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Abstract

The spectral theory on the S-spectrum was introduced to give an appropriate mathe-
matical setting to quaternionic quantum mechanics, but it was soon realized that there
were different applications of this theory, for example, to fractional heat diffusion
and to the spectral theory for the Dirac operator on manifolds. In this seminal paper
we introduce the harmonic functional calculus based on the S-spectrum and on an
integral representation of axially harmonic functions. This calculus can be seen as a
bridge between harmonic analysis and the spectral theory. The resolvent operator of
the harmonic functional calculus is the commutative version of the pseudo S-resolvent
operator. This new calculus also appears, in a natural way, in the product rule for the
F-functional calculus.

Keywords Harmonic analysis - S-spectrum - Integral representation of axially
harmonic functions - Harmonic functional calculus - Resolvent equation - Riesz
projectors - F-functional calculus

Mathematics Subject Classification 47A10 - 47A60

1 Introduction

The notion of S-spectrum and of S-resolvent operators for quaternionic linear operators
and for linear Clifford operators have been identified only in 2006 using methods in
hypercomplex analysis. The original motivation for the investigation of a new notion of
spectrum was the paper [8] of Birkhoff and von Neumann, where the authors showed
that quantum mechanics can also be formulated using quaternions, but they did not
specify what notion of spectrum one should use for quaternionic linear operators. The
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appropriate notion is that of S-spectrum, which has also been used for the spectral
theorem for quaternionic linear operators, see [2], and for Clifford algebra linear
operators, see [14].

The quaternionic spectral theory on the S-spectrum is systematically organised in
the books [13, 20] while for the Clifford setting see [19]. In particular, the history of
the discovery of the S-spectrum and the formulation of the S-functional calculus are
explained in the introduction of the book [20] with a complete list of references.

Nowadays there are several research directions in the area of the spectral theory
on the S-spectrum, and without claiming completeness we mention: the characteristic
operator function, see [5], slice hyperholomorphic Schur analysis, see [4], and several
applications to fractional powers of vector operators that describe fractional Fourier’s
laws for nonhomogeneous materials, see for example [6, 21, 23]. These results on the
fractional powers are based on the H°°-functional calculus (see the seminal papers
[3, 12]).

The main purpose of this paper is to show that using the Fueter mapping theorem
and the spectral theory on the S-spectrum we can define a functional calculus for
harmonic functions in four variables. This new calculus can be seen as the harmonic
version of the Riesz-Dunford functional calculus.

Before to explain our results we need some further explanations of the setting in
which we will work.

1.1 The Fueter-Sce-Qian Extension Theorem and Spectral Theories

The Fueter—Sce—Qian mapping theorem is a crucial result that constructs hyperholo-
morphic (in a suitable sense) quaternionic or Clifford algebra valued functions starting
from holomorphic functions of one complex variable and it consists of a two steps pro-
cedure: the first step gives slice hyperholomorphic functions and the second one gives
the Fueter regular functions in the case of the quaternions, or monogenic functions
in the Clifford algebra setting. Prior to the introduction of slice hyperholomorphic
functions, the first step was simply seen as an intermediate step in the construction.
We point out that the Fueter—Sce—Qian mapping theorem has deep consequences in
the spectral theories, in fact it determines their structures in the hypercomplex setting,
as we shall see in the sequel.

To further clarify the two steps procedure we summarize the construction in the
quaternionic case (which was originally introduced by Fueter, see [28]). Denoting by
O(D) the set of holomorphic functions on D € C*, by SH(Q2p) the set of induced
functions on 2 p (which turn out to be the set of slice hyperholomorphic functions) and
by AM(2p) the set of axially monogenic functions on 2p, the Fueter construction
can be visualized as:

Tra=A
—

o) —Fs SHSQD) AM(Sp),

where Trj denotes the first linear operator of the Fueter construction and Try = A
is the Laplace operator in four dimensions. The Fueter mapping theorem induces
two spectral theories: in the first step we have the spectral theory on the S-spectrum
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associated with the Cauchy formula of slice hyperholomorphic functions; in the second
step we obtain the spectral theory on the monogenic spectrum associated with the
Cauchy formula of monogenic functions.

We also note that the Fueter mapping theorem allows to use slice hyperholomorphic
functions to obtain the so-called F-functional calculus, see [11, 15, 16, 18], whichisa
monogenic functional calculus on the S-spectrum. It is based on the idea of applying
the operator TF> to the slice hyperholomorphic Cauchy kernel, as illustrated by the
diagram:

SH(2p) AM(Qp)

|

. Tra=A .
Slice Cauchy Formula —272 Fueter theorem in integral form
S—Functional calculus F —Functional calculus
where A is the Laplace operator in four dimensions.

Remark 1.1 Observe that in the above diagram the arrow from the space of axi-
ally monogenic functions AM (2p) is missing because the F-functional calculus
is deduced from the slice hyperholomorphic Cauchy formula. Moreover, we use the
set of slice hyperholomorphic functions SH (2p), that contains the set of intrinsic
functions.

To proceed further we fix the notation for the quaternions, that are defined as follows:
H=1{q =q0+qie1 + q2e2 + q3e3 | q0.41. 92,93 € R},
where the imaginary units satisfy the relations

e% = e% = e% = —1 and ejer = —epe; = e3,

ere3 = —e3ey = e1, e3e] = —ejez =en.

Given g € H we call Re(q) := gqo the real part of g and ¢ = gie1 + gae2 + g3e3

the imaginary part. The modulus of ¢ € H is given by |¢| = \/ qé + ql2 + q22 + q32,
the conjugate of g is defined by ¢ = go — g and we have |g| = /qq. The symbol S
denotes the unit sphere of purely imaginary quaternions

S={g=qie1 +qper+qses | qi +q5 +q5 =1}

Notice thatif J € S, then J2 = —1. Therefore, J is an imaginary unit, and we denote
by

Cyj={u+Jv | u,veR}
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anisomorphic copy of the complex numbers. Given anon-real quaterniong = go+¢ =
q0 + Jglql, we set J; = q/lq| € S and we associate to g the 2-sphere defined by

[q]:={q0+ Jlq| | J €S}.

We recall that the Fueter operator D and its conjugate D are defined as follows

3 3
D=0+ Y eidy and D:=0dg— Y eidy,.
i=1

i=1
The operators D and D factorize the Laplace operator DD = DD = A.

1.2 The Fine Structure of Hyperholomorphic Spectral Theory and Related
Problems

In this paper we further refine the above diagram, observing that, in the case of the
quaternions, the map TF» can be factorized as Tpp = A = DD, so there is an inter-
mediate step between slice hyperholomorphic functions and Fueter regular functions,
and the intermediate class of functions that appears is the one of axially harmonic
AH (L2p) functions, see Definition 3.3. Thus the diagram becomes as follows:

OD) —Es SHQp) —2s AHQp) —2s AM(Qp).

It is important to define precisely what we mean by intermediate functional calculus
between the S-functional calculus and the F-functional calculus, both from the points
of view of the function theory and of the operator theory. The notions of fine structures
of the spectral theory on the S-spectrum arise naturally from the Fueter extension
theorem.

Definition 1.2 (Fine structure of the spectral theory on the S-spectrum) We will call
fine structure of the spectral theory on the S-spectrum the set of functions spaces and
the associated functional calculi induced by a factorization of the operator T3, in the
Fueter extension theorem.

Remark 1.3 In the Clifford algebra setting the map Tr, becomes the Fueter—Sce oper-
n—1

ator given by Trgy = An_ZH and its splitting is more involved. We are investigating it

in general, when n is odd, and in the case n = 5 we have a complete description of

all the possible fine structures, see [24]. When 7 is even the Laplace operator has a

fractional power and so one has to work in the space of distributions using the Fourier

multipliers, see [33].
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The fine structure of the quaternionic spectral theory on the S-spectrum is illustrated
in the following diagram

SH(Qp) AH(Q2p) AM(Q2p)
. D L D L
Slice Cauchy Formula ——— AH in integral form —— Fueter theorem in integral form
S — Functional calculus Harmonic functional calculus F — functional calculus

where the description of the central part of the diagram, i.e., the fine structure, is the
main topic of this paper.

Remark 1.4 As for the space of axially monogenic functions, the arrow from the space
of axially harmonic functions is missing. In fact, like the F-functional calculus, also
the harmonic functional calculus is deduced from the slice hyperholomorphic Cauchy
formula.

To sum up, the main problems addressed in this paper are:

Problem 1.5 In the Fueter extension theorem consider the factorization

SH(2p) _2, X(22p) —§> AM(R2p),

and give an integral representation of the functions in the space X(Q2p) :=
D(SH(2p)) and, using this integral transform, define its functional calculus.

Problem 1.6 Determine a product rule formula for the F- functional calculus.

As we will see in the sequel the above problems are related. In fact, the product rule
of the F-functional calculus is based on the functional calculus in Problem 1.5.

1.3 Structure of the Paper and Main Results

The paper consists of 9 sections, the first one being this introduction. In Sects. 2 and 3
we give the preliminary material on spectral theories in the hyperholomorphic setting
and the underlying function theories. In Sects. 3 and 4 we consider axially harmonic
functions, see Definition 3.3. Using the Cauchy formulas of left (resp. right) slice
hyperholomorphic functions we write an integral representation for axially harmonic
functions, see Theorem 4.16. More precisely, let W C H be an open set and let U be
a slice Cauchy domain such that U C W. Then, for J € Sand ds; = ds(—J) we
have that if f is left slice hyperholomorphic on W, then the function f(¢q) = D.f(q)
is harmonic and it admits the following integral representation

~ 1
fl@)=—— Qes(@) sy f(s), qeU, (1.1)
4 IUNCy)
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where
Qes(@) ™! = (57 — 2Re(g)s + lg1H) 7.

We note that the presence of —% in front of (1.1) is justified by the computations
performed in (4.5). A similar representation is obtained also for right slice hyper-
holomorphic functions. The integral depends neither on U nor on the imaginary unit
J eS.

The integral representation (1.1) is the crucial point to define the harmonic func-
tional calculus, also called Q-functional calculus because its resolvent operator is the
commutative pseudo S-resolvent operator Q. (7).

Let T = Ty + Tiey + Trez + Tse3 be a quaternionic bounded linear operator with
commuting components 7;, £ = 0, ..., 3. We define the S-spectrum of 7 as

os(T)={ seH | s’ ZT—s(T+T)+TT

is not invertible as bounded linear operator},

where T = Ty — Tye; — Thes — Tse3. The commutative pseudo S-resolvent operator
Q.5 (T)~!is defined as:

QM) ' =(>—s(T+T)+TT)"!

for s ¢ os(T). The harmonic functional calculus is defined in Definition 5.7, but
roughly speaking for every function f = D f, with f left slice hyperholomorphic, we
define the harmonic functional calculus as

~ 1
f(T) = —— Qes(T) sy f(s),

T JyWwnCy)

where U is an arbitrary bounded slice Cauchy domain with os(7) C U,U C dom(f),
dsy = ds(—J) and J € S is an arbitrary imaginary unit. A similar definition holds
for f = fD with f right slice hyperholomorphic.

In Sect. 6 we introduce possible resolvent equations for the harmonic functional
calculus and in Sects. 7 and 8 we study some of its properties. In particular, we have
the Riesz projectors, see Theorem 7.2. Specifically, let T = Tie; + Trer + T3e3 and
assume that the operators Ty, £ = 1, 2, 3, have real spectrum. Let o5(7T) = o1 U 02
with dist(oq, 02) > 0 and assume that G|, G, C H are two bounded slice Cauchy
domains such that o7 C G1, G| C G5 and dist(G2, 02) > 0. Then the operator

. 1
P(T) = — sdsy Qe (T)™!
21 JyG.nc))

is a projection, i.e., P2 = p. Moreover, the operator P commutes with 7.
Section 9 concludes the paper and contains some properties of the F-functional

calculus, such as the product rule, that can be proved using the Q-functional calculus.
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2 Preliminary Results on Functions and Operators

We recall some basic results and notations that we will need in the following.

2.1 Hyperholomorphic Functions and the Fueter Mapping Theorem

Definition 2.1 Let U C H.

e We say that U is axially symmetric if, for every u + v € U, all the elements
u + Jv for J € S are contained in U.

e We say that U is a slice domain if U N R # @ and if U N Cy is a domain in C;
for every J € S.

Definition 2.2 An axially symmetric open set U C H is called slice Cauchy domain
if U N Cy is a Cauchy domain in C; for every J € S. More precisely, U is a slice
Cauchy domain if, for every J € S, the boundary of U N Cjy is the union of a finite
number of nonintersecting piecewise continuously differentiable Jordan curves in C;.

On axially symmetric open sets we define the class of slice hyperholomorphic func-
tions.

Definition 2.3 (Slice hyperholomorphic functions) Let U C H be an axially symmet-
ric open set and let

U={u,v) e R*|u+SveU).
We say that a function f : U — H of the form
f@) =a,v)+ JBu,v)

is left slice hyperholomorphic if & and B are H-valued differentiable functions such
that

a(,v) =a(,—v), Bu,v)=—-pFw,—v) forall (u,v)el, 2.1
and if « and B satisfy the Cauchy—Riemann system
oy (u,v) — 0B, v) =0, dho(u,v)+ 0,6(u,v)=0.
Right slice hyperholomorphic functions are of the form
f(@) = a(u,v) + pu, v)J,

where o, 8 satisfy the above conditions.

Notation The set of left (resp. right) slice hyperholomorphic functions on U is denoted
by the symbol SHy (U) (resp. SHr(U)). The subset of intrinsic slice hyperholomor-
phic functions consists of those slice hyperholomorphic functions such that «, 8 are
real-valued function and is denoted by N (U).
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Remark 2.4 1f the axially symmetric set U does not intersect the real line then we can
set

U={u,v) e RxR" |u+SveU)}.
and
f(@) =a,v)+JBw,v), (u,v)elU.

The function f is left slice hyperholomorphic if & and § satisfy the Cauchy—Riemann
system. Similarly, under the same conditions on « and 8, f(g) = a(u, v) + f(u, v)J
is said right slice hyperholomorphic.

Functions in the kernel of the Fueter operator are called Fueter regular functions
and are defined as follows.

Definition 2.5 (Fueter regular functions) Let U C H be an open set. A real differen-
tiable function f : U — H is called left Fueter regular if

3
Df(q) =40 f (@) + Y eidy, f(q) =0.

i=1

It is called right Fueter regular if

3
F@D =80 f (@) + ) _ g, f(q)ei = 0.

i=1

There are several possible definitions of slice hyperholomorphicity, that are not
fully equivalent, but Definition 2.3 of slice hyperholomorphic functions is the most
appropriate one for the operator theory and it comes from the Fueter mapping theorem
which, inspired by [28], can be stated as follows:

Theorem 2.6 (Fueter mapping theorem) Let fo(z) = a(u, v)+iB(u, v) be a holomor-
phic function defined in a domain (open and connected) D in the upper-half complex
plane and let

Qp={¢=9q0+q1 (q.lql) € D}
be the open set induced by D in H. Then the operator T defined by

9

(@) =Tr1(fo) == alqo, lg]) + ]

B(qo. 1q1)

@ Springer



Axially Harmonic Functions and the Harmonic Functional Calculus Page9of54 2

maps the set of holomorphic functions in the set of intrinsic slice hyperholomorphic
functions. Moreover, the function

4

f(@) =Tk (a(qo, lah +

B(qo, I6_1|)> ,

where Ty = A and A is the Laplacian in four real variables gy, € = 0, 1, 2, 3, is in
the kernel of the Fueter operator i.e.

Df:O on Qp.

Remark 2.7 In the late of 1950s, Sce extended the Fueter mapping theorem to the
Clifford setting in the case of odd dimensions, see [35]. In this case, the operator Trs2
n—1
becomes Trsy = Anil, where A,y is the Laplacian in n 4+ 1 dimensions, so in
this case we are dealing with a differential operator. For a translation of Sce works in
hypercomplex analysis with commentaries see [22]; this includes also the version of

the Fueter mapping theorem for octonions. In 1997, Qian proved that the Fueter—Sce

n—1

theorem holds also in the case of even dimensions. In this case the operator An_zH is
a fractional operator, see [33, 34].

Using the theory of monogenic function Mclntosh and his collaborators introduced
the spectral theory on the monogenic spectrum to define functions of noncommuting
operators on Banach spaces. They developed the monogenic functional calculus and
several of its applications, see the books [29] and the papers [30, 31].

We now recall the slice hyperholomorphic Cauchy formulas that are the starting
point to construct the hyperholomorphic spectral theories on the S-spectrum. We will
be in need the following result [20, Thm. 2.1.22], [20, Prop. 2.1.24].

Theorem 2.8 Let s, g € H with |q| < |s|, then
+00
Y " = =g = 2Re(s)g + 1s1) (g — )
n=0

and
+00
Y st = —(q —5)(q* — 2Re(s)g + s
n=0

Moreover, for any s, q € H with g ¢ [s], we have
—(¢* = 2Re(s)g +1s1) (¢ = %) = (s =D (s = 2Re(q)s + Ig1>) !
and

—(q —5)(q> — 2Re(s)q + s/ ™" = (s* — 2Re(g)s + 1g1*) (s — ).
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In view of Theorem 2.8 there are two possible representations of the Cauchy kernels
for both the left and the right slice hyperholomorphic functions.

Definition 2.9 Let s, ¢ € H with ¢ ¢ [s] then we define
Q)" == (g* = 2Re(s)g + s, Qe(@)™ = (s? = 2Re(g)s + gD,

that are called pseudo Cauchy kernel and commutative pseudo Cauchy kernel, respec-
tively.
Definition 2.10 Let s, g € H with ¢ ¢ [s] then
e We say that the left slice hyperholomorphic Cauchy kernel SZI (s, g) is written in
the form I if
S5, 9) = Q@) G — ).

e We say that the right slice hyperholomorphic Cauchy kernel S;l (s, g) is written
in the form I if

SR, q) =G - Q).

e We say that the left slice hyperholomorphic Cauchy kernel SZI (s, g) is written in
the form II if

SN, ) = (5 =P Qe i)

e We say that the right slice hyperholomorphic Cauchy kernel S;l (s, g) is written
in the form II if

S5, q) = Qe s(@) (s — ).

In this article, unless otherwise specified, we refer to SL_I(s, g) and Sgl(s, q)
written in the form II.
The following results will be very important in the sequel.

Lemma 2.11 Let s ¢ [q]. The left slice hyperholomorphic Cauchy kernel Szl (s,q)
is left slice hyperholomorphic in q and right slice hyperholomorphic in s. The right
slice hyperholomorphic Cauchy kernel SEI (s, q) is left slice hyperholomorphic in s
and right slice hyperholomorphic in q.

Theorem 2.12 (The Cauchy formulas for slice hyperholomorphic functions) Let U C
H be a bounded slice Cauchy domain, let J € S and set ds; = ds(—=J). If f is a left
slice hyperholomorphic function on a set that contains U then

1
f@) =5 / ST (s q)dss f(s). forany qeU. (2.2
Y IUNCy)

@ Springer



Axially Harmonic Functions and the Harmonic Functional Calculus Page 110f54 2

If f is a right slice hyperholomorphic function on a set that contains U, then

1
f(q) = 2_/ f(s)dsy Sg'(s,q), forany qeU. (2.3)
7T JywncCy)

These integrals depend neither on U nor on the imaginary unit J € S.

Moreover, for slice hyperholomorphic functions hold a version of the Cauchy inte-
gral theorem holds.

Theorem 2.13 (Cauchy integral Theorem) Let U C H be open, let J € S, and let
f € SHL(U) and g € SHr(U). Moreover, let Dy C U N Cy be an open and
bounded subset of the complex plane C; with D; C U N Cy such that 3D is a finite
union of piecewise continuously differentiable Jordan curves. Then

/ g(s)dsy f(s) =0,
oDy

where dsj = ds(—J).

Now, we recall what happens when we apply the second Fueter operator Ty := A,
where A = Z?:() 85'_ , to the slice hyperholomorphic Cauchy kernel.

Proposition 2.14 Letq, s € Hand q ¢ [s]. Then:

e The function ASL_1 (s, q) is a left Fueter regular function in the variable q and
right slice hyperholomorphic in s.

o The function ASEl (s, q) is a right Fueter regular function in the variable g and
left slice hyperholomorphic in s.

In [20, Thm. 2.2.2] there are the explicit computations of the functions
(5.q) > AS ' (s.q). (5.9) > ASR (s, ).
Theorem 2.15 Let q, s € H with g ¢ [s]. Then we have
-1 _ —\ (2 2\—2
AS; (s,q) = —4(s —q)(s™ — 2Re(q)s + Iq17)
and
—1 _ 2 2\-2 —
ASg (s,q) = —4(s” — 2Re(g)s +1g17) " (s — q).

We recall the definition of the F-kernels.
Definition 2.16 Let ¢, s € H. We define for s ¢ [¢], the left F-kernel as

Fi(s,q) = AS; ' (5.9) = —4(s =) Qes ()2,
and the right F-kernel as

Fr(s,q) == ASg' (s,q) = —4Qc5(q) 2(s — ).
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We recall the following relation between the F-kernel and the commutative pseudo
Cauchy kernel Q. ;(¢)~".

Theorem 2.17 Let s, g € H be such that q ¢ [s], then
Fi(s,q)s —qFi(s,q) = =4Qcs()™"

and

SFR(s,q) — Fr(s,q)qg = —4Q.(q) "

The following result plays a key role, see [20, Thm. 2.2.6].

Theorem 2.18 (The Fueter mapping theorem in integral form) Let U C H be a slice
Cauchy domain, let J € S and set dsj = ds(—J).

o If f is a left slice hyperholomorphic function on a set W, such that U C W, then
the left Fueter regular function f(q) = A f(q) admits the integral representation

1

fl@) = o f Fr(s, q)dsy £ (s). (2.4)
T JyWunCy)

e If f is aright slice hyperholomorphic function on a set W, such that U C W, then
the right Fueter regular function f(q) = A f(q) admits the integral representa-
tion

< 1
f@r = / Fs)dss Fr(s. q). 2.5)
T JyWUunCy)

The integrals depend neither on U and nor on the imaginary unit J € S.

2.2 The S-functional Calculus

We now recall some basic facts of the S-function calculus, see [19, 20] for more details.
Let X be a two sided quaternionic Banach module of the form X = Xr ® H, where
Xr is a real Banach space. In this paper we consider B(X) the Banach space of all
bounded right linear operators acting on X.

In the sequel we will consider bounded operators of the form 7' = T 4 Te; +
Tres + Tze3, with commuting components 7; acting on the real vector space X, i.e.,
T; € B(Xg) fori = 0,1, 2,3. The subset of 5(X) given by the operators T with
commuting components 7; will be denoted by BC(X).

Now let T : X — X be a right (or left) linear operator. We give the following.

Definition 2.19 Let T € B(X). For s € H we set
Qy(T) :=T? — 2Re(s)T + |s|°Z.
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We define the S-resolvent set ps(T) of T as
ps(T):={s € H: Qu(T)~" € BX)),
and we define the S-spectrum os(7) of T as
os(T) :=H\ ps(T).

For s € ps(T), the operator Q,(T)~ ! is called the pseudo S-resolvent operator of T
ats.

Theorem 2.20 Let T € B(X) and s € Hwith |T| < |s|. Then we have
o0
ST = 0T 5T,
n=0

and

St = it —spou.

n=0

According to the left or right slice hyperholomorphicity, there exist two different
resolvent operators.

Definition 2.21 (S-resolvent operators) Let T € B(X) and s € ps(T). Then the left
S-resolvent operator is defined as

S5, T) i= —Qu(T) (T =51,
and the right S-resolvent operator is defined as
Spl(s, T) == —(T —50)Qu(T) ™.
The so-called S-resolvent equation, see [1, Thm. 3.8], involves both S-resolvent

operators and the Cauchy kernel of slice hyperholomorphic functions and is recalled
in the next result:

Theorem 2.22 (S-resolvent equation) Let T € B(X) then for s, p € ps(T), with
q ¢ [s], we have

St 6. DS 0. Ty = (S5' 6 D = 57 0. D) p

i (se'e. =570 ) Jedm 26
where Qs(p) = p? — 2Re(s)p + |s|2.
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To give the definition of the S-functional calculus we need the following classes of
functions.

Notation Let 7 € B(X). We denote by SHy (os(T)), SHg(os(T)) and N (os(T))
the sets of all left, right and intrinsic slice hyperholomorphic functions f, respectively,
with o5(T) C dom(f).

Definition 2.23 (S-functional calculus) Let T € B(X). Let U be a slice Cauchy
domain that contains o5(7") and U is contained in the domain of f. Setds; = —dsJ
for J € S so we define

F(T) = if ;' (s. T) ds; f(s), forevery f e SHy(os(T)) (2.7)
27 Jywne,)

and

f(T) = L f(s)dsy Sgl(s, T), forevery f € SHg(os(T)). (2.8)
27 Jywncey)

The definition of S-functional calculus is well posed since the integrals in (2.7) and
(2.8) depend neither on U and nor on the imaginary unit J € S, see [17], [20, Thm.
3.2.6].

2.3 The F-functional Calculus

Let us consider T = Ty + Tyey + Thep + Tze3 such that T € BC(X).
Definition 2.24 Let T € BC(X). For s € H we set

Qes(T) =T —s(T +T)+TT,
where T = Ty — Tie; — Thear — Tze3. We define the F-resolvent set as
pr(T) ={s e H: Qe (1) € B(X)}
Moreover, we define the F-spectrum of T as
op(T) =H\ pr(T).

By [18, Prop. 4.14] we have that the F-spectrum is the commutative version of the
S-spectrum, i.e., we have

or(T)=0s(T), T € BC(X),
and consequently pr(T) = ps(T).
Fors € ps(T) the operator Q. (T') ~1is called the commutative pseudo S-resolvent

operator of T.
It is possible to define a commutative version of the S-functional calculus.
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Theorem 2.25 Let T € BC(X) and s € H be such that | T|| < s. Then,

o0

Z Tms_l_m = (sZ — T)QC,S(T)_I’

m=0

and
o0
Do = Qe (1) (T~ T).
m=0

Definition 2.26 Let T € BC(X) and s € ps(T). We define the left commutative
S-resolvent operator as

Sp 5. T) = 6T = T) Qe (1),
and the right commutative S-resolvent operator as
Sg' (5, T) = Qes (1) T ~T).

For the sake of simplicity we denote the commutative version of the S-resolvent
operators with the same symbols used for the noncommutative ones. It is possible to
define an S-functional calculus as done in Definition 2.23. Below, when dealing with
the S-resolvent operators, we intend their commutative version.

We conclude with the definition of the F-functional calculus.
Definition 2.27 (F-resolvent operators) Let T € BC(X). We define the left F-
resolvent operator as
Fi(s, T) = =46 —T)Qes(T) 2, s € ps(T),
and the right F-resolvent operator as
Fr(s,T) = —4Q,s(T) *(sT —T), s € ps(T).
With the above definitions and Theorem 2.18 at hand, we can recall the F-functional
calculus was first introduced in [18] and then investigated in [11, 15, 16].

Definition 2.28 (The F-functional calculus for bounded operators) Let U be a slice
Cauchy domain that contains og(7) and U is contained in the domain of f. Let
T = Tiey + Thep + Tzez € BC(X), assume that the operators Ty, £ = 1,2, 3 have
real spectrum and set dsjy = ds/J, where J € S. For any function f € SHy (o5(T)),
we define

< 1
(I = Fr(s, T)dsy f(s). 2.9
T Jawuncy)
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For any f € SHg(os(T)), we define

< 1

f(T) = 2—f f(s)dsy Fr(s, T). (2.10)
T JywncCy)

The definition of the F-functional calculus is well posed since the integrals in (2.9)
and (2.10) depend neither on U and nor on the imaginary unit J € S.

The left and right F-resolvent operators satisfy the equalities in the next result [20,
Thm. 7.3.1]:

Theorem 2.29 (Left and right F-resolvent equations) Let T € BC(X) and let s €
ps(T). The F-resolvent operators satisfy the equations

Fr(s,T)s — TFL(s, T) = —4Q, (T)™"
and

sFr(s, T) — Fr(s, T)T = —4Q, ((T)~".

3 Axially Harmonic Functions

In this section, we solve the first part of Problem 1.5. We begin by rewriting the
Fueter mapping theorem (see Theorem 2.6) in a more refined way, considering the
factorization of the Laplace operator A in terms of the Fueter operator D and its
conjugate D.

Theorem 3.1 (Fueter mapping theorem (refined)) Let fo(z) = a(u, v) +iB(u, v) be
a holomorphic function defined in a domain (open and connected) D in the upper-half
complex plane and let

Qp ={q =q0+ql(qo.Iq]) € D} (3.1
be the open set induced by D in H. The operator T defined by

9

f(@) = Tri(fo) :== a(qo, lq]) + 7]

B(qo, 1g1)

maps the set of holomorphic functions in the set of intrinsic slice hyperholomorphic
functions. Then, the function

(@) =T, (a(qo, lg) + Z;'ﬂ(qo, Igl)) )

where Ty, := D is the Fueter operator, is in the kernel of the Laplace operator, i.e.,
Af=0 on Qp.
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Moreover,
@) :=Ti,f,

where Ty, = D and D = 9y, — 21-321 e;dy;, is in the kernel of the Fueter operator,
Le.,

Df:O on Qp.

Remark 3.2 The consideration in Remark 2.4 holds obviously also in the case of The-
orem 3.1.

In Theorem 3.1 we have applied to the slice hyperholomorphic function f firstly the
Fueter operator and then the operator D, while in Theorem 2.6 we apply directly the
Laplacian. Therefore, there is a class of functions that lies between the class of slice
hyperholomorphic functions and the class of axially monogenic functions: it is the
so-called class of axially harmonic functions that we introduce below.

Definition 3.3 (Axially harmonic function) Let U C H be an axially symmetric open
set not intersecting the real line, and let

U={u,v) e RxRT |u+SveU)}.
Let f : U — H be a function, of class C3, of the form
f@) =a@,v)+JBw,v), g=u+Jv, JeS,

where « and § are H-valued functions. More in general let f be as above and let
U C H be an axially symmetric open set and consider

U={u,v) eR*|u+SveU)},
and assume that
a(u,v) =a(u, —v), PB,v)=—Bw,—v) forall (u,v)elU. (3.2)
Let us set
f(q) :=Df(q), for g e U.
If
Af(q) =0, for geU
we say that f is axially harmonic on U.
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The axially monogenic functions satisfy a system of differential equations called
Vekua system, see [25, 36, 37]. In the case of axially harmonic functions, the functions
A(qo, r) and B(qo, r) satisfy a second order system of differential equations.

Theorem 3.4 Let U be an axially symmetric open set in H, not intersecting the real
line, and let f(q) = A(qo,r) + wB(qo, r) be an axially harmonic function on U,
r > 0and w € S. Then the functions A = A(qo,r) and B = B(qo, r) satisfy the
following system

2
92 Ago.r) + 97 A(qo. 7) + =0, A(qo. 1) =0

-
2rd, B(qo,r) —2B(qo,r) 0

0z, B(qo. ) + 07 B(g0. 1) + R

r

Proof An axially harmonic function is written as

f(@) = A(qo,r) + ®B(qo,7), q=qo+reecU

and it is in the kernel of the operator A = DD. We denote the Fueter operator as
D = 9y, + 95 and D = 0y, — 94, Where 9; = €19, + €20y, + €304,. We know that
(see [32]) B B

2
9q(A(qo, r) + wB(qo, 1)) = wd,A(qo, ) — 3, B(qo, 1) — ;B(qo, r). (3.3
This implies that

Df(q) = (3gy — 8)(A(qo. ) + @B (qo. 1))

2
= (340A(qo, r) + 9, B(qo, 1) + ;B(qo, r)) + o (040 B(q0, 1) — 3rA(qo. 1)) -
By setting

2
A'(qo, r) == 849A(q0, 1) + 3, B(q0, 1) + ;B(qo, r) and
B'(qo, 1) == 349 B(qo0, 1) — 8, A(qo, 1),

we get

Df(qo,r) = A'(qo, ) + @B’ (qo, 1)

Now, by applying another time formula (3.3) we obtain

_ 2
9, D f(q) = wd; A'(qo, 1) = 8, B'(qo. r) = ~B'(g0. 7).
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Therefore, we have
Af(g) =DDf(q)
= (39 + 8)D f (qo. 1)
/ / 2 /
= <3qu (go,r) — 9, B'(qo, 1) — ;B (905 r))

) (BqOB’(qo, r) + 0, A’ (qo, r)) .

Since the function f is axially harmonic we have A f(g) = 0, thus we get

3.4)

dg0A’(q0, 1) — 8 B'(qo, 1) — 2B'(q0,7) =0
aqoB/(qu r) + arA/(CIOa r)y=0.

Now, we write the system (3.4) in terms of A and B by substituting A" and B’

, 2
dg0A (g0, r) — 0-B'(q0, 1) — ;B/(qo, r)
2
= 850A(q0, 1) + 9409, B(qo, 1) + ;36103(6]0» r)
2
— 0,040 B(q0, ) + 37 Algo. ) — a0 B(q0.7)
2
+;8rA(qo,r)

2
= 07, A0, ) + 07 Aqo. ) + ~ 0, Alqo. ). 3.5)
g0 B’ (qo, 1) + 3, A’ (g0, 1)
= 9 B(qo0. ) — 490, A(q0. ) + 9,04y A(qo. 7)
2 2
+07 B(q0. ) + -9 B(qo. ) — — B(qo. )

=0, B(qo.7) + 8} B(qo.7)

2ra,B(qo,r) —2B(qo, 1)
+ ) .

(3.6)

By putting (3.5) and (3.6) in (3.4) we get the statement. O

Remark 3.5 If we suppose that a function f is harmonic over the ball B, (p) of radius
r and center p, and continuous in the closure of the ball we can write

2, a2
f(q)zu/a AN

9B-(P)Ir - Jam,py Iy —al*

where |0 B, (p)] is the measure of the sphere and dy is the surface element.
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4 Integral Representation Axially Harmonic Functions

In this section we show how to write an axially harmonic function in integral form.
The main advantage of this approach is that it is enough to compute an integral of slice
hyperholomorphic functions in order to get an axially harmonic function. The crucial
point to get the integral representation is to apply the Fueter operator D to the slice
hyperholomorphic Cauchy kernels written in second form, see Definition 2.10.

Theorem 4.1 Let s, g € H be such that q ¢ [s] then

DSZI (s,9) = _ZQC,S(q)_l

and

Sgl(s, )D = —2Q.5(q) .

Proof We prove only the first equality since the second one follows with similar com-
putations. First, we apply d,, and 9, fori = 1, 2, 3 to the left slice hyperholomorphic
Cauchy kernel

S5 q) = (5 — ) Qes(@) L.
Thus, we have
34057 (5. 9) = = Qes (@)™ — (5 — ) Qe.s (@) 2 (=25 + 2q0)
= =05 = 2g0(s =D Qes(@) 2 +2(s — P Qes(q) s

-1, 90 1
= =Qes(@) ™ + TFLls, @) = S FLGs, @),
where F (s, g) is the left F-kernel, see Definition 2.16. Then, fori = 1, 2, 3 we get

3: S, (5, q) = €1 Qe s (@)™ = 2qi(s — @) Qes (@) 2

1
=¢;Qc5(q) " + qu'FL(S, q).

Thus, by Theorem 2.17, we obtain

3
DS (5.9) = 0405, ' (5.9) + Y €04, . ' (5. 9)

i=1

B 1 _ q
=0, (q) " + %‘)FL(s, @) = 3FL )5 =3Qes (@) + SFL(s )

1
—4Q. ()" - 5 (FL(s,@)s = qFL(s, @)
—2Q,,(q)"".
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Remark 4.2 Although the slice hyperholomorphic Cauchy kernel written in form I is
more suitable in various cases, like for the definition of S-functional calculus, it does
not allow easy computations of DSZ] (s,q).

We observe that when we apply the Laplace operator to a monomial g” we get a
polynomial in terms of ¢ and g, see [28, page 316 formula (12)], [27, Thm. 3.2]. The

same feature happens when the Fueter operator is applied to the monomial ¢", see [7,
Lemma 1].

Lemma 4.3 Forall n > 1 we have
n
an — an — _2an—k(—]k—1.
k=1

Remark 4.4 Since
n n
an_kakfl — anfkakfl
k=1 k=1

we deduce that Dg”" is real.

Definition 4.5 Let s, ¢ € H, we define the commutative Q-series as

+o0 m +o00 m
) Z qufquflsflfm and ) Z Zsflfmqukc—lkfl.
m=1 k=1 m=1 k=1

Remark 4.6 The two series in Definition 4.5 coincide, where they converge, since
S g kg 1 s real.

Proposition 4.7 For s, q € H with |q| < |s|, the commutative Q-series converges.

Proof To prove the convergence, itis sufficient to prove the convergence of the modulus
of the series, i.e., we consider

+00
> 2mlgm s
m=1

The last series converges by the ratio test. Indeed, since |¢g| < |s|, we have

(m+ Dlg|™s|=>™ m+]1 1
= lim ——|qlls|”" < 1.
m

m— 00 m|q|’"_1|s|_l_m m—00

O
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Lemma 4.8 Forgq, s € H such that |q| < |s|, we have

+00 m +o00o m
Qc,s(‘])_l — Z qu—qu—ls—l—m — Z Zs—l—mqm—kc—lk—l'
m=1 k=1 m=1 k=1

Proof We prove the first equality since the second one can be proved in a similar way.
By Theorem 2.8, we can expand the left Cauchy kernel as

o0
S;l(s, q) = Z g"s~m,
m=0

By Theorem 4.1 and Proposition 4.7, which allows to exchange the series with the
Fueter operator, we have

o
—2Q.5()"" =DS; (s, q) =) _ (Dg") s~
m=0
We get the statement by applying Lemma 4.3. O

Remark 4.9 Using the well-known equality

n
(an _bn) — (a _b)zanfkbkfl
k=1

fora = g and b = ¢q, and by Lemma 4.3 we have

) —2ng"! if Im(g) = 0,
Dq” = —1l¢,n _ —n ;
—(@~ (¢" —q") ifIm(qg) #0.

With this result, we can prove Theorem 4.1 by using the series expansion of the kernel
in the following way: if |¢| < |s| and g # O then

DS; (s, )

Z (qu) Sflfm

m=0

_(Z)_l< Z qms—l—m _ qus—l—m)
m=1

m=1

= (@ 'S s.9) = 5. 5. 9)
()" (2qQcs (@7
20057,

if |g| < |s| and ¢ = 0, we have
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00
Qe s()DS; (5, q) = (s> — 25 + %) (—2 > mq’"‘ls“"">
m=1
00 00 00
) Z mqulslfm +4 Z mqmsfm ) Z mqurlsfmfl
m=1 m=1 m=1

o o o
=2 Z q"s™" +2 Z mq™s™" =2 Z mq™s™"
m=1 m=2

m=0

00
+2 Z qmsfm
m=2
= -2.

Now, we study the regularity of the function DSL_l (s, g¢) in both variables.

Proposition 4.10 Let s, g € H be such that q ¢ [s]. The function ’DSL_I(s, q) is an
intrinsic slice hyperholomorphic function in s.

Proof This follows by Theorem 4.1 and the shape of the commutative pseudo Cauchy
kernel. =

Remark 4.11 The function D(SL_I(S, q)) is not left slice hyperholomorphic in the
variable ¢. Indeed, let ¢ = u + Iv for an arbitrary I € S then Q. ((q)~" = (s> —
2us + u® + v?)~! and we have the following two relations

0
57 Qes (- 10) ™! = —(=25 + 2u) Qe s (u + 1v) 2
and
J -1 -2
%Qc,s(“ +1Iv)" = -2vQ. s (u+1v)™ ",

which yield
™ + I% Qs+ 1v)" =—(25s +2u+21v)Q; s (u + Iv)
_ 1 _
=205 = @) Qe+ 1) = = FL(5,7).
The function DSL_1 (s, g) turns out to be harmonic in g, as proved in the following
result.
Proposition 4.12 Let s, g € H be such that q ¢ [s]. Then the function DSL_I(S, q) is

harmonic in the real components of q.
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Proof Since the left slice hyperholomorphic Cauchy kernel is a C*° function for any
q ¢ [s], we can apply to it a differential operator of any order. Then the result follows
by the facts that the Laplacian is a real operator, thus it commutes with D, and by
Proposition 2.14. Indeed

ADS; (s, q) = DAS; (s, q) = DFL(s. q) = 0.

O
Finally as a consequence of the definition of the F-kernel we have:
Lemma4.13 Lets, g € H be such that g ¢ [s], then
D*S; (s, q) = FL(5, 9.
Proof By Theorem 4.1 we have
D*S; (s, q) = —2DQcs(q) " @1

Firstly, we apply the derivatives with respect to o and g;, with i = 1,2, 3 to the
commutative pseudo Cauchy kernel

0 _ _
%Qc,s(q) b= —2(—s 4+ qo)(s* — 2q0s + |g1») 2,

and fori = 1, 2, 3 we get

aiql_gc,sm)*‘ = —2q:(s% — 2q05 + lg> 2.
Thus we obtain
-1 0 -1 : d ~1
DQcs(q)” = a—quc,s(q) + ;eia—quc,s(CD

= —2(=s +qo + @) (s> — 2905 + |g|*)
=2(s — q)(s* — 205 + g1 2.

Therefore by (4.1) we get

DS, (s, q) = —4(s — )(s* — 2q0s + 1¢1) 7 = Fr(5, Q). .

Remark 4.14 By Proposition 2.14 it is clear that the function Fy (s, ¢) is axially anti-
monogenic. This observation together with Lemma 4.13 imply the construction of the
following diagram

OD) — SH(Qp) —2> AH(Qp) —2> AM(Qp). 4.2)
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where Qp is defined as in (3.1) and AM (2p) is the set of axially anti-monogenic
functions. In order to avoid this set of functions in the constructions like the one in
(4.2) we impose that the composition of the operators appearing in (4.2) must be the
Fueter map (in the case of this paper A). This is very important when we increase the
dimension of the algebra, see [24].

We observe that if we set ¢ = u + [v and we apply the 2-dimensional Laplacian

Ay = 0;0; = 9 18 8+18
2= A=\ 5y v u v /)’

to the commutative pseudo Cauchy kernel we get its square:

Lemma4.15 Lets, g = u + Iv € H be such that q ¢ [s], then

AZ Qc,s(‘])il = 4Qc,s (6])72-

Proof We setq = u + Iv, I € S. By Remark 4.11 we know that

3 Qesu+Tv)" =2(s —u — 1v) Qe 5(q) %

Now, we have

d
01 Qe + )™= 20, u+1v)™2

—4(s — u — Tv) Qe s (u + Tv) "3 (=25 + 2u),

and

bl
%81 Qcs(u+ Tv)~ ! = —21Q.s(u+ Tv) ™2 —8(s —u — 1v)Qc s(u + Tv)>v.

By definition of the 2-dimensional laplacian and since the variable s commute with
Qc.s(u + Iv), we get

0 0
A2Qcs(g) " = <5 —~ 15) 31 Qe+ Tv)7"

= —4(s —u — Tv) Qe s (u + Tv) 7> (=25 + 2u)
+81(s —u — Iv) Qe s(u + Tv) v
—4Q, s (u + Iv)™*
=8(s —u—Iv)(s —u)Qes(u + Iv) >
+8I(s —u —Iv)vQ, s (u + Iv)~?
—4Q. s(u+ Tv)~?
= 8(s2—su —us+u2—Isv+1uv+1sv—luv+v2)
Qes(u+Tv)2 —4Q, s(u+ Iv)~2
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=8Q s (u+ 10) Qe s(u + Tv) > —4Q. s(u + Tv) 2
=8Qc s+ 1v)> —4Q, s+ 1v) 2 =4Q. ;(u+ Iv) 2

O

We conclude this section with an integral representation of axially harmonic functions
that will allow us to define the harmonic functional calculus based on the S-spectrum.

Theorem 4.16 (Integral representation of axially harmonic functions) Let W C H be
an open set. Let U be a slice Cauchy domain such that U C W. Then for J € S and
dsy = ds(—J) we have:

(D) If f € SHL(W), then the function f(q) = D f(q) is harmonic and it admits the
following integral representation

~ 1
fl@)=—— Qcs(@) dssf(s), gqeU. (4.3)
T Jawncy)

) If f € SHr(W), then the function f(q) = f(q)D is harmonic and it admits the
following integral representation

~ 1
fl@)=—— F&)ds;Qes(q)™", geU. (4.4)
T JyWUunCy)

The integrals depend neither on U nor on the imaginary unit J € S.

Proof We prove only the first statement because the other proof is similar. We can write
the function f by using the Cauchy formula for slice hyperholomorphic functions, see
Theorem 2.12. Now, by applying the left Fueter operator to f(q) and by Theorem 4.1
we get

- 1
fl@=Df@ =5 DS; (s, q)dsy f(s)
T JyWUNCy)
1
=—— Qes(@) sy f(s5). (4.5)
7T Jawnc,))

Since f(q) = Df(q) and by Proposition 4.12, it is immediately verified that f(@)
is a harmonic function. The independence of integral in (4.3) from the set U and the
imaginary unit J € S follows by the Cauchy formula. O

In this section we have described the central part of the following diagram

OD) —Fs SHQp) —2s AH(Qp) —2s AM(S2p) (4.6)

where Qp is defined as in (3.1).
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Remark 4.17 Inthe quaternionic setting it is possible to obtain another diagram besides
the one in (4.6). This comes from the factorization A = DD and is called second fine
structure in the quaternionic setting, see Definition 1.2. The set of functions that lies
between the set of slice hyperholomorphic functions and the set of axially monogenic
functions is the set of axially polyanalytic functions of order 2, for more details see
[26].

5 The Harmonic Functional Calculus on the S-spectrum

In this section we introduce the harmonic functional calculus on the S-spectrum, which
is based on the integral representation of axially harmonic functions. Recall that X
denotes a two-sided quaternionic Banach space.

We give meaning to the substitution of the variable ¢ with the operator T in the
power series introduced in Definition 4.5.

Definition 5.1 Let 7 = Ty + Z?:l e;T; € BC(X), s € H, we formally define the
commutative pseudo S-resolvent series as

o
—2 Z Z (O e e D DD D iy A
m=1 k=1 m=1 k=1
Remark 5.2 The two series in Definition 5.1 coincide, where they converge.

Proposition5.3 Let T = T + 21'3:1 e;T; € BC(X),s e Hand ||T| < |s|, the series
in the Definition 5.1 converges. Moreover, we have

ZZTW! k —l —m ZZS 1— me kT — QC,S(T)_l' (51)
m=1 k=1 m=1 k=1

Proof For the convergence of the series it is sufficient to prove the convergence of the
series of the operator norm:

0
> ml|T | s (5.2)

Since

(m+ D|T|™s]=>™
m—oc  m|T|m=1|s|-1-m

om+1
= 1im 2 Ts < 1
m—oo m

by the ratio test the series (5.2) is convergent. To prove the equality (5.1), we show
that

@ Springer



2 Page28of54 F. Colombo et al.

Qe.s(T) (Z i T'""T"‘ls"">

m=1 k=1

- (Z > T'"—ka‘ls—l—m> Qs(T) =T. (5.3)

m=1 k=1

The first equality in (5.3) is a consequence of the following facts: for any positive
. m m—kek—1 . . . . .
integer m the operator » ;' | T" T does not contain any imaginary units, so it
is real and then it commutes with any power of s. Secondly, the components of 7" are
commuting among them and the operator Q. ;(T'), see Definition 2.24, can be written
as: s°7 — 25Ty + Z?:o T?.

Now we prove the second equality in (5.3). First we observe that

]2
WE

Tm ka 1 —l—m) QC,S(T)

(

m

3
I
Il

WK

I A —1—'") > —s(T+T)+TT)

1 k=1

3
I

m

k—1 2 - k—1 2 - k
Tm= kT 1 —m Tm+l—kT Thgm o Tm—kT gm
>y >3

m=1 k=1 m=1 k=1

-z k
ZTm_k+1T S—l—m.
1 k=1

e

—

k

+

1T

n

Making the change of index m’ = 1 4+ m in the second and fourth series, we have

(Zirm ! ”"") Qes(T)

m=1 k=1
0o m co m'—1 0o m
— Z ZTm—ka L 1—-m Z Z ™" —ka L 1—m' Z ZTm—ka —m
m=1 k=1 m'=2 k=1 m=1 k=1
oo m'—1
+ Z " —ka —m
m'=2 k=1
o m oo m'—1
=T+ ZZTm—ka 1Sl—m _ Z Z Tm'—ka 1 l—m’+
m=2 k=1 m'=2 k=1
0o m oo m'—1
_Ts—l _ Z ZTm—kaS—m + Z Tm’—ka —m
m=2 k=1 m'=2 k=1
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Simplifying the opposite terms in the first and second series and in the third and fourth
series, we finally get

o0 m P o0 | o0 |
(Z ZT'”"‘T - s—l—’") Q. (T) =T+ ZT’”‘ sim — ZT’”‘ i =1.
m=2

m=1 k=1 m=2

O

Lemma5.4 LetT € BC(X). The commutative pseudo S-resolvent operator Q. s (T)™!
is a B(X)-valued right and left slice hyperholomorphic function of the variable s in

ps(T).
Proof 1t follows by Proposition 4.10. O

Remark 5.5 We point out an important difference between the commutative and the
noncommutative pseudo S-resolvent operator. For 7 € B(X) with noncommuting
components the operator Q. ;(T) is not well defined because 7T # T T. But in the
case T € BC(X) then it turns out to be well defined and the inverse is B(X)-valued
slice hyperholomorphic function for s € pg(T).

The noncommutative pseudo S-resolvent operator Q,(T)~! turns out to be well
defined for operators 7 € B(X) with noncommuting components, but it is not a
B(X)-valued slice hyperholomorphic function.

Remark 5.6 The functional calculus based on axially harmonic functions in integral
form will be called harmonic functional calculus (on the S-spectrum) or, since it
is based on the commutative pseudo S-resolvent operator QC,S(T)_l, Q-functional
calculus.

Definition 5.7 (Harmonic functional calculus on the S-spectrum) LetT € BC(X) and
setdsy = ds(—J) for J € S. For every function f = D f with f € SHy (os(T)),
we set

~ 1
f(T) = —— f Qes(T) sy f(s), (5.4)
a(UNCy)

T

where U is an arbitrary bounded slice Cauchy domain with o5(7) C U and U C
dom(f)and J € Sis an arbitrary imaginary unit.
For every function f = fD with f € SHr(os(T)), we set

1
f(T) = ——/ f($)ds Qe (T)™, (5.5
aUNCy)

v

where U and J are as above.

Theorem 5.8 The harmonic functional calculus on the S-spectrum is well-defined, i.e.,
the integrals in (5.4) and (5.5) depend neither on the imaginary unit J € S nor on the
slice Cauchy domain U.
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Proof Here we show only the case f = Df with f € SHy (05(T)), since the other
one follows by analogous arguments.

Since Q. g (T)~ ! is aright slice hyperholomorphic function in s and f is left slice
hyperholomorphic, the independence from the set U follows by the Cauchy integral
formula, see Theorems 2.12 and 2.13.

Now, we want to show the independence from the imaginary unit. Let us consider
two imaginary units J, I € S with J # I and two bounded slice Cauchy domains
Uy, Us with 0y(T) C Uy, Uy C Us and Uy C dom(f). Thenevery s € 3(U; N Cy)
belongs to the unbounded slice Cauchy domain H\ U, . Recall that Q. , (T)~'isright
slice hyperholomorphic on ps(7'), also at infinity, since limg; 4 Qc,q(T)_l = 0.
Thus, the Cauchy formula implies

1 _
QC,S(T)_l = A_ Qc,q(T)_ldQISRl(CIvS)
27 Ja(awpncy)
1 _ _
=5 Qe g (1) 'dq1S; (s, q). (5.6)
T Jaw,nCp)
The last equality is due to the fact that ((H\ Ug)n (CI) = —d(U,; NCy) and
Sg'(q.s) = —S; (s, ¢). Combining (5.4) and (5.6) we get
- 1 .
f(r)=-= Qe s(T) "dsy f(s)
T JyWusnCy)

1 1 _ B
1 = / Qu.g(T) "' darS; (5. q) | dsy £ (s).
7 Jaw,ney) \ 27 Jaw,nep

Due to Fubini’s theorem we can exchange the order of integration and by the Cauchy
formula we obtain

- 1 _ 1 _
(1) =—— Qeq(T) 'dgy (—/ SLl(s,q)dSJf(S)>
7 Jaw,nc)) 2 Jyw,nc))
1 _
=—— Qeq(T)'dqr f(q).
T JaU,nCy)
This proves the statement. O

Problem 5.9 Let U be a slice Cauchy domain. It might happen that f, g € SHy (U)
(resp. f, g € SHR(U)) and Df = Dg (resp. fD = gD). Is it possible to show that
forany T € BC(X), with o5(T) C U, we have f(T) = g(T)?

We start to address this problem by observing that D(f —g) = 0 (resp. (f —g)D =
0). Therefore it is necessary to study the set

(ker D)SHL(U) = {f S SHL(U) . D(f) = O} resp. (kerD)SHR(U)
={f e SHrW) : (f/)D = 0}.
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Theorem 5.10 Let U be a connected slice Cauchy domain of H, then

(ker D)sy, vy ={f € SHL(U) : f =a forsomea € H}
={feSHRWU): f =a forsomea € H} = (ker D)sy,w)-

Proof We prove the result in the case f € SHp(U) since the case f € SHg(U)
follows with similar arguments. We proceed by double inclusion. The fact that

(ker D)sp, @y 21{f € SHL(U) : f =a for some o € H}

is obvious. The other inclusion can be proved observing that if f € (ker D)sy, (1),
after a change of variable if needed, there exists r > 0 such that the function f can
be expanded in a convergent series at the origin

o0

f(g) = quak for (otx)kern, C H and for any g € B,(0)
k=0

where B, (0) is the ball centered at 0 and of radius . By Lemma 4.3, we have

[ee) ook
0=Df(@) =) DgHex=-2)_Y "¢ ', Vg€ B0),
k=1 k=1 s=1

If we restrict the previous series in a neighborhood €2 of 0 of the real line we get

o
0= quflak Yqo € Q2
k=1

and this implies
ar =0, Vk=>1,

which yields f(g) = «p in 2 and since U is connected f(q) = oo forany g € U. O

We solve the problem 5.9 in the case in which U is connected.

Proposition 5.11 Let T € BC(X) and let U be a connected slice Cauchy domain with
os(T) CU.If f,g € SHL(U) (resp. f, g € SHr(U)) satisfy the property D f = Dg
(resp. fD = gD)then f(T) = g(T).

Proof We prove the theorem in the case f,g € SHp(U) since the case f,g €
SHg(U) follows by similar arguments. By definition of the harmonic functional cal-
culus on the S-spectrum, see Definition 5.7, we have

1
f(T) —§(T)=—— Qes(T) sy (f(s) — g(s)).

T Jawuncy)
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Since Q. s(T)~! is slice hyperholomorphic in the variable s by Theorem 2.12, we
can change the domain of integration to B,(0) N C; for some r > 0 with |T| <
r. Moreover, by hypothesis we have that f(s) — g(s) € (ker D)sp, (1), thus by
Theorem 5.10 and Proposition 5.3 we get

- 1
f(T) —§(T) = —— Qe s(T) sy (f(s) — g(s))

7 Ja(B,(ONCy)

/ Qus(T) \dsya
(B (0)NC)

o0 m
Z Z k! / s ds a0 = 0.

oo 8(B-(0)NCy)

O

In order to solve Problem 5.9, in the case U is not connected, we need the following
lemma, which is based on the monogenic functional calculus developed by McIntosh
and collaborators, see [29-31].

Lemma5.12 Let T € BC(X) be such that T = Tyej + Ther + Tses, and assume that
the operators Ty, £ = 1, 2, 3, have real spectrum. Let G be a bounded slice Cauchy
domain such that (0G) Nos(T) = @. For every J € S we have

/ QC,S(T)_ldSJ =0. 5.7
3(GNCy)
Proof Since A(1) = 0 and A(g) = 0, by Theorem 2.18 we also have
/ Fr(s,q)ds; = A(1) =0, (5.8)
3(GNCy)
and
[ FGadss = a@ =0, (5.9)
3(GNCy)
forall g ¢ 0G and J € S. By the monogenic functional calculus [29-31] we have
Fr(s,T) = / G(w, T)DwF (s, w),
Ele}

where Dw is a suitable differential form, the open set €2 contains the left spectrum of
T and G(w, T) is the Fueter resolvent operator. By Theorem 2.29 we can write

1
Qus(T) ! = =3 (FL(s, T)s = TFi(s, T)),
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thus we have

1
f Qes(T) ldsy = —~ / Fr(s,T)s — TFL(s, T)ds;
A(GNC) 4 Jagne,)

1
__! (/ / G(w. T)DwFy (s, w)s dsy
4 \Jaene)) Jog
—T/ / G(w, T)DC()FL(S,(,L))dSJ)
3GnCy) Jaq
1
= (/ G(w, T)Dw (/ Fr(s, w)dSJS>
4\ Jin A(GNCy)
—T/ G(w, T)Dw (/ Fr.(s, a))ds]>>
Q a(GNCy)

where the second equality is a consequence of the Fubini’s Theorem and the last
equality is a consequence of formulas (5.8) and (5.9). O

=0

Finally in the following result we give an answer to Problem 5.9.

Proposition 5.13 Let T € BC(X) be such that T = Tyey + Tres + Tzes, and assume
that the operators Ty, £ = 1, 2,3, have real spectrum. Let U be a slice Cauchy
domain with os(T) C U.If f,g € SHL(U) (resp. f,g € SHr(U)) satisfy the
property Df = Dg (resp fD = gD) then f(T) = g(T).

Proof If U is connected we can use Proposition 5.11. If U is not connected then
U = U]_,U; where the U, are the connected components of U. Hence, we have
f(s) —g(s) = >/, xu,(s)oy and we can write

. "1
f) g ==Y~ /a Q0 s (1) Vdsau.
=1

wiNCy)

The last summation is zero by Lemma 5.12. O

We conclude this section with some algebraic properties of the harmonic functional
calculus.

Proposition 5.14 Let T € BC(X) be such that T = Tyey + Trea + Tze3, and assume
that the operators Ty, £ = 1, 2, 3, have real spectrum.

o If f=Df and § = Dg with f, g € SHy (05(T)) and a € H, then
(fa+@)(T) = f(T)a+§(T).
o If f=fDand g = gD with f,g € SHg(cos(T)) and a € H, then

(af +&)(T) =af(T)+ gT).
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Proof The above identities follow immediately from the linearity of the integrals in
(5.4), resp. (5.5). O

Proposition 5.15 Let T € BC(X) be such that T = Tyey + Trez + Tzes, and assume
that the operators Ty, £ = 1, 2, 3, have real spectrum.

o If f = Df with f € SHy(05(T)) and assume that f(q) = > 0 q"am with
ay € H, where this series converges on a ball B, (0) with os(T) C B(0). Then

f(T) = Z Z —kh= lam.

o If f = fD with f € SHr(os(T)) and assume that f(q) = > o amq™ with
ay € H, where this series converges on a ball B, (0) with os(T) C B(0). Then

an T~ ka 1.

M§

f(ry=-2>"

m=1 k=1

Proof We prove the first assertion since the second one can be proven similarly. We
choose an imaginary unit J € S and a radius 0 < R < r such that o5(T) C Bg(0).
Then the series expansion of f converges uniformly on d(Bg(0) N Cy), and so

1 o0
—— Quo(T) ' ds; Y s'ay

a(BR(O)n(CJ) 1=0

f(n
1 o0

=Y / Qs (T) " dsys'ar.
™ = Jasronc,)

By replacing Q. (T)~! with its series expansion, see Proposition 5.3, we further
obtain

f(T):——/ ZZT'" kph=tg-1- " dsy Zs aj
)

(BR(O)QCJ)m 1 k=1

m o0

The last equality is due to the fact that fa( BRO)NC,) s~17m dsy st is equal to 27 if
| = m, and 0 otherwise. O
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6 The Resolvent Equations for Harmonic Functional Calculus

In this section we prove various resolvent equations for the pseudo S-resolvent operator
QC,S(T)_I. The first version of this equation is written in terms of Q. s (T)~! and of
the S-resolvent operators.

Theorem 6.1 (The Q-resolvent equation with S-resolvent operators) Let T € BC(X).
Then, for p, s € ps(T) with s ¢ [p], the following equalities hold

Qes(1) ' Qe p(1) ™! = { Qa7 0 1) = S5 (5. I Qe p (1) ]

=5 [ Qe (7S (0. T) = 5715, T)Qe p (17! }
(P* = 2s0p + 1s1) 7", ©.1)

and

Qes (1) Qe p ()™= (P = 2s0p +1sP) ™ fs [ Qe )75 (1, T)
8515, T)Qe (1) ]

—[ Qe IS 0 T = 53 (5. T Qe ()] )
(6.2)

Proof By the definition of left S-resolvent operator we have

Qe p(M) ' p=TQ ,(T) '+ 8 (p, T). (6.3)

By iterating (6.3) we get

Qes(T) ' Qe p (M)~ (p* = 250p + |5

= Qs (T) " [Qe.p(T) ' plp — 250Qc.s(T) ' Qe p(T) ' p
517 Qes (1)1 Qe p (1) !

= Qe s(T) [T Qe py (1) + S, (p. Dlp
~250Qcs (1) [T Qe py(T) ™ + 8, (p, T)]
HIs1*Qes (1)1 Qe p (1) !

= Qs (1) ' T[Qe (1) Pl + Qe (D) 'S, (p, THp
~250Qcs (1) [T Qe py(T) ™' + 8, (p, T)]
HI51* Qs (T) 1 Qe p (1) !

= Qus(T) ' TIT Qe p(T) " + S, (p. I+ Qe s (M) 'S (. THp
~250Qc,s (1) T Qe p(T) !
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+871 (P T+ 12 Qe (1) 1 Qe p (1) .
Now, by the definition of the right S-resolvent operator we have

Qe (I)'T =5Q () = S5 (s, T). (6.4)
This equality implies

Qs (1)1 Qe (1)1 (p? = 250p + Is1%)

=[Qe () 'TITQ., ,(T)™!
Qe (T TIS N (p, T) + Qe (T 1S (p, THp
—250[Qe,s (T) ' T1Qe, p(T) ™" — 250 Qe s (T) 'S (p, T)
152 Qe s (T) 7' Qe p (T) 7

= [sQe,s(T) " = Sg' (s, TIT Qe p(T) ™"
s Qe (1) = Sg' (s, TS, (p. T)
+Qe s (1) IS (p, TYp — 250[5 Qe s (T) ™! — S (5, T Qe p(T) !
—250Qc.s(T) 'S, (p, T)
112 Qe (T) ' Qe p(T) !

= 5[Qes (1) ' T1Qe p(T) ™ = Sg' (5. YT Qe , (1)
+5Qe (1) 'S (p. T) — Sg' (5. TS, (p. T)
Qe (1) 'S (p. T p — 2505 Qe s (T) ™ Qe p (T) ™!
+25085 (s, T) Qe p (T) ™!
~250Qes (1) 'S, (P, T) + 1512 Qe s (T) 71 Qe p (1) 7!

= 5[5 Qe (T) ™! = S (5, TQe p(T) ™" = Sx' (5. THT Qe p (T) !
+5Qe (1) 'S (p. T)
=S TS (. T) + Qe () 'S (0, T)p — 2505 Qe s (T) ™ Qe p (1) !
+2508g" (5, T)Qe, p(T) ™!
25005 (T) 'S, (P, T) + 1512 Qe s (T) 71 Qe (T) ™

Now, since 52 — 2s0s + |s|* = 0 we get

Qe s(T) ' Qe p (1) (p* = 250p + 1517
= (52 = 2505 + Is1) Qe (1) 7' Qe p (T) ™! = 585 (5, T) Qe p(T) ™!
—Sp (s, YT Qe p(1) ™!
+5Qes (M) 'S M. T) = S (5. TS (p. T) + Qe (T) 'S, N (p, T p
+2508% " (5, T) Qe p(T) !
~250Qcs(T) 'S (p. T)
= —58g" (5. T) Qe p(T) ™" = Sx'(s. )T Q¢ p(T) ™"
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+5Qe (1) 'S N (p, T) = Sg' (s. TS, (p, T)

+Qu (1) 'S (p. TYp + 25085 (5. T) Qe p (T) ™' = 250 Qs (T) 'S, (0. T)
= 585" (5, T) Qe (1) +5Q s ()71 (p, T)

—Sp' (s, DIT Qe p(T) " + 8. (p. T)]

+0c (TS (0, TYp + 25085 (5, T) Qe p(T) ™!

~250Qcs(T) 'S, (p, ).

Finally, using another time formula (6.3) and the fact that 259 — s = 5§ we obtain

Qes(T) ' Qe p(T) 1 (p? = 250p + Is[*)
= =585 (5. T) Qe p(T) ™" +5Qc (1) (p. T) = Sg ' (5. T) Qe p(T) ' p
+Q. ()17 (p, T)p + 25085 (5, T) Qe p(T) ™!
~250Qc.s(T) 'S (p. T)
= [ Qe ()78, (0. 1) = S5 (5. 1), (17

=5 [Qes (7S, (0. 1) = S35, 1)Qe (D]

It is possible to obtain formula (6.2) with similar computations. O

Remark 6.2 We can rewrite the equations obtained in Theorem 6.1 by using the left or
right x-products, see [19, Chap. 4], in the variables s, p € ps(T) with s ¢ [p],

Qs (1) Qe ()™ = [Qes (M!S (0. T) = 5715, 1) Qe p(1) 7'
sters(p = 5P = 2s0p + 1) 7L,
or

Qes(M™'Qep(M ™ = (p =H(p* = 2s0p +1s1)7'T
paright | Qe (1771 (0, T) = S5 (5, 1), (7]

Theorem 6.3 (Left and right generalized Q-resolvent equations) Let T € BC(X) with
s € ps(T) and set

m—1
Mhs. Ty =Y TSy (s, T)s" ! (6.5)
i=0
and
m—1 . )
MR, Ty =) 5"y s, T
i=0
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Then form > 1 and s € ps(T), the following equations hold

Qs (M) !s" = T" Qs (1) = My(s, T) (6.6)
and

$" Qe (1) = Qe (M 'T" = Myi(s, T).

Proof We prove the result by induction on m. We will prove only (6.6) since the other
equality is proven with similar techniques. The case m = 1 is trivial because

MEGs. T) =57 5. 1) = Q. N(T)s = TQN(D).

We assume that the equation holds for m — 1 and we will prove it for m. By inductive
hypothesis, we have

— _ —m—1 _ — _ _
T" Qs () ' =TT" Qe s(T) ™' =T(Qes(T) s — ME_ (5, T))
=TQ. () 's" ' —TML_ (s, 7).
Since
m—2 - . m—1 ) '
TME (5. T) =Y T s . T2 = Y T 57 (s, T)s" )
i=0 i=l1
and
TQes(T) ™' = Qus(T) s — 8,15, 1),
we have

m—1 )
T"Qe (1) = Qe ()15 = S, (s, T)s™ ' = Y TS (s, T)s™ 7!

i=1

m—1 ‘
= Qe (T)7!s" = Y TS (s, T)s" !
i=0
= Qc,s(T)_lSm — M,%(S, T).
O

Now, we prove the Q-resolvent equation just in terms of the commutative pseudo
S-resolvent operator.

Theorem 6.4 (The Q-resolvent equation) Let T € BC(X). Then for s, p € ps(T)
with s ¢ [pl, we have the following equation
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5Qes (1) ' Qe p(T) ™' p = 5 Qe o (T) ' T Qe p(T) ™!
—Qus (1) TQe (1) p 4 Qe s (1) T7 Qe (1)
= [6Qus ()™ = pQep(M™p =56 Qes (17" = pQep(M 7]
(p* = 2s0p + 1519
+ [(TQc,p(T)’l — Qes(T) ' T)p —5(T Qe ,(T)™" — Qc,sm*‘ﬂ]
(p* —2s0p +IsH7". (6.7)

Proof Starting from the S-resolvent equation (see formula (2.6))

Si' 6. DS 0. ) = [(S51 6T = S (0 TP =555 5. T) = 57 (0, T |
(p* = 2s0p + s

and using the definitions of the S-resolvent operators
Sg' (s, T) = Qe (1) (5T =T,

and

S (p. T) = (P = T)Qe,p(T) ",
we obtain that the left hand side of the S-resolvent equation can be rewritten as

SN, TS (P, T) = Qe (1) 5T = TY(pZ — T) Qe p(T) ™!
= SQC,S(T)_IQC,p(T)_lp - SQC,S(T)_ITQC,[)(T)_I
= Qs (1) T Qe () p + Qe (T) ' T? Qe ().

The right hand side can be rewritten in the following way

(5716 1) = 8" 0 TP =555 5. 1) = ST (0. T | (0 = 2500 + 1)
= [(Qes (M 6T =T) = (WT =TI Qe (1) )p+
= §(Qes (M7 6T = T) = (4T = T Qe p (M| (1 = 250p + s
= [6Qus ()" = pQep (1N ™Hp =55 Qes (1" = pQep(H 7]
(p* = 2s0p + 51"
+ [T Q1) = Qe (1) T)p =5(T Qe (1)~ = Qe (1) ™' T)

(p* —2s0p + Is1H) 7.
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By equating (6.8) and (6.8), we obtain the assertion. O

Remark 6.5 1t is possible to rewrite (6.7) as

SQC,S(T)_IQc,p(T)_lp - SQC,S(T)_ITQC,[?(T)_I +
~Qes(T) ' T Qe (1) p ot Qes (1) T Qe (1)
= (SQC,S(T)il - ch,p(T)il) *s,left SL_I(Ps s)

+(TQes )™ = Qc,p(TrlT) ) (6.8)

Remark 6.6 Formula (6.7) or, equivalently, (6.8) can be considered the most appropri-
ate Q-resolvent equation because

(D it preserves the left slice hyperholomorphicity in s and the right slice hyperholo-
morphicity in p;

(II) the product QC,S(T)_1 9., ,,(T)_1 (multiplied by monomials or bounded opera-
tors) is written in terms of the difference Q. g (T)~1 = 9., p(T)_l entangled with
the left slice hyperholomorphic Cauchy kernel.

For more information of the properties of the resolvent equations in hyperholomorphic
spectral theories see the paper [16].

7 The Riesz Projectors for Harmonic Functional Calculus

We now take advantage of the Q-resolvent equation in Theorem 6.4 to study the Riesz
projectors for the harmonic functional calculus. In the sequel we need the crucial result
originally proved in [1, Lemma 3.23].

Lemma 7.1 (See [20]) Let B € B(X). Let G be an axially symmetric domain and
assume f € N(G). Then for p € G, we have

" f(s)dsi (5B — Bp)(p* —2sop + Is1>) ™" = Bf (p).
T Jy(GNCy)

Theorem 7.2 (The Riesz projectors) Let T = Tye| + Tarez + T3esz and assume that the
operators T;, 1 =1, 2, 3, have real spectrum. Let os(T) = o1Uop withdist(o1, 02) >
0.

o Let Gy, Gy C H be two bounded slice Cauchy domains such that o1y C Gy,
G1 C Gy and dist(G2, 02) > 0. Then the operator

1

P(T):= — / sdsyQes(T)™!
21 JaGanc))

1

=— Qc.p(1) 'dpyp
2 JyGinc))

is a projection, i.e.,

p?=p.
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Moreover, the operator P commutes with T, i.e. we have

TP =PT. (7.1)

Proof First, we multiply equation (6.7) by ds; on the left and we integrate it on
9(Go N Cy) with respect to dsy, and then we multiply it by dp; on the right and we
integrate it on 3(G; N C;) with respect to dp;. We obtain

/ sdsy Qs (T)"! / Qe () dp, p
9(GaNCy) 9(G1NCy)
+ / sdsy Qe (T)' T / Q. (T) " dp;
3(G2NCy) 9(G1NCy)
+/ ds‘]chg(T)_l T/ Qc,p(T)_ldpJp
9(G2NCy) 9(G1NCy)
+ f ds;Qes(T)~' T? / Qe.p(T) ' dp,
9(G2NCy) 9(G1NCy)

= s [ 60 = puy )y
9(G2NCy) a(G1NCy)

—56Qes(M ™ = pQep(M D] Qu(p) " dp

+/ dsy / I:(TQc,p(T)_l - Qc,s(T)_lf)p
3(GoNCy) 9(G1NCy)

ST Qe p(T) ™ = Qe ('] () dpy. (7.2)

where we set Qs(p) = p> — 2sop + |s|>. By Lemma 5.12 the expression on the
left-hand side of (7.2) simplifies to

/ SdsJQc,s(T)_l / Qc,p(T)_ldpJp-
3(GoNCy)

3(G1NCy)
Now, we focus on the right hand-side of (7.2). We start by rewriting it as
[ s S0 =50 Q) s
3(GoNCy) a(G1NCy)
b s Q) T4 50 TN s
9(G2NCy) 9(GiINCy)
b s [ 50 = pQup ) P ds
3(G2NCy) 3(G1NCy)

+ / ds; f (5T Qe p(T) "' + T Q. ,(T) ' p1Qs(p) ' dpy.
3(G,NCy) 3(G1NCy)
(7.3)
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Now, since G| C G2, for any s € 3(G, N Cy) the functions

p— pQi(p)~!

and

p— Os(p)”!

are intrinsic slice hyperholomorphic on G1. By the Cauchy integral formula we have

/ pQs(p)~tdpy =0, / Qs(p)~ldp; = 0.
3(G1NCy) (G 1NCy)

Therefore
/ ds, / S[Qes(T) ™ p = 50 «(T) " MQu () dpy =0
3(G2NCy) 3(G1NCy)
and
/ ds; f [—Qes(T) ' Tp +5Qc (1) 'T1Qu(p) " dpy = 0.
9(G2NCy) 3(G1NCy)
Thus the right hand side in (7.3) is just

/ ds, / [5Qe o (T) " p = pQep(T) ' p1Qs ()" dpy
3(G,NCy) 3(G1NCy)

- / dsy / 5T Qe p(T) " = T Qe (1) p1Qs(p) " dpy.
3(G,NCy) 3(G1NCy)

We can further simplify the previous expression by applying Lemma 7.1 twice: in the
first integral for

B :=pQ. ,(T)"'
and in the second integral for
B:=TQ. ().
Thus we obtain
A(szcnd” /3(Glnc,>[§QC’p(T)_1p = PQe.p(M'pIQ(P) " dpy

- / dsy / BT Qes(T) ™ = TQuy ()" p1Qs(p)~" dp,
3(G,NCy) 3(G1NCy)
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=2n / Qe p(T) dpy — 21 / TQ. ,(T) 'dpy
(G 1NCy) (G 1NCy)

=2n/ Qe p(T) " dpy.
(G 1NCy)

In the last equation we have used Lemma 5.12. In conclusion Eq. (7.2) reduces to

/ SdSJQC,S(T)_l / Qc,p(T)_ldpJp
9(G2NCy) (Gi1NCy)

o f Qup(T) " dpyp
3(G1NCy)

and, by the definition of the operator P given in the statement, the previous equality
means

P?=P.

Now, we prove (7.1). Since Tp = 0 and

TQ p(T) ' =00 () 'p— 5. (p. ),

we get
N | _ .
TP =—— TQc,p(T) dPJP
2 JaGinc))
1 _ _
=—— (Qp(M) ' p =S (p. T)dpyp
2 JaGinc))
- L Q0 p(T) Vdp; p? + — ST\ (p. TYdps p.
2 JoaGinc)) 21 JyGinc))
Thus we get
5 1 —1 2 1 —1
TP =—— Qe p(T) dpyp” + — S, (p, T)dpyp.
27 JyGincy) 21 JyGincy)

(7.4)
On the other side, since

Qep(M)™'T = Q. ,(T) 'p— Sz (p. T,
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we get
. 1 .
PT = —— pdpJQc,p(T) T
21 JaGincy)
1 -1 2, 1 -1
=—= Qe p(T) dpsp”™+ — pdpySg (p.T).
27 Jyincy) 27 JyGincy)

From the fact that pxg, (p) is intrinsic slice hyperholomorphic in G, it follows by
[20, Thm. 3.2.11] that

1

1
21 JaG,nc))

PT = —
2 JaGinc))

Qe p(T) 'dpy p* + S (p, T)pdp,.

(7.5)
Since (7.4) and (7.5) are equal we get the statement. O

Remark 7.3 The Q-resolvent equation stated in Theorem 6.1 preserves the slice hyper-
holomorphicity, however it is not useful to prove Theorem 7.2.

Remark 7.4 Theorem 7.2 can be proved using directly the F-functional calculus.
Indeed, in the same hypothesis of the theorem, it is proved in [20, Thm. 7.4.2] that

fv’lz = fv’l and Tﬁl = fv’lT

for

. 1
Py i=—— Fr(p, T)dpyp*.
87 Jagincy)

Now, using Theorem 2.29 and [20, Lemma 7.4.1], we have

1

pP=— Qe p(T) " dpyp
27 JaGincy)

1

=—— Fr(p,T)p—TFr(p,T)dpyp
81 Jaginc))
1 .

- Fi(p,T)dpyp> = P.
81 Jaginc))

8 Further Properties of the Harmonic Functional Calculus

In this section we prove other important properties of the harmonic functional calculus.
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Theorem 8.1 Let T € BC(X). Letm € Ny, and let U C H be a bounded slice Cauchy
domain with os(T) C U. For every J € S we have

1
Hy(T) = — / Qs (T)Nds s+, ®.1)
2 Jawne,)

where
“ k
H,(T) := Z T"*T".
k=0
Proof We start by considering U to be the ball B, (0) with | T|| < r. We know that

+00 n

Qc,s(T)_l = Z Z Tn_ka_ls—l—n

n=1 k=1

forevery s € dB,(0). By Proposition 5.3 we know that the series converges on d B, (0).
Thus we have

1 _ I Nk _
— Qc.s(T) lds st = — ZZT" kT / s s
27 Ja,0)nCy) 2r == 3(B,(0)NCy)
m+1 m
_ Z pm+l—kph=l _ Z pm—kTk _ H,/(T)
k=1 k=0
since

/ R 0 ifn#Em+1
3(B, (0)NC,) 2 ifn=m+1.

This proves the result for the case U = B, (0). Now we get the result for an arbitrary
bounded Cauchy domain U that contains og(7). Then there exists a radius r such
that U C B,(0). The operator Q.. (T 1is right slice hyperholomorphic and the
monomial s+ is left slice hyperholomorphic on the bounded slice Cauchy domain
B,(0) \ U. By the Cauchy’s integral formula we get

1 B 1 _
— Qe s(T) dsys™ — — Qe s(T) dsys™™!
21 Jy(B,)nC,) 27 Jawnce,)

1

=— Qes(T) 'dsys™ ! = 0.
27 Ja((B,0\U)NC)

Finally we have

1 1
< Quy (T) \dsys™ = — / Qs (T)'dsys™ = Hy(T),
27 Jywne,) 21 Jas0nC,)
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and this concludes the proof. O

Remark 8.2 Unlike what happens in the S-functional calculus (see [20, Thm. 3.2.2])
we do not have a left slice hyperholomorphic polynomial on the left hand side of
equality (8.1), but we have harmonic polynomials. Another difference with respect to
[20, Thm. 3.2.2] is that in Theorem 8.1 we do not have a difference between right and
left part, because by Proposition 5.3

oo m o
Sy T = 3N s T = gy
m=1 k=1 m=1

k=1

For the intrinsic functions we have the following result, see [20, Theorem 3.2.11].

Lemma8.3 Let T € BC(X). If f € N(os(T)) and U is a bounded slice Cauchy
domain such that os(T) C U and U C dom(f), then we have

T T

- 1 1
- / Qus(T)\dsy f(s) = —~ / F(s)dsy Qus (T,
a(UNCy) aUNCy)

Proof 1t follows by the definitions of intrinsic functions, of the Q-functional calculus
and Runge’s theorem (see [20, Theorem 2.1.37]). O

For the Q- functional calculus it is possible to prove a generalized product rule.

Theorem 8.4 Let T € BC(X) and assume f € N(os(T)) and g € SHy (os(T)) then

2[D () fg) (T) — TD(fg)(T)] = f(T)D(()g) (T) — f(T)TD(g)(T) +
+D (f () (T)g(T) — D(fF)(T)Tg(T).
(8.2)

Proof_ Let G| and Gz_be two bounded slice Cauchy domains such that contain o5 (7T)
and G; C G and Gy C dom(f) Ndom(g). We choose p € (G N Cy) and
s € 3(G2 N Cy). By Definitions 2.23 and 5.7 for J € S we have

FD(()g) (T) = fF(NTD(E)T) + D (f() (Tg(T) = D(fHT)Tg(T)
1

_ 1 _
= F(5)ds S5l (s, T)~ / Qe (T)" pdpyg(p)
T J3(GLNCy) T Jy(G1NCy)

7
Fls)dssSe (s, T) / Qe p(T) ' dpsg(p)
3(G1NCy)

27 JaGancy) T
1 B 1 B

. Qs (T)sds f(5) / S7'(p. T)dpsg(p)
T JaGonC)) 2 JoaGinc))
1 _ T B

4L Qs (1) \dsy f(5) / 7' (p. T)dprg(p).
7T Ja(GonC)) 21 JaGinc))
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Since the function f is intrinsic by Lemma 8.3 we get

FD(()e) (T) = fF(NTD)T) + D (f() (T)g(T) = D(fHT)Tg(T)

1 _ _
—— F(&)dsySg'(s. T) Qe.p(T)~' pdp,g(p)
27= JyGancy) 3(G1NC,)

f(s)ds;Sg' (s, T)T f Qe p(T) 'dp,g(p)
3(G1NCy)

o
272 JyGancy)
1 _ _
o [ pedssQu [ s Tdpae()
T J3(GLNCy) 3(G1NCy)
1
2712 JyGanc)

1 _ _
= F f(s)de/ [_SR](S3 T)Qt,p(T) 1p
7 J3(GaNCy) 3(G1NCy)

+821 (s, T Qe p(T) !

F()dsy Qs (D)'T / 7' (p. TYdpsg(p)
3(GNCy)

—5Qe (1)1 (p, T) + Qe s ()T S, (p, T)}dpfg(p)

1 _
= ﬁ/ f(S)dSJ/ [—S,;](s, TY(pZ — T)Q. p(T)™!
= J3(GanCy) 3(GiNCy)

+Qes(T) (T —sT)S; ' (p, T)}dmg(p)

1 _ _
:—2 f(S)dS]f |:_SR1(S9T)SL1(p’ T)
2= JaGane,) 3(G1NCy)

S (s, TS (p, T)}dpjg(p)

1 _ _
=-= f(s)dsy / [SR1<s, S, (p, T)}dpfg(p).
7= J3(GnCy) 9(G1NCy)

By the S-resolvent equation (see (2.6)) and by setting Qg (p) := p* —2sop + Is|%,
we get

F(T)D (()g) (T) — fF(TTD()(T) + D (f()) (T)g(T) — D(f (T Tg(T)

1

=-= f(s)dsy / [(Sg'(s. T) = ST (p. T))p — 5(Sx ' (5. T)
T J3(GNCy) a(G1NCy)

5. (p. TN]-Qs(p) " 'dpsg(p)

1

= ——[/ f(s)dSJ/ S (s, T pQs(p)~'dpsg(p) +

3(G,NCy) 3(G1NCy)

7-[2
—/ f(s)dSJ/ SN p, TYpQs(p)~'dpsg(p)
3(G,NCy) 3(G1NCy)
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- / F(s)ds / 5571 (s. T)Qs () 'dpsg(p)
3(G2NCy) 3G NCy)

+/ f(s)dSJ/ 55 (p. T)Qs(p)_ldpjg(p)]
3(G,NCy) 3(G1NCy)

From the Cauchy formula we obtain

/ f(s)dsy / Sg' (s, T)pQy(p)'dpsg(p) =0,
3(G,NCy) 3(G1NCy)

[ s [ ssg m0um dpssn =0
9(G2NCy) 3(G1NCy)
Therefore

FD(()e) (T) = fF(NTDE)T) + D (f() (T)g(T) = D(fHT)Tg(T)
1

_ __2[_ / F(s)dsy / S7' (. TIPQ(p) ' dpsg(p)
4 3(G2NCy) (G1NCy)

+ / f(s)dsy / 55, (p, T)Qs(p)_ldpfg(p)}
9(G2NCy) 9(G1NCy)

1 S _
=-5 rodsy [ 55 =5, 0 )
7= Jo(GanCy) 3(G1NCy)

Os(p)~ldpsg(p).

Using Lemma 7.1 with B := SL_I(p, T) we get

FD(()e) (T) = fF(NTD)T) + D (f() (T)g(T) = D(fHT)Tg(T)
2

== S (p. TYdpy £ (p)g(p).
T Ja(GiNCy)

Finally by definition of the S-resolvent operator we obtain

FD(()g) (T) = fF(NTDE)T) + D (f() (T)g(T) = D(fHT)T(T)
2

=-= (P —T) Q. ,(T) 'dp; f(P)g(p)
T 3(G1NCy)

5 —
== (/ Qe p(T)~dpspf(p)e(p) — T
(G 1NCy)

T
/ Qc,pm—ldpjf(p)g(p))
(G 1NCy)
— 2[TD(f5)(T) — D () fg) (T)].
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9 The Q-functional Calculus and New Properties of the F-functional
Calculus

The introduction of the Q-functional calculus is essential to prove a product formula for
the F-functional calculus. Before to go through this, we prove the following property
of the F-functional calculus.

Theorem 9.1 Let us consider T € BC(X) andm € Ny. Let U C H be a bounded slice
Cauchy domain with os(T) C U. For every J € S, we have

1

(T, T) = — Fr(s, T)ds s"t? 9.1
O ( ) d2m + D +2) Jywnc,) (s, T)dsys 9.1
and
_ 1
(T, T) = — m+20s, Fr(s, T), 9.2
Om( ) T Y 8(Uﬂ(C_,)s syFr(s, T) 9.2)
where
T Rl o
T T)y=Y — 2~ 7m=iT/,
Om(T. T) Z(m+1)(m+2)

j=0

Proof We start by considering the set U as the ball B, (0) with ||T]| < _r. Then, by
[16, Thm. 3.9] we know that F; (s, T) = Z;’O:Z —2(n — DnQu_o(T, T)s~ " for
every s € dB,(0). This series converges uniformly on 9 B, (0). Thus we have

_ ! Fi(s, T)ds; s™+?
4 (m + 1)(m +2) Sy, 0)nc))
1 =
_ (n+ D)(n+2)Qu(T.T) sTITM sy
27 (m + 1)(m + 2) n;) " (B (ONCy)

Due to the fact that

/ S_l_n+mde — 0 1f n # m,
3(B-(0)NCy) 2 ifn=m,

we obtain

1
4w (m + D)(m +2) JyB, 0)nC,)

FL(S, T)deSm+2 = Qm(TaT)-

Now, we consider U an arbitrary bounded slice Cauchy domain that contains os(T).
We suppose that there exists a radius r such that U C B,(0). The left F-resolvent
operator Fp (s, T) is right slice hyperholomorphic in the variable s and the monomial
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s™*+2 is left slice hyperholomorphic on the bounded slice Cauchy domain B, (0) \ U.
By the Cauchy’s integral theorem (see Theorem 2.13) we get

1

A (m+ 1)(m +2) 3(B, (0)NC)
1
+
dmw(m + D)(m +2) Jywnc))
1

= — Fi(s, T)ds;s"* = 0.
4 (m + 1)(m +2) Jy(s,0)0\0)nC))

Fr(s, T)ds s™+?

Fy(s, T)ds s™+?

This implies that

1

~dr(m + Dm +2) Jawne)
1
== Fi(s, T)ds;s"+?
4w (m + 1)(m +2) Jas, 0)nC,)

= Qu(T,T).

Fy(s, T)ds s"™t?

O

Remark 9.2 Theorem 9.1 is consistent with respect to the definition of the F'-functional
calculus. Indeed, the results of the integrals (9.1) and (9.2) are Fueter regular polyno-
mials in 7. That kind of polynomials were introduced in [9, 10].

Now, we prove a product rule for the F-function calculus.

Theorem 9.3 Let T € BC(X) and assume f € N(os(T)) and g € SHy (os(T)) then
we have

A(fT) = Af(T)g(T) + f(T)Ag(T) — D f(T)Dg(T). 9.3)
where D is the Fueter operator.

Proof Let G| and G, be two bounded slice Cauchy domains such that contain og(7")
and G| C G, with Go C dom(f) N dom(g). We choose p € 3(G; N Cy) and
s € 3(Go N Cy). For every J € S, from the definitions of F-functional calculus,
S-functional calculus and Q- functional calculus, we get

Af(T)g(T) + f(T)Ag(T) = Df(T)Dg(T)

1 _
=— / f(s)ds; Fg(s. T) S; ' (p. T)dpsg(p)
(2m)* JaGoney) 3(G1NCy)

o
Tz

1
- Qe (T) 'dsy f(s) Qe,p(T) " 'dpyg(p).
()7 JaGoney) 3(G1NCy)

f F(s)dss Sz (s, T) Fi(p, TYdpsg(p)
3(G,NCy) 3(G1NCy)
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Since the function f is intrinsic by Lemma 8.3 we have

Af(T)g(T) + f(T)Ag(T) = Df(T)Dg(T)

1 _
=— / f(s)dsy Fr(s. T) S, (p. T)dpsg(p)
(2m)* JaGoney) 3(G1NCy)

1 —1
+ ds;Sz'(s, T FL(p.T)d
2n)? /B(sz(cl)f(s) ssSg (5, T) L(p, T)dp;g(p)

3(G1NCy)
1

()2 Jaone )

F()dsy Qus(T)"! / Qe p(T) ' dpsg(p).

9(G1NCy)

Hence, we have
Af(T)g(T)+ f(T)Ag(T) —Df(T)Dg(T)

5 oo | 3
=— f(s)dsy|Fr(s, T)S; (p, T)+
2m)? Jyane,)) Jacine)) [ L

+ S (s, TYFL(p, T) — 4Qc s(T) ' Qe ,(T) ' ]dpsg(p).

By the following equation (see [20, Lemma 7.3.2])

Fr(s, T)S; " (p, T) 4+ Sg' (s, T)FL(p, T) — 4Q, s (T) "' Q¢ ,(T) ™"
= [(Fr(s, T) — Fr.(p, T))p — 5(Fr(s, T) — Fr.(p, T)1Qs(p) ",

where Q,(p) = p? — 2sop + |s|?, we obtain

Af(T)g(T) + f(T)Ag(T) = Df(T)Dg(T)

1
= — F ) T - F B T
oy /a . /a oy T OLFRE T = FLp. T p

— 5 (Fr(s, T) — Fr(p, T)) ] Qs(p) " 'dpsg(p).

By the linearity of the integrals follows that

Af(T)E(T) + f(T)Ag(T) = Df(T)Dg(T)

1
=i [ s [ R Tp0up) dpss )
2m)= JaGone)) 3(G1NCy)
1
(2n)?
b
(2n)?

f F(s)dsy / FL(p. T)pQs(p)~"dpsg(p)
3(G,NCy) 3(G1NCy)
F(s)dsy / §Fr(s, T)Qs(p) ' dprg(p)
3(G,NCy) 3(G1NCy)

1
+—2f f(s)dSJ/ SFL(p, T)Qs(p) 'dpsg(p).
2m)* Jaane)) 3(G1NCy)
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Since the functions p = pQ( )L, p— Qs(p)~! are intrinsic slice hyperholomor-
phic on G1, by the Cauchy integral formula, see Theorem 2.13 we have

1 _
—2/ f(S)dSJ/ Fr(s, T)pQs(p)~'dpsg(p) =0,
2m)* JaGane)) 3(G1NCy)
1 _ _
—2/ f(s)dSJ/ §Fr(s, T)Qs(p)~'dpsg(p) = 0.
2m)* JaGane)) 3(G1NCy)
Thus, we get

Af(T)g(T) + f(T)A(T) = Df(T)Dg(T)

1
S Fs)dss / FL(p. T)pQs(p)~\dpsg(p) +
(27m)* JaGane)) 3(G1NC,)
1
+— / f(s)dsy / SFL(p. T)Qu(p) 'dpsg(p)
(2m)= JaGonc)) 3(G1NCy)
1

L F(s)ds. / SEL(p.T)
2m)? JyGanc)) 8(GmC/)[

—F(p. T)p]Qs(p)'dpsg(p).

By applying Lemma 7.1 with B := Fr,(p, T) and by the definition of the F-functional
calculus we obtain

Af(T)g(T)+ f(T)Ag(T) —Df(T)Dg(T)
1
=5- Fr(p, T)dpy f(p)g(p)
7T JaGincy)
1

= 5= Fr(p, T)dp;(fg)(p) = A(fg)(T).
T Jy(G1NCy)
O

Corollary 9.4 Let T € BC(X) and assume g € N(os(T)) and f € SHr(os(T)) then
we have

A(fe)T) = Af(T)g(T) + f(T)Ag(T) — D f(T)Dg(T). 94

Remark 9.5 The classical formula

A(fe) =Af) g+ f Ale) +2(Vf, Vg), 9.5

is true for any C? quaternionic valued functions and it inspires formula (9.3). However,
formula (9.3) is true only for slice hyperholomorphic functions. Indeed its proof relies
heavily on the slice hyperholomorphic Cauchy integral representation formula. Thus
(9.3) is not applicable in the case when f and g are real valued functions and, in this
sense, it is not a generalization of the formula (9.5).

@ Springer



Axially Harmonic Functions and the Harmonic Functional Calculus Page 53 0f 54 2

Remark 9.6 The product fg in Theorem 9.3 and Corollary 9.4 is respectively slice
hyperholomorphic left or right slice hyperholomorphic.

Remark 9.7 Formula (9.3) is a general case of the well-known formula A(gg(g)) =
qA(g(g))+2D(g(g)). Indeed, it is enough to replace the operator T’ by g and to take
f(gq) := g in formula (9.3).
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