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Abstract

We consider stability in an inverse problem of determining the material coefficient
matrix for a coupled system that describes acoustic interactions, by the Riemannian
geometrical approach. The stability is proved by the Carleman estimates and observ-

ability inequalities.
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1 Introduction and Main Results

Let £2 be a connected open bounded domain of IR3 with boundary I = T U T and
I'oN I = @, where Iy and I are open and nonempty. Moreover, I is assumed to
be convex and of class C2, and Iy C IR? to be flat with smooth boundary d77. For a

possible geometric graphics of the structural acoustic chamber §2, we refer to [23, 25].
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We consider the following coupling system on the finite time interval (0, 7'):

7zt —Az=0 in 2 x (0, 7),

B?& =0 on Il x(0,T),

3?54 = on Iy x (0, T),

v + Adv = —z on Iy x (0,T), (1.1)
v:a%:o ondly x (0, T),

(z(x,0), z/(x,0)) = (z0,0) in £,

(U(x, 0)1 Ul(-xv O)) = ('U(), 0) on FOv

where Az = divA(x)Vz and Apv = div,Ag(x)Vu. In (1.1), A(x) and Ap(x) are
symmetric, positive matrices satisfying

A(x) = Ag(x) for x e Iy.

Moreover, in (1.1), z denotes the acoustic velocity potential in £2, which is a wave-
type equation with the Neumann boundary condition and v describes the vertical
displacement of the flat I . In addition, v, ng, div, and V are the outward unit normal
vector of £2 along I", the outward unit normal vector of I along 9 I, the divergence,
and the gradient, respectively, in the Euclidean metric. Finally, ;\’)—1 = (Vz, A(x)v)
and ;TUO = (Vv, Ag(x)n).

We assume that the matrix Ag(x) is given but the matrix A(x) is unknown which
needs to be determined. Note that the map A(x) — {z, v} is nonlinear. Thus the
inverse map {z, v} — A(x) is also nonlinear. We have taken the initial data z; (x, 0) =
v;(x, 0) = 0 in order to make the even extensions of the solutions z and v to £2 x
[—T, T]. The extended solutions retain the same regularity in the domain 2 x[—-T7, T].
The explicit regularity needed in our inverse problems will be specified in Sect. 2.
Therefore, here and after, we consider all the PDE systems in the domain Q = £2 x
[—T, T] with the lateral boundary ¥ = I" x [T, T].

As for the nonlinear inverse problem {z, v} — A(x) of system (1.1), we view zg and
vo as the input, and the acceleration of the elastic plate v;,| x,, a physically measurable
quantity, as the output (observation). More precisely, we consider the following inverse
problem:

e Uniqueness of the inverse problem for system (1.1)

Can the principal coefficients matrix A(x) be uniquely determined by the acceler-
ation of the elastic plate v;,| 5, by finite many times changing initial values suitably?
In other words, do finitely many vy |s, = 0 imply Aj(x) = Aa(x), a.e. x € 27
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o Stability of the inverse problem for system (1.1)

For a matrix A(x) = (a;;(x))1<i, j<3, we define the following norm:

2 —

3
D a1 o)

ij=1

Is it possible to estimate ||[A; — Az|| g1 () by some suitable norms of the difference
of the corresponding plate accelerations (vox — vVig)s|x,?

For our purposes, we shall first consider the linearized inverse problems in the
following setting. Let

zik(x, 1) = z(A;(x), ax) and vir(x,t) = vig(A; (x), ax),

respectively, solve (1.1) with respect to the coefficient matrices A;(x) and the initial
values

[zik (x, 0), 0 zik (x, 0); vk (x, 0), d;vix (x, 0)] = [ax, 05 vo, 0],
where v is a fixed function, for 1 <i <2 and 1 < k < 9. Denote

B(x) = (bij)3x3 = A2(x) — A1(x), wi(x, 1) = z20k(x, 1) — z1x(x, 1),
Ri(x,t) = zok(x,t) in Q, and wug(x,t) = vor(x,t) — vip(x,t) in Xy.

For the sake of simplicity, for i = 1, 2, we denote

Zix, 1) = (zit, -, 29), Vilx, 1) = ity ..., vi9) ",
Zo(x, 1) = (ay,...,a9)T, Vo(x,1) = (vo,...,v0)",

Wx, 1) = (wi,...,wo) , U(x,t)=(uy,..., u9)’, and
R(x,1) = (221, .-, 229)",

where the superscript T denotes the transpose. Moreover, we let A; = divA; (x)V and
33,14,- = (A;j(x)Vz,v) fori = 1, 2. Clearly, the couple {W, U} satisfies the following
system.
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W, — divA;(x)VW = div B(x)VR(x,t) in £2 x (-T,T),

aifl =0 on I x (—T,T),

aizl = U, on Igx (—T,T),

Uy +.A%U =-W, on Iy x (=T,T), (1.2)
U=§T‘g=0 on Iy x (=T,T),
W(x,0) = W;(x,0) =0 in £,
Ux,0)=U;(x,0)=0 on Iy,

where div A\ VW = (divA;Vwy, ..., divA;Vwy)T.
We introduce

g = A_l(x) for x € IR3,
as a Riemannian metric on IR? and consider (IR3, g) as a Riemannian manifold. Let
g(X,¥) = (X,¥), = <A—1(x)x, Y> for X, Y € IR}, x e IR?,

where (-, -) denotes the Euclidean product of IR3. Let D be the Levi—Civita connection

in the metric g, and we have
DH(X,Y)=(DyH, X), for X, Y, HeIRi, x € 8. (1.3)

We need the following main assumptions.
Assumption (A.1) on the metric g = A~!(x): Assume that there exists a strictly

convex function v : 2 — (0, 400) of class C3, such that the following three proper-
ties hold.

(i1) There exists a positive constant & > 0, such that
D*u(X,X) > a|X[;, VX €IR], Vxeg,

where D is the connection of the metric g = AL (x);

(iii) v(x) has no critical point on £2, namely,
inf |V > 0.
inf 1Vl = 6 >

In the case of constant coefficients, conditions (i) and (ii) in (A.1) are due to the
Neumann boundary conditions which are the physically correct boundary conditions
of the hyperbolic problem and introduced in [27, Sect. 5]. We mention that in [28,
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Appendix B], the authors have given some constructions of functions satisfying con-
dition (i). Condition (iii) is needed for the validity of the pointwise Carleman estimate.
Condition (ii) means that v is an escape function which depends on the curvature of
the metric g = A~ (x). For the case of constant coefficients, v(x) = |x — xo|* is
one of the choices, where x is a fixed point outside 2. For the general cases, there
are some examples in [34, Chap. 2] to show how to find an escape function. We here
given an example.

An example satisfying conditions (i) and (ii) in assumption (A.1). Similar to [25,

Example 2.1], for a given

1+ [x]»)? 0 0
A(x) = 0 1A+ |x?? 0 for x = (x1, x2, x3) € IR?,
0 0 T+ |x??

the metric g(x) is

4
' (1+1x?)? 8 0
gx) =A""(x) = 0 e
0 0 (I+1x%)?

Let
M = {(x1,x2,x3,x4) € IR*: X7 + x5 +x3 + (g — D> =1},

a sphere of IR* with radius 1. Let p = (0,0, 0,2). We define the stereographic

projection P as

P:M\p— (IR’ g), P(x) =

(x1, x2, x3) for x = (x1, x2, x3, x4) € M\p.
2 — x4

Then P is an isometry, which implies that the curvature of (IR, g) is 1.
Let po = (1,0,0, 1) € M. Denote

C(r,01,0,) = (cosr, sinr cos 0y, sinr sinf; cos, 1 + sinr sinf sin6,) for

0 T
<r<-—.

2
Then

Ba(po, ro) ={C(r,01,602) : 0<r <rp,0<61 <7, 0=<6, <2m}
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is a geodesic ball of M centered at py with radius ro € (0, 5). Let xo = P(po) =
(1,0,0) € IR3. Then, the geodesic ball of (IR3, g) centered at xo with radius 0 <

ro < % is given by

By (x0, r0) = P(Ba(po, o))

1 . L
= { - - - (cosr, sinrcosfy, sinrsinfycosb) :
1 — sinr sin 01 sin 6,

0§r§r0,0§91§n,0§92<2n}.

Let p(x) = d,(x, xo) be the distance function subject to metric g from x € IR? to
xp. Let H = %D,oQ. Then by [34, Theorem 2.5], condition (i) holds for the escape
function v(x) = p2(x), provided that £2 C Bg(xg, r0).

Based on the above discussions, we give the following example satisfying condition
(ii).

Example 1.1 Let 0 < ro < 5. Set

2 = (By(x0, 7o) N {(x1,0,x3) € IR*P\{x € IR?: [x| > 1},

I = {+(cosr,0, sinr cos ) :
1 —sinrsind;
—r0<r<r0,0§92<2n}ﬂ{erR3:|x|§1}, (1.4)
1
Iy = { - - - (cosrg, sinrgcosOy, sinrgsinfj cosbdy) :
1 — sinrg sin 0y sin 6,
06y =706 =7 (1.5)

Then conditions (i) and (i7) hold for the triple {(£2, g), I'v, I'1}.

It remains to show that the above example meets condition (i). Indeed, for a fixed 6, €
[0, 27), it is easy to see that y (r) = (cosr, sinr cosfq, sinr cosfp, 1 + sinr sin6)
is a normal geodesic of M through y (0) = po = (1,0, 0, 1). Then

1

B(r) = P(y(r)) = ——————(cosr, sinr cos 0y, sinr cos 6,)
1 — sinr sin 6,

is a normal geodesic of (IR3, g) through B(0) = xo = (1, 0, 0). Notice that p (B(r)) =

r. Then

Dp(B(r))
1

= W(_ sinr + sin 6 sin 6, cosr cosf, cosr sinf cosHy).
— sinr sin 6,
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Let

cosr sin r cos 6
Ui 6) = —— 2T ) =0, us(r, fy) = — ST
1 —sinrsin6; 1 —sinrsin6,

Then

_ (u1r, 0, u3) X (u1p,, 0, u3p,)
[(1r, 0, uzr) X (u1p,, 0, uzp,)|

U|F] N(O’_170)7

which implies that (Dp, v)|, = (Dp, v) |91:% = 0. Thus, condition (i) follows.
For given constants 0 < ¢ < 1 and > 0 small, we fix 7 > 0 satisfying

|:max v(x) — cT2i| < logmine V™. (1.6)
xesf xes
Leta(x) = (a1(x),...,a9(x))T. We set

Gx) = (ax|x1 (%) Ay 20 (X) 5 Aiys (X)), Ay (X)), A3 (%) Az (X)),
Xy, (X), @y (), 3 () )
for x € £2. Note that G(x) has 81 components, and is a 9 x 9 matrix of functions.

We further make the following assumption.

Assumption (A.2) Functions ay, .. ., ag are given such that
detG(x) #0 for x € £2.

We mention that such an example has been given in [9].

Moreover, for a given positive constant C, we denote an admissible set of A(x) as

U(Co) = {A € C°(2,IRV7) | A(x) = Ao(x) x € T0; [|Alls (g < Co} .
1.7
Our main results are the following.
Theorem 1.1 (Uniqueness of the inverse problem) Let the assumption (A.1) of the
metric g = Afl(x) and assumption (A.2) hold. Let T satisfy (1.6). Assume that

A (x), Ax(x) € U(Co), vo € H3(Iy), and a(x) € H*(82), such that
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||at2R||L00(_T’T;W2.00(Q)) + ||at3R||L°°(—T,T;W2'°°(.Q)) < M() < +o0. (18)

Then 812U|20 = 0 implies that B(x) = 0 for x € £2.

Theorem 1.2 (Stability of the inverse problem) Let all the assumptions in Theorem 1.1
hold. Let A1(x), Az(x) € U(Cp). Let (aj,0,v0,0) € F for1 < j <9, where F is
given by (2.11). Then there exists a positive constant C = C(T, $2, Iy, Co, Mo, a, vp)
such that

1B 10y = € (102Ul B 5y + 143U 5, ) - (19)

The PDE system (1.1) describing acoustic interactions has been known and studied
for some time (e.g., see [6, 7]). Physical motivation for studying this kind of problem
comes from a variety of engineering applications that arise, for example, in the context
of controlling the pressure in a helicopter’s cabin or reducing unwanted cabin noise
generated by some exterior field. In the case where A(x) = I3 the 3 x 3 identity
matrix, many papers contributed to various topics: stability, controllability, regularity,
and inverse problems [1-4, 23]. In [23], an inverse problem of

it — Az =qz in 2 x (0, 7),
ai;:O onl] x (0,T),
a?}i\ = onlyx (0,7),
vt,—i—A%v—i—A%«v, = —z onlyx (0,7),
v=2L =0 on Iy x (0, T),
(z(x,0), z/(x,0)) = (z0,21) in £2,

(v(x,0), v:(x,0)) = (vo, v1) on [P,

was studied, where only the stability about ¢ was obtained.

In the case where A (x) is not a constant matrix, not much literature (e.g., [25, 33]) is
known for such a case. To the best knowledge of the authors, the present paper for the
first time establishes the uniqueness and the Lipschitz stability (Theorems 1.1 and 1.2)
in determining the important material coefficients matrix A(x) of system (1.1) with
the finitely many observation data v;;. Moreover, the assumption (A.1) of the metric
g = A1 (x) plays a key role to guarantee that the interior information of solutions to
the system arrives at boundary 1.

Inverse problems of PDEs have been the object of numerous studies not only at
the theoretical level but also the practical. It is known that the Carleman estimates
and microlocal analysis play an essential role in the inverse problems. We refer to [5,
8-17, 21, 26, 29-32, 35] and the references therein. Here, we shall adopt a differential
geometrical approach [34] to study the inverse problems of system (1.1).
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The rest of this paper is organized as follows: In Sect. 2, we give the Carleman
estimates and observability inequalities for problem (1.1). Section 3 focuses on the
proofs of Theorems 1.1 and 1.2. Some concluding remarks are given in the last Sect. 4.

2 Some Key Lemmas and Theorems

We introduce an abstract operator-theoretic formulation associated with (1.1) as in

[23]. To achieve this, we consider an operator on L2(.Q) as follows.

Au = divA(x)Vu with D(A) = { ze HX(2): 8371|p - 0} Q@D
A

It is easy to check that —A is a nonnegative, self-adjoint operator. We define the
Neumann map z = Np : L3(I'y) — L%(£2) by:

divA(x)V(Np) =0 in £2,
INp

—= =0 on I7, 2.2)
W .
v =P on Ip.

Itis well known that N € L(L>(Ip), H>/?(£2)) by the elliptic theory (see [22]). Then,
by the Green’s formula and [18, 23], the operator — N *.4 have the following property

¢ only

o on I for ¢ € D(A). (2.3)

~wac-|

Extending ¢ € D(A) by continuity to ¢ € H'(£2). We set

B=—AN: L*(Iy) — [H (2], (2.4)
where [H'(£2)]' is the dual of H'(£2) related to L2(£2). Then B* = —N*A. There-
fore, by (2.3), B* is the restriction of the trace map from HY ) to H% (1o).

Let Aogv = div ;;Ag(x) Vv be given in (1.2). Define

C=A}: D(C)— L*(Iy), D(C) = {v € HZ(Ip) : Adv e L2(F0)}, (2.5)

=0¢.
aly

where

v

= g

Hi(Iy) = {v e H*(I) : v
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It is easy to check that C is self-adjoint, positive definite and
1 2
D (Cz) — HX(IY).

Based on the original system and the above setting, we set

0 I 00
A=|A O OB : D(A)C E — &, (2.6)
00 01/
0-B*-CO
where
E = H'Y(2) x L*(2) x HZ(Iy) x L*(I). 2.7

The domain of A is given by

D) = {(z0. 21, v0, v0) < 20 € HA(2). 21 € H'(2), 01 € HY (T,

9
JE0 i on Ty, v € D(C)} . (2.8)
av g

Then the original system can be re-written as the following abstract evolution equation

dé
Tl A€, Ex,0) =&, (2.9)

where € = (z, z;, v, v;)T and & = (zo, 21, vo, v1)T. Therefore, the semigroup theory
(e.g., see [1, 2]) yields that A is the generator of a Cyp-semigroup on &, and

& € E implies {z,z;,v,v,} € C(0, T; &),
(2.10)
& € D(A) implies {z, z;, v, v;} € C(0, T; D(A)).

Moreover, the time interval of (2.10) can be evenly extended to [—7', T']. For our

inverse problem, we let

F=D(A%N {[ZQ, ziovo. vl 20 € HT(R2), 21 € HO9),

vo € HZ (o) N H(Iv), vi € H3(Ip) N HO (1)) 2.11)
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Similarly, we have the abstract equation for the linearized system (1.2):

wT wT O1x9
d | wt wT FT
el Ll=al L+ , (2.12)
dr U U 01><9

UIT UtT Oi1x9

where F(x,t) = divB(x)VR(x, t).

2.1 A Carleman Estimate

There are many papers on the Carleman estimates for the wave equation, for example,
[10, 28] and the references therein. Among them, there is a compact form of such
Carleman estimates from [10].

Suppose that v : 2 — (0, +00) is a strictly convex function that satisfies the
assumption (A.1) in the metric g = A~!(x). Let

V(x, 1) =v(x) —ct> for xe 2, te[-T,T], (2.13)
p(x,t)=¢e"Y, (x,1)€ 0, (2.14)

where y > 0 is a constant. Set

m =minv(x), d = ming(x,0) > e"".
xes xes

Suitably choose 0 < ¢ < 1 and T > 0, such that

y max v(x) < 1ogd+cyT2. (2.15)
xes
Then ¢ satisfies
ox,0)>d, ¢ox,T)=¢kx,—T) <d uniformly on Q. (2.16)

Therefore, for given ¢ > 0 small, we choose 6 > 0 such that

p(x,t)>d—¢e for (x,1) € 2 x[-86,6], (2.17)
o(x,1) <d—2¢ for (x,1) e 2 x (=T, —T +28|U[T —25,T)).
(2.18)

Let Pv = 8?v — divA(x) Vv and
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H = {v e H\ (=T, T; L*(2)NL*(~T,T; H'(2)) :
3 v(x,1)=0,1==+T,j=0, 1}.

Theorem 2.1 ([10]) Under assumption (A.1) of the metric g = A~Y(x), there exist
constants C > 0 and y, > 0 such that for any y > vy, there exists so = s(y) such

that for all s > so > 1, the following Carleman estimate hold.
/Q [a(|vgv|§ +v]) + 031)2] eX¢dxdr < C (/Q | Pv|>e®%dxdt +/ZBT|);d2) ,
(2.19)

whenever v € H and the right-hand side of (2.19) is finite, with o = sy ¢. In addition,
the boundary terms in BT|x are given explicitly by

oY 0z
BTls =02}~ — 205~ (191 = (Vez. Vo),
oy 2 y?: oy 2 2
o g Vedli + o g2 (v - Vv )

‘V"aav_lz (v - 1Vev ;) -0 % (w2 = 1vevi})

oL — divA@) YY), (2.20)
v g

where 7 = e’%v.

We mention that in [10] the boundary terms are given by

y X7 1/f|g
BT|sdy — L | 62— %4y .= | BT|gdX —1,.  (221)
b 2 Js v g =

Thanks to the inner estimate, the second term /; on the right-hand side of (2.21) can

be absorbed. In fact, /; arises from the following term (see [10, (40)])
y/ o Vo2, Vel Vul2) zdxde = 1. (2.22)
0 g
Since there exists a positive constant C = C (), such that

L <Cy / |V,zlpdxds + y / o2z%dxdr, (2.23)
o ]

the term 77 is absorbed by the left-hand side of (2.19) when s > 0 is sufficiently large.
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2.2 Observability Inequalities

We consider the observability inequalities for the following system with a non-
homogeneous term:

vy — divAx)Vv=h for (x,t) € Q,

Jv

ao . — 0 f ,t € E )

M or (.0 e (2.24)
ooa =/ for (x,1) € Xy,

(v(x, 0), v;(x,0)) = (vg, V1) for x € £2.

LetV = L?(Q) x L*(Xy). We have the following.

Theorem 2.2 Assume that the assumption (A.1) holds. Let T satisfy (2.15). Let
(h, f) € V and (vo,vi) € HY(2) x L*(2). Then there exists a constant C =
C(T, Co) > O such that forallt € (=T, T),

/ (v + Vol 4 v7) dv < Ce™2@=) / h2e®%dxdr + C / h2dxdr
2 0 o
+CeZSM/ [07v? + 0 (v + |Vgu[)]dE
2o
(2.25)

fors > 0 large, where M = sup, e ¢(x, 7).

Proof Since (h, ) € Vand (vg, v1) € H'(£2) x L?(£2), the regularity of hyperbolic
problems implies that (2.24) admits a unique solution v such that

ve H'(=T,T; L>(2)) N L*(-T,T: H (2)).

Let BT |z be given by (2.20) and let z = e*¢v. By condition (i) in assumption (A.1)
and the boundary condition in (2.24), we have

0 d d
Voo Y e G b e s
vy av g BUA 3VA

It then follows from (2.20) that

f BT|sdX < Ce*M (=T, T], v), (2.26)
X

where

r(—T,T].v) = / / a V2 +a + 1V, v|2>]dth.
Iy
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Let

E(t):/ (v,2+|ng|§,)dx+/ v2dr.
2 Iy

By Poincaré’s inequality, we have
/ (v2 Fo2 4 |ng|§) dx < CE(p). (2.27)
Q

For given ¢ > 0 small, we fixed § > 0 small such that (2.17) and (2.18) hold.
Taking a cut-off function x () € CS([—T, T1]) satisfying

0 — { I, te[-T+25T—25], 028)

0, tel[-T,-T+S8U[T —6,T].
Then xv € ‘H and
P(xv) = xP@)+ x"v+2x"vi = xh+ x"v+2x 0. (2.29)

Applying the Carleman estimate (2.19) to (2.29), for T > 34, we obtain, by (2.26),
the following:

8
ezs(d*s’/ /(U2+v,2+|ng|g)2dxdt
-5 J82
< /Q (I o2 410000 + xvP?) e ddr
< C/ (Uxh)® + 1x" v + 1x v $)e¥edxds + Ce*M (=T, T1, xv)
Q

< C/ |h|262s‘/’dxdt +C <||U||iz(Q) + ||v’||iz(Q)) eZs(d—zs)
0

+Ce*M (=T +68,T — 8], v), (2.30)

where we have used the inequality ¢ < d — 2¢ only in the case where x’ # 0. By the
mean value theorem, there exists a t; € (—§, §) such that

/ (lng@ + v,2 + vz) dx
Q

< Ce 25— / |h|?e>?dxds
0

1=n
+CeEM—d+e) P ([T 4+ 5, T — 5], f)

—2s¢ 2 2
+Ce72 (110112200, + 11011220, ) -
2.31)
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It then follows from (2.27) and the standard energy integration that

/ (v2 + v,2 + |ng|§) dx < C/ (vz + vt2 + |ng|§,> dx‘
0 0 1=n

+c/ (v? + 24 vz) dx + Cf 7| 2dxds.
X0 0

(2.32)
Then
/ (v2 + v,2 + |ng|§> dxdr < CT/ (v2 + v,2 + |ng|§) dx‘
0 Q t=t
—l—CT/ (v + f2+0?)dx
o
+CT/ |h|>dxdt. (2.33)
0

L2(Q) L2(Q)
on the right-hand side of (2.31) is absorbed. Thus, it follows (2.32) that

Taking s large enough. By (2.31) and (2.33), the term Ce 2s¢ <||v||2 + [|ve] 2 )

[ %0+ 07 + 7
< Ce™XW=®) / |h|?e>*¢dxds
0
+c/ h*dxdt + Ce> M=+ P (=T + 5, T — 5], v), (2.34)
0

and hence (2.25) follows. ]

The following lemma is quoted from [19], from which the tangential derivative
Vpgv on X, can be removed from the right-hand side of (2.25) in the case where
h=0.

Lemma 2.1 ([19]) Let v solve problem (2.24) with h = 0. Then, for given small § :
0 < 8§ < T, there exists a positive constant C = C(T, §) such that

T-§ 2 ) v
|Vrv|"drde < C v+ | —
“745J10 o v g

where L(v) denotes the lower-order terms of v with respect to the norm of
C(-T,T; H' (2)).

2
) dX + L(v), (2.35)

Using (2.35) in (2.34) and by a compactness—uniqueness argument, we have the fol-
lowing.
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Corollary 2.1 Let v solve problem (2.24) with h = 0. Then for s > 0 large,

/ <v2 + Vo2 + vf) dx < CeZSMf <v2 ol o+ f2> dz.  (2.36)
2 X

0

3 Proofs of the Main Theorems

A similar argument as in the proof of [9, Lemma 3.1] yields the following lemma.

Lemma 3.1 Let assumption (A.2) hold. Then there is a C > 0 such that
L QB@R+19BR 00 < ¢ [ (7R 41950 G
fors > 0 large, where B(x) = (b;j(x))1<i,j<3 and
J(x) = (divB(x)Vaj (x), ..., divB(x)Vag(x))".
Let (W, U) solve problem (1.2). Set
W =W,

By (1.2), (W, U) satisfies problem

Wi — divA;(x)VW =divBVR, in £ x (0,T),

%:0 on I x(0,T),

aavz = U, on Ipx (0,T),

Uy + A3U = -W on Iy x(0,T), (32)
U=32=0 on I x (0, T),

W(x,0) =0, W,(x,0) = J(x) in 0,

Ux,0)=U;(x,0) =0 on [y.

Proof of Theorem 1.1 Let (W, U) solve problem (3.2). Let Uy;(x, 1) = 0 on Xo. We

proceed to prove that
B(x)=0 for x € 2

holds as follows.
The assumptions Uy, (¢, x) = 0 for (t,x) € Xy and U(x,0) = U,(x,0) = 0O for
x € I imply that

U(,x)=0 for (t,x) e Xy.
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Let
W=W, W=W, for (t,x)€eO.
It is easy to check from (3.2) that W satisfies the following:

Wi — divA;(x)VW = divBVR,, in £ x (0,T),
AW

W = o on Fl X (O, T), (33)
B?JVL:W=0 on Iyx(0,7),
W(x,0) = J(x), Wi(x,0)=0 in £,
and VTV/ solves the following:
W, — divA (x)VW = div BVR,;, in @ x (0,T),
oW _
gy = on I x(0,7), o
.Cfvf}"l =W= 0~ on I x (0,7T),
W(x,0) =0, W,(x,0) = F(x) in 2,

where
F(x) = divA(x)VJ(x) + divB(x)VR; (x, 0) € L*(£2),
since A(x) and A, (x) are in U (Cp).

Let the cut-off function y (¢) given by (2.28). We apply the Carleman estimate in
Theorem 2.1 with

P(YW) = 02(x W) — div A (x)V(x W) = x" W +2x'W, + x div BVR,,
to (3.3), to obtain
/ [o— (|(XW),|2 + |ngvT/|§) +o3|xﬁf|2] e>dxds
0

< C/ |div BV R, |?e®¢dxdr + Cem—ze)/ <|vT/t|2 + |W|2) dxdt,
0 0

(3.5)

where 0 = s ¢. Similarly, applying Theorem 2.1 to (3.3) yields
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/ [o (I(x W) * + |xng|§,) + 3% VT/|2] e?dxdt
0

< c/ | div BVR,,tlzezs‘pdxdt+Ce2s(d’28)/. (W2 + | W2)dxdr.
0 0

(3.6)

Next, since W (x, 0) = J(x), by (3.5) we have

0
) ~
[ |J(x)|zezs‘p(x’0)dx=/ —/ lx OW (x, 1)[2e>¢®Ddxdr
I?) 7 0t Jo
a2 712 7Y 12259
SC/(|X (W +o|x W~ + [(x W) |P)e”¥dxdr
0
<C / |div BV R;;|?e**¢dxds
0
+Ce?$d=20) / (W;)? + |W[*)dxdt. (3.7)
0
Moreover, since
SIVI@)| < |VgJ ()| = CIVJ(x)| for x € L2
for some ¢ > 0 small, it follows from (3.5) and (3.6) that
f |V J(x)[2eZ¢0 g
2
< C/ Vg (x)[5e>¢Ddx
2
0 9 -
= c/ —f |X Vg W3e™ ¥ Ddxds
_r ot Jo
< c/ (XYW + 0T WP + [V W) 2¢O xdr
0
< c/ (|div BVR;;|> + | div BV Ry |>)e**¢dxds
0

+Ce? ) / (Ve WIG + Wil + (W4 Wi o [ W) dedr.
Q

(3.8)
On the other hand, assumption (1.8) implies

|div BVR;|> + |div BVR > < C(IJ(xX)|> + VI (X)) for (r,x) € Q.
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From (3.7) and (3.8), we obtain
f (TP + VI () 1)e? e Ddx
2
T
<cC / (TP + VI (x)[H)e2 e / R TATGE:
2 -T

_I_Cezs(d—zs)/ (|VgW|§ + IVT’zIZ + IVT/Iz + |VT/1|2 4 |ﬁ/|2)dxdt.
Q

3.9)
We assume that there is a small number ¢ > 0 such that
e 1< —cc t? for te (=T,T)

for some ¢ > 0 small. It is easy to check that

sup
xes

T
/ eBleen=ex0lg 0 at s — oo.
-7

Thus, the first term on the right-hand side of (3.9) can be absorbed by the left-hand
side of (3.9). By (3.1) and (3.9), we obtain

/ (IB(x)|> 4 |[VB(x)|*)e*dx < / (|B(x)|> + [VB(x)|)e>?*Dqx
2 2
< CeZS(d—28)/ (|VgW|§+|Wt|2+|W|2
o
FIW 2+ W Hdxde (3.10)

for s > 0 large. From (3.10), the proof of Theorem 1.1 is complete by taking s — oo.
O

Proof of Theorem 1.2 Let (W, U) solve problem (3.2). Set W = W,. By (3.2) (W, U)
solves problem

W, — divA; VW = divBVR,, in £2x(0,7),

%: on I x(0,T),

;’V”Zl =3’U on Iy x(0,7),

RU+ AU, =-W on Iy x(0,T), (3.11)
U:%:O on I x (0, T),
W(x,0)=J, W,(x,0)=0 in 2,

Ux,0)=U;(x,0) =U;;(x,00)=0 on TIy.
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Noting that the assumption

Ar(x) = Ax(x) = Ag(x) for x € I,

we have
J(x)=0 for x € Iy.
Then
3RU(x,0) = —J(x) — A3U;(x,0) =0 for x € Ip.
Thus

187Ul 250y < ClOUN 2050y IAGU I L250) < CIAGUs Nl 25

For given U by (3.11), we define @ as the unique solution to the following problem:

@, — divA| VO =0 in 2 x (0, 7),

0P .

. =0 in I x(0,7),

A (3.12)
o = U on Iy x (0. 7).

®(x,0)=J(x), D;(x,00 =0 in £.
We apply Theorem 2.2 to problem (3.12) with v = @, and recall B in (3.1), to have
1BI31 o)
= C (107U IB 5y + 1191225 + 19112 5,
= C (07U 1B g + 1Y 12y + 1Kl By + IW ) + 102 )

L2(Xo)
= C (107U 1B 5+ 145U 13 5 + 1Y 122 ) + 1l )

(3.13)
where
Y=W-—@& for (t,x)€ O,
that solves problem
Yy — divA VY =divBVR;; in £2 x(0,T),
aiﬁl =0 on I' x(0,7), (3.14)

Y(x,00 =0, Y;(x,00=0 in £,
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by (3.11) and (3.12).

Next, we remove the term ||Y |7, o T Y113, (5, from the right-hand side of

(3.13) by a compactness—uniqueness argument below as in [23] (see also [24]).

For simplicity, denote
WIS =118/ U 11355, + IAGU 172 5, -
We define amap K : H'(£2) — L*(Zg) x L*(X) by
KB = (Y,Y,),
where Y solves problem (3.14) for given B (x).
Since the initial data (ag, 0, vg, 0) € F, where F is given by (2.11), the semigroup
theory gives that
(R, R;, V2, Var) € C((=T, T); D(A%).
Therefore, we deduce that
R e C((~T,T); H'(R2)), 8/R e C(~T,T); L*(2)).
Since A(3R) = (37 R), € C((—T, T); L?(£2)), elliptic theory yields
>R € C((—=T,T); H*(2)).

By the Sobolev embedding theorems for dimension n = 3, we obtain

R e C(—=T,T); H (2)) = L®((~T, T); W»*(£2)), continuously;
PR e C(=T,T); H*(2)) = L®((~T, T); W»>(£2)), continuously.

It is easy to check from (3.14) that
I Ritl| oo~ 1.7 w2ee(2y) + I Rutl| oo (-1, 17, w2ee0(2)) < 00,
which implies that
div B()VR,; € L2(0), 8, div B(x)VR, € L2(Q).
As a consequence, operator KC : H'(£2) — L*(X) x L?(X) is compact.
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We proceed to complete the proof by contradiction. By assumption (1.7), suppose
that there exists a sequence {B,},>; € H 1(£2) such that

||Bn||H1(_Q) =1, n>1, (3.15)
and
1Yl 725 + 1Yarl 1725y, = PIIURIIS, (3.16)

where Y, and U, are given by (3.14) and (3.11), respectively, with B = B,,. Then we
have

lim ||Uylls = 0. (3.17)
n——+00
By (3.15), there exists a subsequence, still denoted by {B,},,> 1, such that
B,— By € H'(£2) weakly in, H'(£2), (3.18)

for some By € H'(£2). Let (W,, U,) and (Wp, Up) be given by (3.11) with B = B,
and B = By, respectively. It follows from (3.13) that

B, — By € Hl(.Q) strongly in Hl(.Q),

and || Boll g1y = 1.
By the trace theorem and an a priori estimate of (3.11), we obtain

IWall 250y < CIWall g2y < CliWallgiy < € (I1Unlls + 11Ballgi(e)) »

yielding
Wn — VT/O strongly in Lz(Z‘o). (3.19)
Thus
IWoll 2s) = lim_ [[Wallp2(s,) < € lim [|Unlls =0,
that is,

3 Uy + AUy = 0.
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By (3.11), Uy = ¥; solves the following:

W, + A3W =0 in X,
U= % =0 on alp, (3.20)

Y(x,0)=v(x,00=0 in Iy.

The uniqueness of problem (3.20) implies

Up=0 on X.

By Theorem 1.1, By = 0, which contradicts with the fact that || Bo|| g1 (o) = 1. O

4 Concluding Remarks

The main prominent feature of the structural acoustic system (1.1) lies in the
presence of a variable coefficient matrix A(x), which arises naturally from the non-
homogeneous material properties. We may further study the inverse problems for the
structural model with a curved wall whose middle surface is a part of a surface in
IR3. For the modeling of the structural acoustic systems with variable coefficients and
curved walls, we refer to Appendix in [33]. The above two characters not only make the
structural acoustic system much more realistic, but also gain additional complexities
to the mathematical analysis.

We mention that all the results obtained in this paper are also valid for the case
where the dimension n = 2. That is, the plate I reduces to the beam. It is also
pointed out that the observability inequality (2.36) obtained by the Carleman estimate
can also be proved by the well-known multiplier technique only. See for example [34,
Chap. 2].

Assumption (A.2) means that we need to repeat observations 9 times for the
determination of 6 unknown coefficients (a;;(x))1<;, j<3. An interesting question is:
Can we suitably choose 6 or less groups of inputs (observations) for determining
(aij(x))1<i, j<3? However, we do not know how to achieve this. Anyways, this needs
further considerations, and some estimates (e.g., Lemma 3.1) should be refined.
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