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Abstract
In the present paper, we study the existence of normalized solutions (u., A.) €
H'(R?) x R to the following Kirchhoff problem

— <a + b/ |Vu|2dx> Au+VxX)u+ ru = g(u) + |u|4u in R3,
R3

satisfying the normalization constraint / uldx = ¢, wherea, b, ¢ > 0 are prescribed
R3

constants, and the nonlinearities g (s) are very general and of mass super-critical. Under
some suitable assumptions on V (x) and g(u), we will prove that the above problem
has a ground state normalized solutions for any given ¢ > 0, by studying a constraint
problem on a Nehari—Pohozaev manifold.
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1 Introduction

In this paper, we consider the existence of the ground state solutions to the following
Kirchhoff type equations

— <a +b/ |Vu|2dx> Au+V@)u+iu = f(x,u) in R, 1.1)
]R3

with the L2-mass constraint

/ |u|2dx =c, (1.2)
R3

where a, b, ¢ > 0 are prescribed constants. If we set V(x) + A = 0 and replace R3
by a bounded domain  c R, (1.1) reduces to the following Dirichlet problem of
Kirchhoff type:

—(@+b [o|VulPdx)Au = f(x,u) in Q,
u=~0 on 082,

which is related to the following well-known D’ Alembert wave equation

2 E L 2

p%—(%Jri A |2—l:|2dx)27’;=f(x,u). (1.3)
The equation (1.3) is first proposed by G. Kirchhoff in [8], describing free vibrations
of elastic strings. Because of the appearance of the term fR3 [Vu|?, (1.1) is regard
as a nonlocal problem, which implies that equation (1.1) is not a pointwise identity.
What’s more, this phenomenon provokes some mathematical difficulties that makes
the study of (1.1) more interesting. So after the pioneer work of J.L. Lions [10], where
a functional analysis approach is proposed, the Kirchhoff type equations began to call
attention of many researchers.

In (1.1), if A € R is fixed, then we call (1.1) the fixed frequency problem. There
are various mathematical skills to find critical points of the corresponding energy
functional I, v (), including traditional constrained variational method, fixed point
theorem and Lyapunov-Schmidt reduction, where

a b 2
Loy(u) = Efw |Vu|’dx + 1 (/w |Vu|2dx>

+1f (V(x)+k)u2dx—/ F(x,u)dx (1.4)
2 Jgr3 R3

and F(x,s) = fOS f(x, t)dzt. In this respect, researchers have done a lot of research and
obtained many results about the existence, multiplicity and concentration behavior of
solutions of (1.1) (see [1, 37,9, 12, 13, 18, 20] and the references therein).
Nowadays, physicists are more interested in solutions satisfying the L?-mass con-
straint (1.2). From such a point of view, the mass ¢ > 0 is prescribed, while the
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frequency A is unknown and will appear as a Lagrange multiplier. Hence, we call
(1.1)—(1.2) fixed mass problem and the solution (u, A) is called a normalized solu-
tion. Normalized solutions of (1.1) can be searched as the critical points of Iy (u)
constrained on S, where

2
I _ ¢ 2 b 2 1 2
yv(u) = 5 - [Vu| dx+é—1 - |Vu|“dx +§ - V(x)u“dx — - F(x,u)dx,
(1.5)

and
Sp = |u e H'®R%) : ||u| = c}. (1.6)

As we know, the first work about normalized solutions to equation (1.1) is due to Ye.
Specifically, in [14], Ye considered the normalized solutions to (1.1) with V(x) = 0
and f(x,u) = |u|’~?u, i,e, the following prolem

— (a +b/ |Vu|2dx> Au+ = ul”>u in R, (1.7)
R3

and searched for minimizers to the following minimization problem:

E. := inf Io(u), (1.8)

uesS.

where Io(u) := Iy (u)|y=0. By a scaling technique and applying the concentration-
compactness principle, she proved that there exists ¢j, > 0, such that E. is attained
if and only if ¢ > c;‘, with0 < p < 2+%,orc > c;‘, With2+% <p< 2+%.
The author also showed that there is no minimizers for problem (1.8) if p > 2 + %
In particular, for the case of 2 + % < p < 2%, E. = —o0. However, the author could
find a mountain pass critical point for the functional Iy(«) constrained on S,. Later on,
Ye [15] studied (1.7) for the case of p = 2 + % and proved that there is a mountain
pass critical point for the functional Iy(u) on S, if ¢ > ¢*. Also, if 0 < ¢ < ¢*, the
existence of minimizers for problem (1.8) was obtained by adding a new perturbation
functional on the functional Iy(«). Zeng and Zhang in [19] proved the existence and
uniqueness of the minimizers of E., by means of some simple energy estimates rather
than using the concentration-compactness principles. In [11], Luo and Wang studied
the multiplicity of normalized solutions of equation (1.7) with % < p < 6. Very
recently, Li, Luo and Yang [16] considered the existence and asymptotic properties of
normalized solutions to the following Kirchhoff equation

- <a +bf |Vu|2dx> Au+ i = uPu + plul?u in R, (1.9)
R3

where a,b,c,u > 0,2 < g < 13—4 <p §6or% < g < p < 6, and proved a

multiplicity result for the case of 2 < g < 1—30 and %4 < p < 6, and the existence of

ground state normalized solutions for2 < g < 13—0 <p=6or % < g < p <6.They
also gave some asymptotic results on the obtained normalized solutions. In [24], He
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et al. established the existence of ground state normalized solutions to the following
problem

- <a ~|—b/ |Vu|2dx) Au+ru=gw) in RV, (N =1,2,3), (1.10)
RN

for any given ¢ > 0, by using fiber maps and establishing some mini-max structure,
where g(u) satisfies the assumptions:

(G1) g : R — R s continuous and odd;
(G2) There exists some («, B) € Ri satisfying 2 + % <a<fB<2f:= %, such
that

s

0 <aG(s) <g(s)s < BG(s) fors #0, where G(s) = / g(t)de.
0
(G3) The function defined by G(s) := 1g(s)s — G(s) is of class C! and

G'(s)s > 2+ %)é(s), Vs € R.

Zeng et al. [34] showed the existence, nonexistence and multiplicity of the normalized
solutions to (1.10), based on the scaling skills and the results about the existence,
nonexistence and multiplicity of the normalized solutions to Schodinger equation in
[28]. Recently, Cui, He, Lv and Zhong in [25] studied the existence of ground state
normalized solutions to the following Kirchhoff equation with potential and general
nonlinear term

— <a+b/ |Vu|2dx) Au~+ V(@)u+iu = gu) in R, (1.11)
]R3

and showed that if g and V (x) satisfy (G1), (G2), (G3), (V1), (V2) and (V3), then
problem (1.11) has a ground state normalized solutions for any ¢ > 0, which extends
the results, proved by Ding and Zhong [22], on the semi-linear Schodinger equation
to that about the Kirchhoff equation and where (V'1), (V2) and (V3) are defined as
follows:

(V1) lim V(x) = sup V(x) = 0 and there exists some o1 € [0, 3(0‘_3)_461) such
[x|—+00 3e=2)
xeR3
that
f V()uldx| < o ||Vul3, forallu e H'(R?).
R3

(V2) VV(x)exists fora.e. x € R3. putting W(x) := %(VV(x), x), there exists some
02 € [0, w — a] such that

< 0a||Vu|3, forallu € H'(R%).

/ W(x)uzdx
R3
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(V3) VW (x) exists for a.e. x € R3. Letting Y'(x) := 4W(x) + (VW (x), x), there
exists some o3 € [0, 2a) such that

f Yy ()u’dx < o3| Vull3, forallu € H'(R?).
R3

Inspired by the above mentioned results, we want to study the existence of ground
state normalized solutions to the following problem

— (a + b/ |Vu|2dx) Au+ Vu+ ru=gu) +u’ in R, (1.12)
]R3

where a, b, ¢ > 0, g and V (x) satisfy (G 1), (G2), (G3), (V1), (V2) and (V3). Com-
pared with the above problem, we encounter with some new difficulties, for example,
we can not carry on in Hrlad(RN ) as in [24], and the critical term ud will bring much
more difficulty in showing the compactness than that in [22] and [25]. So the presence
of the nonlocal term fR3 |Vu|? dx, the potential term V (x)u and the critical term 1>
makes this problem much more interesting.

It is easy to see that normalized solutions of (1.12) can be searched as critical points
of Jy (u) constrained on S., where

a b 1 1
Jy(u) = §||Vu||% + Z||Vu||§ + -/ V(x)u’dx —/ G(u)dx — -/ u|®dx
R3 R3 6 R3

2
(1.13)
and S, has been defined in (1.6). Ones can see that
- <a—+—b/ |Vu|2dx) Au+ru=gw)+u’ inR>, (1.14)
R3

is a special case, corresponding to V(x) = 0, of (1.12), whose functional can be
defined as

a b 1
Jo(u) = E||Vu||§ + Z||Vu||§ — /RS G (u)dx — G /R3 |u|dx. (1.15)

We use the preceding notation and, to be short, we write below Jo(u) for Jy (u)|y=0.
If we need to discuss about the functional of V(x) # 0 and V(x) = 0, then we use
Jy and Jy respectively.

Before stating our results, we give a definition of the ground state normalized
solution:

Definition 1.1 For any ¢ > 0, a solution (., Ac) € H'(RM) x R to (1.12)—(1.2) is
called a ground state normalized solution, or least energy normalized solution, if

Jy (u) = min {Jy (v) : v € S, and it solves(1.12)for someX € R}.
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Before studying the existence of ground state normalized solution to (1.12), we need
to consider the existence of ground state normalized solution of its limiting problem.
So we show a result on (1.14) as follows:

Theorem 1.2 Let a,b > 0. If g satisfies (G1)-(G3), then, for any given ¢ > 0, the
Kirchhoff problem (1.14)—(1.2) has a ground state normalized solution (it, A.) with
Ae>0andu € S,.

Remark 1.3 Similar to [24], in present paper, we firstly introduce one more constraint,
denoted by Py ., see (2.5). Next, We shall prove the new constraint Py .. is natural, see
Lemma 3.5. Then we can devote to search for the critical point of Jy («) on Py .. We
shall prove that the functional Jy (1) possesses a mini-max structure, and the infimum
of Jy (u) constrained on Py . denoted by my (c), coincides to the mini-max value ,
ie.,

my(c) := mf Jy (u) = inf max Jy (t%u) and
uePy ¢ ueS. t>0

mo(c) := 1nf Jo(u) = 1nf max Jo(txu),
uePy . Se t>0

3
where the fiber map ¢ — (fxu)(x) € H'(R3) is defined by (txu)(x) = t2u(tx),
which preserves the L2-norm. In the meantime, we need some subtle energy estimates
under the L2-constraint to recover compactness in the Sobolev critical case.

Theorem 1.4 Assume that g(s) satisfies (G1)-(G3) and V (x) satisfies (VI)-(V3). Then
Jor any ¢ > 0, problem (1.12)~(1.2) admits a ground state normalized solutions
(U, Ae) € Sc xR

The paper is organized as follows. Some notations and preliminaries will be intro-
duced in Sect. 2. In the Sect. 3, we shall prove the nimi-max structure of Jy (1) and the
fact that Py . is a natural constraint. We give the subtle energy estimates of Jo(u) and
prove that mo(c) is attained by some u, € H'(R") in the Sect. 4,which is a positive
decreasing function and the corresponding Lagrange multiplier A is also positive. The
proof of Theorem 1.4 will be put into the Sect. 5.

Throughout the paper we use the notation |||, to denote the L”-norm. The notation
— denotes weak convergence in H' (RV). Capital latter C stands for positive constant,
which may depend on some parameters and whose precise value can change from line
to line.

2 Notation and Preliminaries

In this section, we introduce some notations and collect some useful preliminaries.
Firstly, we recall the well-known Gagliardo-Nirenberg inequality with the best con-
stant (see [32]): Let p € [2, 6). Then for any u € H! (R3), we have

p 'Sp 6 6—p
W”V“”z llull,* (2.1

lully <
I3
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and, up to translations, Q is the unique positive radial solution (we refer to [29] for
the uniqueness) of

3p—6
4

AQ+ (—6;”) 0 =10 QinR’.

Secondly, following from the assumptions (G1) and (G2), we deduce that forall € R
ands > 0,

sPG(1) < G@ts) <s*G(t), ifs <1, 22
s9G(1) < G(ts) < sPG(@t), ifs > 1. '
Moreover, there exist some constants Ci, C, > 0 such that for all s € R,
Cimin{|s|*, |s|f} < G(s) < Comax{|s|%, P} < Ca(ls|* +|s/P), (2.3)

and

o 1 B B a B
(5 - 1) G(s) = 58(5)s = G(s) < (5 - 1) G(s) = (5 - 1) Ca(Is1™ + Is17).
2.4)
As usually, we introduce the fiber map

u(x) > (*u)(x) == 13u(tx) x € R3,
for (t,u) € RT x S.. Of course, one can easily check that for any u € H L(R3),
lewae)3 = lluell3 and [V (rxa)l13 = £ Vull3.
So txu € S, for any u € S,. Define
Jyu(t) := Jy(txu) and Jo,(t) := Jo(t*u).
Then we introduce the so-called Pohozaev manifold. Denote
Py :={ue H®R): Py(u) =0} and Py :={u € H' (R?) : Py(u) =0}, (2.5)

where
Py (u) = a||Vul|5 + b||Vul3 — /M W(oOu?(x)dx — 3 A@ Guydx — [u]lS, (2.6)
and
_ 2 4 ~ 6
Po(u) = a||Vull5 + b||Vull5 -3 /R3 G(u)dx — lullg.
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We also define the Pohozaev sub-manifold as follows:

Pve:=8S NPy and Py, :=S.NPo. 2.7
Set
my(c) := inf Jy(u), and mg(c) := inf Jo(u).
uePy ¢ uePy.c

To be much better at distinguishing the types of some critical points for J0| s (Jois
definedin (1.15)) and Jy |S. (Jy is defined in (1.13)),we decide to decompose Py . and

Py . into the disjoint unions Py . = Py, UPy  UP) .. Py =Py UP, UP)
respectively, where

Pre=1{uePoc: (Jou)'(1) >0}, Py i={uePyc:(Jyn)(1)>0}
Poe =1t €Poc:(Jou)'(1) <0}, Py i={uePyc:(Jyn) (1) <0}
Poei=1{uePoc: (Jou)' (=0}, Py :={uePyc: Uy (1)=0}.

3 Mini-Max Structure and Pohozaev Manifold

Lemma 3.1 Suppose that u € HY(R3) is a weak solution of (1.12), then u € Py.

Proof Assumethatu € H'(R?)isaweak solution of (1.12). By the standard regularity
theory, we obtain that u € C2(R?). So we have

allVull3 + b||Vull; +/ (V(x) + Mudx — / gudx — / lul®dx = 0. (3.1)
R3 R3 R3
Additionally, invoking by the Pohozaev identity, we also deduce that

@||Vull3 +bIVull3) + 3 [ (V (x) + Mu’dx

—6 [ps Gw)dx + [p3(VV (x), x)u?dx — [ps |u|®dx = 0. (3.2)

Eliminating the parameter A from the above equalities (3.1)—(3.2), we conclude that

a||Vu||§+b||Vu||‘2‘—/ W(x)u2dx—3/ é(u)dx—/ lu|®dx = 0,
]R3 R3 R3

which implies that u € Py . O

Proposition 3.2 Let u € S.. Then, t € RY is a critical point for Jy.u(t) = Jy(t*u) if
and only if txu € Py .

Proof By direct calculations, it yields (Jy ) (t) = %Pv (txu), which implies that
(Jv.u)' (t) = 0is equivalent to rxu € Py .. In other words, 7 € R™ is a critical point
of Jy ,(t) = Jy (t*u) if and only if txu € Py .. O
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Proposition 3.3 For any critical point of Jy |7’v Lif (Jv.)" (1) # O, then there exists
some A € R satisfying '

Jyw) + =0 in H'(R?).

Proof Let u be a critical point of Jy (u) restricted to Py ., then by the Lagrange
multipliers rule there exist A, u € R such that

Jy @) + hu+ pP,(u) =0 in H-'(R3). (3.3)

It remains to verify u = 0.
We claim that if u solves (3.3), then u satisfies

d
4 @ws)l,_, =0
where
1 2
D) == Jy(u) + zlllullz + wPy ().
In fact, we observe that
1 1
Du) = Jo(u) + —f V()uldx 4+ =Allull3 + uPolu) — “/ W (x)u’dx
2 R3 2 R3
1
= ®p(u) + —/ V(x)uzdx — ,u/ W(x)u2dx,
2 Jr3 R3
where
1 2
Do (u) := Jo(u) + Ekllullz + uPo(u).

After that, it is not difficult to verify that

= L (@00 ))‘ 4 1[ V(@) u?(tx)d ‘
=1 dt ot =1 dr \2 Jgs3 HEUex t=1

—,U,i / W(x)t3u2(tx)dx ’
dr R3 t=1"

By direct calculations, it is easy to see that

(@)

d ~
3 (Potxw)|,_y = (allVul3 +b]Vull; *3/]1@ G (uwydx — [[ul})
+u(2allVul3 +4b|Vull3 +9/3 G (u)dx
R

9 ~/
-3 /Rs G'(uyudx — 6]ul§),
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2(1/ V(x)Pu? (tx)dx | o d (1 V( yu?(y)d ‘
ar \2 Je T 2 P iz

(VY =) (y)dy)(

Il

N =

\

N =

R3

\

(VV(x), -~ (t*u)zdx> ‘

R3

(VV(x), x)u (x)dx

Il
N\*—‘
'\

R3

and

d (/ W(x)t3u2(tx)dx>
dr \Jr3 1=

y=ix 2
= d—(/ W (y)dy) L,
= ([wwe-Znoa) |

/ (VW (x), x)u (x)dx

As a consequence, we have

d
(@) ‘H

= (allVall3 + b1 Vull} - 3/Rz G udx — [lullf)
+ u(2a)| Vull3 + 45| Vul3 +9/3 G (u)dx
R
9 ~/ 6
— = | G'wudx —6]ullg)
2 R3

- 1/ (VV(x),x)uz(x)dx+/L/ (VW (x), x)u®(x)dx.
2 JRr3 R3

On the other hand, a solution to (3.3) must satisfy the so-called Pohozaev identity

allVull3 + bl Vul3 + 1(2alVul3 + 4b||Vul|3)

~ 9 ~ ~
= <9/ G (u)dx — —/ G’ (uyudx — 6||u||g) + 3/ G (u)dx + [|u|l®
R3 2 R3 R3

+l/ (VV(x), x)u?(x)dx —M/ (VW (x), x)u*(x)dx,
2 Jr3 R3

which implies that - (dD(t*u)) lr=1 = 0. This completes the proof of the claim.
Now we deduce by direct computations that

1 1
O (txu) = Jy (1xu) + EKHMH% + wPy (txu) = Jy (1) + E)wllbtll% + ut(Jy ) (@),
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which implies that
d
3 S = 1+ WUy O + pt Uy )" ().

Since u € Py, Py(u) = 0. we deduce by Py (u) = %JV (t*u)|t:1 that

d
0= (@),

=1+ Uy D) +uy" (1)
=1+ 0Py +p(y)" (1) = nWyw)" (D).

Finally, by the fact that (Jy )" (1) # 0, we get u = 0, which implies that
Jy@)+ru=0 in H'(R?).
O

Lemma 3.4 Assume that the assumptions (G1)~(G2) and (V1)—(V2) hold. Then for
any ¢ > 0, there exists some 8. > 0 such that

inf ||[Vul> > 3. (3.4)

u€Py ¢

Proof 1) Since u € Py ., we have the following Pohozaev identity
al|Vul3 + b||Vul3 — /1;{3 W (x)u? (x)dx — fJu|l$ = 3/R3 G (u)dx. (3.5)
By the assumption (V2), we observe that for any u € H LR,
al| Va3 + bl Va3 - /R W(@u? (0)dx > (@ — 02)[Vull3 + bl Vul3.  (3.6)
By the assumption (G2) and the Gagliardo-Nirenberg inequality (2.1), we deduce that

3@=2) 3(8-2)

3f} Gw)dx < cf}um“ Fulf)dx < CIVully T 4+ 1Vull, T ),
R R

which, together with (3.5) and (3.6), implies that

(@ =l Vull + IVl <3 | Gu)ar +

3(@-2) 3(8=2)

<C(IVul, > +1Vul, * )+§I|Vullg

(3.7)
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The assumptions (G2) and (V2) give === 3(“ 2) 3(’3 D - 2anda-— o> > 0, and then we

conclude from (3.7) that there exists some 8 > O such that
IVully =8

We complete the proof. O

Lemma 3.5 Assume that the assumptions (G1)—(G3)and (V1)—(V3) hold. Then P;’ ¢ =
Py ¢ is closed in H! (R3) and it is a natural constraint of Jy |S(.

Proof For any u € Py ., we have
allVul3 = —b||Vul|5 + /3 W (x)u’dx + 3/g Gadx + ul. (3.8
R- R’
By virtue of equality (3.8), the assumptions (V3), (G3) and Lemma 3.4, we obtain that
(Jv.)" () = a||Vul? + 3b(|Vul} +/ W (x)u’dx +/ (VW (x), x)u’dx
R3 R3
~ 9 ~
+ 12/ G(u)dx — —/ G'(u)udx — 5||u||g
R3 2 R3
= 2b||Vul} +2/ W (x)u?dx +/ (VW (x), x)u’dx
R3 R3
~ 9 ~
+ 15/ G(u)dx — —/ G’ (w)udx — 4||u||g
R3 2 R3
< 2b|Vul; +2/ W (x)u’dx +/ (VW (x), x)u’dx
R3 R3
- 6/ Guydx — 4u®
R3
= —2a|Vul|3 +4/ W (x)u’dx +/ (VW (x), x)udx — 2||u|®
]R3 ]R3
< —2a|Vull3 +/ Tiu? < (—2a + 03)||Vul5 <0,
R3
(3.9)
which implies that P‘J,F’C = P?,’C = @. Hence, P, . = Py . is closed in H'(R3). By

Proposition 3.3, we can obtain that Py . is a natural constraint of Jy |S .
The proof of Lemma 3.5 is completed. O

Remark 3.6 Let {w,} € P, . be such that Jy (w,) — my(c). Therefore, there exist
two sequences {1, }, {un} C C R such that, as n — +o00,

Ty (Wa) + Agwy + Py (wy) — 0 in H'(RY).
Using a similar argument as Proposition 3.3, we can get that, as n — +00,

pn(Jy w,)" (1) = 0. (3.10)
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By Lemma 3.4 and (3.9), we have
(Jv.w) (1) < (=2a + 03)82 <0,

which, together with (3.10), implies that u, — 0 asn — +oo.
Hence, if furthermore {w,, } is bounded in H ' (R?), then we obtain that, asn — o0,

Jy(wn) + Aqw, — 0 in H™Y(RY).

Lemma 3.7 Assume that the assumptions (G1)-(G3) and (V1)—(V3) hold. Then for
every u € S, with ¢ > 0, there exists a unique t, € R such that t,xu € Py ..
Moreover, t,, is the unique critical point of the function Jy ,,(t), and satisfies Jy , (t,) =
1}1218( Jy (txu).

-

Proof Letu € S,.. Since u € H'(R3), we have ||Vul» > 0. By the assumption (V2)
and direct computations, we have

(JV,M)’(t)=at||Vu||§+bt3||W||‘2‘—/ W () t2u?(tx)dx
R3

- 3/ G(t7u(x))dxt™ — 15 ul$
R3

3a— 3g_
> (a = o) | Vuldr + bIValie® — € (35 jullg + 135~ u) )

> 6
- §||VM||2,

where 8 > a > % and a — oy > 0. It yields that (Jy ,)'(#) > 0 for t > 0 small
enough. Therefore, there exists some #; > 0 such that Jy , () increases in ¢ € (0, t1).
On the other hand, according to the assumption (V1), we obtain

a b 1 3 1
Wvu®) < =2 )Vul3 + e Vull3 + o162 Vull3 —/ G(t2u(tx))dx — —1O|u|$
2 4 2 &3 6

a b o] 34— 1
= SCNVulG + 2 IVully + S Vully = 27 g = < llullg.

Since o > %4, we can infer that lim Jy ,(f) = —oo. Hence, there exists some
t—+400

tr > t1 such that

Jv.u(t2) = max Jy (txu).
t>0

It is clear that (Jy ,) (12) = 0 and fr*u € Py . by Proposition 3.2. We suppose to
the contrary that there exists another #3 > 0 such that t3xu € Py .. Without loss of
generality, we may assmue #3 > t,. Following from Lemma 3.5, we observe that both
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tp and #3 are strict local maximum points of Jy ,(¢), which implies that there exists
some t4 € (12, 13) such that

JV,u(t4): min JV,u(t)-
teltr,13]

It follows that (Jy ,)(t3) = 0 and (Jy ;)" (#3) > 0, which allows us to conclude that
tyxu € P\f’ oY 778 .» a contradiction to Lemma 3.5.
The proof of Lemma 3.7 is complete. O

Corollary 3.8 Under the assumptions (G1)-(G3), for any u € H'(R*\{0}, let 1, be
given by Lemma 3.7, then we have that

= (> <l & Uy (1) =(> <04 Py = (>, <)0.
Proof By Lemma 3.7, we have that
Tv.uty) = max Jy , (1).
Furthermore,
(Jy.u) (@) >0for0 <t < t,and (Jy ) () <O fort > t,.

On the other hand, we recall that P[r*u] = t(Jy ) (1).
Hence, the conclusion holds. O

Lemma 3.9 Under the assumptions (G1)-(G2) and (VI)—(V2), JV‘PV ~is coercive,
that is, -

lim Jy (u) = +o0.
u€Py c,||Vulla— o0

Proof Since u € Py ., we deduce by the assumptions (G2) and (V2) that

(a+ )| Vull3 + bl Va3 — ull§ = all Vul3 + bIVull; - fR W @)udy — fullg

= 3/ <lg(u)u — G(u)) dx
R3 2

- 3(a—2)

G (u)dx,
zZ— - (u)dx
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which, together with (V1), implies that, as ||Vu|, — +o0,

Jow = 21uld + 21vald + 1/ V(ru’dx —/ Gudx — = ful§
2 4 2 R3 R3 6
> L@ — o) IVul3 + 21 vuld f Gadx — -l
_2a o1 u24 ull; - ux6u6
1 2(a + 02) 2 (b 2b 4
>(-@-0o) -2 v A N
> (2(a N = Saa ) IV (G~ 5 = ) IVuE
2 1 6
+ (m - 6)”“”6
>\ =(a— -V - — ||V .
> <2<a R > 1Vul3 + (3 = 3 =3 ) V012 = +oc
(3.1D)
Hence,
lim Jy(u) =
u€Py ¢, |Vulr—+o0
The proof of Lemma 3.9 is complete. O
Lemma 3.10 There holds the following mini-max structure
= inf J f Jy(t 0.
my (c) 1n - v (1) = ulgsf ma(;( y (t%u) > (3.12)
Proof For any u € Py ., by Lemma 3.7, we have
Jy() =Jy.(1) = max Jy (t*u) > 1nf max Jy (txu),
ueS, t>0
which implies that
inf Jy(u) > inf max Jy (f*u). (3.13)
uePy ¢ ueS, >0

On the other hand, for any u € S;, by Lemma 3.7 again, we obtain that there exists
t, such that t,xu € Py . and Jy (t,*u) = maéc Jy (t*xu). Therefore,
1>

inf Jy(u) < Jy(t,xu) = max Jy (txu),
u€Py ¢ >0

which implies that
inf Jy(u) < inf maéc Jy (txu). (3.14)

u€Py ¢ ueS, t>

(3.13) and (3.14) imply that

inf Jy(u) = 1nf max Jy (t%u).
u€Py ¢ ueS, t>0
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By (3.11), (3.4) and (V2), we see

Jy(u) > Clgg + ngi > 0, foranyu € Py ..

Hence
=2 4
my(c) > C13C + C286 > 0.
The proof of Lemma 3.10 is complete. O
Remark 3.11 Since V(x) = 0 is a special function satisfying the assumptions

(V1),(V2) and (V3), the V in this Section can take 0. That is, all the conclusions in
this Section are true, even if we replace V with 0.

4 Energy Estimates and Compactness Analysis

Lemma 4.1 Under the assumptions (GI1)-(G3), for any ¢ > 0, we have mo(c) <
“STA + bslzzA where A = bS +./a8S + == b254

Proof The idea of the proof is similar to the Lemma 5.5 of [16], we shall imitate and

revise it. By Theorem 1.42 of [17], we know that S = Iv |2|2 is attained

ueDl: 2(R3)\{0} lluell

by

1 & 2
Ug(x) := 34 (m) ,Ve > 0.

Furthermore, we have ||VU, II% = ||Ug||g =S % Take a radially decreasing cut-off
function n € C° (R?) such that n = 1in B1(0), n = 0in B5(0) := R3\B,(0), and
let

o) = NV, and v = 2% ve € 0. 1),

lluee Il

Clearly, ve € S¢, by Lemma 3.7 and Remark 3.11, there exists a unique #,, € R such
that

mo(c) := mf Jolu] = inf max Joltxu] < max Joltxvg] = Jo[ty, *ve], Ve > 0.
ueP V.c ueS. t>0

“4.1)

So, it is sufficient to prove maéﬁ Joltxvg] = Jolty, *xve] < a‘gA + =5 bS A . By Lemmas

3.4,3.7 and Remark 3.11, we notice that t,,xv; € Py . and t,, > 0.
To this end, we need some integral estimates. Similar to Lemma 1.46 in [17], we
can derive that
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3 3
IVuelf =S+ 0@), Nucl§ =52 +0 (%), lucl3 = 00,

1
2 6 2
[Vuell; = Cy, G = lluells = C2,  lluelly = Cze,

for some constants C; > 0(i = 1, 2, 3), which are independent of ¢, ¢ and . Since
t > 0 and (G2), we have

/ G(t3u)ydxt™> >/ Gu)dxt* > 0,
R3 R3

which implies that
a b 3 _ 1
Jow, (1) = = Vv l36% + Ve 5t* — / G(t2v)dxt ™ — —1% v ||®
2 4 R3 6
a b 1
< Enwgu%tz + ansn;‘r“ —~ gﬁ o 1§ .

7 . b 1 . .
I\~Iow, we set Jo , (1) 1= %llegII%t2 + 3 ||Vv8||‘2‘t4 — 5t6 lve ||g. It is obviously that
Jo,v. () has a unique maximum point #,, such that

4 2
2 _ bIvels /a IVuel3 b2 Voell}
Ve T 12 °
2 vell$ llve 1 4 el

Then, we drive that

272 4 2
2 bVl /anwgn2 b2 | Vu|I3

luell3 2 fuel llue 18 4lug 2
2 4
b (5% + 0(8)) a (S% + 0(8)) b2 (S% + 0(8))

- 3 + 3 + 2
2st40() | STHOE)  a(sivo()

3
bS2 b2S3

sb‘;%+,/a+$+0(si)=%+0<sé),

where A 1= # +4/aS + #. This leads to that

272 474 676
ct b c't 1 c’t
Ve 2 v, 4 v, 6
= 55 Vel + 5 IVuel3 — 2= lue l§
lluells lluell luelly

jO,Ug (;Ug)
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a 2 b c 2 c6fg (8% +0 (83))
= — + - — £
2 % ) 4 ||ug||2 ( ot )) llue 1S 6
a 3 A )
< 5( )(82 +0(g)) 7<ﬁ+0<82>) (8% + 0(s))
g s (s% +0 ()
a+—+0(e)+0(8) e
aAS bA232 ( b233) S3
< + il
2 4 4 6

A; o) = 5+ M o).

From (4.1), we obtain that

3+12

- aSA  bS*A? 1
moe) = Jolto,x) = Jo, (1) < Jou, (1) = +0 (7).

O

Lemma 4.2 Assume that {u,} C Po. is a minimizing sequence of mo(c). There is a
sequence {x,} C R3and R > 0, k > 0 such that

/ unz = K,
BR(xn)

Proof Assuming the contrary that the lemma does not hold. By the Vanishing Theorem,
it follows that

/11%3 luy|Pdx — 0asn — oo, for2 < p <6.
Following from (2.4) and Py(u,) = 0,(1), we have
/R—‘ G(up)dx — 0as n — oo,
and

¢:= lim un|l® = lim (a ||Vun||§+b||wn||‘2‘).
n—o0 n—oo

Thus, we obtain lim ||Vu,,||% = ,/ 3 + & 4b2 .According to the Sobolev inequal-
n—oo

ity, we have ¢ > bSZK.% + aSe3. Two possible cases may occur: (i) £ > A3 and

lim [|[Vu,ll3 > SA, (i) € =0 = lim ||Vu,|3, where A = # +./aS + @
n— oo n—oQ
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If alternative (i) holds, we have

_ i = dim L IVinl? 4+ 2 1l = L a6
mo(e) = Tim Jo(u,) = Tim [2 1Val3 + 5 1Vl = ¢ llaal§

> i -
12 4 b+4b2 8b

which contradicts to Lemma 4.1.
If alternative (ii) holds, we have

mo(c) = ngriloo Jo(un)

. a 2 b 4 l 6
= lim_ [5 1903 + IV l3 = = | = 0.

which contradicts to Lemma 3.10. Thus, we obtain that f Br(xy) un2 > K. O
The proof of Theorem 1.2: Let {u,} C Py . be a minimizing sequence for Jo|730 ~ata
positive level mg(c). Denote it,, (x) = u, (x + x,,), where {x,} is the sequence given in

Lemma 4.2. By Lemma 3.9, we see that {ii,,} is bounded in H!(R?). Using standard
argument, up to a subsequence, we may assume that there is a i € H'(R>) such that

iy,—i in HY(RY),
iin— i inLl R»1<p<6,
i, — i ae.inR3.
By Lemma 4.2, we see that  is nontrivial. Moreover, & satisfies

—(a+bA) A = g() + i,

where A := lim fR3 |Vftn|2 and ng |V12|2 < A. Hence, we have the following
n—oo
Pohozaev identity

Pa(ii) : = (a + Ab)| Vi3 — 3/}}{3 G(iydx — ||i)¢ =0

> al|Vil3 + bl|Vall3 - 3/RS G@ydx — a]§ = Po(@).
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Now, we prove that Py(iz) = 0. Just suppose Py(z#) < 0, then there exists a unique
0 < 7 < 1 such that Py(fi1)=0 by Corollary 3.8.

We note that the assumption (G3) implies that sT2F(s) := %g(s)s_1 — G(s)s2
increases in (0, +00) and decreases in (—oo, 0). Therefore

i) 2F(E2 i) < (@) 2F@i), x€fx eR3:ii#£0)
where we have used that 7 € (0, 1). Then we have
iB3F@i) < F@i), xef{x eR®:i#£0). 4.2)
It is easy to see that F(0) = 0, which implies that
FBF@ia)=0=F@i), xe{xeR:i=0) (4.3)

According to the definition of F(s), combing (4.2) with (4.3), we obtain

W

i = G(Fii) < Zg(@ii — (i), x € B, (4.4)
Using (4.4), together with Py(i*it)=0, we obtain

mo(c) < Jo(txit) — %Po(f*ﬁ)

ayn oo log oo T [ 3,3 3. .3 23
7|V —t - t t2u)t2u — G(t2u))d
g Vil + Hllale + g | (e (i2i0))dx

A

‘—’||Vﬁ||2+i||a||°+z/ (2 g(@ii — G (@))dx
g e T |\

< Tim [% Vit |3 + — i ||6+7/ (2 g i)ty — G i) dx]

= o g 2T tnlle g [ (g 81 tn Un))ax
o

= 1 [1(@,) — ; Poin)] = mo(c). 4.5)
n—00

which cause a contradiction. Thus, we obtain that A = f]R3 |Vﬁ|2dx and7 = 1. Using
(4.5) again with 7 = 1, we deduce that Jo(it) = mo(c). By Lemma 3.5 and Remark
3.11, we can see that there exists a A, € R such that (i, A.) is a normalized solution
of Problem (1.14)—(1.2). O

5 Proof of Theorem 1.4

Lemma 5.1 m(c) is strictly decreasing with respect to ¢ € (0, +00).

Proof A similar argument, as the proof of Theorem 1.1 of [33], can be used to show
this Lemma. So we omit it here. O
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Lemma 5.2 Assume that V(x) # 0 satisfies (V 1), (V2) and (V3). For any ¢ > 0,
there holds
my (¢) < mo(c). 5.1

Proof In Theorem 1.2, we have shown the following fact: mg(c) can be attained. Thus,
we may letu(x) € Py . attain mo(c). Following from the standard potential theory and
maximum principle, we can see that i (x) > 0 in R?. By Lemma 3.7, we can see that
there exists #; > 0 such that ;% € Py ., which, combining the fact that V(x) #£ 0
and sup V(x) = 0, implies that

xeR3

1
my (¢c) < Jy (tzxit) = Jo(tzxii) + 5/ V()i (tzx)dx
]R3

< Jo(tz*ut) < maéi Jo(txit) = Jo(it) = mo(c).
1>

The proof of Lemma 5.2 is complete. O

Proposition 5.3 Assume that the assumptions (G1)—(G3) and (V1)—(V3) hold. For any
¢ > 0, let {uy} S Py, be a minimizing sequence for JV|7>V ~at a positive level
my (c). Then there exist a subsequence of {ii,} (still denoted by {ii,}), a i € H'(R?)
satisfying

— (a +bB?)Aii + V (x)ii + rit = g(ia) + |i|*it in R?, (5.2)

1

ko € N U {0}, nontrivial solutions w", ..., w0 of the following problem

—(a+ B*h)Au+ ru = |ul*u + g(u) (5.3)
mo € N U {0}, nontrivial solutions ti*, ii?, ..., i of the following problems
2 !
—(a+ B“b)Au = |u|"u, 5.4
such that
bB* d N
— ] ! )
my(©) + — = = Jv.p(@) + 2Jo,3<w )+ Zl Tp@h),
i= j=
ko mo
IVitn|l3 — [IVitll5 + Y IV |5+ Y [IVal[l3 (5.5)
i=1 j=1
where
A= lim A, B>= lim |Vi,|3, (5.6)
n——+oo n—o0

a ,  bB? , 1 )
Jv.pw) := = |Vull5 + —IIVull; + = V(x)u“dx
2 2 2 Jg3
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—/ G(u)dx — 1/ lu|®dx, (5.7)
R3 6 R3

a ,  bB? , 1 6
Jo.p(w) == ~|Vull3 + —|Vul; — [ Gwydx —— [ |uldx. (5.8)
2 2 R 6 Jrs

and

s = 21vuld + 2wz - L [ urca (59)
Blu) ‘= B 22153 ) 22153 6 - u X. .
Proof We divide the proof into three steps:

step 1: By Lemma 3.9, Remark 3.6 and the fact that {it,} € Py ., it is easy to see
that {i,,} is bounded in H'(R3) and

T, (iin) + Anity — 0in H™'(RY), (5.10)

which implies that {A,} is bounded in R. Up to a subsequence, we may assume that
there is # € H'(R>) such that

i,—i in HY(R3),
inLl (R}, 1<p<6,
a.e. in R3,

N

U, —>

<

U, —
which, together with (5.10), conclude that i is a solution of
—(a +bB?)Aii + V(x)ii + rit = g (i) + |it|*ii in R?.

We claim that u # 0. In fact, if # = 0, then the Brézis-Lieb Lemma and (V1) lead
to

/ V(x)i2dx = / V (x)i>dx +/ V(x) (i, — it)>dx + 0,(1) = 0,(1),
R3 R3 R3

which implies that my (¢) + 0, (1) = Jo(it,). Furthermore, we obtain (Jo ;,)'(1) =
(Jv.i,) (1) + 0,(1) = 0,(1). It follows from the uniqueness of the critical point of
Jo,i, (t) (See Corollary 3.9, [24]) that there exists t, = 140, (1) suchthat#,xu, € Py ..
Hence

mo(c) < Jo(taxitn) = Jo(utn) + 0n(1) = my(c) 4 0,(1),

which contradicts to Lemma 5.2. Therefore u #~ 0.
Step 2: If the vanishing case occurs, then we go to step 3. So we may assume that
the vanishing does not occur. Let ii} = ii,, — ir. Since

4

_ bB* _ -
Jv.8in) = my(©) + ==, Jy plitn) + dnitn — Oin H '®Y, .1
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the Brezis-Lieb Lemma implies that

Vit |5 — (| Vit |5 — || Vidl]3, (5.12)
_ bB* _
Jo,(u,) — my(c) + - Jv, W), (5.13)
and )
Jo.g(iiy) + Aith — 0in H™'(R?), (5.14)

which implies that {ﬁ,ﬁ} is bounded in H'(R?). Since the vanishing does not occur,
there exists {y,i} with y,i — 4o0asn — 400 and w' # 0 such that

iy (x +y)—' in H'®),
(R%), 1 <p <6,
il +y) = o' ae inR?,

,L(x + yn) — ! in Lf;c

which, combining with (5.14), implies that w! is a nontrivial solution of (5.3).

Let ﬁ =ity — il — o' (x — yn) If the vanishing occurs, then we stop and go to
= 1 INV}
step 3. We may assume that nllToo yseup fB(v 1 luy —u —w (x =y, dy # 0. By

the Brezis-Lieb Lemma, we have that

- 12 =212 -2 142
[IVin|lz — [IVigll; = [IVill; + Vo' |3,
4

Jo.pig) = my(©) + == = Jv @ = Jo.p@),

Jo p(@2) + 22 — 0in H™'(RY), (5.15)

which implies that {ﬁ%} is bounded in H'(R?). Since the vanishing does not occur,
there exists {y,%} with y,l — 400 as n — 400 and w? # 0 such that

i2(x +yH—o* in H'(R?),
i2(x +y2) — o® inLl (R?, 1<p<6,
i2(x +y2) — w? ae. inR3,

which, together with (5.15), implies that w? is a nontrivial solution of (5.3). Going
on as above, the vanishing must occur after finite steps, since ||V | |% > 6c > 0 (See
Lemma 3.4). We may assume that the vanishing occurs after ko steps, which implies

that !, @2, -+, X0 are nontrivial solutions of (5.3),
/3 [T - 02 <5 < 2%), (5.16)
R
ko
IVitn|l3 = IV ™ 15 — [IVal3+ ) lIVe'|]3, (5.17)

i=1
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and
bB* ko .
Jo.s(@0 ") —> my(c) + —— = Jv.p@@) = Y _ Jo.p(),
4 i=1
Jo p @t 4 2a0 > 0in H~'(RY), (5.18)

ko+1 k ;
where i, =i, —i— Y o' (x — y}).
i=1

Step 3: The vanishing occurs. If the vanishing occurs, then, following from (5.16)
and (5.18), we have that

. bB* R N R
Jos@P ) = my () + == = Jv.p@ =Y Jvp@), Jy@th - 0in HI®RY).
i=1

(5.19)
k

0 )
If my(c) + % —Jv.p(u) — Jy . p(@') = 0, we complete the proof. Otherwise,

i=1
going on as the proof of Theorem 2.5 in [2], we can see that there exist mg € NU {0},

(o] }'}21, {z) }Til, nontrivial solutions ', 42, ..., 2™ of the following problems

—(a + B*b)Au = |ul*u,
such that
»B* ko ‘ mo
my(©) + == = Jp(@) = 3 I =) Ip(y).
i=1 j=1
and
mo
IVt 15 — > 11IViylis,
j=1
which, together with (5.17), implies that

ko mo
- 12 =112 i 112 A2
I Vitnll5 — [IVall3 + Y _1IVe' I3+ D 11Vi 5.
i=1 j=1

We complete the proof. O

Lemma 5.4 Assume that the assumptions (GI1)—(G3) and (VI)—(V3) hold. If u €
HY(R3) is a nontrivial solution of (5.2), then

. _bB* __,
Jvp@) = — =Vl (5.20)
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where Jy p(u) has been defined in (5.7).

Proof The argument is similar to [25], for readers’s convenience, we give a detailed
proof.

Since u is a nontrivial solution of (5.2), u satisfies the corresponding Pohozaev
identity Pg(u) = 0, where

Pg(it) :=a||v12||§+b32||va||§—f W(x)ﬁ2dx—3f 5(ﬁ)dx—/ |it|®dx
R3 R3 R3

(5.21)
By the assumptions (G2), (V2) and the Pohozaev identity (5.21), we can deduce by
the assumption (V2) that

m+@mvwéumwvw%—w%zmwm6+Mﬂwm@—[3wum%x—w@
R

= 3/ <1g(ﬁ)ﬁ - G(ﬁ)) dx
R3 2

3(a —2) _
> / G(u)dx.
2 R3

Hence by the assumptions (V1)-(V2) and (5.22), we conclude that

(5.22)

. bB* __,
Jy pu) — T”VMHQ

ﬁww%ﬁWNVW+1/'W)*d /’avd 1[|Td
= — u _— u — X)U X — u)ax — — u X
2 27y 272 Jes R3 6 Jrs

1 2(a +02) _2 (P 2b 2002
>(=(a—o0)— ———=) |V - ———— | BV
_(%a 1) 3(a_z))||u||2+(4 3(()[_2)) I

+<;_l> 7116
3a—2 6) 1"l

> 0.
O
Lemma 5.5 Assume that the assumptions (G1)—(G3) and (VI1)-(V3) hold. If o i =
1,2, .-, ko, is a nontrivial solution of (5.3), then
i in2 sz in2
Jo,p(w") = mo(w'I3) + Tllvw I3 (5.23)

where Jo p(u) has been defined in (5.8).

Proof Since w' is a weak solution to (5.3), it satisfies the corresponding Pohozaev
identity Py p(w') = 0, where

Po.p(u) := a||Vu|3 + bB?|Vul3 -3 A; G (u)dx — |ullg. (5.24)
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It follows that
i\ a 2, 4 i bB? in2 ; L6
Jop (') = 2Vl + ZIVW'l5 + ==Vl — | Gw ydx = =g
a . bB? . 7 3 o ) 1.
= IV |3+ —IVw' |} + f/ —gwHw' — Gw") ) dx + — w8
4 R3 12

4 4 14
(5.25)
By (5.6), we can deduce that

Po(w') = al|Vu' |3 + b|Vw'[l; -3 / G (whdx — fJw'[l
R

<a|Vw' |3 +bB*|Vuw'|3 - 3/ G(whdx — [l
R3
= Pyp(w') =0.

According to (2.4), for 0 < ¢ < 1 sufficiently small, we have
~ . 1 . . )
/ G(t»w')dx =/ —g(txw") (txw') — G(txw') ) dx
R3 R3 2

< (é - 1> C2/ (Jtxw’ [* + |txw' |P)dx
2 R3
N (E - 1) Cz/ F 2wl 4 13 3w Py,
2 R3
By Corollary 3.8 ,we obtain that there existsa,; € (0, 1) suchthat Po(tw,-*w") =0.

Therefore, we deduce from Proposition 3.2 that 7, is the unique critical point of
1,:(t) = I(t*w') and

Jo(tw,-*wi) = maéc Jo(t*wi).
t>

Hence

o fa P P4 i i e
Jo(t,ixw') = THVU) 15 + THVw I3 — G(t,ixw")dx — —|lw'[l¢
R3 6

2
at; iz, ! 3 k i i
= THVw 15 + 1 - ﬁg(twi*w )t ixw') — Gt ixw') ) dx
6
[T
i 6
+ _1102 lw'llg

7

a —_ 1 P16
< ZIIVw’||2+EIIw’II6+4

/]R@ (13—4g(wi)wi - G(wi))dx

. bB? .
= Jo.p(w') = == IV'I3,
(5.26)
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So combining with (5.25)—(5.26), we have

2 2

i i\ bB P2 i, bB P2
Jo,p(w') = Jo(t,i*w") + THVW 15 = mo(lw'l3) + THVW 5. (5.27)

O

Lemma 5.6 Assume that the assumptions (G1)—(G3) and (VI1)—(V3) hold. For any
c > 0, let {u,} € Py, be a minimizing sequence for JV’PV ~at a positive level
my (c). Then there exist a subsequence of {u, } (still denoted by {u, })andau € H'R3)
satisfying

—(a +bB*)Aii + V(x)ii + rit = g(@t) + |i|*ii in R?,
such that, n — 400,
_ _ ] 3
i, - u in H (R”).

Proof We claim that ky = 0. To check this, we may suppose that kg # 0. If mg # 0,
according to (5.5), (5.6), (5.20), (5.23) and (5.27), we deduce that

B4 ko
my (c) + 22 =Jyp@)+ Y Josw) +ZJB(M’)
i=1 j=1

mo

va 73

ko 2

sz + bB

IIVM||2 + komo(|lw'|3) + —— E Vw5 +
i=1

ko 2 mo
bB? a+bB i
||Vu||2+komo<c>+—2nv N3+ —5— 2 IVl
i=1 j=1
2 1o

bB
>mo<c>+—+< +—>va 713

., bB*
>my(c) + =
which is impossible. If my = 0, we can complete the proof of ko = 0 by means of
similar method, the rest being standard.
Now, we consider the case kg = 0. In this case, Lemma 5.3 allows us to obtain that
if the vanishing case of {L't,ll} occurs, from (5.11), (5.12) and (5.13), it follows that

lim Jop(i}) = lim Jg(i)
n—n n—-n

. ,a+bB* __ 1 -
= lim (an,‘ln% — 5/1&3 ji! [°dx)

n—-n
4

bB _
=my(c) + T Jv g (i)
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fOobBE
va(c)-l-T—T”VM Iz
2

. —12
=my(©) + =~ (lim || Vi, |7)
bB* 102
< mo(e) + .~ Jim [V} 3). (5.28)

Using (5.14), we see that

/3(a + B?b) Vit Vpdx = /2 lie} |*itl pdx 4+ 0,(1), Yo € H'(RY),
R R’
which implies that

e 1i =16 _ 1; 2 =12
y = Jm 13315 = Jim, (o + 082197, 15)
T -2 =12 =14
= 1im ((a+bIVald Iy I3 + bl Vi) 3)

— 1 - V—] 2 V‘] 4)
ngngo(a|| i3+ bVl i),

i} _ . . 12
where @ := a + b||Vii|} > a. Similar to Lemma 4.2 , we have lim ||Vil|; =
n—oo

\/ % + % — z“;b. According to the Sobolev inequality, we have y > szy% +aSy 5.

Two possible cases may occur: either y > A’ and lim ||Vii) ”; >SA,ory =0=
n—0oo
lim || Vi,

;,Wherez_\szSz—l—,/&S—i—@>A=b—‘§2+‘/a8+¥.
n— oo

Assume y > A>. We notice that

TS T 2b 2b 2b

A3 a2 a A 2bSA  a-— 2bS(A — A
% a a+2bSA:a+ +a a+ ( ). (5.29)

Then we deduce from (5.28) and (5.29) that

2
L@ BBT oo ] =16
mo(c) > lim (EIIVM,,IIZ + TIIVM,,IIZ “ 6 Jos i, |°dx)
vy v

_ ¢ i [va)
=46 T aan ]V

A a A3 a2 a

2
2

LraWe T w

v

A3+a A3+a2 a2+a8(]\ A)
"Ry T4 % a
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A3 aSA  aSA  bSEA?
> — + = + ;

12 4 3 12

>, which implies that

which contradicts to Lemma 4.1. Hence, y = 0 = lim HVﬁH
n—oo
mo = 0 and i, — i in H' (R3). o

The proof of Theorem 1.4: According to Lemma 5.1, Proposition 5.3 and Lemma 5.6,
we can see that, under the assumptions of Theorem 1.4, we obtain i,, — u in H 1 (R3).
So Jy(u) = my(c) and u € Py ., which, together with Lemma 3.5 and Remark
3.11, implies that Problem (1.12)—(1.2) admits a ground state normalized solutions
(i, Ae) € S, x R. We complete the proof. O
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