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Abstract
In this article, we consider a combination of local and nonlocal Laplace equation with
singular nonlinearities. For such mixed problems, we establish the existence of at least
one weak solution for a parameter-dependent singular nonlinearity and existence of
multiple solutions for perturbed singular nonlinearity. Our argument is based on the
variational and approximation approach.
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1 Introduction

In this article, we consider the following mixed local and nonlocal semilinear equation
with singular nonlinearity

− �u + (−Δ)su = g(x, u) in Ω, u > 0 in Ω, u = 0 in Rn \ Ω, (1.1)

where Ω ⊂ R
n is a bounded domain with n ≥ 2. Here −Δ is the classical Laplace

operator and (−Δ)s , s ∈ (0, 1) is the fractional Laplace operator defined by

(−Δ)su = P.V.
∫
Rn

u(x) − u(y)

|x − y|n+2s dy,
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where P.V. denotes the principal value. We establish the existence of at least one weak
solution of the problem (1.1) for the purely singular nonlinearity g of the form (g1)
given by

g(x, u) = λh(u)u−γ , (g1)

where λ > 0, γ ∈ (0, 1) and

(h1) h : [0,∞) → R is a continuous nondecreasing function such that h(0) > 0 and
(h2)

lim
t→0

h(t)

tγ
= ∞, lim

t→∞
h(t)

tγ+1 = 0. (1.2)

Further, we establish multiplicity result for the Eq. (1.1) with the perturbed singular
nonlinearity g of the form (g2) given by

g(x, u) = λu−γ + uq , (g2)

where λ > 0, γ ∈ (0, 1) and q ∈ (1, 2∗ − 1) with 2∗ = 2n
n−2 if n > 2 and 2∗ = ∞ if

n = 2.
Before proceeding further, we state the functional setting to study the problem (1.1).

1.1 Functional Setting and Useful Results

In this section, we present some known results for the fractional Sobolev space, see
[20] for more details. Let E ⊂ R

n be a measurable set and |E | denote its Lebesgue
measure. Recall that the Lebesgue space L2(E), is defined as the space of measurable
functions u : E → R with the finite norm

‖u‖L2(E) =
⎛
⎝

∫

E

|u(x)|2 dx
⎞
⎠

1/2

.

Here and in the rest of the paper, it is assumed that Ω ⊂ R
n with n ≥ 2 is a bounded

smooth domain. The Sobolev space H1(Ω) is defined as the Banach space of locally
integrable weakly differentiable functions u : Ω → R equipped with the following
norm:

‖u‖H1(Ω) = ‖u‖L2(Ω) + ‖∇u‖L2(Ω).

The space H1(Rn) is defined analogously. To deal with mixed problems, we use the
space H1

0 (Ω) = {u ∈ H1(Rn) : u = 0 in Rn\Ω} under the norm ‖u‖ = ‖∇u‖L2(Ω).
It can be shown that H1

0 (Ω) is a real separable and reflexive Banach space, see [9, 10,
39].
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The fractional Sobolev space Hs(Ω), 0 < s < 1, is defined by

Hs(Ω) =
{
u ∈ L2(Ω) : |u(x) − u(y)|

|x − y| n2+s
∈ L2(Ω × Ω)

}
,

which is endowed with the norm

‖u‖Hs (Ω) =
(∫

Ω

|u(x)|2 dx +
∫

Ω

∫
Ω

|u(x) − u(y)|2
|x − y|n+2s dx dy

) 1
2

.

For the next result, see [20, Proposition 2.2].

Lemma 1.1 There exists a constant C = C(n, s) > 0 such that

‖u‖Hs (Ω) ≤ C‖u‖H1(Ω), ∀ u ∈ H1(Ω).

Next, we have the following result from [13, Lemma 2.1].

Lemma 1.2 There exists a constant C = C(n, s,Ω) such that

∫∫

R2n

|u(x) − u(y)|2
|x − y|n+2s dx dy ≤ C

∫
Ω

|∇u|2 dx, ∀ u ∈ H1
0 (Ω). (1.3)

For the following Sobolev embedding, see, for example, [21].

Lemma 1.3 The embedding operators

H1
0 (Ω) ↪→

{
Lt (Ω), for t ∈ [1, 2∗], if n > 2,

Lt (Ω), for t ∈ [1,∞), if n = 2,

are continuous.

Now we are ready to define the notion of weak solutions for the problem (1.1).

Definition 1.4 (Weak Solution) Let g be either of the form (g1) or (g2). We say that
u ∈ H1

0 (Ω) is a weak subsolution (or supersolution) of (1.1), if u > 0 in Ω such that
for every ω � Ω , there exists a positive constant c(ω) with u ≥ c(ω) > 0 in ω and

∫
Ω

∇u∇φ dx +
∫∫

R2n

(u(x) − u(y))(φ(x) − φ(y))

|x − y|n+2s dxdy ≤ ( or ) ≥
∫

Ω

g(x, u)φ dx,

(1.4)

for every nonnegative φ ∈ C1
c (Ω). We say that u ∈ H1

0 (Ω) is a weak solution of (1.1),
if the equality in (1.4) holds for every φ ∈ C1

c (Ω) without a sign restriction.

Remark 1.5 Note that by Lemmas 1.1 and 1.2, it follows that Definition 1.4 is well
stated.
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Remark 1.6 Let u ∈ H1
0 (Ω) be a weak solution of the problem (1.1) when g is either

of the form (g1) or (g2). Then following the lines of the proof of [28, Lemma 5.1], it
follows that the equality in (1.4) holds, for every φ ∈ H1

0 (Ω).

1.2 Statement of theMain Results

Our main results in this article reads as follows:

Theorem 1.7 Let 0 < γ < 1 and g be of the form (g1). Then for every λ > 0, there
exists a weak solution u ∈ H1

0 (Ω) ∩ L∞(Ω) of the problem (1.1).

Theorem 1.8 Let 0 < γ < 1 and g be of the form (g2). Then there exists Λ > 0
such that for every λ ∈ (0,Λ), the problem (1.1) admits at least two different weak
solutions in H1

0 (Ω).

To prove our main results stated above, the following result concerning the mixed
local and nonlocal eigenvalue problem (1.5) will be useful for us.

− �u + (−Δ)su = λ|u|p−2u in Ω, u = 0 in Rn \ Ω. (1.5)

Lemma 1.9 (i) There exists the least eigenvalue λ1 > 0 and at least one corresponding
eigenfunction e1 ∈ H1

0 (Ω) ∩ L∞(Ω)\{0} which is nonnegative in Ω . (ii) Moreover,
for every ω � Ω, there exists a positive constant c(ω) such that e1 ≥ c(ω) > 0 in ω.

Proof Part (i) follows from [9, Prop 2.6 and Theorem 2.8]. Part (ii) follows from [25,
Theorem 8.4]. �

Singular problems has drawn a great attention over the last three decade. Equations
of the form

− α�u + β(−Δ)su = λ f (u)u−γ + μur , (1.6)

where α, β, λ, μ, r ≥ 0, γ > 0 are parameters and f is some given function, are
studied widely in both the local (β = 0) and nonlocal (α = 0) cases separately. Here
the singularity is captured by the parameter γ > 0. Indeed, the quasilinear analogue
of the Eq. (1.6) is also investigated in the separate local and nonlocal cases and there
is a colossal amount of work done for such problems.

More precisely, in the local case (β = 0), Crandall–Rabinowitz–Tartar [17] proved
the existence of classical solution of (1.6) for λ = 1, μ = 0 and f (u) = 1 for any
γ > 0. Further, for a certain range of γ , Lazer–McKenna [36] studied the notion of
weak solutions. Boccardo–Orsina [12] removed this restriction on γ and proved the
existence of weak solutions for any γ > 0. This study has further been investigated in
the quasilinear setting by Canino–Sciunzi–Trombetta [15], see also De Cave [18] and
the references therein. When f (u) ≥ 0 and μ = 0, for 0 < γ < 1 and a certain range
of λ, Eq. (1.6) is investigated by Ko–Lee–Shivaji [35]. In the perturbed case, we refer
to Haitao [32], Hirano–Saccon–Shioji [33], Arcoya–Boccardo–Moreno-Mérida [2, 3],
Bal–Garain [5], Giacomoni–Schindler–Takáč in [31], and the references therein.

In the nonlocal case (α = 0), Eq. (1.6) is studied by Fang [22] forμ = 0 and further
been extended in the quasilinear setting by Canino–Montoro–Sciunzi–Squassina [14].
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The perturbed singular case (μ > 0) is investigated by Barrios–De Bonis–Medina–
Peral [6], Adimurthi–Giacomoni–Santra [1], Giacomoni–Mukherjee–Sreenadh [29,
30] and generalized by Mukherjee–Sreenadh [38] in the quasilinear case and the
references therein.

To the best of our knowledge, singular problems in the mixed local and nonlocal
setting is very less known. Our main purpose in this article is to contribute in this
topic. We believe it would be an interesting topic of further investigation. We would
like to mention that mixed problems are also less known even in the nonsingular case.
Using probability theory, Foondun [23], Chen–Kim–Song–Vondraček [16] studied
regularity results for the equation

− �u + (−Δ)su = 0. (1.7)

Recently based onpurely analytic approach,Biagi–Dipierro–Salort–Valdinoci–Vecchi
[7, 8, 39] studied the existence and regularity results for the mixed equation (1.7).
Equation (1.7) is also studiedusing analytic approach in the quasilinear case byGarain–
Kinnunen [25]. Several recent regularity results and other qualitative properties for
such problems using analytic approach can be found in see [9–11, 19, 26] and the
references therein.

In the mixed singular case, that is for positive α and β, assuming μ = 0 and
f depending on x only, the singular equation (1.6) and its quasilinear version is
studied recently. In this concern, for the quasilinear case, we refer to Garain–Ukhlov
[28] for existence, uniqueness, regularity and symmetry properties with any γ > 0.
Further, associated extremal functions are also studied in [28]. Moreover, Arora–
Radulescu [4] studied several existence and regularity properties (which shows power
and exponential type Sobolev regularity depending upon the summability of the datum
f and the singular exponent γ > 0) for the semilinear equation (1.6), where the case
γ = 0 is also considered.

In this article, we establish the existence and multiplicity results for the mixed
problem (1.1) where the singularity g is either of type (g1) or (g2). We would like to
emphasis that our main results for the mixed case (Theorems 1.7 and 1.8) are similar
to the associated Laplace equation, see [2, 24]. Although it is worth to mention that the
presence of the nonlocal operator in the mixed equation cannot be neglected and such
nonlocal affect is one of the main obstacle, see [8]. To overcome this difficulty, we
simultaneously employ the theorydeveloped for theLaplacian and fractionalLaplacian
to study the mixed equation (1.1). Further, we will make use of some recent results
for the mixed operator.

More precisely, the variational technique introduced for the local case in [35] will
be adopted to the mixed case for proving Theorem 1.7. To this end, we also borrow
ideas from [32] to prove the sub-supersolution result (Lemma 2.1), where to deal with
the nonlocal behavior of the equation, we used the technique from [30]. Finally, the
eigenvalue problem (1.5) and the purely singular problem (2.7) related to the mixed
operator are used to construct subsolution and supersolutions, thanks to Lemmas 1.9
and 2.2.

To prove Theorem 1.8, we utilize the variational approach introduced for the local
case in Arcoya–Boccardo [2] in combination with the technique from [27] to deal
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with the nonlocality. To this end, we obtain the existence of multiple solutions of the
associated approximate problem (3.3). This fact combined with an a priori estimate
(Lemma 3.5) gives us the required result.

1.3 Notation and Organization of the Article

Throughout the rest of the article, by c or C , we mean a positive constant which may
vary from line to line or even in the same line. The dependency of the constants c or
C on the parameters r1, r2, . . . , rk is denoted by c(r1, r2, . . . , rk) orC(r1, r2, . . . , rk).
For a ∈ R, we denote by a+ = max{a, 0} and a− = max{−a, 0}. We use the notation
2∗ = 2n

n−2 if n > 2 and 2∗ = ∞ if n = 2.
In Sect. 2, we obtain some preliminary results and prove Theorem 1.7. Finally, in

Sect. 3, we establish some useful results and prove Theorem 1.8.

2 Preliminaries for the Proof of Theorem 1.7

Throughout this section, we assume g is of the form (g1). First we obtain some useful
results. Consider the energy functional Jλ : H1

0 (Ω) → R ∪ {±∞} defined by

Jλ(u) =
∫

Ω

G(x,∇u) +
∫∫

R2n
F(x, y, u) dxdy − λ

∫
Ω

H(u) dx

where

G(x,∇u) = 1

2
|∇u|2,

F(x, y, u) = |u(x) − u(y)|2
|x − y|n+2s ,

and

H(t) =
⎧⎨
⎩

∫ t

0
h(τ )τ−γ dτ, if t > 0,

0, if t ≤ 0.

FollowingHaitao [32],we establish the following result in themixed local and nonlocal
setting.

Lemma 2.1 Suppose that u, u ∈ H1
0 (Ω) ∩ L∞(Ω) are weak subsolution and super-

solution of (1.1), respectively, such that 0 < u ≤ u in Ω and u ≥ c(ω) > 0
for every ω � Ω, for some constant c(ω). Then there exists a weak solution
u ∈ H1

0 (Ω) ∩ L∞(Ω) of (1.1) satisfying u ≤ u ≤ u in Ω .

Proof Let us consider the set

S = {v ∈ H1
0 (Ω) : u ≤ v ≤ u in Ω}.
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Since u ≤ u in Ω , we have S �= ∅. We observe that S is closed and convex. We
establish the result in the following two Steps.

Step 1: We claim that Jλ admits a minimizer u over S.
To this end, we prove that Jλ is weakly sequentially lower semicontinuous over S.

Indeed, let {vk}k∈N ⊂ S be such that vk⇀v weakly in H1
0 (Ω). Then by the hypothesis

on h, we have

H(vk) ≤
∫ u

0
h(τ )τ−γ dτ ≤ h(‖u‖∞)

(1 − γ )
‖u‖1−γ∞ .

Therefore by the Lebesgue’s Dominated Convergence theorem and weak lower semi-
continuity of norm, the claim follows. Hence, there exists a minimizer u ∈ S of Jλ
that is Jλ(u) = infv∈S Jλ(v).

Step 2: Here, we prove that u is a weak solution of (1.1).
Let φ ∈ C1

c (Ω) and ε > 0. We define

ηε =

⎧⎪⎨
⎪⎩
u if u + εφ ≥ u,

u + εφ if u ≤ u + εφ ≤ u,

u if u + εφ ≤ u.

Observe that ηε = u + εφ − φε + φε ∈ S, where φε = (u + εφ − u)+ and φε =
(u + εφ − u)−. By Step 1 above, since u is a minimizer of Jλ, we have

0 ≤ lim
t→0

Jλ(u + t(ηε − u)) − Jλ(u)

t
= I1 + I2 − λJ (say), (2.1)

with

I1 =
∫

Ω

∇u∇(ηε − u) dx,

I2 =
∫
Q
(ηε − u)(−Δ)su dx,

J =
∫

Ω

(ηε − u)u−γ h(u) dx,

where we have used the notation Q = R
2n \ (CΩ × CΩ), where CΩ := R

n \ Ω .
Therefore, we have

0 ≤
∫

Ω

∇u∇(ηε − u) dx +
∫
Q
(ηε − u)(−Δ)su dx − λ

∫
Ω

(ηε − u)u−γ h(u) dx

�⇒ 1

ε
(Qε − Qε) ≤

∫
Ω

∇u∇φ dx +
∫
Rn

φ(−Δ)su dx − λ

∫
Ω

u−γ h(u)φ dx,

(2.2)
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where

Qε =
∫

Ω

∇u∇φε dx +
∫
Rn

φε(−Δ)su dx − λ

∫
Ω

u−γ h(u)φε dx and

Qε =
∫

Ω

∇u∇φε dx +
∫
Rn

φε(−Δ)su dx − λ

∫
Ω

u−γ h(u)φε dx .

Estimate of Qε : We observe that

1

ε

∫
Ω

∇u∇φε dx = 1

ε

∫
Ω

∇(u − u)∇φε dx ≥
∫

Ωε

∇(u − u)∇φ dx + 1

ε

∫
Ω

∇u∇φε dx
)

≥ o(1) + 1

ε

∫
Ω

∇u∇φε dx .

(2.3)
Further, we notice that

1

ε

∫
Rn

φε(−Δ)su dx = 1

ε

( ∫
Rn

φε(−Δ)s(u − u) dx +
∫
Rn

φε(−Δ)su dx
)

≥ o(1) + 1

ε

∫
Rn

φε(−Δ)su dx,
(2.4)

where to estimate the last inequality, we used the lines of the proof from [30, p. 9].
Combining (2.3) and (2.4), we have

1

ε
Qε ≥ o(1) + 1

ε

( ∫
Ω

∇u∇φε dx +
∫
Rn

φε(−Δ)su dx − λ

∫
Ω

u−γ h(u)φε dx
)

= o(1) + 1

ε

( ∫
Ω

∇u∇φε dx +
∫
Rn

φε(−Δ)su dx − λ

∫
Ω

u−γ h(u)φε dx
)

+λ

ε

( ∫
Ω

u−γ h(u)φε dx −
∫

Ω

u−γ h(u)φε dx
)

≥ o(1) + λ

ε

∫
Ωε

h(u)(u−γ − u−γ )(u − u) dx

+λ

∫
Ωε

h(u)(u−γ − u−γ )φ dx

≥ o(1), (2.5)

using that u is a weak supersolution of (1.1), u ≤ u and
∫

Ωε

h(u)(u−γ − u−γ )φ dx ≤
2c(ω)−γ h(||u||∞)||φ||∞ < +∞, where Ωε = supp φε and ω = suppφ.

Taking into account that u is aweak subsolution of (1.1), u ≥ u and
∫

Ωε

h(u)(u−γ −
u−γ )φ dx ≤ 2c(ω)−γ h(‖u‖∞)‖φ‖∞ < +∞, where Ωε = suppφε and ω = suppφ,
in a similar way, we obtain

1

ε
Qε ≤ o(1). (2.6)
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Using the estimates (2.5) and (2.6) in (2.2), we conclude that

0 ≤
∫

Ω

∇u∇φ dx +
∫
Rn

φ(−Δ)su dx − λ

∫
Ω

u−γ h(u)φ dx .

Since φ ∈ C1
c (Ω) is arbitrary, our claim follows. This completes the proof. �

Lemma 2.2 Let 0 < γ < 1 and v0 ∈ H1
0 (Ω) be a weak solution of the problem

− �u + (−Δ)su = u−γ in Ω, u > 0 in Ω, u = 0 in Rn \ Ω. (2.7)

Then v0 ∈ L∞(Ω).

Proof Let k > 1, then by Remark 1.6 we choose φk = (v0 − k)+ ∈ H1
0 (Ω) as a test

function in (2.7) and apply Hölder’s along with Young’s inequality with ε ∈ (0, 1) to
get

∫
Ω

|∇φk |2 dx ≤ C(ε)|A(k)| 2
q′ + ε

∫
Ω

|∇φk |2 dx,

where A(k) = {
x ∈ Ω : v0 ≥ k in Ω

}
. In the above estimate, we have also used that

H1
0 (Ω) ↪→ Lq(Ω) for some q > 2 from Lemma 1.3. Therefore, fixing ε ∈ (0, 1), we

obtain ∫
Ω

|∇φk |2 dx ≤ C |A(k)| 2
q′ ,

where C is some positive constant. Let 1 < k < h, then since A(h) ⊂ A(k), we have

(h − k)p|A(h)| 2q ≤
( ∫

A(h)

(v0 − k)q dx
) 2

q ≤
( ∫

A(k)
(v0 − k)q dx

) 2
q

≤ C
∫

Ω

|∇φk |2 dx ≤ C |A(k)| 2
q′ .

Therefore

|A(h)| ≤ C

(h − k)q
|A(k)|q−1.

Since q > 2, by [34, Lemma B.1], we have ||v0||L∞(Ω) ≤ c, where c is a positive
constant. Hence the result follows. �

2.1 Proof of Theorem 1.7

Weconstruct a pair ofweak subsolution and supersolution of (1.1) according toLemma
2.1. By Lemma 1.9, there exists e1 ∈ H1

0 (Ω) ∩ L∞(Ω) such that

− �e1 + (−Δ)se1 = λ1e1 in Ω, e1 > 0 in Ω, e1 = 0 in R
n \ Ω (2.8)
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and for every ω � Ω , there exists a positive constant c(ω) with e1 ≥ c(ω) in ω. By
(h2), we know that limt→0 t−γ h(t) = ∞, so we can choose aλ > 0 sufficiently small
such that

λ1(aλe1) ≤ λ(aλe1)
−γ h(aλe1). (2.9)

Let u = aλe1, then u ∈ H1
0 (Ω) ∩ L∞(Ω) and by (2.8) and (2.9), we get

− �u + (−Δ)su ≤ λ(aλe1)
−γ h(aλe1) = λu−γ h(u) in Ω. (2.10)

By [28, Theorem 2.13] and Lemma 2.2, there exists v0 ∈ H1
0 (Ω) ∩ L∞(Ω) such that

for every ω � Ω there exists a positive constant c(ω) satisfying v0 ≥ c(ω) > 0 in ω

and

− �v0 + (−Δ)sv0 = v
−γ
0 in Ω, v0 > 0 in Ω, v0 = 0 in R

n \ Ω. (2.11)

By the hypothesis (h2), since limt→∞ t−(γ+1)h(t) = 0, we choose bλ > 0 sufficiently
large such that

(bλ‖v0‖∞)−(γ+1)h(bλ‖v0‖∞) ≤ 1

λ‖v0‖γ+1∞
. (2.12)

We define u := bλv0. Then u ∈ H1
0 (Ω) ∩ L∞(Ω) and using (2.11) and (2.12), we

have

− �u + (−Δ)su = v
−γ
0 bλ ≥ λ(bλv0)

−γ h(bλ‖v0‖∞) ≥ λu−γ h(u) in Ω, (2.13)

where we have also used the nondecreasing property of h from (h1). Thus, from
(2.10) and (2.13), it follows that u and u are weak subsolution and supersolution of
(1.1), respectively, and the constants aλ, bλ can be chosen in such a way that u ≤ u.
Therefore, by Lemma 2.1, the result follows.

3 Preliminaries for the Proof of Theorem 1.8

In this section, we consider the Eq. (1.1) when g is of the form (g2), which reads as

−�u + (−Δ)su = λu−γ + uq in Ω, u > 0 in Ω, u = 0 in Rn \ Ω, (3.1)

where λ > 0, 0 < γ < 1 and q ∈ (1, 2∗ − 1) where 2∗ = 2n
n−2 if n > 2 and 2∗ = ∞

if n = 2. To this end, we study the functional Iλ : H1
0 (Ω) → R ∪ {±∞} associated

with the problem (3.1) given by

Iλ(u) := 1

2

∫
Ω

|∇u|2 dx + 1

2

∫∫
R2n

|u(x) − u(y)|2
|x − y|n+2s dxdy − λ

∫
Ω

(u+)1−γ

1 − γ
dx

− 1

q + 1

∫
Ω

(u+)q+1 dx . (3.2)
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For ε > 0, we consider the approximated problem

−�u + (−Δ)su = λ(u+ + ε)−γ + (u+)q in Ω, u = 0 in R
n \ Ω. (3.3)

We remark that the energy functional associated with the problem (3.3) is given by

Iλ,ε(u) = 1

2

∫
Ω

|∇u|2 dx + 1

2

∫∫
R2n

|u(x) − u(y)|2
|x − y|n+2s dxdy − λ

∫
Ω

[(u+ + ε)1−γ − ε1−γ ]
1 − γ

dx

− 1

q + 1

∫
Ω

(u+)q+1 dx .

(3.4)
We observe that Iλ,ε ∈ C1

(
H1
0 (Ω),R

)
, Iλ,ε(0) = 0 and Iλ,ε(v) ≤ I0,ε(v), for all

v ∈ H1
0 (Ω). Let us define

l =
{
2∗ = 2n

n−2 , if n > 2,

r , if n = 2,
(3.5)

where r > 1 is such that 1 < q < r − 1 if n = 2. Next we prove that Iλ,ε satisfies the
Mountain Pass Geometry.

Lemma 3.1 There exists R > 0, ρ > 0 and Λ > 0 depending on R such that

inf‖v‖≤R
Iλ,ε(v) < 0 and inf‖v‖=R

Iλ,ε(v) ≥ ρ, for λ ∈ (0,Λ).

Moreover, there exists T > R such that Iλ,ε(T e1) < −1 for λ ∈ (0,Λ), where e1 is
given by Lemma 1.9.

Proof Recalling the definition of l from (3.5), we define θ = |Ω|
1(
l

q+1

)′
. By Hölder’s

inequality and Lemma 1.3, for every v ∈ H1
0 (Ω), we have

∫
Ω

(v+)q+1 dx ≤
(∫

Ω

|v|l
) q+1

l |Ω|
1(
l

q+1

)′
≤ Cθ‖v‖q+1, (3.6)

for some positive constant C independent of v. Since

lim
t→0

Iλ,ε(te1)

t
= −λ

∫
Ω

ε−γ e1 dx < 0,

we choose k ∈ (0, 1) sufficiently small and set ‖v‖ = R := k
(
q+1
pCθ

) 1
q−1

such that

inf‖v‖≤R
Iλ,ε(v) < 0.

Moreover, using the fact R <
(
q+1
pCθ

) 1
q−1

and the estimate (3.6), we have
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I0,ε(v) ≥ R2

2
− CθRq+1

q + 1
:= 2ρ (say) > 0. (3.7)

We define

Λ := ρ

sup‖v‖=R

(
1

1 − γ

∫
Ω

|v|1−γ dx

) ,

which is positive. Note that, since ρ, R depends on k, q, |Ω| and C , so does Λ. We
observe that

(v+ + ε)1−γ − ε1−γ ≤ (v+)1−γ . (3.8)

Therefore, we have

Iλ,ε(v) ≥ 1

p

∫
Ω

|∇v|2 dx +
∫∫

R2n

|v(x) − v(y)|2
|x − y|n+2s dxdy − 1

q + 1

∫
Ω

(v+)q+1 dx

− λ

1 − γ

∫
Ω

(v+)1−γ dx

= I0,ε(v) − λ

1 − γ

∫
Ω

(v+)1−γ dx .

Hence, using (3.7), for λ ∈ (0,Λ), we get

inf‖v‖=R
Iλ,ε(v) ≥ inf‖v‖=R

I0,ε(v) − λ sup
‖v‖=R

(
1

1 − γ

∫
Ω

|v|1−γ dx

)

≥ 2ρ − λ sup
‖v‖=R

(
1

1 − γ

∫
Ω

|v|1−γ dx

)
≥ ρ.

Finally, we observe that I0,ε(te1) → −∞, as t → +∞. This gives the existence of
T > R such that I0,ε(T e1) < −1. Therefore,

Iλ,ε(T e1) ≤ I0,ε(T e1) < −1,

which completes the proof. �
Next, we prove that Iλ,ε satisfies the Palais Smale (PS)c condition.

Lemma 3.2 Iλ,ε satisfies the (PS)c condition, for any c ∈ R, that is if {uk}k∈N ⊂
H1
0 (Ω) is a sequence such that

Iλ,ε(uk) → c and I ′
λ,ε(uk) → 0 (3.9)

as k → ∞, then {uk}k∈N contains a strongly convergent subsequence in H1
0 (Ω).
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Proof We prove the result in two steps below.
Step 1. First, we claim that if {uk}k∈N ⊂ H1

0 (Ω) satisfies (3.9) then {uk}k∈N is
uniformly bounded in H1

0 (Ω). To this end, by (3.8), for some positive constant C
(independent of k), we have

Iλ,ε(uk) − 1

q + 1
I ′
λ,ε(uk)uk =

(
1

2
− 1

q + 1

) ∫
Ω

|∇uk |2 dx

+
(
1

2
− 1

q + 1

) ∫∫
R2n

|u(x) − u(y)|2
|x − y|n+2s dxdy

− λ

∫
Ω

(u+
k + ε)1−γ − ε1−γ

1 − γ
dx + λ

q + 1

∫
Ω

(u+
k + ε)−γ uk dx

≥
(
1

2
− 1

q + 1

)
‖uk‖2 − C‖uk‖1−γ ,

(3.10)

for some positive constant C (independent of k), where we have also used Lemma 1.3
and Hölder’s inequality. Noting q > 1 and using (3.10), we obtain

Iλ,ε(uk) − 1

q + 1
I ′
λ,ε(uk)uk ≥ C1‖uk‖2 − C‖uk‖1−γ , (3.11)

for some positive constants C,C1 (independent of k). Using (3.9), for k large enough,
we have ∣∣∣∣Iλ,ε(uk) − 1

q + 1
I ′
λ,ε(uk)uk

∣∣∣∣ ≤ C + o(‖uk‖), (3.12)

for some positive constant C (independent of k). Combining (3.11) and (3.12), our
claim follows.

Step 2.We claim that up to a subsequence, uk → u0 strongly in H1
0 (Ω) as k → ∞.

By Step 1, since {uk}k∈N is uniformly bounded in H1
0 (Ω), due to the reflexivity of

H1
0 (Ω), there exists u0 ∈ H1

0 (Ω) such that up to a subsequence, uk⇀u0 weakly in
H1
0 (Ω) as k → ∞. Again, by (3.9), we have

lim
k→∞

(∫
Ω

∇uk∇u0 dx +
∫∫

R2n

(uk(x) − uk(y))(u0(x) − u0(y))

|x − y|n+2s dxdy

− λ

∫
Ω

(u+
k + ε)−γ u0 dx −

∫
Ω

(u+
k )qu0 dx

)
= 0

and

lim
k→∞

(∫
Ω

|∇uk |2 dx +
∫∫

R2n

|uk(x) − uk(y)|2
|x − y|n+2s dxdy − λ

∫
Ω

(u+
k + ε)−γ uk dx

−
∫

Ω

(u+
k )quk dx

)
= 0.
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The preceding two inequalities give,

lim
k→∞

(∫
Ω

|∇(uk − u0)|2 dx +
∫∫

R2n

|(uk(x) − uk(y)) − (u0(x) − u0(y))|2
|x − y|n+2s dxdy

)

= lim
k→∞

(
λ

∫
Ω

(u+
k + ε)−γ uk dx +

∫
Ω

(u+
k )quk dx − λ

∫
Ω

(u+
k + ε)−γ u0 dx −

∫
Ω

(u+
k )qu0 dx

)

− lim
k→∞

(∫
Ω

∇u0∇uk dx −
∫

Ω

|∇u0|2 dx
)

− lim
k→∞

(∫∫
R2n

(u0(x) − u0(y))(uk(x) − uk(y))

|x − y|n+2s dxdy −
∫∫

R2n

|u0(x) − u0(y)|2
|x − y|n+2s dxdy

)
.

(3.13)
Since uk⇀u0 weakly in H1

0 (Ω) as k → ∞, we observe that

lim
k→∞

(∫
Ω

∇u0∇uk dx −
∫

Ω

|∇u0|2 dx
)

= 0. (3.14)

Further, since uk⇀u0 weakly in H1
0 (Ω) as k → ∞, it follows that

lim
k→∞

(∫∫
R2n

(u0(x) − u0(y))(uk(x) − uk(y))

|x − y|n+2s dxdy −
∫∫

R2n

|u0(x) − u0(y)|2
|x − y|n+2s dxdy

)
= 0.

(3.15)
Indeed, the weak convergence of uk to u0 implies that

uk(x) − uk(y)

|x − y|n+2s ⇀
u0(x) − u0(y)

|x − y|n+2s weakly in L2(R2n),

which combined with the fact that

u0(x) − u0(y)

|x − y| n+2s
2

∈ L2(R2n)

proves (3.15).
On the other hand, since

∣∣(u+
k + ε)−γ u0

∣∣ ≤ ε−γ u0 and
∫

Ω

∣∣ε−γ u0
∣∣ dx ≤ ε−γ

∫
Ω

|u0| dx < +∞,

by the Lebesgue’s Dominated convergence theorem, it follows that

lim
k→∞

∫
Ω

(u+
k + ε)−γ u0 dx =

∫
Ω

(u+
0 + ε)−γ u0 dx . (3.16)

Since uk → u0 pointwise almost everywhere in Ω and for any measurable subset E
of Ω ,

∫
E

|(u+
k + ε)−γ uk | dx ≤

∫
E

ε−γ |uk | dx ≤ ‖ε−γ ‖L∞(Ω)‖uk‖Ll (Ω)|E | l−1
l ≤ C(ε)|E | l−1

l ,
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using Vitali’s convergence theorem, we have

lim
k→∞ λ

∫
Ω

(u+
k + ε)−γ uk dx = λ

∫
Ω

(u+
0 + ε)−γ u0 dx . (3.17)

Since q + 1 < l, we have

∫
E

|(u+
k )qu0| dx ≤ ‖u0‖Ll (Ω)

(∫
E
(u+

k )ql
′
dx

) 1
l′ ≤ C3|E |α

and

∫
E

|(u+
k )quk | dx ≤ ‖uk‖Ll (Ω)

(∫
E
(u+

k )ql
′
dx

) 1
l′ ≤ C4|E |β

for somepositive constantsC3,C4, α andβ.Again usingVitali’s convergence theorem,
we get

lim
k→∞

∫
Ω

(u+
k )qu0 dx =

∫
Ω

(u+
0 )qu0 dx, (3.18)

and

lim
k→∞

∫
Ω

(u+
k )quk dx =

∫
Ω

(u+
0 )qu0 dx . (3.19)

Using (3.14), (3.15), (3.16), (3.17), (3.18) and (3.19) in (3.13), we obtain uk → u0
strongly in H1

0 (Ω) as k → ∞ which proves our claim. �
Remark 3.3 Using Lemma 3.1, Lemma 3.2 and the Mountain Pass Lemma, for every
λ ∈ (0,Λ), there exists ζε ∈ H1

0 (Ω) such that I ′
λ,ε(ζε) = 0 and

Iλ,ε(ζε) = inf
γ∈Γ

max
t∈[0,1] Iλ,ε(γ (t)) ≥ ρ > 0,

where

Γ = {
γ ∈ C([0, 1], H1

0 (Ω)) : γ (0) = 0, γ (1) = T e1
}
.

Moreover, as a consequence of Lemma 3.1, since for every λ ∈ (0,Λ) we have
inf‖v‖≤R Iλ,ε(v) < 0, by the weak lower semicontinuity of Iλ,ε , there exists a nonzero
νε ∈ H1

0 (Ω) such that ‖νε‖ ≤ R and

inf‖v‖≤R
Iλ,ε(v) = Iλ,ε(νε) < 0 < ρ ≤ Iλ,ε(ζε). (3.20)

Thus, ζε and νε are two different non trivial critical points of Iλ,ε , provided λ ∈ (0,Λ).

Lemma 3.4 The critical points ζε and νε of Iλ,ε are nonnegative in Ω.
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Proof Let u = ζε or νε . Therefore, since the integrand λ(u+ + ε)−γ + (u+)q is
nonnegative in Ω , testing (3.3) with v = min{u, 0} and proceeding exactly as in the
proof of [28, pp. 11–12, Lemma 3.1] (or [4, p. 11, Lemma 3.1]), we get u ≥ 0 in Ω .
This completes the proof. �

Lemma 3.5 There exists a constant Θ > 0 (independent of ε) such that ‖vε‖ ≤ Θ,

where vε = ζε or νε .

Proof We notice that the result trivially holds if vε = νε . Thus, it is enough to deal
with the case when vε = ζε . Recalling the terms from Lemma 3.1 and Remark 3.3,
we define A = maxt∈[0,1] I0,ε(tT e1) then

A ≥ max
t∈[0,1] Iλ,ε(tT e1) ≥ inf

γ∈Γ
max
t∈[0,1] Iλ,ε(γ (t)) = Iλ,ε(ζε) ≥ ρ > 0 > Iλ,ε(νε).

Therefore

1

2

∫
Ω

|∇ζε |2 dx + 1

2

∫∫
R2n

|ζε(x) − ζε(y)|2
|x − y|n+2s dxdy − λ

∫
Ω

(ζε + ε)1−γ − ε1−γ

1 − γ
dx

− 1

q + 1

∫
Ω

ζ q+1
ε dx ≤ A. (3.21)

Choosing φ = − ζε

2 as a test function in (3.3) we obtain

− 1

q + 1

∫
Ω

|∇ζε |2 dx − 1

q + 1

∫∫
R2n

|ζε(x) − ζε(y)|2
|x − y|n+2s dxdy + λ

q + 1

∫
Ω

ζε

(ζε + ε)γ
dx

+ 1

q + 1

∫
Ω

ζ q+1
ε dx = 0. (3.22)

Adding (3.21) and (3.22) we have

(
1

2
− 1

q + 1

)
‖ζε‖2 ≤ λ

∫
Ω

(ζε + ε)1−γ − ε1−γ

1 − γ
dx − λ

q + 1

∫
Ω

ζε

(ζε + ε)γ
dx + A

≤ C
∫

Ω

ζε
1−γ + A ≤ C‖ζε‖1−γ + A,

for some positive constant C being independent of ε, where we have used Hölder’s
inequality and Lemma 1.3. Thus, since q > 1, the sequence {ζε} is uniformly bounded
in H1

0 (Ω) with respect to ε. This completes the proof. �

3.1 Proof of Theorem 1.8

By Lemmas 3.4 and 3.5, up to a subsequence, ζε⇀ζ0 and νε⇀ν0 weakly in H1
0 (Ω)

as ε → 0+, for some nonnegative ζ0, ν0 ∈ H1
0 (Ω).
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Step 1. Let v0 = ζ0 or ν0. Here, we prove that v0 ∈ H1
0 (Ω) is a weak solution of

the problem (3.1). Indeed, for any ε ∈ (0, 1) and t ≥ 0, we notice that

λ(t + ε)−γ + tq ≥ λ(t + 1)−γ + tq ≥ min

{
1,

λ

2

}
:= C > 0, say.

Therefore, recalling that vε = ζε or νε , we have

− �vε + (−Δ)svε = λ(vε + ε)−γ + vqε ≥ C > 0. (3.23)

Using [28, Lemma3.1] (see also [4, Lemma3.1]), we get the existence of ξ ∈ H1
0 (Ω)∩

L∞(Ω) satisfying

−�ξ + (−Δ)sξ = C in Ω, ξ > 0 in Ω, ξ = 0 in Rn \ Ω

such that for every ω � Ω , there exists a constant c(ω) > 0 satisfying ξ ≥ c(ω) > 0
in Ω . Then, for every nonnegative φ ∈ H1

0 (Ω), we have

∫
Ω

∇vε∇φ dx +
∫∫

R2n

(vε(x) − vε(y))(φ(x) − φ(y))

|x − y|n+2s dxdy =
∫

Ω

(
λ(vε + ε)−γ + vqε

)
φ dx

≥
∫

Ω

Cφ dx

=
∫

Ω

∇ξ∇φ dx +
∫∫

R2n

(ξ(x) − ξ(y))(φ(x) − φ(y))

|x − y|n+2s dxdy.

Testing with φ = (ξ − vε)
+ in the above estimate, we obtain∫

Ω

|∇(ξ − vε)
+|2 dx

+
∫∫

R2n

(ξ(x) − ξ(y) − (vε(x) − vε(y))((ξ − vε)
+(x) − (ξ − vε)

+(y))

|x − y|n+2s dxdy ≤ 0.

Following the same arguments as in the proof of [37, Lemma 9], the double integral in
the above estimate becomes nonnegative. Hence, using this fact in the above inequality
gives vε ≥ ξ in Ω . Hence there exists a constant c(ω) > 0 (independent of ε) such
that

vε ≥ c(ω) > 0, for every ω � Ω. (3.24)

Using Lemma 3.5 and the fact (3.24) along with the hypothesis on q, we can pass to
the limit in (3.23) to obtain

∫
Ω

∇v0∇φ dx

+
∫∫

R2n

(v0(x) − v0(y) − (vε(x) − vε(y))((ξ − vε)
+(x) − (ξ − vε)

+(y))

|x − y|n+2s dxdy

= λ

∫
Ω

φv
−γ
0 (x) dx +

∫
Ω

v
q
0φ dx,
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for every φ ∈ C1
c (Ω). Hence the claim follows.

Step 2. Now we establish that ζ0 �= ν0. Choosing φ = vε ∈ H1
0 (Ω) as a test

function in (3.3), we get

∫
Ω

|∇vε |2 dx +
∫∫

R2n

|vε(x) − vε(y)|2
|x − y|n+2s dxdy = λ

∫
Ω

vε(vε + ε)−γ dx +
∫

Ω

vq+1
ε dx .

Since q + 1 < l, using Lemma 1.3, we obtain

lim
ε→0+

∫
Ω

(vε)
q+1 dx =

∫
Ω

v
q+1
0 dx . (3.25)

Moreover, since

0 ≤ vε(vε + ε)−γ ≤ v1−γ
ε ,

using Vitali’s convergence theorem, it follows that

λ lim
ε→0+

∫
Ω

vε(vε + ε)−γ dx = λ

∫
Ω

v
1−γ
0 dx .

Therefore, we obtain

lim
ε→0+

( ∫
Ω

|∇vε |2 dx +
∫∫

R2n

|vε(x) − vε(y)|2
|x − y|n+2s dxdy

)
= λ

∫
Ω

v
1−γ
0 dx +

∫
Ω

v
q+1
0 dx .

(3.26)
By Remark 1.6, choosing φ = v0 as a test function in (3.1) we get

∫
Ω

|∇v0|2 dx +
∫∫

R2n

|v0(x) − v0(y)|2
|x − y|n+2s dxdy = λ

∫
Ω

v
1−γ
0 dx +

∫
Ω

v
q+1
0 dx .

(3.27)
Hence from (3.26) and (3.27), we obtain

lim
ε→0+

( ∫
Ω

|∇vε |2 dx +
∫∫

R2n

|vε(x) − vε(y)|2
|x − y|n+2s dxdy

)
=

∫
Ω

|∇v0|2 dx

+
∫∫

R2n

|v0(x) − v0(y)|2
|x − y|n+2s dxdy. (3.28)

Using Vitali’s convergence theorem, we have

lim
ε→0+

∫
Ω

[(vε + ε)1−γ − ε1−γ ] dx =
∫

Ω

v
1−γ
0 dx . (3.29)

From (3.25), (3.28) and (3.29), we have limε→0+ Iλ,ε(vε) = Iλ(v0),which along with
(3.20) gives ζ0 �= ν0.
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