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Abstract

This paper studies sufficient conditions under which axisymmetric solutions with
nonzero swirl components to the Cauchy problem of the 3D incompressible mag-
netohydrodynamic (MHD) equations are globally well-posed. We first establish a
Serrin-type regularity criterion via the swirl component of velocity for the MHD
equations without magnetic diffusion. Some new estimates were introduced to over-
come the difficulty caused by the absence of magnetic diffusion. Moreover, we prove
the global existence of axisymmetric solutions in the presence of magnetic diffusion
provided that the scaling-invariant smallness condition was prescribed only on the
swirl component of initial velocity while the initial magnetic field can be arbitrarily
large.
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1 Introduction and the Main Results

In this paper, we are concerned with the following Cauchy problem of the 3D incom-
pressible MHD equations:
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ou+ w-VYu—(b-V)b—vAu+ Vp =0,
b+ (u-VYb—(b-Vu—nuAb =0,
V-u=V.b=0,

(u, b)|1=0 = (uo, bo) ,

(1.1)

where u(z, x) : Rt x R} — R3 denotes the velocity field, b(z, x) : Rt x R3 - R3
stands for the magnetic field, and p(¢,x) : RT x R3 — R is the scalar pressure.
The non-negative parameters v and u are the kinematic viscosity coefficient and the
magnetic resistivity coefficient, respectively. The MHD equations describe the motion
of electrically conducting fluids (e.g. Plasma fluid, liquid-metal fluid, etc.), which have
a wide range of applications in astrophysics and plasma physics.

When the magnetic field » = 0, (1.1) reduces to the classical incompressible
Navier—Stokes equations. The existence of global weak solutions in the energy space
for the Navier—Stokes equations goes back to Leray [29]. However, the fundamental
question regarding the global regularity of the 3D Navier—Stokes equations with large
initial data remains open, and it is generally viewed as one of the most important
open problems in mathematics [12]. Therefore, there are some studies on conditional
regularity [4, 5, 17-21, 26] and references therein. Furthermore, many efforts are
made to study the solutions with some special structures such as oscillations or slow
variations in one direction, see [6, 7], for example. In a similar way, many mathe-
maticians are interested in the axisymmetric flows whose definition is given in Sect.
2. For an axisymmetric Navier—Stokes flow without swirl w? = 0), Ukhovskii et
al. [40] and Ladyzhenskaya [33] independently proved the global well-posedness of
3D axisymmetric Navier—Stokes equations. In this case, the quantity &’ /r solves the
transport-diffusion equation (see for instance [36])

o’ @’ 2 @’
ool— | +u-V|{—)—(A+-0)]— =0,
r r r r

from which one has for every p € [1, oo] that

0
@y

(1.2)

r

H o’ (1)

Lr®3) Lr(®)
The proofs in [33, 40] were exactly based on the above global a priori estimate and the
maximum principle for vorticity. Later, Leonardi et al. [34] provided a refined proof.
Recently, Abidi [1] further improved the initial regularity assumptiontoug € H 2 (R3).
If u? # 0 (with non-trivial swirl), global well-posedness for the axisymmetric Navier—
Stokes equations becomes much more difficult. There are many important progresses
on this problem, see [2, 10, 27, 30, 37, 44] and references therein.

While for the MHD equations, Duvaut and Lions [11] (see also Sermange and
Temam [39]) established the global existence of weak solutions and the local well-
posedness of strong solutions for (1.1) in the classical Sobolev space H*(R3), s > 3.
However, the global regularity of strong solutions for the 3D MHD equations is still a
challenging open problem. It is worthy to mention that Fefferman et al. [13, 14] and
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Chemin etal. [3] proved the local existence in various classical function spaces for (1.1)
without resistivity. There are also many progresses on various Serrin-type regularity
criteria; see, example [8, 9, 16,22, 23,41, 43, 45-47] and references therein. Motivated
by the results on the axisymmetric Navier—Stokes equations, if one considers the 3D
axisymmetric MHD equations without swirl component of velocity (u’ = 0), then it
is obvious to see that the equation of »’ /r becomes

o’ o’ 2 o’ b j? pO\?
|\ —)tu-V{—)—v|A+=-0 )| —=—7F -0 (—
r r r r r r

1
+= ("9, +b%d;) j°, (1.3)

where j? is the swirl component of V x b. Note that the right-hand side of (1.3)

2
. 0 . . .
includes b" and b* except for the term 9, (%) , this complicated coupling structure

causes much trouble in the analysis and one cannot find an efficient way to deal
with (1.3) for the moment. Thus, looking for solutions with some special structure is
desirable. In 2015, Lei [31] considered a family of special axisymmetric initial data
with ug = b}y = b; = 0, precisely

uo = uger +uge;, bo = bgeg.

Then, (1.3) reduces to

o’ @’ 2 @’ b? 2
5 <_>+u.v(_> —U(A+—8r>—=—az <_) |
r r r r r

Moreover, b? /r solves the following homogeneous equation

b? »? 2\ b
wl—)+u-V{—)=—pnla+=s)==0.
r r r r

Itis proved in [31] that there exists a unique global axisymmetric solution for (1.1) with
v > 0 and u = 0 if the initial data is smooth enough. Later, Jiu et al. proved the global
well-posedness of the 3D axisymmetric MHD equations with horizontal dissipation
and vertical magnetic diffusion in H2(RR3) in [24] while the case for vertical velocity
dissipation and vertical magnetic diffusion was investigated in [42] and with only
vertical dissipation in H*(R3) with s > 5/2 in [25]. Similar as the swirl case (1’ #
0) for the Navier—Stokes equations, the global well-posedness for MHD equations
becomes much more difficult in the presence of swirl components. If the initial data
(uo, bo) is assumed to be axisymmetric, b)) = bf)' = 0 and the scaling-invariant norms
||ru8 || oo and H bg /r H 132 are small enough, Liu [35] proved the global well-posedness
of the 3D axisymmetric MHD equations with v > 0 and p > 0. In this paper, we
investigate the global well-posedness for the axisymmetric MHD equations in the
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presence of non-trivial swirl components, and the axisymmetric solutions possess the
following form:

u(t,x) =Mr (tvrvz)el‘ +M9 (t’r»Z)eG +MZ (tvrsz)627
b(t,x) =b"(t,r,2)ep. (1.4)

As discussed above, the situation becomes much more difficult for general axisym-
metric magnetic field b(x, t) (in the presence of b" and b?). The main obstacle lies
in the strong coupling effect between velocity and magnetic fields (see for example
(1.3)). On the other hand, the general axisymmetric magnetic field will prevent us from
obtaining the global a priori estimates for b’ /r and ru® which are the key ingredients
of the analysis (see the discussion in [10]). Therefore, with the particular structure of
axisymmetric solutions (1.4), equations (1.1) with v = 1 and u = 0 is equivalent to

2 2
1 1 u? »?
atu’+u-W—(af+a§+-a,—_2>u’+a,p=( ) _( ),
r r r r
1 1 r, 0
atu9+u-w9—(a,2+a§+—a,__2>u0:_““,
r r r
1
B+ Vu' — (83 + 02 + —ar) ui+0.p =0, (15)
r
rb9
b0 +u- v =2
p

ur
ou" + — 4+ 0,u° =0,
r
0 0
(urv l’tg’ MZ’ b6)|t=0 = (u6s u()v u(z)s bo)-

Then, the vorticity equations in the cylindrical coordinates can be written as

1 1
00w +u-Vo — <8r2+812+;8r—r—2> o = (w’a,+wzaz)u’,

2 2
1 1 r u® b?

30’ +u-vo? — <3r2+312+ -0, — —2) o = u_w9 +8z(_) — 3ZQ,
r r r r r

1
do* +u-Vo© — <3,2 + 82 + —3r) o = ("3, + &%9;) u®,
r

(1.6)
where
ub
o = —Bzue, o’ = o.u" — out, o= au’ + —.
r
Now, we introduce the following new variables:
b? @’ 04 u?
MNi=—, Qi=—, &:=—, Ti=ru’, A:=—.
r r r Jr
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Thus, one can easily check that the equations of (IT, 2, ®, I', A) satisfy that
oIT+u-VII =0,

2 2 u?
QL+ u-VQL—|A+ -9, ) Q= —-0,I1" —2—,

r r

r

80 +u-Vo— A+ 20 O = (0, + 070.) —
t rr r Z ra (17)

r

or 3 3u"

2
8IF+M'VF—<A——8,«>F: ,
8,A+u~VA—<A+———)A=———A.

ro 4r? 2r

Let us explain why these unknowns are introduced. I and 2 can be found in [36] which
were introduced to study the general inviscid vortex dynamics in the presence of the
swirl component of the velocity, where I' is only transported by the velocity field «,
and the equation of I" in [36] (note that it is the inviscid case) implies conservation of
circulation on material circles centered on the axis of symmetry, the vortex-stretching
term in 2-equation is absent (similar to the 2D Navier-Stokes vorticity equation), it is
found that the quantity €2 is not conserved along particle trajectories, and it changes in
response to the swirl component of velocity. In our case, the situation for €2 becomes
much more difficult. The presence of u? gives the additional term u® ®/r, this forces
us to consider the equation for @, and the estimate for 2 is related to the property
of A (see also the discussions in [2, 30]). Moreover, the right-hand term BZH2 can
be viewed as an external force due to the coupling effect of the magnetic field, then
it is necessary to study the equation for I1. Fortunately, the important feature of the
axisymmetric solutions is that the equations for IT and I" imply the uniform L? bounds
for L7 initial data. The key observation is that the axisymmetric MHD equations
exhibit nice properties once they are formulated in terms of these new unknowns, if
a closed a priori estimate for €2 is derived (see Step 3 in the proof of Theorem 1.1),
then the global regularity follows simultaneously. Therefore, these new unknowns are
of great importance in this paper, and their properties allow us to prove the global
well-posedness for the axisymmetric MHD equations.

The contributions of this paper are two-fold: Global regularity follows by only
controlling the swirl component of the velocity field, which implies the dominant role
of velocity field in magnetohydrodynamics. Moreover, global regularity also follows
provided that dimensionless smallness conditions were only restricted on the swirl
component of velocity field, which again confirms the dominant role of velocity and
gives some new insights in studying the motion of magnetohydrodynamics. Now, let
us state our first result.

Theorem 1.1 Let (ug, by) € H? (R3) be axisymmetric divergence-free vector fields
such that ug = uge, + ugeg + uge;, by = b8€9, [y € L®(R?) and Vby € L®(R?).
Suppose

2 3
u? e L¥0, T; LF(R?)) with —+351, 3<B<o0, 2<a<o0,
o

(1.8)
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then the corresponding solution (u, b) of (1.5) can be extended beyond T.

Remark 1.1 1f we further assume that 'y € L7°L™ (R3), one can establish the follow-
ing weighted Serrin-type regularity criterion for d < 1:

2 3 3
rdu? e 110, T; L*(R?) with “+ <1-d, T <s=e
" _

As a matter of fact, using Holder’s inequality,

A
0 ) 0\&
g = | () )|
LYL
A A
d 0 0€ d 0 &
= Hr ! ‘L’TLS i ”L?"Lw - Hr . ‘L’TU ”FO”L?OL“’
where
1 A 1 A
r+éE=1, &+dr=0, 5274—%, EZE-Fé.
Then,
2 3 20 3A
Zrs =20 —d) =1,
a B t s

which implies, under the condition (1.8), the corresponding solution can be extended
beyond T'.

Remark 1.2 For the endpoint case u? e LP L3, the global regularity also follows if
smallness condition is prescribed. Once the regularity criterion on the swirl compo-
nent u? is established, one can also establish the Serrin-type criterion in terms of the
component w* or u* without much difficulty .

Let’s go back to (1.1) with v = 1, © = 1 and the axisymmetric solution (u, b) of
the form (1.4), then (1.1) in the cylindrical coordinates can be written as

2 2
1 1 u? b?
atu’+u.w’—(af+a§+—a,——2>u’+a,p=( S _ ) ,
: r r r r
1 1 r, 0
Z)tue—}—u-Vu@—<8,2+8Z2+—8r——2>u9=—uu ,
r r r
1
u* +u-Vu* — (8,2 + 822 + —8,) u*+9,p =0, (1.9
r
1 1 "p?
atb9+u~Vb9—<33+a§+—ar——2)b9=” ,
) r r r
8,14’ + MT + azuz = Oa
W uf u? b9 = (uf, ul, uf, bY).

Now, we have the following global existence result for the MHD equations (1.9).
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Theorem 1.2 Let the initial data (ug, bo) € H> (RS) be axisymmetric divergence-free
vector fields such that ug = uge, + ugee + uéez, by = b8€9. Suppose that € > 0,
Iy € L2(R})NL®(R3), My € L2(R3) N L®(R3) and Vby € L®(R3), if there exists
a small constant § > 0 such that

1
2
(||szo||iz + 1 Aolfs + ||Ho||iz||no||i3) ITollz2 Toll o < 8, (1.10)
or

Yo - [Toll 2 sup Tl oo r<ey =6, (1.11)
t>0

where

1

1 2
Wy = (nmn; + I Aolly4 + = (luoll7> + l1boll3 ) IToll7 + ITTolI3 ||no||is)

Then, system (1.9) is globally well-posed.

Remark 1.3 Note that (1.11) verifies the significant partial regularity results in [22],
which asserts that the one-dimensional Hausdorff measure of the singular set is zero.
This implies that the singularity of axisymmetric solutions can only happen at the
axis of z, once we have good control of swirl component of velocity at the z-axis, the
singularity will vanish.

Remark 1.4 We would have expected the validity of Theorem 1.2 for (1.5) (the case
without magnetic resistivity). In fact, one can’t establish the crucial uniform estimate
for || IT|| 414 3S discussed in (4.9) in the case of non-resistivity, while it is necessary
for us to show the global existence.

Remark 1.5 1If bg = 0, then condition (1.10) reduces to

2
(120132 + 1Aol3:)* IToll2 Mol < 5,

and condition (1.11) reduces to

1

1 2
(nszoniz + [1Aoll}4 + = lluoll? > IIFollieo> IToll 2 sup ITH oo (r<e) < 6,
>

which are exactly the smallness conditions established in [30] for the 3D axisymmetric
Navier—Stokes equations.

Remark 1.6 We note that if (u, b, p) is a solution to system (1.1) with v > 0 and
u > 0, so does

u*(t, x) = au(A’t, ax), b (1, x) = Ab(A°t, Ax) and p* (1, x) = A2 p(A%1, Ax)
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for all A > 0. Direct computation implies that conditions (1.10) and (1.11) are scaling-
invariant.

We now give the outline of the proofs for Theorem 1.1 and Theorem 1.2. To prove
the global regularity, the system (1.7) plays an important role. We first introduce a

quantity A(T) = 2]}, + IVRI%, ,,, then we prove the bounds for [[u]| o1~
7 L3L T

and ||V")||L‘;L12 via the estimates of ||(,()||L?0L4 and ||Va)2||L2TL2_ The second step is to
give the estimates of Vu and Vb, which is different from the techniques used in [2].
Here, a new strategy for the L;-LZ estimates for parabolic version of singular integrals
and potentials is applied (see Lemma 2.4). Then, we show that the solution (u, b) can
be extended beyond T once the boundedness of A(T) is obtained, while its bound can
be guaranteed by the conditions of Theorem 1.1. For the proof of Theorem 1.2, it is
sufficient to show that for any 7 < oo, A(T) < oo under the prescribed smallness
conditions, and then global existence follows in a similar fashion of Theorem 1.1.

Throughout this paper, C stands for some real positive constant, which may be
different in each case. Sometimes, we shall alternatively use the notation X < Y
for an inequality of type X < CY. Finally, we introduce the space LOT‘L/3 =
L0, T; LB (R?)) as follows:

1
T a
o .
. < X
”u”L‘;Lﬁ — (/0 lu(t, )”Lﬁdt) , ifl<a< s

esssup;(o,7) e Dllps, ifa = oo,

where

1

7
lluct, s = (/R3 If(t,x)l’sdx) L ifl1 < B < oo,

esssup, g3 |u(t, )|, if B = oo.

The rest of this paper is organized as follows. In Sect. 2, we present some basic
estimates and useful lemmas which are important for the analysis in the rest of the
paper. Section 3 is devoted to proving Theorem 1.1 once the elementary estimates are
prepared. Then we prove Theorem 1.2 in Sect. 4.

2 Preliminaries

For (x1, x2, x3) € R3, let us introduce the cylindrical coordinates

= 2 2 _ X2 _
r=+/(x1)*+ (x2)*, 0 =arctan =, z=x3,

X1
and denote ¢;, ep, e, the standard basis vectors in the cylindrical coordinate system
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cos 6 —siné 0
e(@)= | sinf |, eg@) =] cosf |, e,=1|0
0 0 1

A function f or a vector field u = (u”, u?, u?) is said to be axisymmetric if f, u”, u?

and u* do not depend on 6:
u(xy, x, x3) = u' (r, 2)e, +u’(r, 2)eg + u(r, 2e..

The following lemma shows that if the initial data is axisymmetric, then the local
strong solution of (1.1) is also axisymmetric. As a matter of fact, this argument has
been shown in [34] (with zero swirl) and then in [38] (for generally non-zero swirl)
by using the method of Banach fixed point theorem. One can see also an alternative
proof in [15].

Lemma 2.1 Assume that the initial data (uo, by) is axisymmetric. Then, the local
strong solution (u, b) to (1.1) is also axisymmetric.

The next lemma gives the boundary information as r goes to zero which was used
to deal with the boundary terms after performing integration by parts.

Lemma 2.2 [32, Corollary 1] Let k,I,m € N, u € ck (R3,R3) be an axisym-
metric vector field, u = u*(z,r)e, + u’" (z,r)e, + ue(z, r)eg. Then u*, u", u? e
ck (R X R_+>and

N (z,0M) =0, 1<204+1<k,
3" (2, 07) = 92"u’ (z,0%) =0, 0<2m <k

The following lemma plays an important role in obtaining the estimates for axisym-
metric functions.

Lemma 2.3 [2] For smooth axisymmetric vector filed u, its vorticity ® = V X u, for
anyl < p < ocoandV = (9,, 9,), there holds

|| +|ve] 15| =clelL.
LP Lp Ny
~ (u" @’ ~~ (u" o’
v(_) <c|2] . vv(—) Scaz(_) |
r Lp r Lp r Lp r Lp

In order to obtain the higher order estimates of vorticity, we need to introduce the
following lemma which states the maximal L7.-L? regularity for the heat kernel.

Lemma 2.4 [28, Theorem 7.3] The operator A defined by f(x,t) —> Af(x,t) =
Jo €792 A fds is bounded from LP ((0, T), LY (R3)) to L” ((0, T), L4 (R?)) for
everyT € (0,00], 1 < p<oo, 1 <qg < o0
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3 Proof of Theorem 1.1
Before showing the proof, we present some facts which will be used frequently in the
sequel without mention. Let (u, b) be the smooth solution to (1.1) with v = 1 and
u = 0 corresponding to the initial data (o, bo) € L. Then, for any ¢ > 0, it is easy
to get

lu @172 + 1672 + 21 Va2, < luollzz + lboll7- 3.1)

The equation of IT in (1.7) satisfies homogeneous transport equation, then one can
easily derive for p € [2, oo] that

ITI@) e < [Tollze-

On the other hand, it should be noted that Chae and Lee in [10] proved that for each
p € [2,00],

IT@lLr < ITollLe-
The proof is divided into 4 steps.
Step 1: Bound for || @|| o0« + IV@? 2.2

We present some elementary estimates, which depend on A(T'), once the bound for
A(T) is obtained, then some uniform bounds for vorticity immediately follow.

Lemma 3.1 Let (u, b) be the smooth axisymmetric solution of (1.5) on [0, T), for some

T < oo, then
T
/

Proof By Gagliardo—Nirenberg inequality, one has

r |14

r

dt < CAX(T).
LOO

1 1
r 2 2

u u" o fu”
— <C|V|— Vol — .
r L r L2 r L2
It follows from Lemma 2.3 that
u” u”
”v (—) < Clell. Hv2 (—) < IV 2.
r 12 r 12

This implies that
T
J

@ Springer
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The next lemma concerns some bounds of b and A.

Lemma 3.2 Assume (uq, bg) € H*(R3). Let (u, b) be the corresponding axisymmetric
weak solution of system (1.5) with the form (1.4) on [0, T), for some T < oo, then we
have

0
[6°] o1 = €0, (3.2)
o4
4 212
1A gepa +3NVATIL 2 + 3] — " < Cy, 3.3)
8 4,2 oAb
1A s+ IVAYE 1, + /0 /R “rdxdr < G, 34

where the constants Cy, Cp, C3 depend on the initial data, T and A(T).

Proof Multiplying the b? equation of (1.5) by |b”|P~2b?,2 < p < oo and performing
integration in space, one can get

r

1d

Sar? I =/R}”7r|b9|"dx <\, 1
Therefore
0 i 0
Ellb lzr < |— . 167l r-
The Gronwall’s inequality implies
) ) T\ ur
1 i = Deblrexe{ |5 e
Taking p — 400, by Lemma 3.1, one has
T ,r
[ i = oo { [ %) e}

1

T 4 i
<[] xp (/0 d) ri

< (6] exp {caz (T

ur

r

This is (3.2).
Multiplying the A equation of (1.5) by A3 and integrating the resulting equation
over R3, one has

4 r

o 3 u g 3|u"
== —A"dx < - |—
14 2Jms v 2| r

u

r

1"lnAn“ +2vAR, 42
adr" T g L2770y

4
A
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Then, it follows by Gronwall’s inequality and Lemma 3.1 that

T
< Aol exp{C/ dr}
0 L>®

= Clluol% exp {cA> ()73,

4

ur

0
4 2,2 u
I AN o+ 3IVAZIZ, 1o +3H7 .

474
L}L

where

2
0
U

1 12
4 012 012 2 .6012 2 2
1Al < lufl2e | =2 sc<||wo||;2 VMOHL2> IVuol2, < Clluol,s,
LZ

which implies (3.3).
Multiplying the A equation of (1.5) by A7 and integrating the resulting equation
over R3, one obtains

1d 7 3 [ AP 3 W
S+ eIVt + 3 [ Srar— 2 [ Cata

Obviously

d A8 VAY? Agd
g Als +IVAYIL: + | Zrdr<C

r

8
Al s -
r L8

Lo®

By Gronwall’s inequality and Lemma 3.1, one has

Mr

r

T 8 T
A
8 42 8
||A||L%QL8+||VA ||L%L2—}—/O /R3 7 dxdt§C||A0||Lgexp{C/0 Loodt}

1 3
= Clluoly exp {CAT (DT,

where
o )
180ls < [uf | |2
L4
3 4 0 % 0 %
1 I u u
= (1wt [l ) (12 o
L? L?

8
< ClluolS .-

The following lemma gives the estimates for vorticity.

Lemma 3.3 Assume (ug, bg) € H2(R3) and Ty € L™ (R3). Let (u, b) be the corre-
sponding axisymmetric weak solution of system (1.5) satisfying (1.4) on [0, T), for
some T < oo, then we have
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0 0 2

o [0 + HW)) e ”f pype = (3.5)
2

912 912
||a) HL;OLZ + ||Va) HL%B + P < Gs, (3.6)
R P R L W LA peyeh

2L L L N L

3.7

where the constants Cy4, Cs and C7 depend on the initial data, T and A(T).

Proof Multiplying the »’ equation of (1.6) by |0’ |>w” and then integrating the result-
ing equation over R3, one has

0 0 2
P MR M
02 »9)2
:/ —(w")“d +/ az<( )>.|w9|2aﬁdx—/ 3, (u)~|w9|2w6dx
R T r R3 r
= A1+ Ay + Az
(3.8)
For the first term A, it follows that
u” o4
A | —| o] s (3.9
LOO
As for the second term A;, by integrating by parts, we have
02 3 0y2
Ay =3 wy. @)? - d.0%dx = —= @) -0 3, () dx
RS T 2 g3 1
3 u? 2 P
=—— — ) o’ 8.(0%)%dx.
() et
Then, it follows that
u |
|Az] < CH—H || o || 92 @™)?|
Vs L
)8 (3.10)
u 6 62
o e IR
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For the last term A3, by integration by parts, Holder’s inequality and Young’s inequal-
ity, one has

bG 2 3 bG 2
Ay = 3/ G 2 0.0fdx = -/ GO0 o) dx
RS T 2 Jgr3

,
3
< Sz 7] o o] o 020”2 @11
4 4 1 2
< CIMol s [6° [ + o [ + 7 |2 @™ -
Plugging (3.9), (3.10) and (3.11) into (3.8), one may conclude that
4
Ld, g4 1 022 o’
- Zllvy bl
sl g v+ %
u” 4 4 4
g LwllwellLﬁCllAllis+2||w9||L4+C||“oll‘£4||b9||mo-
Then by Gronwall’s inequality, Lemma 3.1, (3.2) and (3.4), it follows
4 2 o |*
o e+ 19 P 4 )
T
o1 T . T T
§C(Ha)0||L4+f ||A||L8dt+||H0||L4/ | HLoodt) exp cf - \dt—{—CT)
0 0 0 Lo
o4 8 o4 T
< C(”a)OHL4+ AN s, s T+ 1ol 6700 0 T>exp (c/o - Lmdt—f—CT)

< Cy,

where the constant C4 depends on the initial data, Cy, C3, T and A(T). Then this
gives (3.5).

Multiplying the &’ equation of (1.6) by »” and then integrating the resulting equa-
tion over IR3, it follows that

WA L e gy W o O
2 dt ”a)@HLz + ”VC‘)OHLZ + - . :/}R3 (rurw(? _810)07 _'_aza)gi i
< w Ha)euzz—i—c ﬂ 4 +Hb9H2 ||n||22+l“3a)9||22.
= r Lo L \/; 14 L L 2 z L
Thus,
2 4 .
1 190 o+ 2 2 [, € [ 42 ] B+ 20ma T
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By Gronwall’s inequality and (3.2), it follows that

012
02 012 w
gt 190 2| 7,
T Ty
= (1o 2000 [ 1) oo | [T ] ]
0 0 r |l poc
0112 2 912 T r
< (lof 132 + 210 |8}y T) exp /‘ o
r 0 o

< Cs,

where the constant Cs5 depends on the initial data, C, T and A(T).

T
In the following, we estimate f ||(u’,uz)||%oodt. By Gagliardo-Nirenberg

0
inequality, Lemma 2.3 and (3.6), it follows that

2

T T 1 1
/O 1", )| oedt < C/O <|IV(ur,uZ)||22IIV2(u’,uz)ll,fz) dt
T w@
]
< c/ ||Vu||Lz(||Va) |2+ H—H )dt
0 r L2
L§L2>
L§L2>

< Ce. (3.12)

o’

sﬂWN@uOWJMyfFr

0)9

< Clluollz2 (”ng ||L2TL2 T

where the constant C¢ depends on Cs.
Multiplying the " equation in (1.6) by |w"|?” and integrating the resulting equa-
tion over R3, one has

1d /y .4 4N\ 3 23 512 o |*
L (W o) 2 o 2o [
4 dt (“ “L4 || ||L4 4 ( ) 12 4 ( ) 12 ﬁ 14
= " ou” |0 P dx +/ @*d.u" |0 2w dx
R3 R3
+/ a)raruz|a)z|2a)zdx+/ 0*0ut | Pwidx
R3 R3
‘= H| + H, + H3 + Hjy. (3.13)
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For the first term Hj, by integration by parts and Lemma 2.2, it follows that u” |r:0 =
u6|r:0 = 0, which implies that Bzue(t, 0,z) = 0, therefore " (¢, 0, z) = 0. Thus,
one gets that

H = / au’ () dx
R3

o0 r=00 +o00 “+00
=2m f u" (0")* dz — Zn/ / (414’((4)’)3 00 r+u - (a)’)4)drdz
—00 —o0 JO

r=0
< 2u" 12 \i4 2 I’Lr 4
< 2"l o e [V 2+ | | NI
LOO
u’ 1 22
< Clu" (|7l (174 +‘ " |74 + §||V(w’) l72- (3.14)
L>®

Note the fact that 9, (ro”) + 9, (r@®) = 0, we can show that

+00 +00
H =/ o 0" | P dx = —271/ / u" -0, (|w’|2 OO ~r)drdz
R3 —oc0 JO

400 p+oo
=— 3/ u (020,00 - widx + 271/ / u (030 (re)drdz
R3 —oc0 JO

2
:—E/ ur-Br(wr)2-wr~wzdx+f u' (") a)—r dx
2 Jr3 R3 Jr

+—/ u V(w2 (@)dx
]R3

3
=3 lu el L4l Lo

ro2

w
Vs

2 4 4
<Cllu o (I 14 + Ilo?1 ) +

2 2 2
+ lu el 4 + llu e llo™ 1741V (@) .2

1
+ gnww’)zuiz.

(3.15)

We deal with the third term H3 which is similar to H;. By Lemma 2.2 and the regularity
of local strong solutions, one obtains

+00  p+o0
Hy = / o 0, ul |0 Pw de——Zn/ / 20, (@ - |t )? - wir)drdz
+00  p+00 3
_271/ f 0, (rod) - o -a)zdrdz—zf u o @ 0 (0%) dx
R3

3
=/ U 0% Pdx — 5/ u o 0t B (w?) dx
R3 R3

1 3
:—/ u¥(0%)?0, (%) 2dx — —/ U@ 0t B (w¥)’dx
2 R3 2 R3
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<Cllu* [l ol 174V (@) 12 + Cllu [l o lle” [ sl || 4 V (@) ]| 2
< Clufl| 7 lo®ll}s + 6||V<w2)2||iz
+ Cll 3 (o I + oo™l + 11—6||V(w2>2||§2
<Clu" o (I 14 + l? 15 ) + %nvmzniz. (3.16)

Finally, for the last term Hy, one can get

H, :_/ e (|w1| )dx - —2/ W (@%)? - 0, (") dx
R3

(3.17)
<Cl ol + g v @ ..
Plugging (3.14), (3.15), (3.16) and (3.17) into (3.13), yields
1d 114 214 1 ” 2|12 1 22 1| "
b e 1) o e+
aar (1 T4 1) + 5 [v@n? ]+ v L +5 | ]
ur
<C <||uf||%oo + e + H7 ) (N I + e} ) -
LOO
Thanks to Lemma 3.1 and (3.12), one has by Gronwall’s inequality that
4 z||4 r\2 z 2
lew HL‘}OL4+ o ||LC;°L4+2HV(“)) ‘ 21 +2”V(a)) Lsz Hf 418
4 4 T ) T r
< (Hw5]|L4+ Uwéﬂm) exp{C/ ||(ur,uz)||Loodt+C/ — dt}
0 0 r |l g
= Cy, (3.18)

where the constant C7 depends on the initial data, C¢ and A(T). The estimate (3.7)
immediately follows from (3.18). O

From (3.5) and (3.7), one can easily obtain that

< 00. (3.19)
L¥L?

Using Gagliardo—Nirenberg inequality, we have

loll 4,2 < ClIVe? 12, < . (3.20)

Lir?

On the other hand, by the Gagliardo—Nirenberg inequality, one has

1
lullzee < Cllull; zIIVull (3.21)

L*
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then by Young’s inequality, (3.1) and (3.19), one obtains that
el e = € (lullgerz + ol zre) < Cs. (3.22)
where the constant Cg depends on C4 and C7.

Step 2: Estimates for Vuand Vb

In the following, we focus on the estimates of Vu and Vb.

Lemma 3.4 Assume (ug, bo) € H*(R?), IIp € L®(R3) and Vby € L®(R3). Let
(u, b) be the axisymmetric solution of system (1.5) satisfying (1.4) on [0, T), for some
T < oo, then we have

IVulips 1o < Co, (3.23)
VDl = Cho, (3.24)

where the constants Co and C1o depend on the initial data, T and A(T).

Proof Note that the equation of u
ur+u-Vu+Vp=Au+b>b-Vb, (3.25)

where u - Vu can be rewritten as

Ju|?
u-Vu=(Vxu)xu+V - )

Therefore, by taking curl operator to (3.25), one can get
w; — Aw=—-V X (wxu)+V x(b-Vb),

it follows that
t
w=ewy — / =94 (V x (0 xu)— 0, (Hbeeg)) ds. (3.26)
0

Therefore, by combining Lemma 2.4, interpolation inequality and (3.26), we deduce
that

0
IVoll s 2 S Nl x ullys g+ T 57 a0
:] 1
S Nullggerelioll g o + Mol oz 67 oy T

5 1 1
6 6 (7 T
S lolls pellullzgeres + 1Mollfoc 1Mol 67 oo oo T4
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5 1
5 3 0 1
S ol pellullgeres + 1Tollz Nboll o 7] oo e T5. (3:27)

On the other hand, by the Gagliardo—Nirenberg inequality, one has

0 112,10
Vullpee < ClIVull4IVoull,

11_119+1 2(19)
o 3 \4 3 12 3 ’

1
it’s easy to deduce that 8 = o then it is straightforward to verify that

where

4 2 2 12
IVul}s o < CUVHI V0l
2 2
< Clol}x 1Vl o (3.28)

2 2 1
< Cllw Vw Tz2.
< Clol Vol o

Inserting (3.27) into (3.28), thanks to Lemmas 3.2, (3.20) and 3.3, (3.7), we have

5 1 2 1
IVullys oo S N0l 7o (nuni;_omo IV(@)?ll 2 12 + IToll /= lboll 5 |67 ||L%0Lw) T3,
(3.29)
Therefore, (3.23) follows immediately from (3.29).
Now taking V operator to the equations b’ ¢y. Thence,

r

d r
TVb4u-VVb=—Vu-Vb+ LVb+Vu' @ ey — —Tley @ ey
r r
Multiplying the above equation by |Vh|?~2Vb and integrating the resulting equation

over R? yields

r

1d u
——|Vb|Z, < IVul=|IVB|Y, + || —
pdtll 7, < IVullL= VDI, +H p

p
e VB,

—1 u”
+ IV e I Lo IVBNY, - + H7

—1
T Lo IVBIY,
LOO
It immediately implies that

d u”
—IVbllLr < |VullLeIVollLr + || —
dt r

IVOIiLr + VU [l Lo ITT]| Lp
LOC

ur
+ JE—
r

(Tl zp.
Lo
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Applying Gronwall’s inequality and taking p — oo, we obtain

) IIHIILoodt)
LOO

IVbll oo
,

T u
< <||Vb0||Loc +/ (nwnLoo 4 ‘ ©
0 r
T ur
exp (/ <||Vu||Loo =+ H— )dl)
0 7|l oo

T
= (IIVbollLoo + Mol IVullpge T + ||H0||L°°/
0

dz) .
LOO

At last, by Lemma 3.1, (3.23) and Gronwall’s inequality, we have

r

dt)
LOO

ur

r

T
exp (nwnLgoLocT +/0

IVbllLger= < Cho,
where the constant Cg depends on the initial data, Co, T and A(T).
Step 3: H(R3) Estimates of (u, b)

The following lemma shows that the boundedness of A(T') guarantees the smoothness
of axisymmetric solutions to (1.5).

Lemma 3.5 Assume (1o, by) € H*(R?), divug = divbyg = 0, Ty € L®(R?) and
Vby € L®R3). If

A(T) < oo, (3.30)

forsome () < T < 00, then the corresponding solution of system (1.5) remains smooth
on [0, T].

Proof Applying “A” operator to the equation (1.1); 2, and then taking the inner prod-
uct, we have for any r € [0, T)

2
(haue, 912, + 12k, )12, + | Vute, |

1d

2dt

= —/ Au - A(u - Vu)dx +f Au- A -Vb)dx
R3 R3

— / Ab - A(u - Vb)dx —|—/ Ab - A - Vu)dx
R3 R3

=L+ DL+ 15+ 14
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For the first term /1, one has

11=_/ Au~(Au-Vu)dx—/ Au-(u-VAu)dx—2f
R3 R3

Au - (Vu : V2u)dx
R3

< 3|\ Vullzx | Aullys + llull oo | Aull 2| AVa] 12

<3|V AZCZAZIAVZ
< 3| Vullrel|Aully, + Cllullz |l uIle+§II ull2-

For the second term /5, by utilizing the integration by parts and the fact divb = 0, we
have

L= / Au - (Ab - Vb)dx —1—/ Au - (b-VAb)dx + 2/ Au - (Vb : V?b)dx
R3 R3 R3

:/ Au-(Ab~Vb)dx—/ Ab~(b~VAu)dx+2/ Au - (Vb : V2b)dx
R3 R3 R3
< 3|IVDllL|ADII 2| Auliz2 + 1Bl Lo [| AL 2 [|AVu]| 12

1
< CIVBlz= (18015 + 1 Aul}:) + ClbIT< I ABIF, + S IAVHI?.
The third term /3 can be estimated as following
I = —[ Ab - A - Vb)dx
]R3

=—/ Ab'(Au~Vb)dx—/ Ab'(u~VAb)dx—2/
R3 R3

Ab - (Vu : V?b)dx.
R3

By using integration by parts and thanks to divergence-free of u, we see that
/ Ab-(u-VAb)dx =0,
R3
it immediately implies
I3 < IVbll = Aull 21 Abl 2 < Vb (1 Aul2, + 14bI2,)
The last term 14, similarly to /1, one obtains that

Iy = / Ab - A(b-Vu)dx
R3

= / Ab - (Ab - Vu)dx +/ Ab - (b-VAu)dx + 2/ Ab - (Vb - Au)dx
R3 R3 R3

< IVullro | Aullgs + 16l e | AN 21V Aull 2 + VDI L= [ A 2 || Aull 2
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1
< | VulllAulls + ClIbl < | AbIIT, + VAUl +1VbliL
(NabI2 + 12ul2,).

Combining the above estimates, it follows that
L (aute. Y2, + 18 I ) + IV Aut, I
d[ ulr, L2 ) L2 u(r, L2

= C(IVullz + [Vbl=) (I1Aul?, + 18512, ) + ClIVuldlAul?,
+ C[IVbl|7 | AB]7 .

It then follows from Lemmas 3.2 and 3.4, (3.22), Gronwall’s inequality, and thanks to
A(T) < oo, one has that

18Ul o+ NABG o + [ Vo0t )

2

L2
T

S exp {fo (e, Moo + 160, o + Ve, Ve + Vb, -)IILoo)dt}

3
Sexp [l oo T + 1615 T+ IVl g o T3+ 1VDI oo T

<Ci1 <00,

where the constant C; depends on the initial data, Cy, Cs, Co, C19, which together
with (3.1) ensures that

lall o2 + el 3 s < 00, 1Bl o2 < 00

Therefore, the smoothness follows from the classical local well-posedness theory of
the 3D MHD system (1.1) with v > 0, u = 0 (see [13] for instance). The proof of
Lemma 3.5 is complete.

Step 4: Bound of A(T).

This step gives closed estimates for the above steps by showing the bound of A(T).

As mentioned by [34], we can not directly take the L*(R?) energy estimates for 2

and @ due to the fact that the singularity coming from the change of variables on the

z-axis is quite high. This difficulty can be overcame with the techniques introduced in

[34]. More precisely, for any € > 0, by multiplying the equations of (1.7), and (1.7)3

by r(f? and r‘f’—; respectively, integrating over R? and adding them together, then by
integration by parts there will appear the following boundary terms

00 0 r=00

/ 0,Q 610 rdz.

—00 rie r=0

r=00 o0 "
rdz  and / arq>1—
—€
r=0 r

—00
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The first one can be rewritten as follows:

0 0 |r=00 0 0 0 0\ 2
w . w . w
/ »Q——| rdz=—1lim [ 90’ —<—dz+ lim — ) dz.
—o0 ri—e€ € r=0J_oo \ =2

=0 r—0J_~o r

the term ffooo 8,a)9 r‘f’—idz tends to zero as r — 0 (see, for instance, Corollary 1 in
[34]). Similarly, one has

o0 o
/;oo 8r¢)r1_€

Finally, by taking ¢ — 0, we obtain that

=00 o0 r 2
rdz = lim ( @ ) dz.

r=0 r=0J_0 rl_

(ST

d

1 2 2 2 2
S (1013, + 1913 ) + 1V oI, + 1vel,

o0 o0
-+/ |Q&0JN%2+/‘|¢QOJN%Z

—00 —00

u” u”
/uf’a, (—)E)Zd)dx /u"aZ (—)3,<1>dx
R3 r R3 r

0
/u—d>§2dx /GZHZde
R T R3

=N+ o+ 3+ Ja. (3.31)

<

+

+2 +

The first term J; can be estimated as follows
u’ 1 1 1

| — [0.®],2 where (= +—+ - =1
r B1 Bi 2

p
u” u \ |0
o ()7 (%)
r )2 r

10 @1l .2
( By Gagliardo-Nirenberg inequality)
< C|u?| 1205, 1VRI'5 18, @] > (By Lemma2.3)

h=Clu

L
o

=Clu’l

L2

2 1 1 . .
= Cu’[75 19072 + 5 IVRIL, + 5 10:Pll7, . (By Young's inequality )
We note that J> can be estimated in a similar way as J; that
0 % 2 1 2 1 2
B <Clu’| 751905, + 3 IvVel;. + 3 (] P
One can easily deduce that
3
oc=1——andp > 3.
p
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The following Sobolev-Hardy inequality comes from Lemma 2.4 of [2], for any 2 <
p < 3, there holds that

3

< CUf I oeaey IV oy forany f € CREEY). (3.32)

1

LP(R3)
Therefore, it follows from (3.32) and Holder’s inequality that

Q [}
2ﬂ I 28
LB-1 LB-1

1— 1-
< C[u®|| s ||9||L2 Ivel,," 1ol IVell,,"

= Clells |

1
<C ||u9||z,, (||s2||22 + 112,

2 IIVQIILz + 2 ||V<1>||L2 )

where

For the estimate of J4, one has

Jy = / 0. T1°Qdx| < / 1%0,Qdx
R3 R3
<ClMoll}4+ < ||vsz||§z.
Plugging the above estimates into (3.31), by taking o := % = % = % we conclude

for any ¢ € [0, T) that
AT 5 (I90l12, + 120113 + CT Mol ) exp (CT +C [ [y ) - (3.33)
Under the condition of Theorem 1.1, it follows that
A(T) = 119072 + IV, 2 < 00,

Thanks to Lemma 3.5, then the solution (u, b) of system (1.5) can be continued beyond
T, which finishes the proof of Theorem 1.1.

4 Proof of Theorem 1.2

In this section, we show that A(T') is uniformly bounded under the smallness condi-
tions of Theorem 1.2, then the global existence of system (1.9) follows in the same
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fashion as Theorem 1.1. Similar as in (3.31), one has

e @]

1d
Mnszniﬁnvszniﬁ/ 1Q(, r =0,2)|%dz
o0

0\ 2 62
u u
= —/ 8.2 Qdx +f 2, (—) Qdx < IT12, 119,212 + H— 19,921l .2
R3 R3 r r L4
4 )t 2
4N +4) 2|+ 519
it immediately implies
d o4
d—nszniz + VI, <8IM|l},+8 | — (4.1)
t L4
. . 4 . .
In the following, we need to estimate ”7 b First, we note the equation of A,
T
) 3 3u”
IA+u-VA=(A+Z - 2 a—2p, 4.2)
ro 4r2 2r

multiplying the A equation of (4.2) by A3, and integrating the resulting equation over
R3, yields

o 14

u

r

3 3
4 202
Alf+ ZIVAIG +

3 r 3|u”
:_/ M_|A|4dx§_H”_
14 2Jms v 2 r

4 AN
4 dt Lo L4
It follows that

4

<24
L4

0

u r
r

d
4E||A||i4 + 12| VA?|Z, + 12

1Al (43)
LOO

Combining (4.1) and (4.3) leads to

d
= (12132 + 41413, ) + 21V, + 12174

ul |t u”
4 4
+4|—| =24 H— AN, 4+ 8IITII 4. (4.4)
r L4 r Lo°
In the following, we estimate the right-hand side term "Tr Lo A ||i4, then we can

see that with the smallness condition (1.10) in hand, “r—'

L A II‘Z4 can be absorbed
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by the left-hand side of (4.4). By virtue of Lemma 3.1

u” 1 1
HT < Cllz, Ivel?, . @.5)
LOO
and by using the Holder’s inequality, it is obvious to see
3
(u0)4 u9
N / sdx=| (=) (u")dx
R T R3 r
o3 o3 1 1
S| Wlgs = |—|| I 0ITN o0 (4.6)
L4 L4
o3 1 1
< | Woll;2ITollfc0-
L4
Inserting (4.5) and (4.6) into (4.4), one obtains that
d 2 4 2 22 |
= (12032 +41A1:) + VR + 121VA 1, +4 ‘ =
1 r L4
1 1 63 1 1 4
< ClIR; 10: 017> | | IToll 2ol 7o + 8T @7
L
1 1 1 04
1 £ 5 2 u 4
< ClIQl;IToll > IToll 7o (IIVQIILz + HT 4) + 8Tl 4.
L

In the following, we define a finite time 7p as
sup {t > O‘MQ(r, Mz +IVRIZ,, . +41AG )T < 25‘0} =T < 00, (4.8)

where ¢o given by
c0 = Q0ll72 + 41 Aol 4 + ClITolI7 5 Mol 2.

Note that IT satisfies an advection-diffusion equation:

%H+M~VH— <A+2i—r)l'[=0,
it is easy to get for any r > 0

1T 2, + IV 22 < 1Tl
and for2 < p < oo,

ITX(, e < [Tollze-
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On the other hand, one has the following uniform estimate

T T | 1\4 , (7 )
/0 ||1'I||‘£4dt§/O <I|H||23IIHII26) dr < I|1'10||L3/0 T 6d?

T
< Tol75 /0 IVIT|);.dt < C||Tlo|l7[ITToll7 2. (4.9)

Hence, integrating (4.7) in time variable over [0, Tp] yields

014

2 4 2 202
IIQIIL%Lz +4||A||L%L4 + ”VQ”L%OLZ + 12[VA IILzTOLz 41

4 g4
L, L

< 120132 + 4l Aoll}s + ClITIol 25 I TTol12,
1

1 1
+C (||Ao||14 + 19003, + cunonisnnoniz) ITolI 2, 1T l1 7o

014

u
v, ., + | —
VR, 12

rollps e
Ly, L

By smallness condition (1.10) and taking a small § such that

1 1 1 1
3 5 5 1
€ (180l + 120132 + CIMo I3 1Mol ) IToll 7210l < €87 < 5.

which yields

1901700 12 + 41 A o+ IVRIZ: 2 < 190172 + 41 Aolza + ClITolIZs Mol
0 0 0

This contradicts with the definition of Ty, we in fact have completed the first part of
the proof of Theorem 1.2.
In the following, we deal with (4.4) as follows:

4
d ub
= (IR0 +41AIL ) +21VRIZ, + 121V A%2; +4 HT 4
L
u’ 4 ur 4 .
524‘— IIA||L4(,<€)+24/ —A*dx + 81111},
L> - r>e
% % | 7 % 1 u” ue
= CIRIE IR || TSI o+ 5 | 7| 5]

X IT13 00 oy + SITTNY
(r=e) L
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T 2 )
= CIRI I 2 I foo <oy | 10220172 + -
< 14
1 ||u” u?
3 4
151 =] 1T egae + 81T (4.10)
€ r L2 r L2 -

We define

sup {r = 01201, 12, + IVRIZ,,, + 4 1A, L, < 2\113} — T < 0o, (4.11)

L7212

Integrating (4.10) in time variable over [0, T7) yields

4
2 4 2 2,2 u’
1201700 ;2 +4IAN 00 s VI, o HI2IVAZ|, 0 +4 || —
L¥L L¥®L L2 L L2 L
Ty T Ty T r L‘} L4
1
! ! ! : I°
< ClRl; w2 T0l 72 sup 1T ooy | 10:R20172 0+ | —
Ly L L o) =0 bt PollLg o4

1
+ (||uo||iz + ||bo||iz) ITolI3 e + ClITIol12 5 TToll3 > + 19201175 + 4 | Aoll4 -

By condition (1.11) and (4.11), we obtain

2 4 2
19205 2+ AN e o < 95,

This implies the second part of Theorem 1.2.
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