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Abstract

In this article, we consider a combination of local and nonlocal Laplace equation with
singular nonlinearities. For such mixed problems, we establish the existence of at least
one weak solution for a parameter-dependent singular nonlinearity and existence of
multiple solutions for perturbed singular nonlinearity. Our argument is based on the
variational and approximation approach.
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1 Introduction

In this article, we consider the following mixed local and nonlocal semilinear equation
with singular nonlinearity

—Au+(—Au=gx,u)in2, u>0in2, u=0inR"\ 2, (LD

where 2 C R" is a bounded domain with n > 2. Here —A is the classical Laplace
operator and (—A)*, s € (0, 1) is the fractional Laplace operator defined by

u(x) —u(y)
n |x _ y|n+2s

’

(—A)u = P.V./
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where P.V. denotes the principal value. We establish the existence of at least one weak
solution of the problem (1.1) for the purely singular nonlinearity g of the form (g;)
given by

gx,u) = rh@u™", (g1)

where A > 0,y € (0, 1) and

(h1) h : [0, 00) — Risacontinuous nondecreasing function such that 2(0) > 0 and

(h2)

h(t)

tim "9 — =0. (1.2)

,  lim —=
—0 tY t— 00 ﬂ/+1

Further, we establish multiplicity result for the Eq. (1.1) with the perturbed singular
nonlinearity g of the form (g2) given by

glx,u) =Au"V +ul, (22)

where A > 0,y € (0,1) and ¢ € (1,2* — 1) with 2* = nzT”Zifn > 2 and 2* = o0 if
n=>2.
Before proceeding further, we state the functional setting to study the problem (1.1).

1.1 Functional Setting and Useful Results

In this section, we present some known results for the fractional Sobolev space, see
[20] for more details. Let E C R” be a measurable set and |E| denote its Lebesgue
measure. Recall that the Lebesgue space L2 (E), is defined as the space of measurable
functions u : E — R with the finite norm

1/2

lull 2y = /|u<x>|2dx

E

Here and in the rest of the paper, it is assumed that £2 C R" with n > 2 is a bounded
smooth domain. The Sobolev space H'(£2) is defined as the Banach space of locally
integrable weakly differentiable functions u : £2 — R equipped with the following
norm:

lull gy = lullp2e) + IVull2(g)-
The space H'(R") is defined analogously. To deal with mixed problems, we use the
space H} (22) = {u € H'(R") : u = 0 in R"\ 2} under the norm [Ju|| = || V|l ;2g).
It can be shown that HOl (£2) is a real separable and reflexive Banach space, see [9, 10,

39].
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The fractional Sobolev space H*(£2), 0 < s < 1, is defined by

|u(x) —u(y)]

s _ 2 .
HY(2) = [u c L2(2): ——iE

€ L3R x 9)},

which is endowed with the norm

1
B 2 Ju(x) — u(y)|? 2
||u||Hx(_Q) = (/;2 |u(x)| dx +/;2 o de dy .

For the next result, see [20, Proposition 2.2].

Lemma 1.1 There exists a constant C = C(n, s) > O such that
lullgs2) < Cllullgi gy, Yue H' ().

Next, we have the following result from [13, Lemma 2.1].

Lemma 1.2 There exists a constant C = C(n, s, §2) such that

Ju(x) — u(y)|

// R dxdy <C ; |Vul>dx, Yue H} (). (1.3)
For the following Sobolev embedding, see, for example, [21].

Lemma 1.3 The embedding operators

LY(2), fort e[l,2%],ifn> 2,

Hy(2) = {1~ )
L'(£2), fort €[l,00),ifn =2,

are continuous.
Now we are ready to define the notion of weak solutions for the problem (1.1).

Definition 1.4 (Weak Solution) Let g be either of the form (g;) or (g2). We say that
u e HO1 (£2) is a weak subsolution (or supersolution) of (1.1), if # > 0 in £2 such that
for every w € §2, there exists a positive constant c(w) with # > c¢(w) > 0 in w and

/ VUV dx +// (u(x) —u(}’))(¢(xz) é(y)) dxdy < (or) Zf 2(x. u)¢ dx,
R2 |x — y|rt2s Q
(1.4)

for every nonnegative ¢ € C (£2). We say thatu € H (£2) is a weak solution of (1.1),
if the equality in (1.4) holds for every ¢ € C (£2) w1th0ut a sign restriction.

Remark 1.5 Note that by Lemmas 1.1 and 1.2, it follows that Definition 1.4 is well
stated.
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Remark 1.6 Letu € H(} (£2) be a weak solution of the problem (1.1) when g is either
of the form (g;) or (g2). Then following the lines of the proof of [28, Lemma 5.1], it
follows that the equality in (1.4) holds, for every ¢ € H(} (£2).

1.2 Statement of the Main Results

Our main results in this article reads as follows:

Theorem 1.7 Let O < y < 1 and g be of the form (g1). Then for every » > 0, there
exists a weak solution u € H& (£2) N L®(82) of the problem (1.1).

Theorem 1.8 Let 0 < y < 1 and g be of the form (g>). Then there exists A > 0
such that for every A € (0, A), the problem (1.1) admits at least two different weak
solutions in HO] (£2).

To prove our main results stated above, the following result concerning the mixed
local and nonlocal eigenvalue problem (1.5) will be useful for us.

—Au+ (=AY u=ru"Puin 2, u=0inR"\ Q. (1.5)

Lemma 1.9 (i) There exists the least eigenvalue .1 > 0 and at least one corresponding
eigenfunction e| € HO1 (£2) N L*°(£2)\{0} which is nonnegative in §2. (ii) Moreover,
for every w € §2, there exists a positive constant c(w) such that ey > c(w) > 0 in w.

Proof Part (i) follows from [9, Prop 2.6 and Theorem 2.8]. Part (ii) follows from [25,
Theorem 8.4]. O

Singular problems has drawn a great attention over the last three decade. Equations
of the form
—aAu+ B(=A’u=rfwu"V + pu", (1.6)

where o, B8, A, u,r > 0, y > 0 are parameters and f is some given function, are
studied widely in both the local (8 = 0) and nonlocal (¢ = 0) cases separately. Here
the singularity is captured by the parameter y > 0. Indeed, the quasilinear analogue
of the Eq. (1.6) is also investigated in the separate local and nonlocal cases and there
is a colossal amount of work done for such problems.

More precisely, in the local case (8 = 0), Crandall-Rabinowitz—Tartar [17] proved
the existence of classical solution of (1.6) for A = 1, u = 0 and f(u) = 1 for any
y > 0. Further, for a certain range of y, Lazer—McKenna [36] studied the notion of
weak solutions. Boccardo—Orsina [12] removed this restriction on y and proved the
existence of weak solutions for any y > 0. This study has further been investigated in
the quasilinear setting by Canino—Sciunzi-Trombetta [15], see also De Cave [18] and
the references therein. When f(#) > 0 and u = 0, for 0 < y < 1 and a certain range
of A, Eq. (1.6) is investigated by Ko—Lee—Shivaji [35]. In the perturbed case, we refer
to Haitao [32], Hirano—Saccon—Shioji [33], Arcoya—Boccardo—Moreno-Mérida [2, 3],
Bal-Garain [5], Giacomoni—Schindler-Takac in [31], and the references therein.

In the nonlocal case (¢ = 0), Eq. (1.6) is studied by Fang [22] for 4 = 0 and further
been extended in the quasilinear setting by Canino—Montoro—Sciunzi—Squassina [14].
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The perturbed singular case (i > 0) is investigated by Barrios—De Bonis—Medina—
Peral [6], Adimurthi—-Giacomoni—Santra [1], Giacomoni—Mukherjee—Sreenadh [29,
30] and generalized by Mukherjee—Sreenadh [38] in the quasilinear case and the
references therein.

To the best of our knowledge, singular problems in the mixed local and nonlocal
setting is very less known. Our main purpose in this article is to contribute in this
topic. We believe it would be an interesting topic of further investigation. We would
like to mention that mixed problems are also less known even in the nonsingular case.
Using probability theory, Foondun [23], Chen—Kim—Song—Vondracek [16] studied
regularity results for the equation

— Au+ (=A)Yu =0. (1.7)

Recently based on purely analytic approach, Biagi—Dipierro—Salort—Valdinoci—Vecchi
[7, 8, 39] studied the existence and regularity results for the mixed equation (1.7).
Equation (1.7) is also studied using analytic approach in the quasilinear case by Garain—
Kinnunen [25]. Several recent regularity results and other qualitative properties for
such problems using analytic approach can be found in see [9-11, 19, 26] and the
references therein.

In the mixed singular case, that is for positive @ and 8, assuming 4 = 0 and
f depending on x only, the singular equation (1.6) and its quasilinear version is
studied recently. In this concern, for the quasilinear case, we refer to Garain—Ukhlov
[28] for existence, uniqueness, regularity and symmetry properties with any y > 0.
Further, associated extremal functions are also studied in [28]. Moreover, Arora—
Radulescu [4] studied several existence and regularity properties (which shows power
and exponential type Sobolev regularity depending upon the summability of the datum
f and the singular exponent y > 0) for the semilinear equation (1.6), where the case
y = 0 is also considered.

In this article, we establish the existence and multiplicity results for the mixed
problem (1.1) where the singularity g is either of type (g1) or (g2). We would like to
emphasis that our main results for the mixed case (Theorems 1.7 and 1.8) are similar
to the associated Laplace equation, see [2, 24]. Although it is worth to mention that the
presence of the nonlocal operator in the mixed equation cannot be neglected and such
nonlocal affect is one of the main obstacle, see [8]. To overcome this difficulty, we
simultaneously employ the theory developed for the Laplacian and fractional Laplacian
to study the mixed equation (1.1). Further, we will make use of some recent results
for the mixed operator.

More precisely, the variational technique introduced for the local case in [35] will
be adopted to the mixed case for proving Theorem 1.7. To this end, we also borrow
ideas from [32] to prove the sub-supersolution result (Lemma 2.1), where to deal with
the nonlocal behavior of the equation, we used the technique from [30]. Finally, the
eigenvalue problem (1.5) and the purely singular problem (2.7) related to the mixed
operator are used to construct subsolution and supersolutions, thanks to Lemmas 1.9
and 2.2.

To prove Theorem 1.8, we utilize the variational approach introduced for the local
case in Arcoya—Boccardo [2] in combination with the technique from [27] to deal
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with the nonlocality. To this end, we obtain the existence of multiple solutions of the
associated approximate problem (3.3). This fact combined with an a priori estimate
(Lemma 3.5) gives us the required result.

1.3 Notation and Organization of the Article

Throughout the rest of the article, by ¢ or C, we mean a positive constant which may
vary from line to line or even in the same line. The dependency of the constants ¢ or

C on the parameters 7, 12, . .., ry isdenoted by c(ry, ra, ..., rg) or C(r1, 12, ..., T).
Fora € R, we denote by a* = max{a, 0} and a~ = max{—a, 0}. We use the notation
2% =2 ifp > 2and 2* = co if n = 2.

n—2
In Sect. 2, we obtain some preliminary results and prove Theorem 1.7. Finally, in
Sect. 3, we establish some useful results and prove Theorem 1.8.

2 Preliminaries for the Proof of Theorem 1.7

Throughout this section, we assume g is of the form (g1). First we obtain some useful
results. Consider the energy functional J, : H(} (£2) - R U {£o0} defined by

J.(u) =f G(x,Vu)—i—// F(x,y,u)dxdy—k/ H(u) dx
2 R2n 2

where
1 2
G(x,Vu) = §|Vu| ,
u(x) —u(y)?
F(x,y,u) = W,
and

t
/ h(t)t™ 7 dt, ift > 0,
H(t) = 0

0, ift <0.

Following Haitao [32], we establish the following result in the mixed local and nonlocal
setting.

Lemma 2.1 Suppose that u,u € H(} (£2) N L*°(82) are weak subsolution and super-
solution of (1.1), respectively, such that 0 < u < u in 2 and u > c(w) > 0

for every w € £2, for some constant c(w). Then there exists a weak solution
u e H(} (£2) N L*°(£2) of (1.1) satisfyingu < u <uin $2.

Proof Let us consider the set

S={ve H(2):u<v<uin}.
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Since u < u in £2, we have S # (). We observe that S is closed and convex. We
establish the result in the following two Steps.

Step 1: We claim that J; admits a minimizer u over S.

To this end, we prove that J; is weakly sequentially lower semicontinuous over S.
Indeed, let {vg }xeny C S be such that vy —v weakly in HO1 (£2). Then by the hypothesis
on h, we have

Hw) < /uh(r)ﬂ ar < Mtloe) 2oy 1=y
0

T A=y

Therefore by the Lebesgue’s Dominated Convergence theorem and weak lower semi-
continuity of norm, the claim follows. Hence, there exists a minimizer u € S of J;
that is J) (1) = infycgs Jy (v).

Step 2: Here, we prove that u is a weak solution of (1.1).

Let¢ € Ccl(.Q) and € > 0. We define

u ifu+ep>u,
Nne=qu+ep ifu<u+ep <u,

u ifut+ep <u.

Observe that ne = u + € — ¢€ + ¢ € S, where ¢¢ = (u + € — u)™ and ¢ =
(u +€¢p —u)~. By Step 1 above, since u is a minimizer of J,, we have

T+ 1(e —u)) — J
0 < lim ACRRICE t W) = hW b - AT (say), Q.1
r—

with
I =/ VuV(ne — u) dx,
2
L= f (e — u)(—=A)*udx,
0

J =f (ne —w)u"" h(u)dx,
2

where we have used the notation Q = R?" \ (C2 x C£2), where C2 := R" \ 2.
Therefore, we have

0< / VuV(ne —u) dx +/ e —u)(—=A)’udx — A/ (e —w)u"Vh(u) dx
2 ] 2

= l(Q6 - 0.) 5/ VuVe dx—i—/ ¢(—A)Sudx—)»/ u " h(u)g dx,
€ 2 R® 2 (2 2)
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where
0f = / VuV¢© dx +/ ¢ (—A)udx — A/ u Vh(u)¢® dx and
2 IR7 fo)

Q. = / VuVee dx + P (— A udx — A/ u Vh(u)pe dx.
2

R” 2

Estimate of Q¢: We observe that

l/ VuVe© dx = l/ V(u —u)Vo© dx 2/ V(M—E)Vq')dx—}—l/ VuVe© dx)
€Je €Je Q¢ €Je

1
>o(1) + 7/ VuVe© dx.
€Je

2.3)
Further, we notice that
1 ¢ (—A)’udx = 1(/ ¢ (=) (u —u)dx +/ ¢€(—A)Sﬁdx>
€ JRn € R~ R (24)

1
>o(l)+ - ¢ (—A)*udx,
€ JRn

where to estimate the last inequality, we used the lines of the proof from [30, p. 9].
Combining (2.3) and (2.4), we have

Loe= o+ 1(/ VEVe© dx +/ o€ (—A) T dx —,\/ u= h(u) g dx)
€ € 7 R® Q
= o(1) + l(f VEVee dx +/ ¢ (—A) T dx —k/ T h(@) e dx)
e\Jo R 2
+5(/ TV h(@)$¢ dx —/ u= h(u)g© dx)
€N 2
> o(1) + &/ hu)@m™ —u™")(u —u)dx
€ Je

+A/ huw)@m™ —u=V)pdx
QE
> o(1), 2.5)

using that u is a weak supersolution of (1.1), # < u and / huw)@’ —u")pdx <
96
2¢(0) " h(|[u]loo) 1@ |co < +00, where £2¢ = supp ¢€ and @ = supp ¢.

Taking into account that i is a weak subsolution of (1.1),# > u and h(u)(w™7 —
2
u")pdx < 2c(w) " h(|[ulloo) I@lloc < +00, where 2. = supp ¢ and @ = supp ¢,
in a similar way, we obtain

éQe < o(D). (2.6)
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Using the estimates (2.5) and (2.6) in (2.2), we conclude that
0< / VuVe dx +/ (=AY udx — X/ u " h(u)g dx.
2 R Q

Since ¢ € C Cl (£2) is arbitrary, our claim follows. This completes the proof. O

Lemma22 LetO <y < landvy € HOl (82) be a weak solution of the problem
—Au+(AD’u=u"Vin2, u>0in2, u=0inR"\ 2. 2.7

Then vy € L*°(£2).

Proof Let k > 1, then by Remark 1.6 we choose ¢y = (vo — k)T € H(} (£2) as a test

function in (2.7) and apply Holder’s along with Young’s inequality with € € (0, 1) to
get

2
f IVgr|* dx < C(e)|AK)|7 + ef V| dx,
Q Q
where A(k) = {x €82 :v9>kin .Q} In the above estimate, we have also used that

HO1 (£2) — L9(82) for some g > 2 from Lemma 1.3. Therefore, fixing € € (0, 1), we
obtain

2
/ |Vl dx < ClA(K)|7
Q
where C is some positive constant. Let | < k < h, then since A(h) C A(k), we have

2 2
(h—PIAG]T < (f (v~ by dr)” < (f (v — k)? d)
A(h) A(k)

2
< cf Veu > dx < CAG)|7 .
22

2
q

Therefore
C
Ah)| < ———AK)|97 ",
[A(h)| < (h—k)q| (k)|

Since ¢ > 2, by [34, Lemma B.1], we have ||vg|| =) < ¢, where ¢ is a positive
constant. Hence the result follows. O

2.1 Proof of Theorem 1.7

We construct a pair of weak subsolution and supersolution of (1.1) according to Lemma
2.1. By Lemma 1.9, there exists e; € HO1 (£2) N L°°(£2) such that

—Aej+ (—A)’e; =Aje;in 2, e >0inf2, e =0inR"\ 2 (2.8)
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and for every w € §2, there exists a positive constant c(w) with e; > c¢(®) in w. By
(h2), we know that lim,_,o t =" h(t) = 00, so we can choose a; > 0 sufficiently small
such that

r(arer) < A(ayer) " h(ayer). (2.9)

Letu = ajeq, thenu € H& (£2) N L°°(£2) and by (2.8) and (2.9), we get

— Au+ (=AY u < Maze) Vhazer) = e Vh(w) in 2. (2.10)

By [28, Theorem 2.13] and Lemma 2.2, there exists vg € HOl (£2) N L*°(£2) such that
for every w € £2 there exists a positive constant c(w) satisfying vp > c(w) > 0 in w
and

—Av0+(—A)Svo:vO_yin.Q, vo>0in 2, vyp=0inR"\ 2. (2.11)

By the hypothesis (h2), since lim;_, o = Y*tDp(r) = 0, we choose by, > 0 sufficiently
large such that

_ 1
(ballvolleo) ™ YTV R(bxllvollcc) < ———— . (2.12)
Mol Z!

We define u := bjvg. Thenu € HOl (£2) N L°°(£2) and using (2.11) and (2.12), we
have

— Al 4 (— AT = vy " by, = M(brvo) 7V h(brllvolleo) > A7V h(u) in 2, (2.13)
where we have also used the nondecreasing property of & from (h1). Thus, from
(2.10) and (2.13), it follows that u and u are weak subsolution and supersolution of
(1.1), respectively, and the constants a,, b; can be chosen in such a way that u < u.
Therefore, by Lemma 2.1, the result follows.

3 Preliminaries for the Proof of Theorem 1.8
In this section, we consider the Eq. (1.1) when g is of the form (g), which reads as

—Au+(—A’u=xw"V+ulin2, u>0in2, u=0inR"\ 2, 3.1

where A > 0,0 <y < land g € (1, 2* — 1) where 2* = HQT”Zifn > 2 and 2* = 0o
if n = 2. To this end, we study the functional /), : HO1 (£2) = R U {zo00} associated
with the problem (3.1) given by

- 2 +y1-
L(u) == /IVM|2d + = // lu(x) —u(y)l dxdy — A ™) de
R2n

=y e 1-v

+yg+1
q+1/(u ) dx. (3.2)
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For € > 0, we consider the approximated problem
—Au+ (AD’u=rxuT+e) " +whHin 2, u=0in R"\ 2. (3.3)

We remark that the energy functional associated with the problem (3.3) is given by

— 2 -y _
Die(u) = /qu|2dx+ // u(x) —u” [(ut +e)l77 —el7] W
]RZn

|x — y|n+2s 1—y
/ (u+)q+l dx.

q g+1
3.4

We observe that I, c € C!'(H](2),R), L, (0) = 0and [, (v) < Ipe(v), for all
v E H(} (£2). Let us define

= 2*=n2, ifn > 2, (3.5)
r, ifn=2,

where r > lissuchthat ] < g < r —1ifn = 2. Next we prove that /, . satisfies the
Mountain Pass Geometry.

Lemma 3.1 There exists R > 0, p > 0 and A > 0 depending on R such that

| ]ﬁlfR I ¢(v) <0 and " 1‘nf Iy () > p, forie (0, A).
v

Moreover, there exists T > R such that I, (Te1) < —1 for A € (0, A), where e; is
given by Lemma 1.9.
1

Proof Recalling the definition of / from (3. 5) we define 0 = |§2]\4 ( ) . By Holder’s
inequality and Lemma 1.3, for every v € H (£2), we have

g+l

/Q<v+>q+‘ dx < (/_Q Ivl’> @) < copupet, (3.6)

for some positive constant C independent of v. Since

I (1
lim De(ter) _ —A/ e Ve dx <0,
t—0 t 2

we choose k € (0, 1) sufficiently small and set ||v]| = R :=k (%) ! such that

inf I (v) <O.
lvll<R

q+1

1
pce) " and the estimate (3.6), we have

Moreover, using the fact R < (
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Ipc(v) > — — —— :=2p(say) > 0. 3.7
We define

A=

1Y
1 ~ )
SupHU”:R (—1 — \/;2 |v|l Y d.x)

which is positive. Note that, since p, R depends on k, g, |§2| and C, so does A. We
observe that
@t el = < hH!, (3.8)

Therefore, we have

lu(x) —v(y)? 1 gl
IAE(v)>—/ |V|? dx +//1;2n |x—y|"+2s dxdy—mfg(v )T dx

_/ (v+)1—y dx
—YJe

A
=Ioe(v) — m/Q(N)I—V dx.

Hence, using (3.7), for A € (0, A), we get

1
inf I c(v) > inf Iyc(v) —XA sup (1—/ lv|' =Y dx)
—YJe

Ivl=R Ivl=R Ivl=R

1
>2p— X\ sup <—/ lo|' 7Y dx) > p.
wi=r \1 =¥ Jo

Finally, we observe that Iy (te;) — —oo, as t — +o0. This gives the existence of
T > R such that Iy ((Te;) < —1. Therefore,

Iy e(Tey) < Ipe(Tey) < —1,

which completes the proof. O
Next, we prove that I,  satisfies the Palais Smale (PS). condition.

Lemma3.2 I, . satisfies the (PS). condition, for any ¢ € R, that is if {ux}lren C
H(} (£2) is a sequence such that

Doe(up) — ¢ and I; (ux) — 0 (3.9)

as k — oo, then {uy}ren contains a strongly convergent subsequence in HO1 (£2).
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Proof We prove the result in two steps below.

Step 1. First, we claim that if {ug}ren C H(} (£2) satisfies (3.9) then {uy}ren is
uniformly bounded in H(} (£2). To this end, by (3.8), for some positive constant C
(independent of k), we have

1
D e(ug) — ml;(,e(uk)uk = <— - —> / |Vug|* dx
Ju(x) — u(y)|?
- — dxd
+< q+1>/42n |x_ |n+23 y
=y _ 1=y

> ——; lull> = Cllug |7,
“\2 gqg+1

for some positive constant C (independent of k), where we have also used Lemma 1.3
and Holder’s inequality. Noting ¢ > 1 and using (3.10), we obtain

(3.10)

q+1

1 -
e (up) — . 11,\ g = Crllugl® = Cllug]|'7, (3.11)

for some positive constants C, C; (independent of k). Using (3.9), for k large enough,
we have

e (ui) — L upug| < C+o(lluglD, (3.12)

qg+1
for some positive constant C (independent of k). Combining (3.11) and (3.12), our
claim follows.
Step 2. We claim that up to a subsequence, uy — ug strongly in H (£2)ask — oo.
By Step 1, since {uy }xen is uniformly bounded in H (£2), due to the reflexivity of
H (£2), there exists ug € H (£2) such that up to a subsequence up—uo weakly in
Ho (£2) as k — oo. Again, by (3.9), we have

lim (/ Vi Vg dx + // (ur(x) —ur(y))(uo(x) — uo(y))
2 R2n

k—o00 |x _ |n+2v

—A/ (u,j—l—e)fyuo dx—/ (u,j)quo dx> =0
2 I?)

and

_ 2
lim / Vi dox +// k() = I g —x/ (W + )V uy dx
k—o00 R2n |x — |n+25 Q

—/ ;) uk dx) =0.
2
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The preceding two inequalities give,

_ _ _ 2
lim (/ |V(uk—u0)|2dx+// |G (x) — ur(y)) (uo(fC) uo(y)! dxdy)

k— 00 lx — |n+23

hm ( /(u++e) Y ug dx—i—/ (uz')quk dx — A /(u +€) Yug dx—/ (u,'(")quo dx)

— lim (/ Vo Vug dx—/ Vo> dx)
k—o00 o o

~ lim (// (o (x) — uo(y)) (i (x) — uk(y)) // luto (x) — uo ()| dxd )
k—o00 R2n |.)C — y\”*z"' R2n |X - y|n+23 y
(3.13)

Since uy—uo weakly in HO1 (£2) as k — oo, we observe that

lim (/ VuoVuy dx —/ |Vu0|2dx) =0. (3.14)
k—00 I?) Q

Further, since u;—uq weakly in HO1 (£2) as k — oo, it follows that

i (// (o(x) = uo () (i (¥) —ux () // luo (x) — uo(y)|? dad )_0
k=00 \J Jg2n [x — y[r+2s ek —ypre )=
(3.15)

Indeed, the weak convergence of uy to ug implies that

up(x) —ui(y)  uo(x) —uo(y)
|x _ y|n+2s |x _ y|n+2s

weakly in L2(R™),

which combined with the fact that

uo(x) — uo(y)

n+25
lx —yl

c L2 (RZn)

proves (3.15).
On the other hand, since

\(u,‘: +e)_”uo| <e ’ug and / |e_7’uo|dx < e_V/ lug| dx < 400,
Q Q
by the Lebesgue’s Dominated convergence theorem, it follows that
lim f (U + ) Vupdx = / (ug +€) " up dx. (3.16)
k—oo Jo Q

Since uy — ug pointwise almost everywhere in §2 and for any measurable subset E
of 2,

+ -y -y -y =1 o
[ + € ukldx = [ € Vugl dx < [l e lukll @) EI'T < COIE] T,
E E
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using Vitali’s convergence theorem, we have

hm A/ (uk +¢€) Vuy dx _Af (u0 +€) Vug dx. (3.17)

Since g + 1 < [, we have

1
7

’ i
/ ()T uol dx < lluoll 1) ( / wH! dx) < G3|E|*
E E

and

1
7

/ 14
/ )T ur] dx < llugll (o) (/ w;hH! dx) < G4|E|P
E E

for some positive constants C3, Cy4, o and 8. Again using Vitali’s convergence theorem,
we get

lim / () ug dx = / (ug)?ug dx, (3.18)
k—oo J o Q
and
lim / ) Tuy dx = / (ug)ug dx. (3.19)
k—oo Jo Q
Using (3.14), (3.15), (3.16), (3.17), (3.18) and (3.19) in (3.13), we obtain u; — ug
strongly in HO1 (£2) as k — oo which proves our claim. O

Remark 3.3 Using Lemma 3.1, Lemma 3.2 and the Mountain Pass Lemma, for every
A € (0, A), there exists ¢ € HO1 (£2) such that IA’,E(;) = 0and

bLe(Ce) = ynelfr tIErE(E)I,)%] Le(y(@®) = p >0,

where
I = {y e C([0, 1], Hol(.Q)) 1y(0)=0,y() = Te1}.
Moreover, as a consequence of Lemma 3.1, since for every A € (0, A) we have

infy<gr Ir,e(v) < 0, by the weak lower semicontinuity of /; ., there exists a nonzero
ve € HJ(£2) such that [ve| < R and

inf I c(v) = De(ve) <0 < p <L ee). (3.20)

lvl<R
Thus, ¢ and v, are two different non trivial critical points of I, ¢, provided A € (0, A).

Lemma 3.4 The critical points ¢ and ve of I, < are nonnegative in §2.
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Proof Let u = ¢ or ve. Therefore, since the integrand A(u™ + €)™V + (u™) is
nonnegative in £2, testing (3.3) with v = min{u, 0} and proceeding exactly as in the
proof of [28, pp. 11-12, Lemma 3.1] (or [4, p. 11, Lemma 3.1]), we get u > 0 in £2.
This completes the proof. O

Lemma 3.5 There exists a constant ® > 0 (independent of €) such that ||v¢| < O,
where ve = ¢ or Ve.

Proof We notice that the result trivially holds if ve = ve. Thus, it is enough to deal

with the case when v = .. Recalling the terms from Lemma 3.1 and Remark 3.3,
we define A = max;¢(o,1] lo,c(tT e1) then

A> max I (tTey) > inf max I (y () =1,c(Ce) = p > 0> I (ve).
t€[0,1] yel tel0,1]

Therefore
[Ce(x) — é‘e()’)|2 (§e+6)1 v —ely
/ Veide+ 5 //R Ty / &
+1/ ¢ddx < A. (3.21)
q
Choosing ¢ = —=f as a test function in (3.3) we obtain
|Ze(x) — 2O A / Le
\Y dx — dxd d
q+1/| Gl dx qH//RZn |x — y|n+2s xy+q+1 o Cteor
o [ e=o (3.22)
q

Adding (3.21) and (3.22) we have

1=y _
(———)nzen <Af (““) kA / e geia
41 )oCror

< C/ VA< cn;u‘*V + A,
2

for some positive constant C being independent of €, where we have used Holder’s
inequality and Lemma 1.3. Thus, since ¢ > 1, the sequence {{,} is uniformly bounded
in HOl (£2) with respect to €. This completes the proof. O

3.1 Proof of Theorem 1.8

By Lemmas 3.4 and 3.5, up to a subsequence, {c—p and ve—1vy weakly in HO1 (£2)
as € — 0T, for some nonnegative ¢y, vy € Hol(.Q).

@ Springer



On a Class of Mixed Local and Nonlocal Semilinear Elliptic Equation... Page 17 0f20 212

Step 1. Let vg = ¢ or vy. Here, we prove that vy € HO1 (£2) is a weak solution of
the problem (3.1). Indeed, for any € € (0, 1) and ¢ > 0, we notice that

_ _ . A
AMt+e) 7+t > A0 +1) V+tqzm1n{1,§} :=C > 0, say.

Therefore, recalling that ve = ¢ or v, we have
— Ave 4+ (—A)’ve = A(ve + €))7V +v? > C > 0. (3.23)

Using [28, Lemma 3.1] (see also [4, Lemma 3.1]), we get the existence of € € HOl £2)N
L°(£2) satisfying

—AE+(-A)E=CinQ2, £§>0in2, £§=0inR"\

such that for every w € £2, there exists a constant c(w) > 0 satisfying £ > c(w) > 0
in £2. Then, for every nonnegative ¢ € HO1 (£2), we have

/ qusdH/f () = 2@ = $0)) dxdy:/ (h00c+ 07 42}
2 R27 |x — yprtes 7]
2/ Codx
2

:/ VEV¢dX+// E@) —EON@X) —9o(y) dxdy.
i) 2n

|x — y|rt2s

Tesfing with ¢ = (¢ — v.)™ in the above estimate, we obtain
/ V(€ —vo) > dx
Q

+// E@) =) = () = veN(E = v) () = (€ —v)* () dxdy < 0.
R2n

|x _ y|n+23

Following the same arguments as in the proof of [37, Lemma 9], the double integral in
the above estimate becomes nonnegative. Hence, using this fact in the above inequality
gives v > & in £2. Hence there exists a constant c(w) > 0 (independent of €) such
that

Ve > c(w) >0, foreveryw € £2. (3.24)

Using Lemma 3.5 and the fact (3.24) along with the hypothesis on g, we can pass to
the limit in (3.23) to obtain

/ VgV dx
2
+/f (Wo(x) — vo(y) — (Ve(xX) — Ve(M)((E — V) T(x) — (§ —ve)T () dxdy
R2n

lx — y|rtas

:A/ ¢v()_y(x)dx+/ vgt;’)dx,
Q2 Q2
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forevery ¢ € C Cl (£2). Hence the claim follows.
Step 2. Now we establish that {y 7# vg. Choosing ¢ = v, € H(} (£2) as a test
function in (3.3), we get

2
/ Vo dx+// [ve () = 'j;(zys)l dx dy:A/ ve(vé—f—e)_”dx—i—/ I+ da.
Rx X — Y 2 2

Since g + 1 < [, using Lemma 1.3, we obtain

lim /(ve)‘fﬂdx:f vitdy. (3.25)

e—0t Jo

Moreover, since
_ 1—
0 < ve(ve +€) yfve v,

using Vitali’s convergence theorem, it follows that

Alim | ve(ve +€)Vdx = A/ vé_y dx.
e—0t Jo Q

Therefore, we obtain

: Ve (6) = ve)I? 1—y g+1
Elir&(/ Vel dx—i—//Rz” e av) =x/9u0 dx+fQ dx.
(3.26)
By Remark 1.6, choosing ¢ = v as a test function in (3.1) we get

|v0(x) — v (I Iy St
\Y% =A
/ Vol dx+//RZn e G /Qvo dx+/Q dx.

(3.27)
Hence from (3.26) and (3.27), we obtain

2
lim / Ve |? dx +// [ve () = ve (V)] dy):/ Vol dx
e—>0% R | —y[rtE 2

_ 2
//Rz,, [vo(x) — vo(y)] dxdy. (3.28)

—y |n+25
Using Vitali’s convergence theorem, we have

lim [ [(ve+e)'77 —€e'77]dx = / v(l)_y dx. (3.29)
2 22

e—07t

From (3.25), (3.28) and (3.29), we have lim,_, o+ I, < (ve) = I, (vo), which along with
(3.20) gives ¢y # vp.
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