1—¢
using (F1), we get
FO1 < ¢ [en0H07 1] v =1,
and using (ii) of Lemma 1.1, we get
4q a0 (14+8)q || Vun u2< un )2
[ [f ()| #=24= dx 5/ e Ahn WVunl ) —1)dx < C.
Jun|>1 |un|>1
Thus,
Fun(y)) S (X)) (x)
dy dx
lupl=1 \JR2 |y[*|x — y|* [ x|«
1/2
- [/ (/ F(un(y)) dy) F(un(x))dx]
R2 \JR2 [y[*|x — y|* ||
[ / ( £ @ ()t (9) Xy 121 ) S @ (0)) (U (X)) Xy 21 }‘/2
X dy dx
R2 \JR? [y[¥lx — y|* x|
4—20—p @-2a—p)(g—1)
_4a 4q 49 4q
<GC3 [/ |f (up)| 3220 dX} [/ |y | (@=DE=2a=0) dX]
[un|>1 [t | =1
=< Cylun|l 4 = o(1).
(g—D(@-2a—p)
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Similarly, we have

/ <1 (/R R dy) f(un(X))un(X)dx < Cs ||”n||§4_20l_“)/2 =o(1).

2 [y[Tx — yl e

4.9)
Then it follows from (4.9) and (4.9) that

cr(a@) +o(1) = ®(uy,) — %J(un) _ (/R F(un(y)) d )

2 |yl¥|x — y[#

[ £ nun = 52 F ) | (o)
2l

dx = o(1),

which is a contradiction due to ¢,(a) > 0 for any a > 0. This shows that u # 0 as
claimed.

By (4.6) and the boundedness of the sequence {u, }, one can easily verify that there
exist a bounded sequence {A,} C R and A such that, up to a subsequence,

A — A ER, (4.10)

— 0 in (H'R*)*,  (4.11)

— Aty + Ayt — <1M x F(”")> AL

lx[* J lx|®

and

— 0 in (H'(R?)*.

—Auy, + )_»un — <Iu X F(u,,)) _f(un)

lx[* /J fx|®

Again, in view of the conclusion of Lemma 4.1, we can see that

—Aﬁ+Xﬁ—<1Mx@> A

=0 in (H'(R*»)* (4.12)
x> ) x|

Hereafter, the only thing we need to verify is that ||u ||% = a, and next our goal is
to prove that u,, — u in Hr1 (R?). Note that (4.11) yields

IVatn ]2 + hnllien 13 — / < “in () )f Wnding 0, @a13)
R

Iy[*lx =yl /) x|

and

/ (Vun-Vﬁ—l—)»nunﬁ)dx—/ ( Flun(y) )f(u")ﬁdx—>0. (4.14)
R2 R2

Iy[*le = yl* ) fx|®
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By (4.13) minus J (u,) — 0, and using (4.10) and (4.7), we have

ra + o(1) = Ay llun3 :w/z (Iu o F(un)) F(u")dx +o(l)
R

2 |x]¥ x|
6—u—2 Fw)\ F(u
z#f I, x ﬂ (u)dx +o(1),
2 R2 lx|* ) x|

which, together with F(¢) > 0 fort # 0, yields A > 0. By (4.13) and (4.14), we have

/ [Vuy, - V(u, —u) + Ayup(uy —u)]dx
RZ

= y dx.
r2 \JR2 [y[*]x — y|* x|

Next, we claim that [ ( S a0 dy) fun)en=i) g — (1), By (4.12) and

[y[*]x—y[# x|

the Lemma 4.3, we have J () = 0. This, jointly with (F3) implies

I B Fa()
P =20 =510 =7 /R </R NEE —yw)

[ £ @i — =522 F @] )

|x|*

dx > 0.

Thus,
¢ (@) + o(1) = D(uy) = %nwnu% - 1/2 <1u « F“"”) P,
R

2 lx|* / |x|*

1 _ _
= 3 (IV @ = @13 + Ival3)

_1/ (/ F(u(y)) dy) F(ﬁ(X))dx+0(1)
2 Jr2 \JRr2 |y[¥|x — y|* x|

1
SV G — 3+ ®@) + o(1)

v

! V12
S IV n =iz + o(D).

Since 0 < ¢,(a) < %

there exists € > 0 such that

for any a > 0, similarly as in (4.8), it follows that

1—38)%4 —2u —
IV (un — I3 < ( A w=pm for large n € N.
ag

Nothing that ¢ /(g — 1) > 2, by using the Holder inequality, we have

4q ag(148)4qul
| f(up)|*22—rdx < Ce e - —1dx
[upn|>1 [up|>1

40014825 g dag(14+8)2qun—i)?
< C6 e 4—"2a—n e 4—"2a—p —1 dx
[up|>1
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-1 aU+9)2 g2 g~ 1a?
< u/ e 4—2a—p — 1 |dx
Jup|=1

- q
Ce 4o (148)2 % (un —it)
+ — e 4-20n —1|dx
q [up|>1

e (14625102 (g 1—1a2
< (g — DCs / [64 e i 1} "
q R2

C 4o (148)%¢% (un —it)
+ 76 e 4—2a—pn — 1 |dx
q Jr2

c (14822 IV @n =13 (u—in)2

6 20— . — -2

<C+— e “ IWen-ily _ 1| dx < Cs,
R2

q

4ag(148)2q2 |V (up—i) ||
where a0 (1+8)°g~ IV, —w)ll5
4—20—u

/ ( / Fu,y) ) S (%) — ) (x)
y dx
lun 21 \JR2 [Y|¥|x — y|H Ix|®
1/2
< ¢ [/ (/ Fun () dy) F(un(x))dxj|
r2 \JR2 [y[*|x — y|* x|

[ / ( / F () @ — ) (y) ) F () (un — i) (x) }“2
X dy dx
RES I PHES! [y[*]x — yl# x|

<4n(l — 35)2(1 + E)Zq2 < 47. Moreover, we have

4—"2a—pn (4—2a—p)(g—1)
4q 4q _ 4q 4q
<Cy [/ | f ()| #2000 dx] [[ lup — | @=DE=2e=0 dx]
|un|>1 |tn|>1
< Ciollun — ull 4 =o(1),
(q—D(@4=2a—pn)

and similarly one has

/ ([ Fun(y) dy) S () (uy — ﬁ)(x)dx — o(1).
lunl<1 \JR2 |y[*|x — y|* ||

Till now, we have finished the Claim. Then, one has

f [Vu, - V(up, — i) + Ayup(uy —u)ldx
R2

/ (/ F(un(y)) d ) S (up) (up — i)
= y dx,
r2 \JR2 [y|¥|x — y|* | x|

which, together with u,—it in H!(R?) and A — A > 0, implies that u, — i in
H(R?). Next, using Palais’ principle of symmetric criticality [35], the above function
i € H'(R?*)\{0} is in fact a radial solution of (P,) in H'(R?), and so the proof of
Theorem 1.4 is completed.

Remark 4.4 We omit here the proof of Theorem 1.6, since the difference between of
Theorems 1.4 and 1.6 has been presented in Sect.3. To prove Theorem 1.6, we just
need to replace Lemma 3.2 by Lemma 3.3.
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