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Abstract

In this paper, we study existence of solutions to a conformally invariant integral equa-
tion involving Poisson-type kernels. Such integral equation has a stronger non-local
feature and is not the dual of any PDE. We obtain the existence of solutions in the
antipodal symmetry class.
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1 Introduction

In [9], Hang—Wang—Yan established the following sharp integral inequality:

_ _n=2_ *2,;;”731)
lvll 20~ <n 2D, vl 20-1 (1.1)
Ln=2 (B]) L n=—2 (331)
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for every harmonic function v on the unit ball By C R" (n > 3), where w, is the
Euclidean volume of Bj. They also classified all the maximizers by showing that the
equality holds if and only if v = =£1 up to a conformal transform on the unit sphere
dBj. This is actually a higher dimensional generalization of Carleman’s inequality [2],
which was used by Carleman to prove the classical isoperimetric inequality. Let gr» be
the Euclidean metric on R”. Then for a positive harmonic function v on By, the scalar

4
curvature of g = v»=2 gr» on Bj is identically zero. Moreover, under the metric g, the

volume of Bj and the area of d By are equal to fBl vn%dé‘ and faBl v%ds, respec-
tively. Hence, the inequality (1.1) can be considered as an isoperimetric inequality
in the conformal class of gr» for which the scalar curvature vanishes. In [10], Hang-
Wang- Yan further obtained a generalization of (1.1) on a smooth compact Riemannian
manifold of dimension n > 3 with non-empty boundary by introducing an isoperi-
metric ratio over the scalar-flat conformal class. It was conjectured there that unless
the manifold is conformally diffeomorphic to the Euclidean ball, the supremum of the
isoperimetric ratio over the scalar-flat conformal class is always strictly larger than
that in the Euclidean ball, so that the maximizers would exist. This conjecture was
confirmed in higher dimensions under certain geometric assumptions by Jin-Xiong
[13] and Chen-Jin-Ruan [4], and also was confirmed for balls with a small hole by
Gluck-Zhu [8].

Using the Mobius transformation in (1.5), the equivalent form of (1.1) in the upper
half-space is given by

n—2
[ Pull <n D D ||u|| 20-1) , (1.2)

L‘Z(]R”) (Rnfl)

where R”~! is the boundary of R and Pu is the Poisson integral of u in the upper

half-space. The maximizers are u(y’) = cAZ+ 1y — Yo 1~ for some constant c,
positive constant A, and y|) € R”"~!. In [3], Chen proved an analogous inequality for a
one-parameter family {P;}2_, <4 <1 of Poisson-type kernels in R’ . More specifically,
let the parameter a satisfy 2 —n < a < 1 with n > 2, and define the Poisson-type
kernels

1—a

Xn

/ n—1 n
v —yPtx fory e R, x e R,
n

Pa(y/v x) = Cn,a

n—a

where x = (¥, x,) € RY = R"! x (0, +00) and Cn.q 1S the positive normaliza-
tion constant such that fR'H P,(y', x)dy’ = 1. Consider the following Poisson-type
integral

(Pau)(x) = / Po(y', x)u(ydy"  forx e R. (1.3)
Rr—1

It becomes the Poisson integral when a = 0 (i.e., P9 = P). Chen [3] proved the
following sharp integral inequality

Paull < Snallull 20-1) (1.4)

Z(R" Ln+a=2 (Rn— 1)

@ Springer



Existence of Solutions to a Conformally Invariant Integral Equation Page3of21 286

where the sharp constant S, , depends only on n and a. This Poisson-type integral
(1.3) was used earlier by Caffarelli-Silvestre [1] to localize the fractional Laplacian
operator. Indeed, when —1 < a < 1, then it was shown in [1] that

divx*V(Puu)] = 0 inR™,
- 1im+x;;axn(7>au)=Cn,a(—A)l%“u onR"!,

xp,—0

where Cp, 4 is a positive constant and (—A)l%" is the fractional Laplacian operator.
See also Yang [19] for higher order extensions for the fractional Laplacian. We refer
to Dou-Guo-Zhu [5], Gluck [7] and the references therein for other related integral
inequalities.

One can define the Poisson-type integral P,v on By as the pull back operator of P,
via the Mobius transformation:

N 2(x +ep)
F Rﬁ_-)Bl, xl—)m—en, (]5)

where e, = (0, ...,0,1) € R”. Then for y/ € R*~1,

2 / 1_ !/ 2
Fohoy = (—2 12T o
T TP

is the inverse of the stereographic projection. For v € L#+¢=2 (9 By), let

2 n+a—2
u(y') = (L) W(F(y, 0)),

[(¥,0) + el
and define
n+a—2
(Pav) (F(x)) = ('ﬁ;') (Patt) (x).
That is,
vo F(y,0)

D n+a—2 2n—1)
(Pav) o F(x) = |x + ey P, for v € Ln-2%a (3 By).

|(y/’ O) + €n |n—’_a_2

2(n—1) ~
By a direct calculation, for v € L#+=2(dB), the Poisson-type integral P,v on the
unit ball has the following explicit form:

(Pav)() 2/ Pu(n, &)v(nds,  for& € By, (1.6)

dB
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where

(1- |s|2)1—“.

D _ na—1
Py(n,8) =2 Cn,a £ — pp—a

Then, it follows from (1.4) that we have the following sharp inequality

= Sn,a”U” 2(n—1)

(1.7)

1Pavll _2n .
Ln+a=2(By) Ln+a=2 (3B))

From now on, for simplicity, we will use the unified notation P, v to denote either
the Poisson-type integral (1.3) of v on the upper half space or the Poisson-type integral
(1.6) of v on the unit ball, whenever there is no confusion. Inspired by Hang-Wang- Yan
[10] on the proof of inequality (1.1), for a positive function K € C'(3B;) we consider
the weighted isoperimetric ratio

2n
fBl |7)av| nt+a—2 dé

2(n—1
I(v,K) = forv € Lita2 (9B)).

20—1) Fn
(faBl K|v|n+a*2ds>

In this paper, motivated by the classical Nirenberg problem we would like to study
existence of positive solutions to the Euler-Lagrange equation of the functional I (v, K)
for a given function K > 0. The Euler-Lagrange equation can be written as the
following integral equation

K(n)v(n)ﬂ%=/ Pa(. &) [(Pav)(E)]772 dE,  v>0 ondBy. (1.8

B

This equation is critical and conformally invariant. Moreover, it is not always solvable
by a Kazdan-Warner type obstruction (see Lemma 3.1 of Hang-Wang-Yan [10] for
a = 0). In this paper, we show the following existence result.

Theorem 1.1 Suppose thatn > 2and2 —n < a < 1. Let K € C'(3By) be a positive
Sfunction satisfying K(§) = K(—§&) for every £ € dBy. If

maxgp, K
TR0B 2 s, (1.9)
miny g, K

then equation (1.8) has at least one positive Holder continuous solution.

The existence of solutions to the Nirenberg problem for prescribed antipodal
symmetric functions was established by Moser [ 14] in dimension two, and by Escobar-
Schoen [6] in higher dimensions under a flatness assumption near the prescribed
function’s maximum point. For the generalized Nirenberg problem for Q-curvature
and fractional Q-curvatures, similar results have been obtained by Robert [15] and Jin-
Li-Xiong [11, 12], respectively. In the case a = 0, the existence of solutions to (1.8)
with antipodal symmetric functions K has been proved by Xiong [18] under a global
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flatness condition at K’s minimum point. Our condition is slightly weaker, although
it is still a (not arbitrarily small, though) perturbation result. We do not know whether
a local flatness condition would be sufficient. The difficulty is that the antipodal sym-
metry does not provide a desirable positive mass in our setting, which is different from
the Nirenberg problem or the Yamabe problem. Note that equation (1.8) has a stronger
non-local feature and is not the dual of any PDE. This, as already shown in [18], will
lead to some differences from the classical Nirenberg problem [12].

This paper is organized as follows. In Sect. 2, we collect some elementary properties
of the Poisson extension as a preparation. In Sect. 3, we show the blow up procedure
for the non-linear integral equation (1.8). In Sect. 4, we use a variational method to
prove Theorem 1.1.

2 Preliminaries

From now on, we denote x = (x’, x,) € R"~! x R as the point in R”, Bg(x) as the
open ball of R” with radius R and center x, B;{ (x) as Br(x) NR’,, and B (x') as the
open ball in R"~! with radius R and center x’. For simplicity, we also write Bg(0),
B;{ (0) and B%(0) as Bg, B;{ and Bjp, respectively.

Here we list several properties of the Poisson-type extension operator P,,.

Proposition 2.1 Suppose thatn > 2 and2 —n < a < 1. If1 < p < oo and

1<qg< % then the operator

Po: LP(R"™Y — LT (RY)
is compact.

Proof The proof is the same as that of [9, Corollary 2.2]. O

Corollary 2.2 Supposethatn > 2and2—n <a < 1.If1 < p <ooandl < g < n"Tp,
then the operator

P, : LP(0B)) — L1(B))
is compact.

Proof The proof is the same as that of [10, Corollary 2.1]. O

In order to establish regularity, we need the following simple fact

n—a+k

Ve Pa(y, )| = V5 Pa (Y, )| < Cln,a, )y ™I =y P 477 (21

forx’ # y and k > 1.
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Theorem 2.3 Suppose thatn > 2,2 —n < a < 1 and 2(" 1) <p<o Lt K €

CY(R"Y) be a positive function. If u € Ll e R 1Y is non- negatzve, not identically
zero and satisfies

KOHu() ™" = /R P ) [(Pa) (0] dx, 2.2)
+
thenu € CL_(R"1) for any B € (0, 1).

The proof of this Holder regularity is given in the appendix.
Finally, we also need the following Liouville theorem proved by Wang-Zhu [17].

Theorem 2.4 (Wang-Zhu [17]) Suppose thatn > 2 anda < 1. If ® € CZ(R’jr) N
CO(R ) is a solution of

—div(x, V®) =0 inR,
=0 onR"!

and is bounded from below in R'}. Then
d(x) =Cx ™

for some constant C > Q.

3 A Blow-Up Analysis

The local blow up analysis for the non-local integral equation (2.2) is as follows.
2(n—1)

n+a—2 — =pi < n+a nta—2
sequence of numbers with lim;_,  p; = 5$;J% and K; € C! (Bl) be a sequence of
positive functions satisfying

Theorem 3.1 Suppose thatn > 2 and2 —n < a < 1. Let bea

1
K; > e IKillctpyy =< co

for some constant co > 1 independent of i. Suppose that u; € C(R"™") is a sequence
of non-negative solutions of

Ki (y)u; (y")Pi~! =/R” Po(y', X) [(Paui) ()75 dx  fory' € B,  (3.1)

"
and u;(0) — 400 asi — oo. Suppose that R,'Lt,-(O)p"*nfanf2 — 0 for some R; —
400 and

ui(y) < bui(©)  for |y < Riu ()P "7z, (3.2
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where b > 0 is independent of i. Then, after passing to a subsequence, we have

1 __2n
()= —o (O)u,-(ui(O)”"nfﬁy’) - () inCLI®R'TYH,  (33)

where ¢ > 0 satisfies

K(y)iet = / Poty, ) [(Pad) 155 dx  fory e R™
Rﬂ

+

and K :=1lim;_, » K;(0) > 0 along the subsequence.

Proof 1t follows from (3.1) and (3.3) that ¢; satisfies the equation

Hi (i () = /R P D [(Pag)NFF T dx for |y < Riy (34)
+

where H;(y') := K; (ui(O)”"_nf:—Z y’). Moreover, by (3.2), we have
0<¢i(y)<b forly|<R;. (3.5)

The proof consists of two steps.
Step 1. Estimate the locally uniform bound of {¢;} in some Holder spaces.
Fixing 100 < R < R;/2 for large i, we can define

O = Pa(xg,$) and @ =Pu((1 — xz)0),
where x B, is the characterization function of Bj. Then
Pupi = D) + P/
By (3.5) and the property of P, we can get
0<®; <b. (3.6)

Since K; < cg on B}, by (3.4) and (3.5), for any |y’| < R — 2 we have,

cob? ! = / oy, ) [(Pad) (0155653 dix
Bi2(y',1)

1 n—a+2
— [(Padpi)(x)]mFa=2 dx
C JBihom

v

n—a+2
+a—2

é [(Padh) (D)1

v
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for some ¥ € B 2 (', 1), where we used the mean value theorem for integrals in the
last inequality and C > 0 depends only on n and a. It follows that

(pj =D (n+a=2)

/(%) < (Pugi)(¥) < Cb n=at2

Since |¥'| < R —land § < %, < 3,
(pi=D(n+a=2) yo )_C;i_a o
n—a+2 Z q)i (.X) = Cn,a - , -, 0 PN ¢i (Z )dZ
R=N\By (X' — 2|+ Xx;) 2
1 (7
N T

= R"*l\B}e |)Z/ _Z/|n—a

Therefore, for any |y'| < R —2and x € B{(y') x (0, 1], we have

" (x (]
115) fc/ /¢Z(Z/)— dz'
xp e Re-1\B, X" — 2|74

<c / #i(2) g7 (3.7)
= R"*I\B/R |)E/ _ Z/|n—a

(pi—D(n+a—2)
< Cbhb wnatz

’

where the second inequality holds since
X —Z| <X = x|+ X =<2+ =2 <3 = 7).
This together with (3.6) implies that
(Patpi)(x) < C(n,a,co,b) VxeBp_,x(0,1].

Using the above estimate, we have by direct calculations that

for any B € (0, 1). On the other hand, for |y’| < R — 3, by (2.1) we have

‘Vyf ( f Pa(y'. x) [(Pah) (x)] 762 dx) ‘
RA\Bj_,%(0,1]

n—a+2
<c / oy, x) [(Padh) (0)]57633 dx
R\ Bl_,%(0.1]

/ n—a+2
/ Pa(y', %) [(Patht) (0017762 dx
Bj_,x(0,1]

<C(n,a,b,co, R, B)
CB(By_3)

< CH;(y):i (y)Pi™!
< CcpPi—1
< C(n,a,co,b).
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Combing the above two estimates and using (3.4), we can obtain
i1
g7 s,y < Cn,a,b,co, R). (3.8)

Since ¢; (0)”~! = 1, by (3.8) there exists § > 0 depending only on n, a, b and ¢
such that ¢; (y')?i~1 > % for all |y’| < 8. Hence,

1 l—a 1 1 1—a
Pt = ¢ [ 0 gwgy s LWt
CUBy (¢ —y24+x2)7 C 4+ |xpr—
Again, using (3.4) we can get for |y'| < R — 3,
BN E >0
' ~ C(n,a,co,b,R) ~
This together with (3.8) implies that
I$illc3apy, ) < Cn,a, co, b, R). (3.9)

Hence, (3.3) is proved.
Step 2. Show the convergence of P,¢; and the equation of ¢;.
Fixing 100 < R < R;/2 for large i, we write (3.4) as

()i ()" = f | Paly s 0 [(Pa) 1T dx + hi(R.Y),  (3.10)

By

where

R = [ PGP dx 2 0

Y\Bg

By (2.1) and (3.4), for any |y’| < R — 1, we have
|Vhi(R, Y| < Chi(R,y') < CH; ()¢ )’ ™! < C(n,a, co, b).
Therefore, after passing to a subsequence,
hi(R,y') — h(R, ")

for some non-negative function 7 € C 3/4(Br_1).
Similar as in Step 1, we write P, ¢; into following two parts ®; and ®/":

Q; =P,(nr¢i) and D] = Pu((1 —nr)gi),

@ Springer
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where ng is a smooth cut-off function satisfying ng = 1 in B}e—4 and ng = 0 in
(Bg_3)¢. By using (3.9) and noticing that

1
(I);(x) =Cn,a / — P (UR¢i)(x/ - an/)dZ/a
el (P + D)

we can obtain ||<I>;||Cu(3}r/2) < C(n,a,cq, b, R) witha := min{3/4,1 —a} > 0. On

the other hand, similar to (3.7) we have

4
q)i

<C(n,a,co, b, R),

1—
*n C'(Bgp)

and hence ||<I>;’||CQ(B;/2) < C(m,a,co, b, R). Therefore, after passing to a subse-

quence, we have

L
2 (RT)

Pupi > P inC
for some ® > 0 satisfying

{ —div(xVP) =

From (3.5), we know that) < ¢ < b in @ whole R"~! and thus P.¢ is bounded in
R’ . Hence, ® — P,¢ € Cz(Rﬁ) N CO(Rﬁ) satisfies

—div(x¢V(® — Pu¢)) =0 inR",
d—P,p=0 onR""

It follows from the Liouville-type result in Theorem 2.4 that
S =Pup+cixl™ (3.11)

for some constant ¢; > 0. Sending i — oo in (3.10), we have

K$(y)maz = / Py, @I dx + h(R, Y. (3.12)
BR

If c; > 01in (3.11), taking y’ = 0 and sending R — oo we obtain that

Ko O)ia > / ) P,(0, x)®(x) a2 dx — oo.

BR
This is a contradiction. Hence, ¢; = 0 and o= P.o.
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Now we adapt some arguments in [12, Proposition 2.9]. By (3.12), h(R, y') is
non-increasing with respect to R. Notice that for R > |y’|,

Rl’l*l/l ,
W}lim»o) <hi(R,y")
|x|n_a xl_a n—a+2

= tna / . I (g )] dx
RIABE (1 — /2 437
n—a

< ————h;(R,0).

= ®_yprai® 0

It follows that
lim A(R,y) = lim A(R,0) =:c; > 0.
R—o0 R—o0
Sending R to oo in (3.12), by the Lebesgue’s monotone convergence theorem we have

K(y)maz = f P, ) [(Pa) ()2 dx + .

RY

n+a—2 L nta=2
If ¢c; > 0, then ¢ > (Z—g) n=a and thus P,¢ > (Z—é) n=a__This is impossible, since
otherwise the integral in the right-hand side is infinity. Hence c; = 0. The proof of
Theorem 3.1 is completed. O

4 A Variational Problem

Let K € C'(dB)) be a positive function satisfying K (§) = K (—£), and LE(dB;) C
LP(3By) (p = 1) be the set of antipodally symmetric functions. For p > ==

n+a—2’
define
2n .
has,p(K) = sup{ |Pyv|#te=2dé 1 v € LE(dB) with / K|Pds = 1}.
B 0B
Denote
)\.as’ 2$11% (K) = Aas(K).
Proposition 4.1 If
2n
Sn+a72
Aas(K) > , (4.1)

n 1
(mingp, K)n-12n=T

where S, 4 is the sharp constant in the inequality (1.4), then Aas(K) is achieved.
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Proof We claim that

llm lnf )\.as’p(K) = )\as(K)
PN

For any ¢ > 0, by the definition of 1,4,(K), we can find a function v € LS (9 By) such
that

n 2(n—1)
/ |77av|'1+2t172d$ > Aas(K) —&  and / K|v|nta—2ds = 1.
B B
Let V) := faBl K |v|Pds. Since

. 2(n=1)
lim V,= Klv|rta=2ds =1,
2(n—1) 9B,

n+a—2

2(n—1)
n+a—2

we have, for p close to sufficiently, that

v
(57
V;/[’

Since ¢ is arbitrary, the claim is proved.
By the above claim, we can find p; \( ,2% as i — oo such that Ay p, (K) —

A > Aas(K). Since K € C'(3By) is positive, if follows from Corollary 2.2 that for
pi > ﬁi"a—_g Aas, p; is achieved, say, by v;. Since |P,v;| < Pq|v;|, we can assume that

v; is non-negative. Moreover,

2n
n+a

=
d& > das(K) — 2e.

has.p (K) = /

By

Pi
Vil = mings K
I l”L”' @B1) — mingp, K

Then, by (1.7) we have ||P,v; ||L 2 B < C for some C > 0 independent of i. It is
n+a— 1

easy to see that v; satisfies the Euler-Lagrange equation

has,pi (K)K ()v; ()P~ =/ Pu(1. ) [(Pav)(©)]7552 d& Ve dBy. (42)

B

By the regularity result in Theorem 2.3, v; € C#(3B) for any 8 € (0, 1).
Next we will show that v; is uniformly bounded. Otherwise, we have

vi (1) =r51§1xv,- — 00 asi — o0.
1
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Let n; — n asi — oo. By the stereographic projection with 7; as the south pole,
equation (4.2) is transformed to

/ N\Npi— / n—a+2 ’ n—
e KK G000 = [P0 1P 1 dx vy e,

"
where
ﬁ (n+a-2)(pi—1)—n+a
Ki(y) = <m) K(F(y")
n
and

5 n+a—2
ui(y') = (L) i (FO)).
|y + en|

l/,._ _2n
Hence, u;(0) = maxg.—1 u; — 00 asi — oo. Taking R; = ui(O)ff(”’ ia2) —
400 and using Theorem 3.1, we obtain that after passing to a subsequence,

1/2
loc

() = R,

O T > 600 e

where ¢ > 0 satisfies
MK () (y) iz = f Pa(y. X) [(Pap)(x))i76 3 dx fory € R,
R,

By Tang-Dou [16], ¢ is classified.
Since v; is non-negative and antipodally symmetric, for any small § > 0 we have

1= Kvip"ds
0B

> 2/ Kv!'ds
F(B})

= 2/ Kiufidz/
B;
201 . _2n .
= 2u;0)" (P =3¥) f Ki(wi (0525 )i ()P dy’
B’ n
Su; (0)nta—2 ~Pi
L _2n .
> 2 / Ki (i (07752 )y ()P dly!
B/

R

_ , 2(n—1) ,
— 2K(n) ¢ (y)nta=2dy
By
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as i — oo for any fixed R > 0. It follows that
_ S 2=l
12 2K@) [ p0)mdy.
Ril—
Hence,

2n
2n ‘/‘R’i [Pagp|nta=2

Spa T >

2mn—1)  _n_

(fR"—l |p| n+a—2)n71

_ 2(n—1) *,,11
= 1K (i) / ]2
]Rnfl

> hK (@)@ 127.

It implies that

2n
Sn+u—2
)\' < n,a

- . n_ 1
(I‘Illlla]g1 K)n=12n-T

)

which contradicts the assumption (4.1). Therefore, {v;} is uniformly bounded on 9 B;.
By Theorem 2.3, {v; } is bounded in C'/?(3 B} ). Thus, after passing to a subsequence,
we have for some non-negative function v € C(dBy),

Vi —> v in C(0By),
and thus,
P.vi — P,v in C(By).

Letting i — oo in (4.2), we obtain that v satisfies

AK (o) = / Pa(n, &) [(Pav) ()17 .

B

Moreover, since
. 2—1)
1=/ K(n)vi(n)”’dn—>/ K (mv(n)wa=2dn,
0B 3B

we have v > 0 on dBj. These also imply that A = A,5(K) and A,5(K) is achieved.
The proof of Proposition 4.1 is completed. O
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Proof Let v = 1, then

2n 2n 2n
P 1 7H~a72d n+a-2 n+a-2
Aas(K) = fBl' -l Lg = Sn,a I Sn,a n 1’
([fyp, Kds)™T (maxyp, K)"T  (minyp, K)i-T127=T

where we use (1.9) in the last inequality. By Proposition 4.1, we obtain the desired
result. o

Acknowledgements The authors would like to thank the anonymous referees very much for their careful
reading and valuable comments.

Appendix A Holder Regularity

This appendix is devoted to the proof of Theorem 2.3. We start with the improvement
of integrability of the subsolutions to some nonlinear integral equations.

Proposition A.1 Suppose that n > 2 and 2 —n < a < 1. Let 1 < r,s < 00,

n .
1§t<oo,m<p<q<oosansfy

1 t 1 t 1
- <—-+-<—-—+-=1
n q r p r

and

n n—1 1

tr s t

Assume that U,V € L”(B;), W e L’(B;), f € LS(B;{) are all non-negative
functions, V € Lq(B;/z),

1/t
IWI ) o I sy < £(n.a pog.r.s. 1) small

and

1/t
Ux) < /19’ Pa(y/JC)f(y/)</B+ Pa(y’,Z)W(Z)U(Z)tdZ> dy + V(x)
R

R

forx e B; Then U € L1 (B;M) and

1l Loy, < cra. pog.r.s. (RS T 10N g + 1V oy ) )

The proof of Proposition A.1 is the same as that of [9, Proposition 5.2]. We also
need the following two L”-boundedness for the operator P, and its adjoint operator.
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Proposition A.2 (Chen [3]) Suppose thatn > 2and2 —n <a < 1. For1l < p <00
we have

IPafll, ne, @) <c,a, p)Ilfillpew-)

n

forany f e LP(R"™1).

For a function F on R’} , define

(T.F)Y) = / P,(y', x)F(x)dx.

RY

Then we have the following inequality by a duality argument. See also the similar
proof in [9, Proposition 2.3].

Proposition A.3 Suppose thatn > 2 and2 —n < a < 1. For 1 < p < n we have

IZaFll w-vp = Cn,a, p)IFllLr ey
L n—p (Rn—l)

forany F € LP(R).
Next we give the details of the proof of Theorem 2.3.
Proof of Theorem 2.3 Let iig(y') = K (y")u(y')?~! and Uy(x) = (P,u)(x). Then

~ / ’ n—a+2
up(y) = P, (y", x)Up(x)n¥a=2dx.
Ry

Define
Ugr(x) = / Pa(y', x)u(y)dy',
R”*l\B;e

- n—a+2
iR (y') = / Py(y', x)Up(x) r¥e-2dx.
R \B+

+ R
Since u € Lﬁ)C(R”_l), by Proposition A.2 we get fB}a P,(Z, Hu(zHd7 € LT R%).
Notice that

np_ 2n
n—1"n+a-2

ﬂ —_— np
Step 1. We claim that Up € L],/ (R™) and Ug € L™ T(B) N LSS.(B}; U BY).
Since u € LZC(R”_I), we have u < oo a.e. on R"~!. It implies that Uy < 00 a.e.

on R’ . Hence, there exists xo € B;{ such that Uy(xg) < oo. It follows that

/
/ ") 4y <o
R

1By (3 — 2R+ g,
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Thus,

/!
u(z
/ e < o
rRe-1\B}, 12l

ForO0 <0 <landx € BJR,wehave

Cn,aRlia / u(z’) dZ/

1 =0)"=¢ Jre-1\py, |2/]"7¢

Ur(x) = / Pu(Z, 0u(zdz <
R”*I\B;e

It follows that Ug € L%° (B+ U Bj). Since fB/ P,(Z, Hu(z)d7 € LT (R7), we

loc
np

know that Ugp € L, (B+ U B »)- Since R > 0 is arbitrary, we deduce that Uy €

loc
L[;L' (R™) and hence Uy € Lt (B+)
Step 2. We show thatiig € L PT(Bp) N LZOC(B ).
Since iip € Llf,;’ ®" 1), we obtain g € L7-T(B) and thus iig € L7-T(Bl).
Hence, we can find yo € B}e such that uR(yO) < 00. That is,
1—a —a
/ Zn — UO(Z);H—at% dz < 00.
Ri\B (|2 — ypl? 4+ 22) 2
Therefore,
Z1 a
f UO(Z)’H"Z Zdz < 00.
re\B} |2]"7¢
For0 < 6 < 1 and y’ € By, we have
~ 2 ’ n—a+2 Cn a Zl —a
ur(y") =/ Pa(y', 2)Uo(2)#e2dz < ﬁ/‘ P an(z)W Hdz.
RL\B} 1-0) R1\B} 12]

This implies that iz € LZOC(B ).

Step 3. We prove that ity € Ly (R"~ yand Uy € L® (R ).

Case 1: 2("—J) < p < oo. This is the subcritical case, and we directly use the
n+a—2

bootstrap method to prove the regularity.

loc

n—a+2

From Proposition A.2 and Step 1, we know that U+~ a2 (R" ) with

lac

np n+a—2 2n n+a-—2 2n

qo == . = > 1.
n—1 n—a+2 n+a—2 n—a+?2 n—a-+?2

If go > n, by Proposition A.3 we know that fB+ P,(-, 2)Up(z) = dz € L"(R*1)

for any 1 < r < oo. This together with Step 2 1mphes that iip € Lj, (B}) for any

loc
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1 <r < oo. Since R is arbitrary, we obtain iy € LI’OC(R"’l) forany 1 < r < oo.
Moreover, by Proposition A.2 we have fB, Py(Z', Yu(Z)dz' € L*(RY) forany 25 <
(R")forany 1 <s < oo.
(=1)gp
If g0 < n, then Proposition A.3 yields fB+ P,(, z)Uo(z)n+a Zdz e L w0 (R* ).
L o

0 (B}) for any R > 0. Consequently, we

s < 0o. Combined with Step 1, we also have Uy € Lj,.

Combined with Step 2, we have iig € L
deduce that u € L' (R"~!) with

loc

— (-1 (n—1Dqo (p— 1)—2315
pr-=1=p ’ n-—qo =p 1 — p(n+a—2) =P
(n—1)(n—a+2)

where the last inequality holds since p > 2(+"a 1% From now on, we denote the constant

+a—2

_ -

V= 1 — p(n+a—2) :
(n—1)(n—a+2)

We can see that the regularity of u is boosted to Lfolc R with py = p - .

n—a+2
Using Proposition A.2 and Step 1 again, we obtain UO"*“*2 L (R ) with

loc

npy n+a-—2

= . =qo Y > qo.
Q= T =90V > o

If g1 > n, then we easily obtain Uy € L} (]R )foranyl <s<oo.Ifgy <n,bya

loc

similar argument as above we can obtain that u € L> 1o R 1y with
. D o DIEE
- p n_q] _pl 1_ p](n+a72) >p1 7/

(n—1)(n—a+2)

due to p; > p. Hence, the regularity of u is boosted to LPZC R* 1) with py > p1 - y.

nfaJrZ
By Proposition A.2 and Step 1 again, we obtain U0”+" e LP (R ) with

loc

nppy n+a-—2
= . >q1-y.
2 n—1 n—a+2 ay

Repeating this process with finite many steps, we can boost Uy to L
1 < g < oo. By Holder inequality we get

(R ) for any

loc

n—a+2
iio(y") :/B Pa(y', DUp(2) "o 2 dz + iig (¥) < e(n, a, Q)||U0||Z;(EB+) +ir(y")
R
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n(n—a-+2)
n+a—2
R is arbitrary, we have iig € Ly, (R"~ 1y and hence u € L®

loc(R )

Case 2: p = %fa _1% For this critical case, the bootstrap method above does not

work. We will use Proposition A.1 to establish the regularity
2n

In this case, we have Up € L} (R™) and Uy € = “2(BE)NLYZ. (B UBp).

loc

Sincea < 1, we get 0 < ":fﬁ < 1. Then,

for some g > . This together with Step 2 implies that iip € L7s.(B%). Since

(R"™1). Combined with

loc

Step 1, we see Uy € L

n+a—2
- nta—2 n—a+2 n—a nta—
no(y') ma < (/+ Pa(y/,Z)UO(Z)"‘*"‘_ZdZ) +ar(y) .
BR
Hence,
U = [ Putysus)dy’ + Vo)
R
=/ Py, x)K(Y)™ e uo(y) "a dy + Ugr(x)
BR
n+a—2
, s —nta=2 , _2 _ _n—a_ n—a ’
5/ Py(y', x)K(y) na (/ Py(y', 2)Up(z) nta=2 Uo(z)"+u2dz> dy
By By
+ Vr(x),

where

VR(X)=/ Py, K = uR(y) " dy + Ur(x).

R

- 2(n—1) 2n
Since iig € L n—a (B}e)’ we have Vg € Lita=2 (B;g). On the other hand, for0 < 6 <
l,x € Bg“R, we have

/BP(y 0K "“uR(y)""dy

R

< (ing, K55 1k K, , )+ e [ 6RO)F Y
min g u s [ i —a
=< By Rl (B]+(-) ) (1 — g)n—aRn-1 PAVIE Ry y
2
. K 7" n+a—=2 C(n a) nra‘lZ
= (mmB’R ) ||MR||LOC(BI+9 ) + WHMR”LZ&? b - :
R

Hence, Vg € LloC

(B;er U BY). It follows from Proposition A.1 that Uy € L9 (B;M)

for any +a" < g < oo when R is sufficiently small. Therefore,

-y , n—a+2 - , noats - ,

up(y’) = Po(y', 2)Up(z)+a=2dz +uga(y) < c(n, a, q)||Up] Y, T ura(y)
Bi L4 Bry)
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for some g >

n(n—a+?2)

wta—s - In particular, we see ity € LOO(B;e/s)- Since every point can

be viewed as a center, we get iig € L% (R"*~!) and hence Uy € L (]RTJ’F).

loc loc

Step 4. We prove that u € ch (R™*~1) for any B € (0, 1).

loc
From Step 1 and 2, we know that for any R > 0,

u ! xl_“ n—a+2
/ #dy’ <oo and / . Uo(x) -2 dx < oo.
re-I\By, [Y'["74 rr\B} |X["T4

Therefore, iig € C*(By) and Ug € cl-a (B;er U Bj). It follows from Step 3 that
g € CI’iC(R”_l)for any0 < B < 1. By the continuity, iig > 0in R”~!. Consequently,

u e Cl’ic(R”_l) forany 0 < 8 < 1 since K is a positive C! function in R”. O
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