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Abstract

We introduce the submersion between two spray structures and propose the submersion
technique in spray geometry. Using this technique, as well as global invariant frames
on a Lie group, we setup the general theoretical framework for homogeneous spray
geometry. We define the spray vector field  and the connection operator N for a
homogeneous spray manifold (G/H, G) with a linear decomposition g = § 4+ m.
These notions generalize their counter parts in homogeneous Finsler geometry. We
prove the correspondence between G and n when the given decomposition is reductive,
and that between geodesics on (G/H, G) and integral curves of —n. We find the
ordinary differential equations on m describing parallel translations on (G/H, G),
and we calculate the S-curvature and Riemann curvature of (G/H, G), generalizing
L. Huang’s curvature formulae for homogeneous Finsler manifolds.

Keywords Homogeneous Finsler metric - Homogeneous spray manifold - Invariant
frame - Parallel translation - Submersion - Spray structure
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1 Introduction
1.1 Background Knowledge

In spray geometry, we concern the spray structure G on a smooth manifold M, which
is a smooth tangent vector field on 7M\0 with the standard local coordinate repre-
sentation G = y'9,; —2G' dyi, where G’ = G'(x, y) is positively 2-homogeneous for
its y-entry [34]. Many geometric notions, geodesic, (linearly and nonlinearly) parallel
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translations, Riemann curvature, S-curvature, etc., can be defined for a spray structure
[1, 34].

Spray geometry generalizes Finsler geometry. For a Finsler metric F : TM —
[0, 00) (see [2, 35] or Sect. 2.4), the induced spray structure, i.e., the geodesic spray
of F, has the coefficients

G' = Jg" (LF 1y y* = [F210). (1.D

The inverse problem concerns those spray structures which can not be induced by
Finsler metrics, because they may exhibit interesting new geometric or dynamic phe-
nomena. Recently, many important examples have been found for this project [25-27,
48].

In this paper, Lie method is added to the research of spray geometry. Our goal is
to setup a general theoretical framework for homogeneous spray geometry. A spray
structure G on a smooth manifold M is called homogeneous if M admits the smooth
transitive action of a Lie group G which preserves G, i.e., all G-actions map geodesics
to geodesics (see Sect. 5.1 for more details). Homogeneous spray geometry generalizes
homogeneous Finsler geometry [6], because the geodesic spray for a homogeneous
Finsler metric is automatically homogeneous.

Naturally a homogeneous spray manifold can be presented as (G/H, G), in which
H is the isotropy subgroup at the origin 0 = eH € G/H. We choose a linear decom-
position g = h + m for G/H, i.e., we have g = Lie(G) and h = Lie(H), and the
tangent space T,(G/H) at o is identified with m.

1.2 Motivation and Hints

The general philosophy of homogeneous geometry is that all notions and properties
can be reduced to 7,(G/H) = m by G-actions. Guided by this thought, we ask

Question 1.1 Given the decomposition ¢ = b + m, how can we use m to describe
the geodesic, parallel translations and curvatures for a homogeneous spray manifold
(G/H,G)?

The hints for answering Question 1.1 arise from two sources.

One hint is from L. Huang’s curvature formulae in homogeneous Finsler geometry
[11-13], which need the spray vector field  : m\{0} — m and the connection operator
N : m\{0} x m — m that he defined for a homogeneous Finsler manifold (G/H, F)
with a reductive decomposition (i.e., an Ad(H )-invariant decomposition) g = b + m.
So we see that

spray vector field and connection operator play the main roles.
If these notions can be generalized to homogeneous spray geometry, then some of L.
Huang’s homogeneous curvature formulae follow naturally.

The other hint is from the recent progress in the study of a left invariant spray
structure G on a Lie group G [39, 40]. Here the Lie group G is viewed as the coset
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space G/H = G/{e} with the unique linear decomposition g = h+m = 0+ g,
which is obviously reductive. In this context, the left invariant frame {U;, 9,,, Vi} and
the right invariant frame {V;, d,:, Vi} can be defined on TG (see Sect. 2.1 in [39] or
Sect. 4.1). Using these frames, the spray vector field n and connection operator N
can be defined for (G, G), and the S-curvature formula, the Riemann curvature for-
mula, etc., for (G, G), can be globally presented. If we use  and N to translate these
curvature formulae, we see again L. Huang’s formulae in [11]. By left translations,
geodesics and parallel translations along smooth curves on (G, G) are corresponded
to integral curves of —7 and some ordinary differential equations (i.e., ODEs in short)
on T,G = g respectively. See [39, 40] or Sect. 4 for the precise statements. To sum-
marize, Question 1.1 can be answered for a left invariant spray structure, using the
technique of global invariant frames. Moreover, it has the byproduct of exhibiting
many intrinsic differences between left invariant spray geometry and left invariant
Finsler geometry, which were independently captured in [15] and [39]. So we see
that,

the global invariant frames on TG provide a useful tool.

1.3 Submersion in Spray Geometry

Consider Question 1.1 for a homogeneous spray manifold (G/H, G) with nontrival
H, we face with several obstacles.

Firstly, generally speaking, there are no global invariant frames on G/H or
T(G/H). In [11], L. Huang has used a local invariant frame and the Nomizu con-
nection [22, 29]. So his calculation can only provide precise information at the
origin o = eH € G/H. Though his method is enough for calculating the homoge-
neous curvatures, it is not sufficient for the tasks of describing geodesics and parallel
translations.

Secondly, the methods in [11], including the formulae for the spray vector field and
the connection operator (see (5.4) and (5.5)), and the usage of the Nomizu connection,
heavily rely on a reductive decomposition. In homogeneous Finsler geometry, without
loss of generality, we may assume the G-action on the homogeneous Finsler manifold
(G/H, F)iseffect, then the existence of reductive decompositions is a well known fact
(see Lemma 2.2 in [47], which is valid in homogeneous Finsler geometry). However,
we do not know a similar result in homogeneous spray geometry.

To overcome these difficulties, we let the submersion technique step in. Submersion
technique in Riemannian geometry has a relatively long history [21, 30] and plays an
important role in the study of sectional curvature [4, 10]. Finslerian submersion was
introduced and studied by J.C.A. Paiva and C.E. Duran [31] and applied to homo-
geneous Finsler geometry for defining the normal homogeneity [43] and proving a
homogeneous flag curvature formula [46].

In this paper, we define the submersion in spray geometry as a pair (77, £), in which
7 :(M,G) = (M, G) is a smooth submersion between two spray manifolds, and
L, which is called the horizonal bundle for this submersion, is a distribution on M
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(i.e., a smooth linear sub-bundle of TM), such that G is tangent to £\0 C TM\O, and
geodesics ¢(r) on (M, G) which are tangent to £ are related to geodesics on (M, G)
by 7. See Sect. 3.1 for the precise definition.

Though the requirements for a submersion between two spray structures are rela-
tively weak, it is enough for us to lift the geometric notions on (M, G), for example,
geodesics, parallel translations, Riemann curvature, etc, to £ and describe them on
M. See Lemma 3.5, Lemma 3.6 and Lemma 3.7 for the precise statements. These
lemmas provide the submersion technique in spray geometry. To apply this technique
to the study of a homogeneous spray manifold (G/H, G), we only need to find the
suitable submersion (77, £) between a left invariant spray structure G on G and the
homogeneous spray structure G, so that we can lift everything from (G/H, G) to L,
and then use the global invariant frames on 7 G to study them.

The submersion pair (77, £) generalizes Riemannian submersion, but not all Fins-
lerian submersion. The reason is that, for a Finslerian submersion 7 : (M, F) —
(M, F), the fiber L7 with 7w (p) = p, of the horizonal bundle £, i.e.,

L5 ={v|F(p,v) = F(p,7.(v))} C T3 M,

may not be a linear subspace. We may alter the definition in Sect. 3.1, permitting
the sub-bundle £ to be nonlinear, so that all Finslerian submersions can be included.
However, this generalization seems not practically useful because (2) in Lemma 3.4
(as well as Lemma 3.6 and Lemma 3.7) may lose their validity.

The submersion pair (77, £) can also produce a Ehresmann connection which is
useful for studying foliations [9, 50]. In later discussion, we avoid this terminology
and concentrate on spray geometry.

1.4 Main Results

Firstly, we define and study the spray vector field n and the connection operator N,
and construct the wanted submersion for a homogeneous spray manifold (G/H, G)
with a linear decomposition g = ) + m.

The following observation is fundamental and useful. Any smooth curve c(¢) on
G/H with ¢(0) = g - o for some g € G and nowhere-vanishing ¢(#) can be uniquely
lifted to a smooth curve ¢(#) on G, which is defined at least around ¢ = 0, satisfying
2(0) = g. ¢(t) = (1) - 0 and (Lgy-D)«(E(1) = @(0)")a(é(1)) € m\0 everywhere,
and this ¢(¢) can exist more globally, when the decomposition g = h 4+ m is reductive
or H is compact (see Lemma 5.1).

Let c¢(¢) be a geodesic on (G/H,G) with ¢(0) = o and ¢(0) = y € m\{0},
c(t) the smooth curve on G provided by Lemma 5.1 for c(#), satisfying ¢(0) = e,
c(t) =c¢@)-oand y(t) = (LE(I)—I)*(E(Z‘)) € m\{0} everywhere. Then the spray
vector field is n(y) = —%h:oy(t). It is a positively 2-homogeneous smooth map
from m\ {0} to m (see Lemma 5.2), so we can further define the connection operator
N :m\{0} xm - mby N(y,u) = an(y, u) — %[y, U]m, in which Dn(y, u) =

Lli—on(y + tu).
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The following correspondence between geodesics on (G/H, G) and integral curves
of —n on m\{0} follows naturally (see Theorem 5.3).

Theorem A Let (G/H, G) be a homogeneous spray manifold with a linear decomposi-
tion g = h+mand n the spray vector field. Then we have a one-to-one correspondence
between the following two sets:

1. the set of all geodesics c(t) on (G/H, G), which is defined around t = 0 and
satisfies c(0) = o,
2. the set of all integral curves y(t) of —n on m\{0}, which is defined around t = 0.

The correspondence is from c(t) to y(t) = (LE(I)—I )*(é(t)), in which ¢(t) is the smooth
curve on G satisfying c(0) = e, c(t) = c(t) - 0 and (Lg(l)q)*(é(t)) € m\{0} for all
possible values of t. The range for the parameter t in this correspondence can be
changed to an arbitrary interval (a, b) witha < 0 < b when g = ) + m is reductive
or H is compact.

The submersion for a homogeneous spray structure can be constructed as following.

TheoremB Let (G/H, G) be a homogeneous spray manifold with a linear decom-
position g = b + m and n : m\{0} — m the spray vector field. Let G be a left
invariant spray structure on G such that its spray vector field 11 : g\{0} — g satisfies
n = Nlm\{0}). Denote v : G — G/H the smoothmap n(g) = g -o forall g € G, and
L = Ugeg(Lg)«(m) C TG a distribution on G. Then (r, L) is a submersion from
(G,G) 1o (G/H,G).

Generally speaking the relation between a homogeneous spray structure and its
spray vector field might be very complicated. However, when we have a reductive
decomposition, it can be easily understood.

Using the submersion technique, we prove a one-to-one correspondence between
the following two sets, with respect to a given reductive decomposition g = § + m for
G/H:

1. the set of all G-invariant spray structures G on G/ H;
2. the set of all Ad(H)-invariant smooth maps 1 : m\{0} — m.

The correspondence is from G to its spray vector field (see Theorem 5.5).

As a byproduct, we see that any homogeneous spray structure G on G/H with a
reductive decomposition g = h + m can be uniquely presented as G = Go — H, in
which Gy is the spray structure for the Nomizu connection, with the spray vector field
n = 0, and H is the G-invariant smooth tangent vector field on 7 (G/H)\{0} which
is tangent to each Ty (G/H) and H|7,(G,n) provides the spray vector field.

Further more, we assume that G is the geodesic spray of a homogeneous Finsler
metric on G/ H. Using the submersion technique again, we prove the spray vector field
and the connection operator of G, with respect to the given reductive decomposition,
coincide with those in [11] defined for F respectively (see Theorem 5.6).

Nextly, we study the parallel translations on (G/H, G).

Because of Theorem B, the submersion technique can be applied. Practically, We
fix the G in Theorem B, such that its spray vector field 7 satisfies 7(y) = n(ym) in
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a conic open neighborhood of m\ {0}. This technical assumption helps simplify some
calculation.

We use Lemma 3.5 and Lemma 3.6 to lift parallel translations to £, and use the global
invariant frame on 7' G to find the ODEs on m. For the linearly and nonlinearly parallel
translations, we have the following two theorems respectively (see Theorem 6.1 and
Theorem 6.2).

Theorem C Let (G/H, G) be a homogeneous spray manifold with a linear decomposi-
tion g = h+m, c(t) any smooth curve on G/ H with c(0) = o and nowhere-vanishing
¢(t), and ¢(t) the smooth curve on G satisfying c(0) = e, c(t) = ¢(t) - 0 and
y() = (LE(,)_u)*(é(t)) € m\{0} for each t. Then for any smooth vector field
W(t) = (c(t))«(w(t)) along c(t), we have

DsoyW (1) = (@)« (w(@®) + N(y@), w(t)) + [y(©), w(t)]lm).
In particular, W (t) is linearly parallel along c(t) if and only if w(t) satisfies
GO+ NO®, w®) + [0, w@)lm =0

everywhere.

Theorem D Let (G/H, G) be a homogeneous spray manifold with a linear decompo-
sition g = h4m, c(t) any smooth curve on G | H with ¢(0) = o and nowhere-vanishing
¢(t), and ¢(t) the smooth curve on G satisfying ¢(0) = e, c(t) = ¢(t) - 0 and
w(t) = (Lgq)-1)«(c(@)) € m\{0} for each t. Suppose Y (1) = (c(1))«(y(1)) is a
nowhere-vanishing smooth vector field along c(t). Then Y (t) is nonlinearly parallel
along c(t) if and only if y(¢t) € m\O satisfies

c?—,y(t) +NO®),w@) =0

everywhere.

Theorem C is applied later to calculating or interpreting homogeneous curvature
formulae. Theorem D is useful for studying the restricted holonomy group [16, 24]
of a homogeneous spray manifold and the Landsberg problem for a homogeneous
Finsler manifold [45].

Finally, we show that homogeneous curvature formulae can be derived using the
techniques and results previously mentioned, including the submersion technique, the
global invariant frame, descriptions for the parallel translations, etc. Here we take the
S-curvature, Landsberg curvature and Riemann curvature for example. See [14, 17,
18, 28, 33, 44, 46] for some usage of these curvatures in general and homogeneous
Finsler geometry.

The homogeneous S-curvature and Landsberg curvature formulae are immediate
corollary of Theorem C. For the S-curvature of a homogeneous spray manifold, we
have (see Theorem 6.5).

TheoremE Let (G/H, G) be a homogeneous spray structure with a linear decompo-
sition g = b + m. Suppose that the Ad(H)-action on g/b is unimodular. Then for G
and any G-invariant smooth measure diu on G /H, the S-curvature satisfies
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S(o,y) = Trr(N (¥, -) + adm (),

for any y € m\{0} = T,(G/H)\{0}. Here ad(y) : m — m is the linear map
w = [y, wln.

For the Landsberg curvature of a homogeneous Finsler manifold, we re-prove L.
Huang’s formulain [11] (see Theorem 6.6), with the slight refinement that the reductive
decomposition is no longer needed.

The calculation for the Riemann curvature of a homogeneous spray manifold
(G/H, G) is much harder. However, after lifted to £ C T G where the global invariant
frames are available, by Lemma 3.7, the calculation is almost the same as that in [39],
proving Theorem C for the Riemann curvature of a left invariant spray structure.

We not only generalize L. Huang’s Riemann curvature formula [11-13] to homo-
geneous spray geometry, but also provide an interesting new interpretation for it.
Summarizing Theorem 6.8 and Corollary 6.10, we have

TheoremF Let (G/H, G) be a homogeneous spray manifold with a linear decom-
position g = b + m. Then for any y € m\{0} = T,(G/H), the Riemann curvature
operator Ry, : m — wm satisfies

Ry(w) = [y, [w, ylplm + DN(n(y), y, w) — N(y, N(y, w))
+NQ, [y, wln) = [y, Ny, w)]lm,

in which DN (n(y), y, w) = g ls=0N(y +sn(y), w).

Let c(t) be a geodesic on (G/H, G), which is defined around t = 0 and satisfies
c(0) = o, ¢(t) the smooth curve on G provided by Lemma 5.1 for c(t), satisfying
c(0) = e c(t) =c()-0and y(t) = (LC(,)q)*(é(t)) € m\{0} everywhere, and
W(t) = (€(t)«(w(?)) alinearly parallel vector field along c(t), where w(t) = w' (t)e;
is viewed as a smooth vector field along the smooth curve y(t) in m\{0}. Then N(t) =
Ny (), w(t)) and R(t) = Ry (w(?)) satisfy

N() = [w(®),n] and R(t) = [y(), [w(®), yOlylm + [n, N(@)]
when they are viewed as smooth vector fields along y(t).
Notice that the second statement in Theorem F was firstly proved in [40] for a left

invariant spray structure, where a slight generalization for the bracket between smooth
vector fields is needed (see Remark 1.3 in [40] or Remark 6.11).

1.5 Conclusion Remarks

By the theorems listed in Sect. 1.4, we have set up a general theoretical framework
for homogeneous spray geometry, and answered Question 1.1 simultaneously. In one
hand, this project can be continued by generalizing more notions, Clifford-Wolf homo-
geneity [3, 41], weak symmetry [8, 32, 37], homogeneous geodesic and geodesic orbit
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property [5, 23, 49], etc, to homogeneous spray geometry. In the other hand, it can be
applied to some special cases.

For example, those theorems in Sect. 1.4 can be applied to homogeneous Finsler
geometry. Some known results or formulae can be re-proved without using a reduc-
tive decomposition, and more interesting new results are expected. Besides the Lie
algebraic information from G/H and g = h + m, and the dynamic system induced by
the spray vector field 1 and the connection operator N on m\{0}, we have one more
ingredient, the Hessian geometry [36, 38] for the Ad(H )-invariant Minkowski norm
F onm which determines a homogeneous Finsler metric. The interaction among these
three will make a good story in homogeneous Finsler geometry.

Another application is in homogeneous pseudo-Finsler geometry. The geodesic
spray of a pseudo-Finsler metric can be defined by the same coefficient formula (1.1).
Usually, a pseudo-Finsler metric F on M is conic, i.e., it is only defined on a conic
open subset A in TM\O0, i.e., each A, = AN Ty M is conic in T, M\{0} [19, 20].
Based on this observation, we can define a conic spray structure G on M, which is
then a smooth tangent vector field on the conic open subset A4 C T M\O satisfying
similar requirements as in Sect. 2.1. The G-invariancy for a conic spray structure can
also be defined. All discussions and results in this paper, after some minor changes, are
valid for conic spray structures, so they can be applied to homogeneous pseudo-Finsler
geometry.

This paper is organized as following. In Sect. 2, we summarize some basic knowl-
edge in spray geometry and Finsler geometry. In Sect. 3, we define the submersion
between two spray structures and prove some lemmas for the submersion technique. In
Sect. 4, we introduce the tool of global invariant frames on a Lie group and its tangent
bundle, and recall some known results for a left invariant spray structure on a Lie group.
In Sect. 5, we generalize the spray vector field and the connection operator to homoge-
neous spray geometry, and construct the wanted submersion for a homogeneous spray
manifold. Moreover, we discuss the correspondence between a homogeneous spray
structure G and its spray vector field 7, and that between geodesics on (G/H, G)
and integral curves of —n. In Sect. 6, we use the submersion technique to describe
the parallel translations and calculate some curvature formulae in homogeneous spray
and Finsler geometries.

2 Preliminaries in Spray Geometry

In this section, we summarize some basic knowledge on spray and Finsler geometries.
See [2, 34, 35] for more details.

2.1 Spray Structure and Geodesic
Let M" be an n-dimensional smooth manifold. Then a spray structure on M is a

smooth tangent vector field G on the slit tangent bundle 7 M\0, which can be locally
presented as
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G =)"3, —2G'd, .1

for any standard local coordinate (x*, yj) (e, x = (x) e Mandy = yj 0, € TyM),
where G' = G!(x, y) is positively 2-homogeneous for its y-entry (i.e., G/ (x, Ay) =
A2Gi (x,¥), VA > 0). A spray structure G is called affine, if every coefficient G is
quadratic for its y-entry.

In one hand, geodesics can be defined for a spray structure. A smooth curve c(t)
on (M, G) with nowhere-vanishing ¢(z) is called a geodesic if its lifting (c(¢), ¢(t))
in T M\0 is an integral curve of G. Locally, a geodesic c(t) = (c* () is characterized
by the following ODE for any standard local coordinate (x, y/),

&) + 2GH (e (), ¢(t)) = 0, Vi.
In the other hand, the set of all geodesics on (M, G) completely determines G.

2.2 Covariant Derivative and Parallel Translation

Following (2.1) for the spray structure G on M, we denote

Ni=2G and 8, =0, —N/9

P = By i 0y (2.2)
which are functions and tangent vector fields locally defined on M and 7T M\0
respectively.

The linearly covariant derivative along a smooth curve c(¢t) on M with nowhere-
vanishing ¢(¢) can be locally presented as

Diy X (1) = (5 X'(1) + Ny (c(), ) X! (1)0, ey

inwhich X(r) = X (1) 0yi le(r) 1s asmooth vector field along ¢ (). A smooth vector field
X (1) is called linearly parallel along c(t) if D)X (t) = 0. Existence and uniqueness
theory for the solution of ODE provides the linearly parallel translation along the
curve c(t). For example, Pi;a’b : TyM — T, M from p = c(a) to g = c(b) is the
linear isomorphism defined by Plc(v) = X(b), in which X (¢) is the unique linearly
parallel vector field along c(¢) satisfying X (a) = v.

There is also a nonlinearly covariant derivative along c(t), i.e.,

Diy X (1) = (£ X7 (1) + ¢/ (ONE (), X(1)))Dyicqr)-

for any smooth vector field X(t) = Xi(t)ax;lc(,) along c(¢#) which is nowhere-
vanishing. Using D instead of D, nonlinearly parallel vector field and nonlinearly
parallel translation can be similarly defined.

Another equivalent description for the nonlinearly parallel translation is the follow-
ing. Suppose c(t) = (¢! (t)) is a smooth curve in a standard local coordinate. Denote
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S = U (Tery M\ {0}) a smooth submanifold in 7 M\0. The tangent vector field ¢(¢) of
¢(t) can be lifted to the smooth vector field

é(r) = (08,1, m\(0) (2.3)

——H
on S. Then nonlinearly parallel vector fields along c(¢) are integral curves of ¢(z) .
A nonlinearly parallel translation is denoted as Pg_la p - TpM\{0} — Ty, M\ {0} where
¢(t) is a smooth curve on M with c(a) = p and c(b) = q.

2.3 Riemann Curvature and S-Curvature

The Riemann curvature for a spray structure G is the linear map Ry : TxM — T, M
for any y € T, M\{0}, which naturally appears in the Jacobi equation for a smooth
variation of geodesics. In any standard local coordinate (x’, y/), it can be presented
as Ry = R{d,; ® dx*, with the Riemann curvature coefficients
. A P82 i 92GH 9G! 9GJ
R;{ZZdG j_9°G +2GJ -G aG' G

dxk y dxJ dyk dyJayk ayl ayk*

Riemann curvature can be alternatively interpreted as following. We first decompose
the tangent bundle 7' (T M\0) as the direct sum of two linear sub-bundles, the horizonal
distribution 'H and the vertical distribution V, which are linearly spanned by all §,.
and by all 9,; respectively. For any fixed x € M and y € T, M\{0}, a tangent vector

v o= aiﬂxi € T, M can be one-to-one corresponded to its horizonal lifting 771 =
a's,i € Hxy), and its vertical lifting 3 = a"ay,» € V(x,y) respectively. The notions
H, V,”M and™Y are all irrelevant to the choice of standard local coordinate.

Direct calculation shows that

[G.8,4] =R}, (modH),
and more generally,
[G.a"(x)8,4] = a*(x)R[d,; (mod H). 2.4)

Using the horizonal and vertical liftings, (2.4) can be interpreted as the following
lemma.

Lemma 2.1 For any smooth vector field X on M, we have

~ —_— Y
(G, X™]|(x.y) = Ry(X(x))  (mod M),

at each point (x, y) € T, M\{0}.

To define the S-curvature, we need to specify a smooth measure diu on M. Suppose
du can be presented asdy = o (x)dx!---dx" in a standard local coordinate, in which

@ Springer



Submersion and Homogeneous Spray Geometry Page 110f43 172

o (x) is a nowhere-vanishing smooth function o (x). Then the S-curvature for G and
du is a smooth function S : T M\0 — R, satisfying

S(x,3) = Nix, ¥) — 75720 (), 2.5)
for any standard local coordinate. The equality (2.5) can be interpreted as following.

Lemma 2.2 Letc(t) be a geodesicon (M, G) withc(0) = x andc(0) = y € T, M\{0},
{E1(), -, Ey ()} a smooth frame along c(t) such that du(E((t),---, E,(t)) isa
nonzero constant function. Denote A the linear map from any w = (v',--- ,v") € R"
to —%h:ov(t), where v(t) = (v (1), -, v"(t)) is determined by the linearly parallel
vector field V (t) = v (t)E;(t) along c(t) with V (0) = v’ E;(0). Then for G and dp,
the value of the S-curvature at (x, y) coincides with Trr A.

Proof Choose any standard local coordinate (x y/ ) around x. Denote E;(t)
A} (1)d,j and 8,; = B’ (1) E;(1) (so we have (B! (1)) = (Al (1)L, ie,, Af(z)Bk(t) =
Bk) Since we have assumed that du(El(t) ,E (1) = o(c(t)) det(A{ (1)) is a

nonzero constant function, the term —— U(x) T a(x) in (2.5) equals

0 (x) = det(A%(0)) §li=o det(B' (1)) = A’(O)d,B ©0).

J(X) ax!

For any linearly parallel vector field W (1) = w'(1)d,ilcy = v' (1) Ei(t) along ¢(7),
we have v' (1) = B} (Hw/ (1), so

—v (t)

w! (1) & B (1) + BY(1) w! (1)
w! (1) & B (1) — BLONL(c(), ¢0)w* (1)
(A] () B} (1) = B{(ON](c(D), ¢@) Af 1)V ().

So we have

TrrA = —A/ )5 B! (0) + B"-(O)Nj (c(0), ¢(0)) A¥(0)
= Ni(x,y) = 5720 () = S(x, y),

which ends the proof. O

2.4 Finsler Metric and Its Curvatures

A Finsler metric on a smooth manifold M" is a continuous Function F : TM —
[0, oo) satisfying the following properties:

1. positiveness and smoothness, i.e., the restriction of F to the slit tangent bundle
T M\0 is a positive smooth function;
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2. positive 1-homogeneity, i.e., F(x,Ay) = ALF(x,y) foranyx € M,y € T, M and
A =0

3. strong convexity, i.e., with respect to any standard local coordinate, the Hessian
matrices (g;;(x,y)) = ([%Fz] ) is positive definite for any x € M and y €
T, M\{0}.

yiyl

The restriction of a Finsler metric F to each tangent space is a Minkowski norm.
Minkowski norm can be abstractly defined on any finite dimensional real vector space,
using similar requirements as (1)-(3) above. The Hessian matrix (g;;) in (3) is called the
fundamental tensor for a Finsler metric or a Minkowski norm. We use it and its inverse
matrix (g'/) to move indices up and down. The fundamental tensor (g; i) =(gij(x,y))
induces inner products gy (-, -) on Ty M parametrized by y € T, M\{0}, i.e.,

2 . .
gy, v) = 2| G F2(y + su+ 1v) = ulv/ g (x, y), (2.6)

forany u = u'd,; and v = v/d,; in Ty M.

The Finsler metric F induces a spray structure, called the geodesic spray of F, with
the spray coefficients G = zlt g” ([F 2] ckyl yk —[F?] ) inany standard local coordinate.
So all geometric notions in spray geometry, parallel translations, S-curvature, Riemann
curvature, etc, are naturally inherited by Finsler geometry.

The Finsler metric F can provide more curvature notions than its geodesic spray G.
For example, for any y € T, M\{0}, the Cartan tensor Cy : XM x TyM x T:M — R
for F is

Cy(u,v,w) = Cijku’vfwk, Yu=u'd,,v=107/9,,w= wkaxk e T M,

in which C;jx = [ F?(x, Y)]iysy
T M — R can be determined by

«, and the Landsberg curvature Ly, : TxM x T, M x

Ly (U@, V1), W) = LCery (U @), V (1), W), (2.7)
in which U(¢), V(¢) and W(¢) are linearly parallel vector fields along the geodesic
c(1).

See [35] for more Riemannian and non-Riemannian curvatures in Finsler geometry.

3 Submersion and Submersion Technique in Spray Geometry

In this section, we define a submersion between two spray structures and prove some
lemmas for the submersion technique in spray geometry.

3.1 Submersion Between Two Spray Structure

Let T M" — M" be a smooth submersion between two smooth manifolds, with
dimM = m > dim M = n. It can be locally presented as 7 (x, z) = x by choosing
suitable local coordinates

@ Springer



Submersion and Homogeneous Spray Geometry Page 130f43 172

x=h " eM and (x,z)=(! - X" M) e M. (3.0)

Suppose L = U(x,z)eM[’(xsZ) is a distribution on M, such that each fiber

L(x,z) is a linear complement of ker(my|(x,z;)) in Ty, Z)M;Then L and L\O =
U(X’Z)EM(L(LZ)\{O}) are closed s@marﬁolds of TM and T M\O0 respectively.
Consider two spray structures, G on M and G on M respectively. We say (i, £) is

a submersion between the spray structures G and G, if the following two conditions
are satisfied:

1. G| £\0 is tangent to £\0 everywhere;
2. for any geodesic c¢(¢) on (M, G), which lifting (c(), é(t)) is contained in £\0,
c(t) = m(c(z)) is a geodesic on (M, G).

3.2 Standard Local Coordinate Representations

In this section, the following convention for indices is applied,

1517]7k,l»P,q,V§n, n+1§057,37)/§m (32)

For a submersion (rr, £) between (M, E_)and (M, G), we use bars to distinguish
notations for M (or TM) and those for M (or T'M respectively). For example, the

tangent vector fields in the frame for a standard local coordinate are denoted as 9.,

d,e, etc, on ‘M or TM, and denoted as d,: and ay,- on M or T M. For a spray structure
=

G on M, we have G' and G” for its coefficients, Nlj = %El, e N, = LG s
y/ 7 B J')wﬁ
H and V for its horizonal and vertical distributions respectively, 3" and T for the

horizonal and vertical liftings of T € T'M respectively, etc.
‘We expand the local coordinates in (3.1) to standard local coordinates (x,y) =
(x',y/y e TM and (x, z, y, w) = (x', 2%, y/, wP) € T M respectively, i.e.,

y= yiax,« eTyM or y = y’ﬁxi e T(X,Z)M, and w=w%d.« € T(X,Z)M.

Using above standard local coordinates, the submersion (i, £) from (M, G) to
(M, G) can be presented as following.

Firstly, we have 7w (x, z) = x. So its tangent map 7, : TM — T M can be presented
as my(x,z,y,w) = (x,y). The tangent map of m,, i.e., (7T )x : T(TM) = T(TM),
satisfies

(”*)*(gxi) = 3xi’ (7[*)*(5},,') = ayj’ and (”*)*(520‘) = (ﬂ*)*(gwﬂ) =0.
Nextly, the spray structures G and G have the representations

G=y0,—2Gd, and 3.3)
E = yigxi + w”‘gza — Zaigyi - zaagw“ 34

respectively.
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Finally, £ can be presented as the graph of w = I(x, z,y), in which wh =
1B(x, z, y) for each B is a smooth function and it is homogeneously linear for its
y-entry.

Lemma 3.1 For the submersion (7, L) between (M, G) and (M, G), we have

1. E'/(x 2y, 1(x,z,¥) = G/ (x, y), Vj, and
2. N/ (x, 2.y, 1(x. 2, y))+—l"‘(x,z)fo(x,z,y,l(x,z,y)) =N/ (x,y), Vi, j,

ateach (x,z,y,l(x,z,y)) € L\O (i.e., y #0).

Pgof_Let o) = (x(1),z(t)) = (x' (1), z%(t)) with t € (—€,€) be a geodesic on
(M, G), such that its lifting (x(¢), z(t), x(¢), z(t)) is contained in £. That means

24(r) = 1%(x (1), z(1), X(1)), Va, (3.5)
#1(1) + 267 (x(1), 2(1), £(1), (1)) = 0, Vi, (3.6)
221 +2G7 (x (1), z(1), (1), 2(1)) = 0, Va. (3.7)

Since ¢(t) = w(c(t)) = x(¢) is a geodesic on (M, G), we have
(1) +2G7 (x (1), k(1)) = 0. (3.8)

Comparing (3.6) and (3.8), we get

G’ (1), 20, £(1), 1(x (D), 2(0), 5(1))) = G (x (1), £(1)). (3.9

Since x = x(0), z = z(0) and y = x(0) can be chosen arbitrarily, (1) in Lemma 3.1
follows immediately after (3.9). Differentiate the equality in (1) of Lemma 3.1 with
respect to y', then we get (2) in Lemma 3.1. O

Remark 3.2 Because each [“(x, z, y) depends linearly on its y-entry, —l"‘ only

depends on x and z. So we may denote Wl“ = —l“ (x,2). As a byproduct of
the proof for Lemma 3.1, we can also get

G (x,z,y,l(x, 2, ) = =3y F 1, 2, 0) = 5P (2, ) 35514 (2, 3)
—lo‘(x 2)G'(x,y), Va, (3.10)

by differentiating (3.5) with respect to ¢ and then Plugging (3.5)-(3.8) into it.

3.3 Some Bundle Maps Induced by £

For the submersion (1, £) : (M, G) — (M, G), we have the following smooth bundle
maps, which are distinguished by their superscripts and subscripts, marking the domain
and target bundles respectively:
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1 ®IM . TM — L with (x, 2, y, w) = (x,2,,1(x, 2, ),
2. @5, =mc: L — TM with (x,z,y,1(x,z,y)) — (x, ), and

3. CD;EITM)M : T(TM)M — T L is the restriction of the tangent map (CDZT:M)* :

T(TM) — TLto T(TM)|..

Standard local coordinates are applied here to present these bundle maps, for the
convenience in calculation. But we need to notice that these bundle maps are in fact
canonically defined from the submersion, i.e., local coordinate representations are
inessential. This observation enable us to re-interpret these bundle maps in Section 6
by global invariant frame.

For example, the tangent map of <I>£M(x, z,y,w) = (x,z,y,l(x, z, y)) provides

<I)T(TM)\L(a 8 +b]3}; +c* 3Za +d’33wﬁ)

=a' @i + gl (0, 2. )8,) + /@y + 3517 (2. B,

+C (aza + Fl ()C, Z, )’)31‘)/3)

— a3, + 573, + T (mod 3,p, VP). (.11)
ateach 7 = (x, 2, y,1(x,z,)) € L. On the other hand, both ®%M and CDT(TM) an

be described by the following easy lemma, without using the local coordmates

Lemma 3.3 Denote W : TM — M the bundle map for TM over M, i.e., ¥(x,z,
y, w) = (x, 2). Then we have

I. ateach (x,z) € M,_d%ﬁkx’z) : TagM — E("'Z) is the linear projection with
the kernel span = {0,«, Yo} = kermy N Ty )M;
2. ateach’p € L, CIDT(TM)‘L|,, : Tﬁ(TM) — T3L is the linear projection with the

kernel span{aw,e, VB} = ker (i) N ker .

In later discussion, we will also use @?)3\0 = d>§ ulc\0, with the same local

representation (x, z, y, [(x,z,y)) — (x,y) as <I>§ » and the extra requirement that
y #0.

Lemma 3.4 (1) Denote (q>f;')v(,’\0)* S T(L\O) — T (T M\O) the tangent map of¢§\MO\O,

then (@730, 0)+(Gl2\0) = G. That means (¥, )« (G(x, 2, y. 1(x, 2. ) = G(x. y)
at any point p = (x,z, y, l(x,z, ¥)) € L\O.
(2) At each point p = (x,z,y,1(x,z,y)) € L\0,

gxi + %la(x, z)gza and 5xi — Nl.j (x, y)gyj + a%la (x, Z)gza

have the same @T( Ll

at (x, y).

-image, which is mapped by (q>§/[\\00)* 108, = 0,i — Nl 0y
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Proof (1) The tangent map (CDLT:}‘S\O)* maps any tangent vector a’d i +b/ 5), F4c¥0 .+
dﬂgwﬁ of L\Oatp = (x, z, ¥, [(x, z, y)) to the tangent vector aiax,- +b/ By_,- of TM\0
at (x, ¥). So (1) in Lemma 3.4 follows immediately after the local representations (3.3)
and (3.4), and (1) in Lemma 3.1.
(2) Recall that
3, =0, —-N/a, —N'3 N3
o= o and o =3 — Naa}, N, 9,5
are the horizonal liftings for 3, and 3.« on M respectively. By (2) in Lemma 3.1, at
any p = (x, z, y,1(x, z, y)) € L\0, we have
8.+ a_wla(x’ 7)8 e

B

~ (N + aiyil“(x z)NJ)BVJ + —l“(X, D)8z« — (N; + 3iyila(x’ Ny

— N,/ (x, y)gyj + 8_yila(x’ Z)az“v (mod 510’3’ vE).

The first statement in (2) of Lemma 3.4 follows (3.11) immediately, and the second is
obvious by the previous description for (Cbﬁwo\o)*. O

3.4 Liftings from Mto £

Besides the liftings provided by the horizonal and vertical distributions for G and G
(see Sect. 2.4), there are more involving L.

Firstly, we can use L to lift smooth tangent vector fields and smooth curves.

Let X be a smooth tangent vector field on M. Then there exists a unique smooth
tangent vector field X on M, such that at each (x,z) € M, X(x,z) € L.z and
7+ (X (x,2)) = X (x). We call this X the lifting of X in L.

Denote ¢(¢) and ¢(¢) the smooth curves on M and M respectively, which is defined
when ¢ is close to 0. We call ¢(¢) a lifting of c(t) tangent to L if w(c(t)) = c(t) and
HORS Lz for all possible values of . Given any smooth curve c(t) = x (1)), its
lifting ¢(t) = (x'(¢), z%(t)) tangent to £ is locally a solution of the ODE

@) =1"(x @), 2(0), £(1) =+ (1) - —l“(x(t),Z(t)), Vo

So for any (xp, zo) € 771(c(0)) C M, there exists a unique lifting ¢(¢) of c(¢) which
is defined around ¢ = 0, tangent to £ and satisfies ¢(0) = (xg, zo). By definition, c(¢)
is a geodesic on (M, G) if and only if any lifting c(7) of c(7) tangent to L is a geodesic
on (M, G).

Nextly, we can use L to lift a smooth vector field along a curve.

Let c(¢) be a smooth curve on M, X (t) a smooth vector field along c(t), ¢(¢) the
smooth curve on M which is the lifting of ¢(¢) tangent to £. Then we call the smooth
vector field X () along ¢(t) the lifting of X (t) along ¢(t) in L if X(t) € Lz and
L, (X (1) = 7.(X (1)) = X (¢) forall values of . Locally, for X (t) = X' (#)d,s along
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c(t), its lifting along ¢(¢) in £ can be presented as X (1) = X' (¢)(3,i + —l"‘ (€(1))0 ).
In particular, o) = ¢ (r)(ax, + Wl"‘ (¢(1)))d« along ¢(¢) is the hftlng in £ of ¢(¢)
along c(¢).

Lemma 3.5 Letc(t) and X (1) be the liftings of c(t) and X (1) respectively, as mentioned
above. Suppose ¢(t) is nowhere-vanishing, then

CDLT:M(CD,%M(BE(:)Y(I))) = D¢y X (1), (3.12)

in which D and D are the linearly covariant derivatives for (M, G) and (M, G).
That means, for the smooth vector field D¢ X (t) along c(t), CDTM(DC(Z)X(I‘)) is its
lifting along ¢(t) in L. In particular, X (t) is linearly parallel along c(t) if and only if
oIM (55(,)70)) =0.

Proof Firstly, we prove (3.12). It is easy to see the following facts:

1. both sides of (3.12) are R-linear;

2. for any smooth real function f (¢), the lifting of f () X (¢) in £ along ¢(¢) coincides
with f(1) X (1);

3. the Lebniz Rule provides D¢ (f (#) X (2)) = (% f@®)X@) + f(®)D:X(¢t) and

0% (@FM (D, (FOXO)) = (& FOIX @) + f ()05, (@17 (D, X(1))).

So when we replace X (1) with f(¢) X (), the same extra term appears in both sides
of (3.12).

To summarize, we only need to prove (3.12) for X(#) = 9,:, and without loss of
generality, we may assume X (¢) = 0,1.

Locally we denote c(t) = x(¢) = (x'(¢r)) and c(t) = (x(t) z(t)) = (x'(1), z"‘(t))
with 2%(r) = [ (x (1), z(t), X(¢)) for all . Then X (¢) = 8 1+ 3y ll‘)‘(x(t) 2(1))a
Direct calculation shows

Doy X (1) = NJ (x(0), (1))37|e(o), (3.13)

D X(1) (3.14)
= (N[ @(0), )8, + N @0, 500 + & (R (x(0), 2(0))) D
a1 (0, ZOING @), Eys + ol (x(0), Z)NL @@, &) e
= (NJ @0, (1) + 7l (6 (), 2DNG @), EO)) s ety
(mod aza, Ya). (3.15)
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Apply (2) in Lemma 3.1 at (c(¢), é(t)) = (x(1), z(t), x(@), L(x (1), z(t), X (1)) € L\O,
we see from (3.15) that

Dy, X(1) = N (x(1), $(1)3,lzr)»  (mod 3« Ver). (3.16)

Comparing (3.13) and (3.16), we get (3.12) for X = 9,1. Previous observations
end the proof of (3.12) for other X.

The second statement in Lemma 3.5 is just an interpretation for (3.12).

The third statement follows from the first one immediately, because at each point
(x,z) € M, ®%, induces a linear isomorphism from L, ;) to T, M. a

Finally, we consider lifting /C.'_(\SH to L.

Suppose c¢(¢) is a lifting of c(¢) tangent to £, with ¢+ € (a,b). Without loss
of generality, we may assume the interval (a, b) is sufficiently small and ¢(7) is
nowhere-vanishing. Then N = U;c(q,p)(Tey M\{0}), N = Ure(a, ;,)(TC(,)M\{O}) and
N = Ure(a,p) (E(L([) c(t))\{O}) are imbedded submanifolds in 7M\0, TM\0 and N
respectively, and <I> = \0\0|NL N — N is a diffeomorphism.

If we locally denote c(t) = x(t) = (x'(¢)), then the horizonal lifting

c(t) =xl(t)5xi = xl(t)(axi —Nl-](x(f), }’)ayf)

at any (x(¢),y) € T,;)M\{0} is a smooth tangent vector field on N. We call the

Nev—1y 7ot s —H
smooth tangent vector field ((®,")™")«(¢(t) ) on N a lifting of ¢(t) to L.
Meanwhile, if we denote ¢(¢) = (x(¢), z(¢)) = (x' (1), z%(1)), then the horizonal
M —
lifting ¢(¢) is a smooth tangent vector field on N, determined by
—~H _
c(t) =x@)8, +2%@)8
r — J— _ — _ﬁ _ —
= ()@ — N/ @), y, w)d,; — Ny @(1). y. w)d,6)

F29(0) (@ — NLE(0), y, w)Bys — Ny (@), v, w)Byp)

ateach p = (¢(t), y, w) € TyM\{0}.

—~H —H
The relation between a lifting of ¢(¢) to £ and c(z) is revealed by the following
lemma.

Lemma 3.6 cb””“'ﬁ(‘(r) Ine) = (@), @0 .
Proof Since ¢(t) = (x(1), z(1)) = (x' (), 2% (1)) is a lifting of ¢(1) = x(1) = (x' (1)),

which is tangent to £, we have z%(¢) = [*(x(?), z(¢), x(¢)) = X (t) 0 l“(x(t), z(1)).
So

a0 = X (0 + 2 (00 = X ()@ + 571 (0(1), 2(1))9z0)
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at each ¢(¢), and

—H <
ct) =xi'()@. + —l“(x(t), 7(2))8z«)

ateach p = (c(t), y, w) € TeyM\{0}. When p = (x(¢), z(¢), y, [(x(t), z(t), y)) €
N, TpNy is linearly spanned by CIJT(TM)lﬁ(x (t)(axl + 3 0 l“(x(t), z(t))gza)) and

@T(TM)“(B ) for all j. So the first statement in (2) of Lemma 3.4 indicates that

@;gm (E(t) |n.) is tangent to N. Then the second statement in (2) of Lemma 3.4

——H
indicates it coincides with the lifting of ¢(¢) to L. O

3.5 Riemann Curvature Formula for a Submersion

Lemma 3.5 and Lemma 3.6 provide the submersion techniques for parallel translations.
Now we consider the submersion technique for the Riemann curvature.

Denote K the linear sub-bundle of 7' (T M) such that each pointp = (x,z,y,w) €
TM, its fiber K% is the kernel of () : T(TM) — T(TM), ie., we have Ks =
span{d«, 3y« , Vo).

The tangent bundle T (£\{0}) has two linear sub-bundles, 7’ and K'. At each point
P = (x,z,¥,1(x,z,¥) € L\0, the fiber ’; consists of the @T(TM)‘L

"H-horizonal liftings of all vectors in L(x,z), 1.e., it is linearly spanned by

-images of the

T(TM)lz 5 ; < .
OLT MG, + L1 (x 2, 1), Vi,

and the fiber ICL is T5(L\0) N K3 = CDT(TM”L (K%), i.e., it is linearly spanned by

30 + 3Zal (X,2,¥)d 8, Var.
The following lemma interprets the Riemann curvature of (M, G) by the submer-
sion (7, £).

Lemma3.7 Ler X be a smooth section of H', which is deiined around
P = (x,z,y,l(x,z,y) in L£\O and satisfies X(p) = @Z(TM)lﬁ(ai(gxi +
a—y,l“ (x, z, y)gza)), then we have

[Glovo. Xip = a'Rf(x, )3 (mod H & K'). (3.17)

Proof Firstly, we prove (3.17) for X = CDT(TM”C((S

w02, 1)8). By
(2) in Lemma 3.4, (CD?\MO\O)*(X) = 0, = 0, — Ni dyj. By (1) in Lemma 3.4,

(CDZT:)S\O)*(@QO) = G. Using the property of tangent map and Lemma 2.1, we
getatany p = (x,z,¥,/(x,z,y)) € £\O that
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(P TM\()) ([Glﬁ\OvX“p (CDTM\()) (G|C\O) (CDTM\()) (X)]|(x y)
=[G, 8, 1lry) = REGx, )3y (mod H).  (3.18)

Then (3.18) implies (3.17) for that special X, using the following observations:

1. by (2) in Lemma 3.4, (¢§>2\0)* maps each fiber of H’ isomorphically to that of
H = span{é,., Vi};

2. (CD%S\O)* maps each fiber of K’ to 0;

3. Atp = (x,z,y,l(x,z,y)) € L\O, any vector in Tg(L\O)/(H’ﬁ ® K%) can be
uniquely represented by a vector in the subspace

xis

span{a + 3 l (x,2)0,8,Vi} C Ty 5(L\0).

Nextly, we consider any smooth section X, which is a C*-linear combination of
the sections <I>£(TM)‘L(8 + i 1%(x, z, y)8,2) of H'. Since (3.17) is mod H' @ K,
its validity is not affected by the smooth coefficients. O

4 Left Invariant Spray Geometry

In this section, we recall the technique of global invariant frames on a Lie group and
collect some known results for a left invariant spray structure from [39, 40].

4.1 Invariant Frames on a Lie Group and Its Tangent Bundle

Let G be a Lie group. Denote L,(g") = gg’ and Ry(g') = g'g forall g, g’ € G the
left and right translations. Let g = 7,G be the Lie algebra of G, with the bracket
[-, -]g. Notice that in this paper, we reserve the more usual notation [-, -] for the Lie

bracket between smooth vector fields. We fix a basis {ey, - - - , e;,} of g and denote c

the corresponding Lie bracket coefficients in [e;, ej]g = cl]?jek.

For each i € {1, ---,m}, there exists a left invariant vector field U;, and a right
invariant vector field V;, such that U;(e) = V;(e) = e¢;. Then any left (or right)
invariant vector field on G is a R-linear combination of U;’s (or V;’s respctively). Left
and right invariant vector fields generate right and left translations respectively on the
Lie group.

We call {U;, Vi} a left invariant frame on G. We expand it to a left invariant frame
on TG as following. Let U; be the complete lifting of U; (see (4.1) and (4.2) for its
standard local coordinate representation). Any y € T,G can be uniquely presented
as y = u'U;(g). So we have the frame {9, Vi} in T, G corresponding to this linear
coordinate. With g exhausting all pomts of G, each 9,,; is then a smooth tangent vector
fieldon T G. Since all U “sand 9, s are invariant w1th respect to the action of ((Lg)+)+«
forall g € G, we call {Ul, d,i, Vi} a left invariant frame on T G. Similarly, using V;
and 9, for y = v'Vi(g) € T, G, we have a right invariant frame {V,, 0,i,Vi}on TG.

ij

vis
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Let {0,:, 8y,-, Vi} be the frame for a standard local coordinate (xi , yj ) on G. Then
the transformation between {U;, 9,,i, Vi} and {0 Vi} is the following [40],

xis y’s

Ui=Aldu, u'=y/Bi and 9, = Ald,, (4.1)
U= Alog +y/ O ARD, 4.2)

where (A’) = (Af(x)) and (Bf) = (Bj(x)) = (Af )L (Ge. Aka BfAk =55)
are matrix valued functions which only depend on the x-entry. Notlce that 8 i’s in
(4.1) and (4.2) are local tangent vector fields on G and their complete lifting to TG
respectively. ~ ~

The invariancy of {U;, 0,i, Vi} and {V;, 9
for every i and j (see (8) in [39])

,i » Yi} implies the following obvious facts

Ui, Uil =c};Ur. Vi, Vi1=—c;Vk. (Ui, Vj1=0,
[0, Ujl = ;U Vi, Vil = =c; Vi, [0, Vj1=0,
U/ =0, [U;,8,,1=0, Viu/ =0, [V;,9,1=0. 4.3)

To provide more relations between the left and right invariant frames on 7G, we
need to introduce the functions ¢! and ¥/ on G such that Ad(g)e; = ¢ (g)e; and

Ad(g Ve = wl:/ (g)ej. Then we have

Ui=¢lVj. u =yl 8, =0¢]0,. (4.4)
and (see (9) and Lemma 3.1 in [39])
Lemma 4.1 Keep above notations, then at each point of G, we have the following

(1) ] Vigk = cji¢k. 2) Ui = ] Vi + ¢ uP . (3) Ut = cfyu, (4) [T 9,1

= Cilaup.
4.2 Left Invariant Spray Structure on a Lie Group

A spray structure G on the Lie group G is called left invariant (or right invariant),
if for each g € G, ((Lg)+)+G = G (or ((Lg)+)«G = G respectively). It is called
bi-invariant if it is both left and right invariant.

There exists a canonical affine bi-invariant spray structure Go on G (see Theorem
A in [39]).

Theorem 4.2 On any Lie group G, Gg = wlU; = v'V; is an affine bi-invariant spray
structure.

Using Go as the origin, any left invariant spray structure G on G can be presented
as G = Go — H. Here H = H'0,; is a smooth vector field on 7'G\0, tangent to each
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T, G, in which each H' = H/(x, y) is positively 2-homogeneous for its y-entry. The
restriction n = H|z,c\ (o} is called the spray vector field for G. We sometimes view 7
as a positively 2-homogeneous smooth map from g\ {0} to g, i.e., n(y) = Hi (e, y)e;,
Vy € g\{0}. Obviously, the correspondence between the set of all left invariant spray
structures on G and the set of all positive 2-homogeneous smooth maps 1 : g\{0} — g,
mapping each G to its spray vector field, is one-to-one.

Based on the spray vector field n : g\{0} — g, we further define the connec-
tion operator N : g\{0} x g — gby N(y,v) = %Dn(y, v) — %[y, vl]g, in which
Dn(y, v) = gl=on(y +1v).

Using left translations, the geometry of a left invariant spray structure G can be
described by its spray vector field and connection operator. The following results are
already known (see Theorem D in [39], and Theorem 1.1, Theorem 1.4 and Lemma
3.2 in [40]).

Theorem 4.3 Let G be a left invariant spray structure on a Lie group G with the
spray vector field n. Then for any open interval (a,b) C R containing 0, there is a
one-to-one correspondence between the following two sets:

1. the set of all c(t) witht € (a, b) and c(0) = e, which are geodesics for G;
2. the set of all y(t) with t € (a, b), which are integral curves of —n.

The correspondence is from a geodesic c(t) on (G, G) to the curve y(t) = (L ;)-1)x

(¢(1)) on g\{0}.

Theorem 4.4 Let G = Go — H be a left invariant spray structure on a Lie group G
with the connection operator N, c(t) a smooth curve on G with nowhere-vanishing
(), and W (t) a smooth vector field along c(t). Denote y(t) = (L )-1)x(c(1)) =
u' (t)e; € g\{0} and w(t) = (LC(,)_u)*(W(t)) € g. Then

Dy W (1) = (Fw' (1) + 3w/ (1) 555 H (c(0), ¢(0)) + yw! ()u* (0)c; YUi(c()).

dult

In particular, W (¢) is linearly parallel along c(t) if and only if
W@ + NGO, wn) + [y, wnlg =0
is satisfied everywhere.

Remark 4.5 Theorem 4.4 is a summarization for Theorem 1.1 and Lemma 3.1 in [40].

Theorem 4.6 Let G = Go—H be a left invariant spray structure on a Lie group G with
the connection operator N, c(t) a smooth curve on G and Y (t) a nowhere-vanishing
vector field along c(t). Denote w(t) = (Lc(t)_u)*(c'(t)) and y(t) = (Lc(t)—l)*(Y(t)).
Then Y (t) is nonlinearly parallel along c(t) if and only if

YO+ N, w) =0
is satisfied everywere.
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Theorem 4.6 is based on the following calculation results which are useful in later
discussion (see Lemma 3.2 in [39] and Lemma 4.2 in [40]).

Lemma 4.7 (1) The horizonal lifting of U, is U = U — (é ad H — 214 c )8,41
(2) Denote S = U (Te(nG\{0}) a submamfold of TG\() in which c(t) is a smooth

curve in G with nowhere-vanishing ¢(t) = w' (t)U;(c(t)), and {9, 9,i, - - - , Oym} the
global frame corresponding to the coordinate (t,u', --- ,u™) on S. Then we have
—H J p J
¢(t) =0+ —zw (t)WH +3 Lw! (tHu cpi)au,-,

ateach (c(t),y) € Swithy = ulU; (c(1)) € T;1)G\{O}.

Using the left invariant frame {U i, 9,i, Yi}on T G, we calculate the S-curvature and
Riemann curvature for a left invariant spray structure (see Theorem B and Theorem
C in [39]), which can be translated to the following (see Corollary 4.1 in [39])

Theorem 4.8 Let G be a left invariant spray structure on the Lie group G with the
spray vector field n : g\{0} — g and the connection operator N : g\{0} x g — g,
then its S-curvature for a left invariant smooth measure and its Riemann curvature

satisfy

S(e,y) = Trr(N(y, ) +ad(y)), and
Ry(v) = DN(y, v, n(y)) = N(y, N(y,v)) + N(y, [y, vlg) = [y, N(y, v)]g,

respectively, for any y € g\{0} and v € g. Here DN (y, v, n(y)) = %l[:QN(y +
m(y), v).

In next two sections, we will generalize above theorems for any homogeneous spray
manifold.

5 Homogeneous Spray Structure and Submersion

In this section, we define the spray vector field and the connection operator and
construct the submersion for a homogeneous spray structure.

5.1 Homogeneous Spray and Finsler Geometries

Let G be a spray structure on the smooth manifold M". We call G a homogeneous
spray structure on M, or call (M, G) a homogeneous spray manifold, if M admits
the transitive smooth action of the Lie group G, such that (g,).G = G, Vg € G, or
equivalently, the action of every g € G on M maps geodesics to geodesics.
Practically, we may identify the homogeneous spray manifold M with a smooth
coset space G/H, in which H is the isotropy subgroup at the origin 0 = eH. Now
suppose that (G/H, G) is equipped with a linear decomposition g = f + m. Then the
subspace m is identified with 7,(G/H). When this decomposition is reductive, i.e., it
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is Ad(H )-invariant, the Ad(H )-action on m coincides with the isotropic H-action on
T,(G/H).

Forany vectorv € g, wedenote vy = pry (v) and v = pry, (v),inwhichpry : g —
b and pr,, : g — m are the linear projections according to the given decomposition,
and we have the operations [-, -]y = pry o [-.-lgand [-, -]Jm = pryy, o [+, -1g-

A Finsler metric F on a smooth manifold M is called homogeneous if its isometry
group I (M, F) acts transitively on M [6]. We also call (M, F) a homogeneous Finsler
manifold. Notice that I (M, F) is a Lie transformation group [7]. The geodesic spray
G of a homogeneous Finsler metric F is also homogeneous. So homogeneous Finsler
geometry is a special case of homogeneous spray geometry.

Let G be any closed Lie subgroup of 1 (M, F), which acts transitively on the homo-
geneous Finsler manifold (M, F). Then we have the representation M = G/H. A
reductive decomposition g = h + b can be easily observed as following. Because G
is closed in I (M, F), the isotropy subgroup H is compact, so there exists an Ad(H)-
invariant inner product on g. Then the orthogonal decomposition g = § + m with
respect to this inner product is reductive. Generally speaking, the reductive decompo-
sition for a homogeneous Finsler manifold (G/H, F) is not unique. The assumption
that G is closed in (M, F) is not essential, but it helps us skip some minor technical
chores without loss of many generalities.

On a smooth coset space G/H with a reductive decomposition g = ) 4+ m, the
homogeneous Finsler metric F' is one-to-one determined by its restriction to 7, (G / H),
which is an arbitrary Ad(H )-invariant Minkowski norm on m. For simplicity, we use
the same F to denote this Minkowski norm.

In [11], L. Huang defined the spray vector field n : m\{0} — m and the connection
operator N : m\O x m — m for a homogeneous Finsler manifold (G/H, F) with a
reductive decomposition g = h + m by the following equalities,

gV(n(y)s M) = gy(}’, [M, )’]m)a Vy € m\{o}v ue mv and
2gy(N(y,v), u) = gy([u, vlm, y) + gy ([ut, y]m, v) + gy([V, YIm, )
—2Cy(u,v,n(y)), Vyem\{0}, u,vem.

Using these notions, L. Huang presented beautiful homogeneous curvature formu-
lae. For example, his homogeneous S-curvature, Landsberg curvature and Riemann
curvatures are the following (see Proposition 4.6, Theorem 4.8 in [11] and Remark
6.11),

S(o, y) = Trr(N(y, -) + adm(y)),
Ly(v,v,v) =3Cy(v, v, [v, y]m — N(y,v)) — Cy(v, v, v, n(y)),
Ry(v) = [y, [v, ylplm + DN, y,v) = N(y, N(y,v)) + Ny, [y, vlm)
[y, Ny, V) ]m.

At the end of this subsection, we remark that a left invariant spray structure G or a
left invariant Finsler metric F on a Lie group G is automatically homogeneous, with
G identified with G/H = G /{e}, which is equipped with the unique decomposition
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g = b+ m = 0+ g. This decomposition is obviously reductive. See [12] for the
curvature properties of a left invariant Finsler metric on a Lie group.

5.2 Spray Vector Field and Connection Operator

The following lemma is crucial for later discussion.

Lemma 5.1 Let G/H be a smooth coset space with a linear decomposition g = h+m.
Suppose that c(t) is a smooth curve on G/H which is defined for t € (a,b) with
a < 0 < b, satisfying c(0) = g - o for some g € G and ¢(t) # 0 everywhere. Then
there exists a unique smooth curve ¢(t) on G, which is defined around t = 0, and
satisfies

c0) =g, ct)=2(t)-0 and (Lyp-1«(C(t)) = @0~ u(é(t)) € m\0(5.1)

everywhere. Further more, ¢(t) can also be defined fort € (a, b) if one of the following
is satisfied:

1. the decomposition g = h + m is reductive;
2. the subgroup H is compact.

The equality (Lz(;)-1 )*(é(t)) = (€(1) "4 (¢(r)) in (5.1) is because our convention
identifies T, (G /H) with m, and then identifies T,.()(G/H) = (¢(t))«(T,(G/H)) for
c(t) =c¢(t) - o with (Lg())«(m) C TG naturally. See also Fact 2 in Sect. 6.1.

Proof Firstly, we prove the unique existence of ¢(¢) for  close to 0.

There exists a smooth curve g(¢) with ¢t € (a, b) on G, satisfying g(0) = g and
c(t) = g(t) - o everywhere. Then the curve ¢(¢) indicated in Lemma 5.1, if it exists,
must be of the form ¢ = g(#)h(¢), in which A(¢) is a smooth curve in H with 2(0) = e,
for the first two requirements in (5.1), i.e., ¢(0) = g and c(#) = ¢(¢) - 0, to be satisfied.
By the calculation

(Ley-D#€(0)) = (L~ ((Lg)«(h(1)) + (Ra)«(&(1)))
= Ly (Lge) (A1) + Ly~ (R (1))
= (L~ (@) + Ad(h(t) ™ (L g~ (&),

we see that the third condition in (5.1), i.e., (Lg)-1 )« (€(1)) € m\ {0}, is satisfied if
and only if 4(¢) € H is a solution of the ODE

h(t) + L) (A (L g1 @)))g) = 0. (5.2)

The solution A (z) of (5.2) satisfying h(0) = e exists uniquely for ¢ sufficiently close
to 0. So the smooth curve ¢(¢) on G which satisfies (5.1) exists uniquely around ¢ = 0.

Nextly, we prove the existence of c¢(¢) for t € (a,b) when the decomposition
g = h 4+ mis reductive. In this case, (5.2) can be simplified as h(t) = (Rp))«(y (1)),
in which y(¢) = ((Lg(t)_l)*(g(t)))h for t € (a, b) is a given smooth curve in h. The
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existence of the solution h(t) for t € (a, b), satisfying h(0) = e, can be similarly
proved by the argument proving Theorem D in [39]. Then the existence of ¢(¢) for
t € (a, b) follows immediately.

Finally, we prove the the existence of ¢(¢) for ¢ € (a, b) when H is compact. Let
€ be a positive number, which is arbitrarily close to 0. The compactness implies the
existence of § > 0, such that for any 7y € [a + €, b — €] and any h € H, there exists
a unique solution h(t) of (5.2) for t € (t9 — &, to + J) satisfying h(t9) = h. Then
the solution £(¢) of (5.2) with £(0) = e can be extended to [a + €, b — €] for any
sufficiently small € > 0, by gluing it with other solutions of (5.2). So we have the
existence of h(t), as well as the existence of ¢(¢), for ¢ € (a, b). m|

Let (G/H, G) be a homogeneous spray manifold with a linear decomposition
g = b + m. Suppose that c,(¢) is the geodesic on (G/H, G) with ¢(0) = o and
¢(0) =y € T,(G/H)\{0} = m\{0}. Denote c,(¢) the smooth curve on G provided
by Lemma 5.1, satisfying ¢, (0) = e, cy(t) = ¢, (¢)-0oand y(t) = (Lgy(,)q)*(Ey(t)) €
m\{0} for ¢ close to 0. Since y(#) is a smooth curve in m\ {0}, we can define the spray
vector field n : m\{0} — m by n(y) = —<|—oy(®).

Lemma 5.2 The spray vector field n is a positively 2-homogeneous smooth map.

Proof By the property of exponential map, wherever ¢ is close to 0 and y # O,
c(t, y) = cy(¢) is smooth for both ¢ and y. By the theory of ODE, c(z, y) = ¢, () is
also smooth for both t and y. So n(y) = —% |,=0(LE),(,)71 )*(éy(t)) depends smoothly
on y € m\{0}.

For any constant A > 0, ¢y (t) = c(At) and ¢y () = A¢é(At) when ¢ is close to 0.
So we have

n() = —gili=0Lg, (-Dx@ry () = =Agili=0(Le, )« (€, (1) = 22n(y),
which proves the positive 2-homogeneity of 7. O

The smoothness of the spray vector field n enable us to define the connection
operator N : m\{0} x m — m by N(y,v) = %Dn(y, v) — %[y, v]m, in which
Dn(y,v) = $l—on(y + tv).

When we view 7 as a smooth tangent vector field on the manifold m\ {0}, we can get
the following correspondence between geodesics on (G/H, G) and integral curves of
—n on m\{0}.

Theorem 5.3 Let (G/H, G) be a homogeneous spray manifold with a linear decom-
position g = b + m and n the spray vector field. Then we have a one-to-one
correspondence between the following two sets:

1. the set of all geodesics c(t) on (G/H, G), which is defined for t sufficiently close
to 0 and satisfies ¢(0) = oy

2. the set of all integral curves y(t) of —n on m\{0}, which is defined for t sufficiently
close 0.
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The correspondence is from c(t) to y(t) = (Lg()-1 )*(é(t)), in which ¢(t) is the smooth
curve on G satisfying c(0) = e, c(t) = c(t) - 0 and (LE(I)—I)*(E(Z‘)) € m\{0} for all
possible values of t. The range for the parameter t in this correspondence can be
changed to an arbitrary interval (a, b) witha < 0 < b when g = § + m is reductive
or H is compact.

Proof Firstly, we prove the correspondence from (1) to (2) around ¢ = 0.

We consider a geodesic (1) with ¢(0) = o on (G/H, G). Let ¢(¢) be the smooth
curve on G provided by Lemma 5.1 for c(¢), satisfying ¢(0) = e, c¢(t) = ¢(¢) - 0 and
(Ley-1)+(€(1)) € m\{0}, for all possible values of 7. Then y(1) = (Lg()-1)«(c(1)) is
a smooth curve in m\ {0} defined around ¢ = 0.

Denote ¢4 (1) = ¢(to)~" - c(t + 1) for any 1y where ¢(z) is defined. By the left
invariancy of G, ¢, (¢) is a geodesic on (G/H, G) satisfying ¢4, (0) = 0. Meanwhile,
Cr (1) = C(to) ™1 - T(t + to) satisfies

e =€ () =Cy(0) -0 and (L, 4)1)«(C, (1) € m

for t close to 0, i.e., it is the smooth curve on G provided by Lemma 5.1 for ¢, (¢). It
is easy to see that

Yio(®) = (L (1) €1 (1)) = (L)1)t +10)) = y(t + 1),

and in particular y;, (0) = y(#p). So by definition, we get

N((10)) = — Elioyi () = =Syt +10) = — L y(10)

for each 1, i.e., y(¢) is an integral curve of —n. The correspondence from (1) to (2) is
proved.

Nextly, we prove the backward correspondence around ¢ = 0.

We consider an integral curve y(z) of —n, which is defined for 7 close to 0. Then
we have a smooth curve ¢’(¢) on G satisfying

O =e and T = (Lyg)-(0:(0) (53)

which is defined around ¢+ = 0. Let c(#) be the geodesic on (G/H, G) satisfying
c(0) = o and ¢(0) = y(0) € m\{0}, and ¢(¢) the smooth curve on G provided by
Lemma 5.1 for c(¢), satisfying ¢(0) = e, c(t) = ¢(¢) - 0 and (LE(I)—I)*(é(t)) em
around r = 0. We have proved the correspondence from (1) to (2), which guarantees
that ¢(z) is also a solution of (5.3). By the uniqueness for the solution of (5.3), c(¢)
coincides with ¢’ (¢) for ¢ around 0, i.e., c(t) = ¢(t) -0 =7 (t) -0 = ¢/(¢) is a geodesic
for ¢ around 0. The correspondence from (2) to (1) is proved.

Finally, we prove for any interval (a,b) with a < 0 < b, the one-to-one
correspondence between

1. the set of geodesics c¢(t) with ¢ € (a, b) on (G/H, G), satisfying c(0) = o, and
2. the set of integral curve y(¢) with ¢ € (a, b) of —n on m\{0},

when the decomposition g = h 4+ m is reductive or H is compact.
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From (1) to (2), when the geodesic c(#) is defined for ¢ € (a, b), the smooth curve
c(t) on G, provided by Lemma 5.1 for ¢(z), satisfying ¢(0) = e, c(t) = ¢(¢) - 0 and
y(t) = (Lm)_l )*(é(t)) € m, is also defined for ¢ € (a, b). So the previous argument
shows that y(¢) is an integral curve of —n on m\{0}, which is defined for ¢ € (a, b).

From (2) to (1), for the integral curve y(¢) of —n, which is defined for ¢ € (a, b),
the smooth curve ¢’ (¢) satisfying (5.3) is also defined for ¢ € (a, b). The argument is
similar to that proving Theorem D in [39]. Denote c(t) = ¢'(t) -o0. Foreachty € (a, b),
similar argument as above can show that ct) L et + 19) = tg)"e@) -0 is a
geodesic around ¢ = 0. Using the G-invariancy of G, c¢(¢) for ¢t € (a, b) is a geodesic

on (G/H,G).
To summarize, the range of ¢ in the correspondence in Theorem 5.3 can be an
arbitrary interval (a, b) witha < 0 < b. This ends the proof. O

Comparing Theorem 5.3 with Theorem 4.3, we see immediately that the definitions
of spray vector field and connection operator in Sect. 5.2 are compatible with those
in Sect. 4.2 or [39], for a left invariant spray structure. They are also compatible with
those defined by L. Huang [11] (see (5.4) and (5.5)), which will be proved in Sect. 5.3
(see Theorem 5.6).

5.3 Construction of the Submersion for a Homogeneous Spray Structure

Let n : m\{0} — m be the spray vector field of the homogeneous spray manifold
(G/H, G) with a linear decomposition g = h + m. Using some cut-off function
technique, we can extend 7 to a positively 2-homogeneous smooth map 77 : g\{0} — g.
Then there exists a left invariant spray structure G on G, such that 7 is its spray vector
field.

The following theorem claims a submersion between (G, G) and (G/H, G).

Theorem 5.4 Let (G/H, G) be a homogeneous spray manifold with a linear decom-
position g = h 4+ m and n : m\{0} — m the spray vector field. Let G be a left
invariant spray structure on G such that its spray vector field 17 : g\{0} — g satisfies
n = Nlm\{0}- Denote v : G — G/H the smoothmap n(g) = g -o forall g € G, and
L = Ugeg(Lg)«(m) a distribution on G. Then (r, L) is a submersion from (G, G) to
(G/H,G).

Proof Let ¢(¢) be any geodesic on (G, G), satisfying 2(0) € Lz0) = (Lz))«(m).
By the left invariancy of G, Theorem 4.3 implies that y(r) = (Lg)- 1)*(é(t)) is an
integral curve of —7). Since the smooth tangent vector field 7 is tangent to m\{0} and
¥(0) = (L ()-1)«(€(0)) € m\{0}, wehave y(r) € m\{0},i.e.,c(t) € (Ler))«(m\{0}),
Vt. This argument proves that G is tangent to £ C T (T G\0).

Meanwhile, we see that y(¢) is also an integral curve of —»n. While proving
Theorem 5.3, we have showed that c(t) = ¢(t) - o = m(c(¢)) is a geodesic on

(G/H, G).
To summarize, we see by definition that (7, £) is a submersion between the spray
structures G and G. This ends the proof. O

Theorem 5.4 permits the submersion technique in homogeneous spray geometry.
Practically, we use a special G in Theorem 5.4 for the convenience in calculation.
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For example, in the proof of Theorem 5.6 below, we choose the left invariant spray
structure G induced by a canonical construction for Minkowski norms. In Sect. 6, we
choose another G such that its spray vector field 77 satisfies 7(y) = n(ym) in a conic
open neighborhood of m\{0}. Then a lot of calculation can be simplified.

In the rest of this section, we use the submersion technique to prove two theorems.

One theorem is for an explicit correspondence between a homogenous spray struc-
ture and its spray vector field, with respect to a reductive decomposition g = h +m
for G/H.

Theorem 5.5 For a smooth coset space G/H with a reductive decomposition g§ =
h 4+ m, there is a one-to-one correspondence between the following two sets:

1. the set of all G-invariant spray structures G on G/H;
2. the set of all AdA(H)-invariant smooth maps n : m\{0} — m.

The correspondence is from G to its spray vector field with respect to the given
decomposition.

Proof Firstly, we consider the correspondence from (1) to (2). We only need to prove
for any homogeneous spray structure G on G/ H, its spray vector field  : m\{0} — m
is Ad(H)-invariancy, i.e., n(Ad(g)y) = Ad(g)n(y), Vg € H, y € m\{0}.

Let c(¢) be the geodesicon (G/H, G) withc(0) = oand ¢(0) = y € m\{0}. Denote
¢(t) the smooth curve on G provided by Lemma 5.1 for c¢(#), satisfying c(0) = e,
c(t) =¢(t)-oand (Lz(t)—l )*(é(t)) € m\{0} for all 7 close to 0. Then for any g € H,
c(t) = g - c(r) is also a geodesic with ¢(0) = o and it satisfies ¢'(0) = Ad(g)(y).
More over, ¢ (1) = gc(t)g ™" is the smooth curve satisfying ¢'(0) = e, ¢'(t) = (t) -0
and (Lc/(t)—l)*(é/(t)) = Ad(g)((L;-1)«(c(1))) € m\{0} (the reductive property is
needed here) for 7 close to 0. So we have by definition

N(Ad(g)y) = — & 1i=0((L -1+ (€ (1))
— & 11=0(Ad () ((L o)~ (¢ (1))
= Ad(g)(n(»).

which proves the Ad(H )-invariancy for 7.

Nextly, we sketch the correspondence from (2) to (1) with some tedious chores
skipped.

Let n be any Ad(H )-invariant smooth map from m\{0} — m. We extend it to a
positively 2-homogeneous smooth map 77 : g\{0} — g. Then there exits a left invariant
spray structure G on G, such that 7 is the spray structure of G. Theorem 4.3 implies
that G is tangent to £ = Ugeg(Lg)«(m). Since the decomposition g = h + m is
reductive and 7 is Ad(H)-invariant, both £ and G| £\o are right H-invariant. Then
G = (7m4)« (E| £\0) 1s a well defined smooth tangent vector field on T (G /H)\0. More
over, G is a spray structure on G/ H, and the pair (7, £) is a submersion from (G, E)
to (G/H, G). Applying Theorem 4.3 and Theorem 5.3 to any geodesic ¢(f) on (G, G)
tangent to £ and the geodesic c(t) = ¢(¢) - o on (G/H, G), we see immediately that
the spray vector field of G coincides with 7|\ 0} = 7.
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To summarize, this argument provides the correspondence from (2) to (1). Then
the proof ends. O

Denote Gy the homogeneous spray structure on G/H with a reductive decompo-
sition g = f 4+ m, such that its spray vector field 5 is constantly 0. Then the pair
m(g) = g-oand L = Uy (Lg)«(m) is a submersion from the canonical bi-invariant
spray structure Gy (see Theorem 4.2) on G to Gy = (774)(Gol £\0)- Notice that the
geodesics for Gg coincide with those for the Nomizu connection (see Corollary 2.5
in Chapter 10 of [22]), so we may call Gg the canonical spray structure or the spray
structure for the Nomizu connection. However, it should be notified that the covariant
derivative of Gg corresponds to a torsion free connection (for example, the Levi-
Civita connection in Riemannian geometry), which is not the Nomizu connection (see
Theorem 2.6 in Chapter 10 of [22]).

For any homogeneous spray structure G on G/H with a reductive decomposition,
we can present the corresponding G in the proof of Theorem 5.5 as G = Go — H.
Then H = (m,)+(H) is a well defined G-invariant smooth tangent vector fields
on T(G/H)\0, which is tangent to each 7 (G/H)\{0} and H|r,(G/n) = 1. To
summarize, we have

G = (1)+(G) = Go — H,

which generalizes the representation for a left invariant spray structure in [39, 40].
It should be notified that when the decomposition g = h) 4+ m is not reductive, the
relation between G and 7, and the calculation for 7 may be much more complicated.
The other theorem is for the compatibility between the definitions of spray vec-
tor field and connection operator in homogeneous spray geometry and those in
homogeneous Finsler geometry (see [11] or (5.4) and (5.5) in Sect. 5.1).

Theorem 5.6 Let F be a homogeneous Finsler metric on M = G/H, in which G is
a closed subgroup of (M, F), and g = b + m a reductive decomposition. Then the
spray vector field n and the connection operator N for the geodesic spray G of F
satisfies

gy(ﬂ()’), l/l) = gy()’: [M, y]m): V)’ € m\{o}’ uem, and (54)
2g)7(N(yv U), Ll) = gy([ua U]m» y) + gy([”a Y]ma U) + gy([v» y]ma )’)
=2Cy(u,v,n(y)), Vy em\{0}, u,vem, 5.5

in which the inner product gy(-,-) and the Cartan tensor C,(-,-,-) are for the
Minkowski norm F = F (o, -) on m.

Proof Firstly, we prove the statement for 7.

Since G is a closed subgroup of I (M, F), its isotropy subgroup H is compact. So
we can find an Ad(H )-invariant inner product (-, -)p; on . Using similar argument as
in the proof of Lemma 3.4 in [46], we can construct an Ad(H )-invariant Minkowski
norm F on g, such that

F() = /0. yo)i + Fom)? (5.6)
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in a conic open neighborhood of m\{0} in g\{0}. Using left translations, F induces
a Finsler metric on G, which is both left G-invariant and right H-invariant. For sim-
plicity, we denote this metric as the same F. Then Lemma 3.3 and Lemma 3.4 in [46]
implies that : (G, F)— (G /H, F) is aFinsler submersion, which horizonal bundle
coincides with £ = Ugzeg (Lg)«(m). By the geodesic property of Finsler submersion
(see Theorem 3.1 in [31]), (;r, £) is a submersion between the geodesic spray Gof F
and the geodesic spray G of F.
Theorem 3.1 in [42] provides the following representation for G,

G =0V — 3" cf;[F? 1,070, (5.7)

Notice that the right invariant frame {V;, Vi} on (G, F)is a Killing frame [41],

and [V;, V;] = —c{fj Vi (see the first line in (4.3)) results in a sign difference. By
Theorem 4.2,

58"l IF? 4070, = Go — G (5.8)

is left invariant, in which Gy = u’ ﬁi = ‘71 is the canonical affine bi-invariant spray
structure on G. When restricted to 7,G\{0}, {u', 9,,:, Vi} coincides with {v', d,:, Vi},
so the restriction of (5.8) to T, G\{0}, i.e., the spray vector field 77 : g\{O} — g for G
satisfies

gy(ﬁ(y)a u) = gy(y’ [uv y]g)a vy € g\{O}, ue ga

in which §y (-, ) is for the Minkowski norm F on g. Using (5.6), we see that for each
y in a conic open neighborhood of m\{0} in g\ {0} that

8y (U, v) = gy, (Um, vm) + (Up, Vp)bi-

By the reductive property of g = b 4+ m and the Ad(H )-invariancy of the Minkowski
norm F onm, we have gy (y, [u, y]) =0,Vy € m\{0}, u € b. Thenitis easy to check
that 77 maps m\ {0} to m and

&M, u) = gy(y, [u, ylm), Yy e m\{0}, u € m. (5.9

Let n : m\{0} — m the spray vector field for G. For any y € m\{0}, let c(¢)
be the geodesic on (G/H, F) which is defined around ¢ = 0 and satisfies c(0) = o
and ¢(0) = y. Let ¢(¢) be the smooth curve on G provided by Lemma 5.1 for c(¢),
satisfying ¢(0) = e, c(t) = c(t) -0 and y(¢) = (Lg(t)_l)*(é(t)) € m\0 everywhere.
Since c(¢) is a lifting of the geodesic c(#) which is tangent to £, we see that c(¢) is a
geodesic on (G, G). Then by Theorem 5.3 and Theorem 4.3, y(¢) is an integral curve
of —n, as well as that of —77. So we have n(y(¢)) = 7(y(¢)), Vt. In particular, when
t =0,n(y) =7n(y) forany y € m\0. By (5.9), the statement for n in Theorem 5.6 is
proved.
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Nextly, we prove the statement for N. L. Huang pointed out (see (4) in [13]) that his
definition (5.5) for N satisfies N (y, v) = an(y, v)— %[y, V]m, in which 7 is the one
in (5.4). So the statement for N in Theorem 5.6 follows after that for n immediately.

O

Remark 5.7 The assumption that the subgroup G is closed in I (M, F) is not necessary
for Theorem 5.6. We add it to avoid some minor chores.

6 Parallel Translation and Curvature for a Homogeneous Spray
Structure

In this section, we use the submersion theory in Section 3 to study the geometry of a
homogeneous spray structure.

6.1 Some Notations and Facts

The following assumptions and notations are automatically applied through out this
section.

Let M = G be an m-dimensional Lie group, H C G an (m — n)-dimensional
closed subgroup, and M = G/H the n-dimensional smooth coset space. We choose
a linear decomposition g = b + m for G/H, and fix a basis {ey, - - - , e;,} of g, such
thate; e mfor 1 <i <nandey € hforn+ 1 < a < m. We apply the convention
(3.2) for indices, i.e. 1 < i, j, k,I, p,q,r <nandn+1 <«, B8,y < m.So we have
the Lie bracket coefficients in

k i Y
lei, ejlg = cjjex + cijea, -, leas eplg = cypei + cypey .

Notice that every cfx vanishes because b is a Lie subalgebra, and every cﬁi = —ci
vanishes when the chosen decomposition is reductive. The corresponding left and
right invariant frames are {U;, Vi; Uy, Yo}, {V;, Vi; Vi, Yo} on G, in which U;(e) =
Vi(e) = e;, Uy(e) = V,y(e) = eq, for each i and «, and {l7,', 9,i, Vi; l7a, , Oy, Yo},
{\7,-, 9,i, Vi \70,, dye, Yo} on T G, respectively.

Let G be a homogeneous spray structure on G/H, with the spray vector field
n : m\{0} — m and the connection operator N(y, w) = %Dn(y, w) — %[y, wlm,
Vy € m\{0}. Let G be a left invariant spray structure on G, such that its spray vector
field 7 : g\{0} — g satisfies 7(y) = n(ym) in a conic open neighborhood of m\{0}
in g\{0}. Then Theorem 5.4 indicates that the pair (;r, £), in which the smooth map
7:G — G/Hism(g) = g - o and the distribution £ is £ = Ugeg(Lg)«(m), is a
submersion between (G, G) and (G /H,G).

Here we summarize some obvious facts.

Fact1 The distribution £ can be characterized. by u* =0, Ve, i.e., any vector in
T, G belongs to L, if and only if it is of the form u' U; (g). At each g € G, the kernel

of 7y : TeG — Tg.o(G/H) is (Lg)«(h). So for @%M (see Sect. 3.3 for its definition,
same below for other bundle maps), we have
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OIM (L) () = (L)« (ym), Vg € G,y € g=T,G.

Fact2 Anyvectory € m C g = T,G isidentified as a tangent vector in 7,,(G/ H),
which is its <I>§ yr-image. By the left invariancy of <I>§ > We have

%, (Le)s(0) = g.(v), Vg€ G,vem.

Here v in the left side is viewed as a vector in m C g = T,G, and v in the right side
is viewed as a vector inm = T,(G/H).

Fact 3 Obviously each 9, is tangent to £. By the observation Viul = Voul =0
for all i, j, a (see the third line in (4.3)), all V;’s and V s are tangent to £ as well.
Counting the dimension, we see that at each p € £\0,

0yis V;, Vi, and V,, Va, provide a basis for T5(T £\0).

The tangent map 7y : ToG — T,.,(G/H) maps to (Lg)+(h) to 0, so (74), maps
each d,« to 0. To summarize, at any p € L,

CD;(ETM) maps every d,« to 0, and fixes each 9, \7, and Va.

Fact4 For the linear sub-bundle H’ of T (£\0) (see Sect. 3.5, same below for K),

its fiber H’p ateach p € L£,\0 consists CDT(TM)(
that at each p € £\0,

7) forall v € £,. So Fact 1 implies

T(TM) (UH) for all i provides a basis for H—

Fact 5 For the linear sub-bundle K of T(T G), its fiber K5 ateach p € TG is
ker (1), which can be presented as span{d.«, 9,,«, Yo} in a standard local coordinate
(x', 2%, y/, wP) for  (see Sect. 3.2).

From Fact 3, we have already seen that span{9d,« |5, Yo} = span{d wb> VB C Kp.
Since z = (z%) is the local coordinate on every g H, each U, is a C*°-linear COl’l’lbl-
nation of d,«’s. Then its complete lifting Uy is a C*-linear combination of 9.«’s and
5wﬁ ’s. Counting the dimension, we see that at each p € £\0,

d,« and lNJO, for all o provide a basis of K.
Fact 6 G can be presented as G = EO — H, in which Go = uiﬁ,’ + u® _(7(X =
v V; +v*V, is the canonical bi-invariant affine spray structure on G, and H = H 0, +
ﬁ“aua with 7 = ﬁ|TgG\{0} and n = ﬁmg\{()}. Since n(y) = n(ym) in a conic open

neighborhood of m\0 in g\0, we see that, there exists an open neighborhood of £\0
in T G\0, where

H' =0, Yo, and - H =0, Vi, a.
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6.2 Description for Parallel Translations

Let (G/H, G) be a homogeneous spray manifold with the linear decomposition g =
h 4+ m, n the spray vector field and N the connection operator.

Firstly, we consider the linearly parallel translation along a smooth curve c(t)
on G/H with ¢(0) = o and nowhere-vanishing ¢(¢). Let ¢(¢) be the smooth curve
on G provided by Lemma 5.1 for c¢(t), satisfying c¢(0) = e, c(t) = ¢(t) - 0 and
(Lz(t)—l)*(é(l)) € m everywhere. The range of the parameter ¢ is a suitable open
interval (a, b) with a < 0 < b, such that both ¢(¢) and ¢(¢) are defined.

The following theorem provide the ODE on m describing the linearly parallel
translation along c().

Theorem 6.1 Let (G/H, G) be a homogeneous spray manifold with a linear decompo-
sition g = h4m, c(t) any smooth curve on G / H with c(0) = o and nowhere-vanishing
¢(t), and ¢(t) the smooth curve on G satisfying c(0) = e, c(t) = ¢(t) - o and
y(it) = (LE(t)—l)*(é(l)) € m\{0} for each t. Then for any smooth vector field
W(t) = (c(2))«(w(t)) along c(t), we have

Dy W (1) = @E0)«(§w(®) + N(y(0), w(t)) + [y(6), w(t)]m).
In particular, W (t) is linearly parallel along c(t) if and only if w(t) satisfies
Fw®) + N@), w®) + [y®), wt)lm =0

everywhere.

Proof By Fact 2, the lifting of W () = (c(¢))«(w(t)) along ¢(¢) in L is
W) = (Le)s(w(0) = w' ()U; €(0)).
For the same reason, we can present ¢(7) as
c(t) = (Le)«(y(®) = u' (OU; (€(1)).

Denote D the linearly covariant derivative on (G, G). Then using the first statement
in Theorem 4.4, we get

Dy W) = (Sw! () + Yu! (0L H @), &) + dw Ou* () HUI(E())

dult
+Gw! () 55H @), €(1)) + Sw! (ub ()cf)) Un (1))
= (') + 3wl ()L H @), €0) + Swl OuF (1)) Ui )
+yw! (Ut (1) Un (€(1)), (6.1)

in whi‘ch we have used Fact 6 for the second equality, i.e., H” vanishes around
(c(t), c(t)) € £\{0}. Using the connection operator and Lie bracket of g, (6.1) can be
translated to

@ Springer



Submersion and Homogeneous Spray Geometry Page350f43 172

Dy W(1) = (L)« (Fw (@) + Ny (0), w(®)) + [y (@), wO)lm + 5[y(0), w(n)]p),
Using Fact 1, we get

@M (D, W) = (Le)«(Sw(t) + Ny (), w®) + [y(0), w®)]m). (62)

By Lemma 3.5, @%M(CDEM(BEO)WU))) = D¢y W(t). Using Fact 2, we see from
(6.2) that

DeyW (1) = @)« (gw (@) + N(y(0), w®) + [y(@), w®)Im),

which proves the first statement in Theorem 6.1.
The second statement of Theorem 6.1 follows from the first one immediately. O

Some applications of Theorem 6.1 will be discussed in Sects. 6.3 and 6.4 (see
Theorem 6.5, Theorem 6.6 and Corollary 6.10).

Nextly, we keep all assumptions and notations for ¢(#) and ¢(¢), and consider the
nonlinearly parallel translation. The following theorem provide the wanted ODE on
m\0.

Theorem 6.2 Let (G/H, G) be a homogeneous spray manifold with a linear decompo-
sition g = h+m, c(t) any smooth curve on G/ H with c(0) = o and nowhere-vanishing
¢(t), and ¢(t) the s_mooth curve on G satisfying c(0) = e, c(t) = ¢(t) - 0o and
w(t) = (LE(,)q)*(E(t)) € m\{0} for each t. Suppose Y(t) = (c(1))«(y(?)) is a
nowhere-vanishing smooth vector field along c(t). Then Y (t) is nonlinearly parallel
along c(t) if and only if y(t) € m\{0} satisfies

Ly (t) + N(y(0), w(t)) =0
everywhere.

Proof On the submanifold N = U (Tz)G\{0}), we have the global coordinate
(t,ul, - u™) for y = u'U;j(c(t)) + u®Uq(c(t)) € Tz G\{0}. The submanifold
Nz = U; (Lzn\{0}) C N corresponds to u® = 0, Var.

On N, we have the global frame {o;, d,1,---, d,m}. At each point y € Nz N
T:(G\{0}, 0; and all 9,;’s are tangent to N, and each 9,« is contained in ker(ry) N

Tz(hG. So Q;(ETM”‘ fixes 0; and each 9,i, and by Fact 3, it maps each 9,« to 0.

Denote w(r) = w!(t)e;(r), then we have é(t) = (Lzp)«(w(@) =
(Lg(t))*(wi(t)ei). Using (2) in Lemma 4.7, at each (c(¢),y) € N with y =
u' Ui (¢(¢)), we can get

T(TM)\t (—

D (t) lc)

<I>T<”“'ﬁ(a +(—3w (z)mH’(ca) )+ Jw Ou? (1)e))d,
+H(=3w' ()75 H @1, ) + 3w’ (OuP %))

=0+ (3w ()% H](c(t),y) + Jw' (OuP (1)), (6.3)
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Now we prove the equivalence in Theorem 6.2.

Suppose that Y () = (c(¢))«(y(¢)) with y(z) = u'(t)e; is a nonlinearly parallel
iector field along c(r). Denote Y () = (CD%‘)_I(Y(I)). Since_fbgﬁ = <I>§>WO\O|N£,
Y (¢) is the lifting of Y(#)in L alon_g ¢(t). Then Fact 2 provides Y (1) = (Lz())«(y(1))
= (Lz@))«(u'(t)e;). If Y(¢) and Y (¢) are viewed as curves on the manifolds N =
Ut (Tery (G/H)\{0}) and Nz = U, (Lz)\{0}) respectively, Y () is an integral curve

——H —
of ¢(¢) , and by Lemma 3.6, Y (¢) = (z, wl (@), -+, u"(®),0,---,0) is an integral
curve of the smooth vector field in (6.3). Then we see the ODE

Fu' () =—3w' () Hf(c(t),y)+%w"(z)uf’(r)c;i, Vi,
which can be translated to
Ly(@0) = =Dy (@), w®) + Ly®), wH)lm = N (@), w)),

using the connection operator and Lie bracket of g.
To summarize, above argument proves one side of the equivalence, and the other
side can be proved similarly. O

In the special case that w(f) = w € m\{0}, the smooth tangent vector field
— N (-, w) on m\0 generates a one-parameter subgroup of diffeomorphisms p;. Apply-
ing Theorem 6.2, p; can be explained by the nonlinearly parallel translation along
c(t) = (exptw) - o (notice that the corresponding c(¢) = exp tw is defined for t € R),
ie.,

Corollary 6.3 Let (G/H, G) be a homogeneous spray manifold with a linear decom-
position g = h+m, and N the connection operator. Then for any fixed w € m\{0}, the
one-parameter subgroup p; generated by the smooth tangent vector field N (-, w) on
m\O can be presented as p; = (exp(—tw))y o P”l0 ;> in which P”l0 ; s the nonlinearly
parallel translation along c(t) = (exptw) - ofrom c0)=oto c(t)

Remark 6.4 Theorem 6.2 and Corollary 6.3 suggest we study the Lie algebra §) gen-
erated by N (-, w) for all w € m, using the Lie bracket between smooth tangent vector
fields. It seems interesting to explore the relation between §) and the restricted holon-
omy of (G/H, G) and look for homogeneous spray structures G which are not affine,
and have finite dimensional §). That may shed light on the Landsberg problem for
homogeneous Finsler manifolds [28, 45]. See also Sect. 4.2 in [40], where similar
observations are made for a left invariant spray structure.

6.3 Homogeneous S-Curvature and Landsberg Curvature Formulae

Firstly, we use linearly parallel translation to generalize L. Huang’s homogeneous
S-curvature formula (see Proposition 4.6 in [11]).

Let (G/H, G) be a homogeneous spray structure with a linear decomposition g =
h 4+ m. We further assume that the Ad(H )-action on g/b is unimodular, i.e., for each
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g € H, the determinant of Ad(g) : g/h — g/bis £1. Then there exists a G-invariant
smooth measure du on G/H which is unique up to a scalar. The S-curvature for G
and du is given by the following theorem.

Theorem 6.5 Let (G/H, G) be a homogeneous spray structure with a linear decom-
position g = b + m. Suppose that the Ad(H)-action on g/ is unimodular. Then for
G and any G-invariant smooth measure dyu on G/ H, the S-curvature satisfies

S(0,y) = Trr(N(y, ) + adm(y)),

for any y € m\{0} = T,(G/H)\{0}. Here ady,(y) : m — m is the linear map
w = [y, wln.

Proof Letc(t)bethe geodesicon (G/H, G) withc(0) = oand ¢(0) = y € m\{0},and
¢(t) the smooth curve on G provided by Lemma 5.1, satisfying ¢(0) = e, c(¢) = ¢(t)-0
and (LE(I)—I)*(E(I)) € m\{0} around ¢ = 0. Denote E;(t) = (c(t))«(e;), V1 <i < n.

Then {E|(t),---, E,(¢)} is a smooth frame along c(¢). By the G-invariancy of du,
du(Eq(t), -, Ey(t)) is a nonzero constant function. By Lemma 2.2, S(o, y) is the
real trace for linear map A(w) = —(‘f—t|,=0w(t), in which the smooth curve w(¢) in

m is determined by the linearly parallel vector field W (¢) = (c(¢))«(w(¢)) along c(¢)
with W(0) = w. By the second statement in Theorem 6.1, we have _¢§1_1| —ow(t) =
Ny, w) + [y, wlm, s0 S(o, y) = Trr(N (¥, -) + adm (y)), which ends the proof. O

Nextly, we use the linearly parallel translation to re-prove L. Huang’s Landsberg
curvature formula curvature formula for a homogeneous Finsler manifold.

Theorem 6.6 Let (G/H, F) be a homogeneous Finsler manifold with a linear decom-
position g = b + m. Then for any y € m\{0} = T,(G/H)\{0} and w € m =
T,(G/H), the Landsberg curvature of (G/H, F) satisfies

Ly(w, w,w) =3Cy(w, w, [w, ylm — Ny, w)) — Cy(w, w, w, n(y)). (6.4)

Here the Cartan tensor C, (-, -, -) and the Cartan tensor Cy (., -, -, -) with a higher
order are defined for the Minkowski norm F = F(o,:) on m = T,(G/H). In
particular, we have

d
Cy(wi, w2, w3, wa) = g7 li=0Cytrwy (W1, w2, w3), Ywy, wa, w3, wg € m.

Proof Let n and N be the spray vector field and connection operator for the geodesic
spray of (G/H, F). Notice that the given decomposition g = h + m may not be
reductive, so n and N may not be those in (5.4) and (5.5) respectively.

Let c(¢) be a geodesic on (G/H, F) with c(0) = o and ¢(0) = y € m\{0}, and c(¢)
the smooth curve on G provided by Lemma 5.1, satisfying ¢(0) = e, c(t) =¢(t) - o
and y(¢) = (LE(I)—I)*(E(I)) = (1) 14 (¢(1)) € m\{0} around r = 0. Let W(r) =
(c(2))«(w(2)) be the linearly parallel vector field along c(¢) with W(0) = w(0) = w.
Using the formula (2.7) for Landsberg curvature and the G-invariancy of F, we get
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Ly(w, w, w)
= $li=0Cery(W (1), W (1), W(1))
= $i=0Ce)-1y, cn (EO DLW (@), @)D (W (1)), €)™ (W (1))
= L i=0Cyn (W), w(t), w(1)). (6.5)

By Theorem 5.3 and the second statement in Theorem 6.1, we have % y(@) = —n(())

and iw(t) —N@Gy@®), w)) — [y(@), w()]m. So the calculation (6.5) can be
contmued as

Ly(w, w, w) = $1=0Cy) (W), w(t), w(t))
=3C,(w, w, 10w () + Cy(w, w, w, & =0y(1))
= 3Cy(w, w, w, [U), y]m - N(Yv w)) - Cy(ws w, w, ’7()’)),
which ends the proof. O

Though the formula (6.4) in Theorem 6.6 looks the same as the one in Proposition
4.6 of [11], there is still a slight refinement because we do not need the reductive
property here.

6.4 Homogeneous Riemann Curvature Formula

Now we use the submersion technique to calculate the Riemann curvature of
(G/H, G). As a preparation, we need the following lemma.

Lemma 6.7 At each point of L\0, we have

T(TM '
CI) ( )|[Z(U'H) Uq _ (2 — H] _ EM qu)auf C;xqu’auot.

Proof Firstly, we use (1) in Lemma 4.7 to get

D) L kg o 1]
qur ' — qu )0, + Fulcyidye,

=

atany p = (g, y) € £\0 with y = u'U;(g). Here we have used u* = 0 for all « at p,
and Fact 6, i.e, H” = 0 around . Nextly, we use (2) in Lemma 4.1 and get

l7q = ¢;‘71 +¢g Vo + cijquiauj + cf‘quiaua
at p. Finally, Fact 3 provides
T(TM ST T(TM ~ e ) j
cDE( )|T£(U;'l) — q>£( )‘Tﬁ(Uq) _ (%%H] %ukc(]lk)aui
= ﬁq - chuiaua — (%%ﬁ] %u c k)au,,

which ends the proof. O
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The following theorem provides the Riemann curvature formula for (G/H, G).

Theorem 6.8 Let (G/H, G) be a homogeneous spray manifold with a linear decom-
position g = h+m. Then for any y € m\{0} = T,(G/H)\{0}, the Riemann curvature
R, : m — m satisfies

in which DN ((y), y, w) = $,_oN(y + tn(y), w).

Proof When the spray vector field 7 : m\{0} — m is viewed as the smooth vector
field ﬁ|m\{Q} =H (e, -)0,:, the connection operator N (y, w) with y = ule; € m\{0}
and w = w'e; € mis then identified with

— —w u’ck 3k

Ju' 20 (e, )9

2 ul

So we can use the G-invariancy of G to translate (6.6) to

=

Ry(w)—wq(c uufck +3cr up H +2 qu]-i- IHP H

4~ pq upauq

— %ﬁp%ﬁ + 4 pr WHP — ‘—ltcgjcpru/u )gs(e;) (6.7)

where y = ulg,(e;), w = wig,(e;) € T,.,(G/H) and y # 0.
By (4.1), Lemma 3.7, Fact 4 and Fact 5, (6.7) is equivalent to

[Gl 0, <I>£<TM"£(U“>1

?

0 1 J 1P
= (cgju'u o T3 K Chqlt au'H +3 fyH H g H
1 0 P P
B s w51 = febcl, ulu")o,
(mod U, Uy, 8,6, Vi, a, B). (6.8)

for each ¢q. By Lemma 6.7, CIDC(TM)M(UH) can be smoothly extended to T G\0. So
when we calculate the left side of (6. 8) we may first do it in the neighborhood of £\0

where Fact 6 is valid, i.e., H and 5 H vanish, and then restrict the result to £\0,
where u® vanishes. o -

According to Lemma 6.7, we denote CDT(TM”L (UqH) = X| + X», in which X| =
—cf ul e and Xy = U, — (2du—qH] — Jule) ),
u'Ui(g)- L

Firstly, we calculate [G| .\, X1] and get

at each (g, y) € £\0 with y

[Glevo, X11 = [ U; +u®U, —ﬁiau —cS,u T3]

= _quu u/[Ulv 81405] (mOd Uaa uﬂava’ ;B)

= cu'u/cf, o, (mod Uy, d,s, Var, B), (6.9)
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in which the last equality needs (4) of Lemma 4.1.

Nextly, we calculate [G, X,]. The calculation is almost the same as that proving
Theorem C in [39].

To be precise, we have

—H'0,, T, — (;aqu’ i — sukcl 0,1
= UH 0, +H [T, 0,1+ L[H 9, agq "o, - el [l ukd,;)
LI < (P (TR

ul 2 qud duP

3 i P §574
_cpqu”au,Ha —i—c’ oH 9, +5H

—1d .H’aw + 2 q]uj—HB (mod d,e, Var)

ouP

uPBuq

_ 1 p_d 10w/ 17l 9%
= chqu aLer 3u1 + chJH auz + 2H a”pauqH 3

I H 2 9,1 (mod 9, Var), (6.10)

_l

3 H

1.9
239
where Fact 6, the left invariancy of H' and Lemma 4.1 have been applied.
Using Lemma 4.1, we also have
[EOa Uq (2d H 2 q,)aul]
= [Go, Uyl — S G2 A — kel u))[Go, 8,1 — $Go (G2 H — ¢ jul)d,

oud % uJ)[GO’ u’]__%(auqH ——C uj)[u Up’a“l]

_ 1, 0 P pc 0 i i .
_Z(WH —qulxt )Up——u (WH —quu )[U,,,Z)u,]
— Lo gl _.P,i Nﬁ
= 7 (g — ¢ ;u’)(U 2(3uP
i 1 R d
—c’p u")o,i) — EMP(WH - cqjuj)cpraui(mod Oy, Yar)
=12 Hp—c uf)( H - uH)d i — uP GLH — " ul)el 9
— 4\oud uP pr u' 2 ud qj pr-u

(modU , Oy, Vi, )

= li 0 LoP i 9 u LH o
= 1547 H aupH 3u, 4 q]u 3MPH 814’ + 4 pr auqH auz
P

' wu’ 9, (mod UM, 8,0, Vi, ), 6.11)

where the first summand in the second line vanishes because Gy = v’ \7, + v“_va
is right invariant, and the third summand in the second line vanishes because H's,
u”s and 9,:’s are left invariant, i.e., VH = V,H =0, Vu = Vou' = 0, and
[Vi. 8,1 = [V 8,1 = 0.¥i, j. c.

Adding (6.9), (6.10) and (6.11), we get (6.8), which prove Theorem 6.8. m]

Remark 6.9 Though (6.6) is not explicit given in [11] for ahomogeneous Finsler metric
and a reductive decomposition, L. Huang showed in a private communication that it
can be easily deduced from Proposition 3.3, (26) and (30) in [11].
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The thought in Theorem 1.2 of [40] provides a new interpretation for the
homogeneous Riemann curvature formula (6.6).

Corollary 6.10 Let (G/H, G) be a homogeneous spray manifold with a linear decom-
position g = b+ m. Let c(t) be a geodesic on (G/H, G), which is defined around
t = 0 and satisfies c(0) = o, ¢(t) the smooth curve on G provided by Lemma 5.1
for c(t), satisfying c(0) = e, c(t) = c(t) -0 and y(t) = (LC(,)_l)*(c'(t)) € m\{0}
everywhere, and W(t) = (¢c(t))«(w(t)) a linearly parallel vector field along c(t),
where w(t) = w' (t)e; is viewed as a smooth vector field along the smooth curve y(t)
in m\{0}. Then N(t) = N(y(t), w(t)) and R(t) = Ry (w(?)) satisfy

N(t) =[w@),n] and R(@) = [y(®), [w(®), yO)lplm + [n, N(0)]

when they are viewed as smooth vector fields along y(t).

Remark 6.11 Here we apply the same convention as in [40], i.e., brackets without
subscripts are indeed Lie derivatives. They can be calculated like brackets between
smooth vector fields as following. Let X be a smooth vector field on M and Y (¢) a
smooth vector field along an integral curve c(¢) for X, then [X, Y (¢)] = —[Y (¢), X]
is a well defined smooth vector field along c(#). When c(#) is not constant, we may
locally extend Y (¢) to a smooth vector field Z on M, then [X, Y ()] = [X, Z]|cq) is
independent of the extension. Using local coordinate, the bracket between X = X' 0yi
and Y(t) = Y! (t)0,i|c(r) can be presented as

[X, Y ()] = (FY 3 — Y O 55 X7 9. eqr)- (6.12)

Notice that when c(¢) is constant, (6.12) can still be used to defined [X, Y (¢)] along
c(t), which is independent of the choice of local coordinate.

The proof of Corollary 6.10 is very similar to that for Theorem 1.2 in [40].

Proof of Corollary 6.10 By Theorem 5.3, y(t) = (L¢ry-1)x(¢(2)) for the geodesic c(t)
is an integral curve of —n. We view w(¢) = @@ ~H(W()) as a smooth vector field

along y(¢), so the bracket [—n, w(¢)] is a well defined smooth vector field along y(¢)
by Remark 6.11. Using (6.12), we get

[—n, w(®)] = $w®) + Dn(y(®), wt)) = Sw) + 2N (1), w(t))
Hy (), w(t)Im-

By Theorem 6.1, we have %w(r) +Ny@), w))+[y(@), w(t)]m = O for the linearly
parallel vector field W () = (c(¢))«(w(t)) along c(t), so N(¢) = N(y(), w(t)) =
[—n, w(®)] = [w(@), n].

Using the fact C“i—ty(t) = —n(y(¢)) from Theorem 5.3 and the linearity of N (-, -) for
the second entry, we have

ENO@), w) = DN(=n, y(0), w®) + N(y(@), $w())
= DN, y(®), w®) + Ny (0), =N (1), (1))
—[y@®, w#)Im)
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=—=DN(@, y(®), w(t)) = N(y(@®), N(y(2), w(t)))

—N@), [y®), w(®)lm), (6.13)
in which DN (n, y(t), w(t)) = %LYZON(y(t) +sn(y(t)), w(t)). So (6.12) and (6.13)
imply
. N(O] = =S NO@), w®)) — Dyp(y(t), Ny (@), ()
= DN, y(1), w(®)) + N(y(@), N(y(@), w®))) + N(y(@), [y(®), w(t)]m)
—@CN (@), N(y@), w())) + [y@), N(y@), w®))]m)
= DN, y(1), w(?)) = N(y(@), N(y(@), w(®))) + N(y@), [y(®), w(t)]m)
—[y@®), N(y®), w(?)lm
=Ryoy(w(@®) — [y@), [w@), yOlplm = R@) — [y (@), [w®), y(©)]p]m-
This ends the proof.
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