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Abstract

In this work we consider a non-local magnetic system with a Stein—Weiss convolu-
tion potential. Using variational methods, we study the existence of solutions for the
weighted non-local magnetic system and we establish the existence of solutions in
the case of large perturbations of the linear absorption term. In addition, we provide
new variants of the Brézis—Lieb lemma (Proc Am Math Soc 88:486—490, 1983) with
a Stein—Weiss convolution reaction for the non-local magnetic system.

Keywords Nonlinear Stein—Weiss type convolution system - Magnetic field -
Variational methods
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1 Introduction

The linear Schrodinger equation is a basic tool of quantum mechanics, which provides
a description of particle dynamics in a non-relativistic environment. The nonlinear
Schrodinger equation appears in different physical theories, for example, see Meystre
[22] and Mills [23]. In particular, we are interested in the interaction between the
particles, and so we study in this paper the following weighted non-local magnetic
system
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where N > 2, 1 > 0 is a real parameter, u € (0O,N), « > 0, 2a¢ + u < N,
<2N_“_2“ 2N_M_2a>'fN>2 c (—4_“_2“ +oo>ifN—2
e N N-2 ) P 2 -
i is the imaginary unit. The magnetic potential A : RY - R¥ isin leoC (R™) and the
scalar potential V : RY — R is a nonnegative continuous function which can vanish
somewhere.
We now assume that Z : RV > R is a continuous function which satisfies the
following hypotheses:

e there exist two positive constants mq and m 1 such that
AV(X) 4+ Z(x) > mgand | Z(x)| < m; forallx e RV, 1 > 0.

In problem (P,), if we replace LV (x) + 1 with AV (x) + Z (x) and adjust the workspace
accordingly, our method is still valid.

Our purpose is to qualitatively analyze the solutions of the weighted non-local
magnetic systems with a Stein—Weiss convolution term in whole space. Because of
the appearance of magnetic field A, problem (Pj) cannot be transformed into a pure
real-valued problem, so we should deal with a complex-valued problem directly, which
brings more new difficulties to our problem by using variational method. On the other
hand, the interaction between the Stein—Weiss convolution term and the magnetic
field potential makes it necessary to apply or establish new estimates to overcome new
interesting challenges.

In the physicalcase N =3, A =0,V =0, =0, u = 1 and p = 2, problem
(P,,) reduces to the following Choquard-Pekar equation

2
—Autu= (f u(y)l dy)uinR3, (1)
R3 |[x — ¥l

which goes back to the description of a polaron at rest in Quantum Field Theory by
Pekar [26] in 1954 and was used to describe an electron trapped in its own hole, as
a certain approximation to Hartree-Fock Theory of one component plasma (see Lieb
[18]). Eq. (1) was also proposed by Penrose (see [27]) in his discussion on the self-
gravitational collapse of a quantum mechanical wave-function. In this context it is
also known as the nonlinear Schrodinger—Newton equation.

In addition, from a mathematical point of view, Eq. (1) and its generalizations have
been extensively studied. In his paper [18], Lieb studied the existence and uniqueness,
up to translations, of the ground state to Eq. (1). Via the critical point theory, in [20]
Lions proved the existence of a sequence of radially symmetric solutions. Since the
non-local term in (1) is invariant under translation, we are able to get easily the exis-
tence result by using the Mountain Pass Theorem; see Ackermann [1] for example.
For a general case, Ackermann in [1] applied a new method to obtain the existence
of infinitely many geometrically distinct weak solutions. For the recent relevant con-
tributions included in the papers are by Alves and Yang [2], Ding et al.[10], Du and
Yang [11], Ghimenti and Van Schaftingen [15], Ma and Zhao [21], Moroz and Van
Schaftingen [24,25], Wei and Winter [29], and their references. In all the papers men-
tioned above, the authors proved the existence of solutions by variational method. This
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method works well due to a Hardy—Littlewood—Sobolev-type inequality in Lieb and
Loss [19].

Many authors have studied the problems involving deepening potential well and no
magnetic field (i.e., A = 0). In [9] Ding and Tanaka considered the local Schrédinger
equations with deepening potential well

—Au+ AV +Zo)u =u”, u>0inRY, ()

where A > 0, V, Z are suitable continuous functions satisfying some conditions,

2
+2ifN >2and 1 < p < o0 if N = 1, 2. For A > 0 sufficiently

N
l<p<
large, the authors proved the existence of multi-bump solutions. For the critical growth
case, in [3] Alves et al. introduced some new parameter in (2) and then they established
the existence and multiplicity of positive solutions when N > 3. Very recently, Alves et
al. in [5] investigated the existence of multibump solutions for the following non-local
equation

—Au+ AV(x)+ Du = (/ M

dy) [u]?~2u in R,

R} X — yI¥

here u € (0,3),2 < p < 6 — u and the nonnegative continuous function V has a
potential well set. Here we would like to mention the recent work of Filippucci and
Ghergu, in [14] they obtained the existence and the asymptotic profile of singular
solutions for coercive quasilinear elliptic inequalities with nonlocal terms. Therefore,
one of the motivations of this paper is derived from the above results.

Another motivation of this paper comes from several works on magnetic Laplace
equations in recent years. For example, in [6] Arioli and Szulkin considered the exis-
tence of solutions of the semilinear stationary Schrodinger equation in the presence
of a magnetic field:

(—=iV + A)%u+ V(x)u = g(x, [u])u in RN,

where u : RN +— C, N > 2,V : RN > R is a scalar (or electric) potential,
A : RN — R¥ is a vector (or magnetic) potential and g is a nonlinear local term. To
prove Theorem 1.3 of [6], they imposed more assumptions on the potentials V', A and
the nonlinearity g. For the reader’s convenience, we list some of these hypotheses:

(H) VeL®RVR),ge CRY xR, R)and A € L} (RN, RV);
(Hy) V, g and curl A (in the sense of distributions) are l-periodic in x;, j =
1,2,...,N;

(H3) 0¢ 0(—Ap+ V), where Ay = —(—iV + A)2.

In general A is not periodic, therefore the operator V4 = V + i A is not transla-
tion invariant. However, from hypotheses (H;) and (H3), we can define a different
“translation” to guarantee some invariants, for instance, see Arioli and Szulkin [6] and
Zhang et al. [33]. More recently, in [8] Cingolani et al. studied the following nonlinear
magnetic Choquard equation
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|u(y)|”
N =yl

(—iV+ AU+ Vxu = (/ dy) lulP~2u in RV,
R

where A : RY +— R is a Cl-vector potential, V : RY > R is a bounded

continuous scalar potential with infpy V. > 0 with N > 3, u € (0, N) and

u 2N —u
pel2——,
N N-2
that both A and V scalar potential have certain symmetries. More precisely,

) . In order to overcome the lack of compactness, they assumed

A(gx) =gA(x)and V(gx) = V(x) forallg € G, x € RN, 3)

where G is a closed subgroup of the group O (N) of linear isometries of R" . Therefore,
(3) plays an important role in the proofs of [8]. Regarding other related results, we
refer to Alves et al. [4], Esteban and Lions [13], Ji and Radulescu [16,17] and the
references therein.

To the best of our knowledge, the first results dealing with the semilinear elliptic
equation with Stein—Weiss convolution appear in [12], in which subcritical case and
critical cases were studied. Moreover, a system of Schrodinger equations with Stein—
Weiss type convolution part was considered in [32], there the authors studied the
regularity and symmetry of the nontrivial solutions.

According to the comments above, it is quite natural to consider problem (Py).
In the present paper, we are interested in studying the existence of the solutions for
problem (P, ). Henceforth, we show that if the parameter A > 0 is sufficiently large,
problem (P, ) has a nontrivial solution under suitable assumptions on V. Precisely, we
require that

(Vi) V e CRN,R) with V(x) > 0;

(V2) there exists Mo > 0 such that meas ({x € RV : V(x) < Mp}) < +oo, where
“meas" denotes the Lebesgue’s measure;

(V3) Q:=intV-'(0)isa non-empty set.

In the present work our main result is

2N —u —20 2N — u — 2
Theorem1Lethz,azo,zaJerN’pe( M — 2 12 a)if

N ’ N -2
4 —u— 2«
2
Then there exists A* > 0 such that, for any A > \* problem ( P;,) admits a nontrivial

solution.

N >2andp € , +oo) if N = 2. Assume that (V1)—(V3) are retained.

As far as we know, this paper is the first attempt to study the non-local magnetic
problem including the Stein—Weiss convolution term.

Since we do not assume that both A and V have some periodicities or symmetries,
we are unable to draw a similar conclusion with [6] and [8] directly. In addition, even if
both A and V have these properties, due to the appearance of the non-local Stein-Weiss
convolution term, we cannot directly obtain the existence of ground state solutions of
problem (P;) by using Mountain Pass Theorem and Lions’ vanishing-nonvanishing
arguments. Therefore, the main difficulty in this paper lies in the lack of compactness.
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Theorem 1 will be proved by adopting variational methods and making full use of
some estimates. On the other hand, as we will see later, it is worth mentioning that,
because we are dealing with different problems, in which the functions are complex-
valued and the nonlinearity is a non-local Stein-Weiss convolution term, it is necessary
to carefully analyze some estimates.

Notations

e B,(x) denotes the open ball or open disk centered at x € RN (N > 2) with radius
r > 0 and Bf (x) denotes the complement of B, (x) in RN
e The usual norm of L4 (RY, R) is denoted by | - |, ¢ > 1.

2 Variational Setting and Preliminary Results

In order to obtain the existence of solutions to problem (P;) by using variational
method, we outline the variational framework in this section and give some preliminary
results.

Foru : RN — C, by V4 we denote

Vau = (V+iA)u.
Also, we introduce the following Hilbert space
HIRY,C):= {u e LXRY,C) : |Vaul € Lz(RN,R)}
equipped with the scalar product

(u,9) :=Re / (VauVag + ug) dx forallu, ¢ € Hy(R", C),
RN

where “Re" and the bar represent the real part of a complex number and the complex
conjugation, respectively. By | - || 4 we denote the norm induced by this inner product.
Let U € RY be an open set. Now, we define

HY(U,C) = {u € L2(U,C) : |Vau| € LZ(U,R)}
and

1

2 2 :
Il gy 0 = (/U (1Vaul? + ul )dx)
Moreover, for any fixed A > 0, let us define the following Hilbert space
X, = {u € HA(RN,C) : / AV () |ul?dx < +OO},
]RN
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with the norm

1
lully = </ <|VAM|2 +AV(x)+ 1)|u|2> dx)2
RN

So, we can easily see that X, € H /1‘ (RN , C) for any A > 0. In our argument, it is
necessary for the norm || - ||, to depend on A. Hence, we mainly use || - ||, in the sequel.

It is worth pointing out that the following well-known diamagnetic inequality (see
Lieb and Loss [19, Theorem 7.21]):

IV]u(x)|| < |Vau(x)| forallu € H}(RY, C) and for a.e. x € RV, 4)
Thus, from relation (4), we know that, for any A > 0,

ifue X, = |ul € H'R",R),
= X, is continuously embedded in L? (]RN , C) for all
2N
q € Z,W , N > 2 (resp. g € [2, +00), N =2),

and compactly embedded in L;’OC (RN, C) for all

2N
q € |:1, m) N > 2 (resp. g € [1,4+00), N =2).

Next, we give the Stein—Weiss inequality [28] which plays an important role in the
present work.

Proposition2 Let1 <r, s <+00,0<u<N,a+>0,0<a+p+u <N,
f e L"(RY,R) and g € L* (RN, R). Then there exists a sharp constant Coros,0.8.10)
such that

J@x)g»y)
AN /RN [x]*| T e = C("’S»O"/S»ll)|f|r|g|s7

lx — yl#|y|P
where
1 1 a+B+nu
-4+ - 2
r K + N
and
1 1
S
r N N r

and C(r s..8,u) 15 independent of f and g. In addition, for all g € LSRN, R), it
holds

gy
— 84y < Cupaplgls.
/Rw Ix[o]x — ylelyf ], = CrePIEh
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where t verifies

1 1 1
PR N o el S S S e
t s N N t N

Clearly, problem (P,) possesses a variational structure: for

<2N—/L—20[ 2N — u — 2«
p €

) (N=3, a=0)
N N -2

and
4—pn—2
pe (%,Jroo) (N=2, a=>0),
the critical points of the functional &, € C 1 (X, R) defined for all u € X, by

& u): = %/RN <|VAu|2 F OV + 1)|u|2) dx

1 1 p
b _(/ [u(y)] dy) |Pdx
2p Jrv |x]® \Jrv |x — y|*]y]®

are weak solutions of problem (P,). By Proposition 2 and the Sobolev embeddings,
we see that the functional &, is well-defined and it holds

E (u)p = Re /N (VauVap + AV (x) + Dup) dx
R
1 p
—Re / — (/ L)) i dy) |u|P~ugdx
RN X% \JRN [x — ylH]yl*
forall u, ¢ € X;.

Before the end of this section, we shall prove the following useful result, which
will be used frequently in the sequel.

Lemma3 Let p > 1 and define A : CN +— CN by A(z) = |z|P7%z, z =
(21,22, -+, 2N) € CN. Then

(1) if p = 2, for each fixed ¢ > 0, there exists some C. > 0 such that
|A(a + b) — A(@)| < ela|’~" + Co|b|P~" foralla, b e CV;
(1) if1 < p <2, it holds

{:= sup A +b) — A@) < 400

I
a,beCN | b0 b|P

@ Springer



102 Page 80of 27 Y.Zhang et al.

Proof (i) We first consider the case p = 2. In this case, we can easily see that for any
& > 0, there exists C, = 1 > 0 such that

|A(a +b) — A(a)| = |b| < ¢la| + |b| foralla, b e CV.
Next, we show the case p > 2. Let us define the following functions:
Aj(2) == zIP%zj, zeCV, z;€C, j=1,2,...,N
and
gj(t):=Aj(a+1tb),a, beC teR, j=1,2,...,N.
So, we have, for each fixed j (j = 1,2,..., N)and foralla, b € CN,

|Aj(a+b)—Aja)l
=1gj(1) — g;(0)]
= |g}(9)| for some 6 € (0, 1)

=|(p —2)la +0b|"*Re (b(a +6b)) (a; + b;) + la + 0b|P b
< (p—2)la+60bl""*\a +6b||bl|aj +0b;| + |a + 6b|P2|b;]|

< (p — D(lal + [b])?~*|b|

< (p— 12" 2alP2|b| + (p — 2P 2(b|P ™! (since p > 2)

1 N
< N8|a|1’*1 + C.|b|P™! (use Young inequality),

where
N 1 2=p 2
C, =2r2 (Ns> 225 (p—2)P 2 4 (p—1)2P72, p>2.

Combining the cases p = 2 and p > 2, we infer that, for all p > 2, for each fixed
& > 0, there exists some C,; > 0 such that

|A(a + b) — A(@)| < ¢lalP™" + Co|b|P~ foralla, b e CV,
where

NC., ifp>2,

C. =
¢ 1 if p=2.

(i) Now, we deal with the case 1 < p < 2. To this end, we define the function
G :CN x CVN > R as follows

|A(a +b) — A(a)|
b=

G(a,b) = foralla, b € CV.
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Clearly, G(a, tb) = G (‘?l b) forall 7 € R \ {0}. Thus, we have

{= sup G(a,b).
aeCV, |b|=1
We observe that
Ly = sup  G(a, b) < +oo (by the continuity).
lal=<2, |bl=1
It remains to prove that
Uy = sup  G(a,b) < +o0.
la|>2, |b|=1

Suppose that |b| = 1, |a| > 2 and ¢ € [0, 1]. Then, we see that
la +1tb| > |a| — |b| > 1.
So, we have, for any fixed j (j =1,2,..., N),
[la -+ b7 (a; + b)) — lal”2a;|

1
= VO ((p —2)|a+ th|”"*Re (a + th)b(aj + th;) + |a + tblp’zbj> dt

1 1

s/ (2—p)|a+tb|p_2|b|dt+/ la + tb|P~2|b|dt
0 0

<3-p,

which implies that £, < (3 — p)N < 4o0.
Hence, we have £ < 4-00. This proof is now complete. O

3 The (PS). Condition for the Functional &£,

In this section, working with the (P S)., sequence of the functional &,, we will show
that, for givend > 0 independent of A and then for A > O sufficiently large, the (P S).,
sequence of the energy (Euler) functional & satisfy the (PS)., condition at the level
0 < ¢, < d, where ¢, and d will be defined later.

Now, we prove that the energy (Euler) functional &, verifies the Mountain Pass
Geometry (see Willem [30]).

Lemma 4 For each fixed ). > 0, the functional &) has the following properties:

(a) there are o > 0, p > 0 such that &, (u) > o with |u||, = p;
(b) there is some element e € X, with |le|, > p such that £, (e) < 0.
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2N —u —2a 2N — u — 2«
N O N=2

Proof (a) Notice that p € < ) (N > 3,a > 0)and

4—u—2
p € (%, +oo) (N = 2, a > 0). From Proposition 2 and the Sobolev

embedding inequalities, it follows that

1 1 P
_/ (/ [u(y)] dy) u|Pdx
2p Jry Ix]¢ \Jr¥ |x — y[#]yl®

where C := C(p g, ;) is some positive constant.

By using the inequality above and reviewing the definition of the functional &, , we
get

A 2p
= Cllull;”,

1 A2
E () > 5||u||§ — Cllully?

1 A n2p=2
= Slull? (1= 2C0ulz”?).
2 ~ 1
Set p :=22-27 (C)2-2r > (. Then we have

En(u) > %pZ (1 _ Zépzp—z)

1
= 4_1'02 =: 0 > Oforall |lull, = p.
This proves (a).
(b) Choose ¢ € Cgo(RN , R) \ {0} with supp (¢) C 2. We observe that
2 2p P
t t 1 lp(y)]
EGp)=Slol} — 5 | — <f —ady> lp|Pdx
2 2p Jry 1x|® \Jry |x — y[#]y

2 2p 14
t t 1 lp(»)]

= S 1911 up (o))~ —/ — (/ @Y | lelPdx
2 ASupp (¢ 2p supp () |X| supp (¢) |X - }’| |y|

— —oo0ast — —oo, since 2p > 2.
The proof is now complete. O

Let us define

¢, := inf max & (y(t))
yel te[0,1]

and
[':={y e C(0,1], X;) : ¥(0) =0, y(1) = e},

where e is given in Lemma 4.
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Since supp (p) C €2, we can easily see that there exists some constant d > 0,
independent of A > 0, such that max,~o &, (t¢) < d. So, we deduce that c; < d for
all A > 0.

Lemma5 Assume that {un},en S X). is a (PS). sequence of the functional £, at the
level c. Then the sequence {u,},cny S Xy is bounded, and moreover ¢ > 0.

Proof Let {u,},cny © X, be a (PS), sequence, that is,
En(uy) — cand & (uy) — 0asn — oo.

Therefore, for n sufficiently large, it follows that

1
c+ 1+ llunll = Ex(un) — ng\(un)un

1 )
= (5 - 5) lleen 5,

which yields the boundedness of {u,},cy € X, and so ¢ > 0. Thus, we complete the
proof of the lemma. O

Corollary 6 Assume that {u,},cny S X, is a (PS)o sequence of the functional &, at
the level 0. Then u,, — 0 in X, asn — o0.

The next three lemmas are variants of the Brézis—Lieb Lemma [7] for the Stein—
Weiss type convolution term, which seem to be new and of independent interest. The
results we get here will be useful to everyone working in this direction.

Lemma7 Assume that N > 2, « > 0,0 < u < N,2a04+pu < Nand1 < p

2N — nu —2a | .
—N_2 if N >3 (resp. 1 < p < +ooif N = 2) are fulfilled. If {u,},cn

2N
L W-n2 (RN, C) is a bounded sequence with u, (x) — u(x) a.e. in R asn — oo,
then we have the following property:

1 L4 1 P
/ <f 4 ()] dy) |un|pdx_/ (/ v () dy>|vn|,,dx
re [x1 \Jpy x = yllyle rv 2l gy = yleyle
1 p
_>/ (/ wdolum
Ry 12 gy [ = ylElyl

IA

N

asn — oo, where v, := u, — u.

2N,
Proof Since the sequence {uy},cny < LZN*HP*Z“ (RN, C) is bounded and u, (x) —
u(x) a.e.in RN as n — oo, from Proposition 5.4.7. of Willem [31], it follows that

wo. 2N
|v,|P — 0in L2V=1=2« (R | R) as n — oo.
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On the one hand, arguing as in the proof of the Brézis-Lieb Lemma [7], we can
deduce that

2N
lun|? — |vn|? — [u|? = 0in L2122 (RN R) as n — oo. (5)
In addition, we can use relation (5) and Proposition 2 to infer that
lun (V)P lvn ()P lu(y)l?
—dy — ——dy > ——dy
RN [X]¥[x — y|#]y]¥ RV [X[*|x — y[#]y]¥ RN [X]¥[x — y|#]y]¥
2N
in L%+ (RY | R) as n — oo. (6)

Note that

1 p 1 P
/ (/ Mdy>|un|pdx_/ 7</ Mdy>|vn|pdx
Y x| \ SRy Jx — yl#]yl 'Y 1l SRy |x — 4]yl
I lun (NP = [oa(P)]P
=f (f . “dy ) (|ual” — |val?) dx
'Y x| \Jry =yt

1 p_ p
2/ 7(/ 1a()I” = [oa ()] dy>|vn|,,dx.
e el e Py

Using the above information, we can easily get the desired result. This proof is now
complete. O

Lemma 8 Assume that N > 2, ¢ > 0,0 < u < N,2c0+pu < N, p > 1 and

2N—/L—20[< 2N_M_2afN>3
< i resp.
N =7 N—2 = P

(07
5 <p<+4+0ifN

= 2) are fulfilled. Let {u,},eny S Xy be such that uy, S uin X, asn — oo. Set

Uy = Up — V. Then, passing to a subsequence, for any ¢ € X, such that |¢|, <1
it holds

sup (@' (un) — @' (va) — D' (W))g| = 04(1), asn — oo,

llolr=<1
that is,
&' (up) — @' (vy) — ' (u) = 0,(1) in X5 as n — oo,
where
®d(u) = L/ : </ Mdy) lu|Pdx
2p Jrv [x]* \Jrw |x — y|#|y[*
and

1 p
' (u)p = Re/ — </ Mdy) lu|P~2ugdx.
RV [x]% \JRN [x — y[H]y[*
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Proof To prove Lemma 8, we will discuss the following four cases respectively:

(1) if 20 + u < min{N, 4} and 2a + . < N,

2N — n — 2« 2N — n — 2«

N <p< N3 (resp. + 00, N =2);

(i) if 2 +u=N <4,

- 1 2N —p =2 o oo, N=2)
<p<——— (resp. +00, N =2);
4 N _2 Y
(i) if4 <2a+pu < N,
2N —u—2 2N —pu —2
N nw Ol_ - N—pun o 2.
N N -2
(iv) if4 <20+ pu =N,
2N — u — 2«
> l<p<s——m < 2.

N -2

Next, we only consider the case (i) and leave the other cases to the reader. In the
sequel, we show the following limit:

2Np
_ 2N —p—2 —1
w — P 2u| PO gy = 0. (7

tim [ a2, = 0,172
n— oo RN

Firstly, we deal with the situation

2N — n — 2«

) (resp. + 00, N =2).

2<p<

Applying (i) of Lemma 3, we know that for each fixed ¢ > 0, there is some positive
constant C, > 0 such that

P21y — |0p P00l | < €lva P71 4 CelulP7L

Now, we introduce the function H; , : RN — R* defined by

140 () 1P 210 (%) — (02 ()P 20, (x) — [ ()P 2u(x)

H; ,(x) := max {

—8|vn(x)|p1,0}.
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Obviously, H, ,(x) — 0 a.e. RN asn — oo (up to a subsequence) and
o~ 2Np
0< Hen < Clu|P™" € LOV=2070 RV, R),

where C > 0 is some constant. T herefore, we use the Dominated Convergence The-
orem to derive that

2Np
. 2N —p—2 —1
lim Hy 0=y =0
n— o0 RN

In addition, according to the definition of H, ,, we have

0 O 2200 () = [0 (1200 () = GO 20 @) = Hen + o ()17

hence, we conclude that

2Np

-2 -2 -2 QN—p—2a)(p—1)
[ e T e P

~ ____2Np 2Np 2Np
S C (Hg(’ZnN—)L—ZO()(])—l) + & CN—p=2)(p—1) |U}’l| 2N —p—2a >

where C is a positive constant. So, we obtain

2Np
lim sup f |un |p—2un _ |vn |p—2vn _ |M |p—2u QN—p—2a)(p—1) dx

n—oo JRN

~ N, __2Np

< CSWZ?’)(H [ ZNEIG;:Z“

2N—p—2a

— 2Np
< Ce @N—p=2a)(p—T) ,

where C is a positive constant. Using the arbitrariness of ¢ > 0, we see that

2Np
. — — — 2N —p—2 —1
11msup/ ‘|un|p 2up — lopl? 2oy — |ulP2u| P gy < 0.
n—oo JRN

In this case the proof of relation (7) is now complete.
Now, assume that

— 2

2N —p—2 2N —
p>1and#§p ) Ot(resp.~|—oo,N=2).

From (ii) of Lemma 3, it follows that

[0 () 1P~ 1 (%) — [0 (X) [P0 (x)
sup = < +o0.
x €RV, u(x)#£0 |u(x)|P
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Using the Dominated Convergence Theorem, we can finish the proof of relation (7)
under this situation.

Combining the above two situations, we now complete the proof of relation (7). As
with the above-mentioned proof, we can also show the other situations, so we omit
the details.

Since u, 2 uin X, as n — oo, we see that the set {u,, v,, u},cy S X, is
bounded, that is, there is some constant C; > 0 such that

litnllx lvnll. Nl < Cy foralln € N. @®)

So, we have

-2 -2
/N ‘lunlp Up — |Un|p Un
R

Dot IN(p—1) IN(p—1) ON
< 22N-p—2a |I/t | IN-p=2e | |Ul’l | 2N—p—2a |§0| 2N—pu—=2a dx
RN

. 2N
since ——— > 1
2N — n — 2«

2a+p 221\1/\](1)712) zzixlfv(p 12) S
Nt —i—2a i—2a —n—2a
< 22N |y | 2Np + [vnl 2Np ol

2Np
2N—pu—2a 2N —pn—2a 2N—p—2a

2N
AN Do 2N
VR B| N dx

(use the Holder inequality)

2N
2N—u—2a

< Cllell; (recall that the Sobolev embedding and use (8))

for some constant Co > 0. )
In the same fashion as in the proof of relation (9), we obtain

2N
—2 —|2N—p—2«a -2 —
[ R T
RN RV

for some constant C3 > 0. (10)

27 2N
2N—p— 2N—p—2a

" dx < Gsllgll,

Now, we define the following notations:

1 lunDIP = v (DIP - -2, \5
In1 ::/ — </ 4 na dy <|un|p 2un — |vnl? zvn> @dx
RN |X] RV |x — |4yl

1 P
- / ( / ju(y)| dy) -
w1 \Jry Jx — ylFly P

1 P _ p
Inz = / ¢ (/ ) |vn(oly)| dy) |Un|p72Un¢dx
RV X[ \Jry  x — y[4]y]
1 [on ()17 5 o
13 = d ( P — v p v ) dx.
' [R x| </R v — ypepype 2 ) el Zt = Jonl™50n @
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So, for n € N large enough, we deduce that

[ 1(/ |un<y>|f’—|vn<y)|f’—|u<y)|!’dy)

RN X% \Jr¥ lx — y[*]y|*

x (ltn P~ 2up — |va|?~2v,) Gdx
1 lu(y)|? -2 -2 -2\
— —d P — |vn|P "%, — |u|P"u) pdx

+ /RN x| (/RN e — v [y]® y (|Mn| up — |vpl n — |ul )§0

E/ R (/ un WP = [ (NP — Iu(y)lpldy>
RN [X]% \JR¥ lx — y[#]yl®

x |(ltn P~ *tun — [val”?v,) @] dx

I u I - 2 o
E— —d p — |V p Uy — p u dx
* L (/RN = ey ) 1l = ol = ") 7]

2041

2N\ TN
- / (/ l[un DIP — Ta (NP — Iu(y)lpldy> i
RV \JR¥ e[ x — y|# |yl

N IN—p—da
x <f |(|u”|p_2un - Ivnlp_zvn)¢|m dx)
RN

2N
(use the Holder inequality)

1
| <

2N—p—2a
2N

2N
-2 -2 -2\ =|2N-p—2a
+|u|[7 WNp <AN |(|Mn|p un—|vn|p Un_|ll|p u)¢|2N n—2a dx)

2N—p—2a

(invoke Proposition 2)
2N—p—2a

<C, M el (by (6),(9)

" Ny o))
+Cy ( / i1t = Jon P20y — ||~ 20| EVF=2007D e
RN
X |||l for some constant C4 > 0 (by the Holder inequality, the Sobolev
embedding, (8))

= Csellelin (by (7). (1)

Concerning u € X, together with Proposition 2 and the Sobolev embedding, we

see that
L.

2N
u()|P =
/ S L6 L N
RN [x|¥[x — y[#]yl*

and
2Np
|u|2N-n=2¢ dx < +o00.
RN
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From the above inequalities, we can deduce that, for any ¢ > 0, there exists R :=

R(¢) > 0 such that

(/B;«»

/ M’
S L 4 —;
RN [x]¥|x — y[#]yl*

2N N
200+
dx

2041

@CN=—p=20)(p=1)
2Np 2Np

< — / || V=122 dx +é. (12)
B (0)

Moreover, using Proposition 2 and (8), we conclude that

( )[7 227]\]

u o+

/ / S CLCD] S L /
RN [JrY [x[¥]x — y[#]y|® RN

for some positive constant Cg > 0.
Then, for n € N large enough, we have

1 |lu(y)[” E
[ (o 2 e
RN x| \JRN [x — y[#]y]

<

1 lu(y)|? 5
/ — (/ T v [P~ 20, @dx
BS0) X RN X — y[#]y]

1 u P
L / . (/ lu(y)| ady> P2
Br(0) 1X| RV |x — y[#]yl

2N
lun ()17 2ati

T TN T hatd
/RN e[ ]x = ||yl

v, pdx

20+

=(
B (0)
X (/ ‘lvn|p_2vn¢
RN

/ lu(I” d
Tale iy
RV [x[%[x — y[#]y[*

2N—p—2a

2N N
2N —pu—2a
dx)

2N 2N
2a+p
dx

2044

u p
n / / al ()] _dy
RV [JRY [X|%[x — y[#]y]
2N —p—2a

21v27N2 2N
x(/ 1”20, ’“'dx)
Br(0)

(by the Holder inequality)
2N—p—2a
<C; M el

@N—p—2a)(p—1)
Np

2Np 2
+Co ( / h=c dx) ol
Br(0) N

2N N
20+
dx)

2Np

—n—2a

dx < Cg
(13)

(see (10), (12), (13))

@ Springer



102 Page 18 of 27 Y.Zhang et al.

2N—p—2a
<Cy; M el + Crellell;. for some constant C7 > 0

(by the local Sobolev compact embedding and the Sobolev continuous embedding).
(14)

From relation (14), we infer that

1 P
/ ( / I dy) Jonl” v,
w517 \Jgw v — y1 [y

Next, we show that the following inequality

1 P
/ _(/ o ()] dy) -t
r 61 gy v = ylyl

holds true for some constant Cg > 0.
In fact, for any ¢ > 0, we can find some K; > 0 and Rg := Ro(¢) > max{l, R}
[see (12)] such that

p—1
1imSUP/ v, P / de dy < Kiellel, (17)
n—>00 J B, (0) Bry ) 1X|%|x = y|#[yl

p—1
1imSUP/ [v,|P / de dy < Kiellol. (18)
n—oo JRN RN\Bg, (0) 1X[%|x — y[#[y|*

In order to prove relation (16), it remains to consider the following term:

p—1
J, ::/ 0, |7 / [ (x)] Iw(x)ldx dy
RN\ B, (0) Bry (0) 1X[¥]x — y[H]y[*

For this reason, we will discuss it in two parts.
() If lu(x) [P~ |p(x)| = 0 a.e.on Bg,(0). Consequently, for any ¢ > 0, we obtain

lim sup
n— o0

< Crellol.  (15)

lim sup
n—o00

< Gsllel,  (16)

Jn < Kae|lgll;. for some constant K, > 0.

(+x) If meas ({x € Bg,(0) : [u(x)|P~'p(x)| > 0}) > 0. So, we have

[ furiel
Bry (0)

6N
ON —pu—2a
dx > 0.

Moreover, we have

-
[ furtiel
By (0)

@ Springer
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Set
—1 m
||I/t|p o] |L6N/(()N—;L—2a)(BRO )
&
ellellix
and
SNy —2a +12a

~ _3 N 6p
Ry :=Ro+¢ "K,4 meas (Bg,(0)) ONV-1-20n
In the case (%), we can use the above relations, Proposition 2 and the local Sobolev

compactness and the continuous embedding to conclude that, for n € N sufficiently
large,

U p
I =/ ulP~jgl / ELISOIS P
By (0) RN\Bg, (0) 1X[%|x = y[#[y|®
U p
=/ ulP~jg] f o) ax
By (0) RN\ Bry+ap () 1X1%1X — y[#|y[*

v p
wf el f L
By (0) Bry+ds (0\Bry (0) 1X|%|x — [ |y[*

1 ellell

2a -1
P
Ry |lulP=" gl LON/ON=1=20) (Bg (0))

_ (v ()IP
x ulP~ g / dy | dx
/BRO(O) RN\ BRy+ap (0) 1X1%1X — y|213)ylel3

v p
+f ulP~"lg| f SELTICOIS—N
By (0) Bryde (0\Bry (0) 1X1%1x — y[H|y[*

1 ellelix

2a -1
P
Ry lulP=1g]| LON/ON=1=20) (Bg (0))

_ [vn (¥)IP
< [ gl (/ dy ) dx
/BRO(()) RN |X|%]x — y[2/3]y|e/3

v p
wf el ( [ L
Bgy (0) Bry+de (0\Bry (0) [X1%[x — y[H|y[*

Ky ellellx

2a —1
p
RO3 “u' |§0| |L6N/(6N—;L—2a)(BRO 0))

v p
+f Pl / UTCOIUSN P
Bry (0) Bz, (O\Bry (0) [x]¥|x — y|#]yl

< Cge|lg|l, for some positive constant K4 > 0. (19)

-1
7"l
L6N/(6N7p~—2a)(BR0 0))
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Combining (17), (18), (19) and (x), we can easily complete the proof of relation
(16).

Now, we estimate |I7| and |I;}|.
We first have, for n € N large enough,

2 - 14
2] < / (/ et DP — (v (DIP — |u(y)] Idy> ‘|Un|p_zvn¢‘ dx
RN RN

lx[*]x — yl#ly|*

1 u(y)|?
+f (/ I ady)wnv’zvn@dx
v 130 \Jgw Tx — yI#Iy]

< CollunI” = [oa I = wIP| v |0al? 0,

2N—pu—2a

2N
2N —p—2a

+ 678||§0||A for some constant C9 > 0 (by Proposition 2 and (15))

2N —pu—2a —~
< (CgC3 w4 C7) gllell;. (see (5) and (10)). (20)

Also, we have

[vn|? _ _ 2\ =
1171 < A‘RN (/I;N md}’ ‘<|Mn|p U — [oa|P "0, — |ul? 2u)<p‘dx

1 p
+/ _(/ 0. () dy)m'pzuadx
RV X% \JRN [x — y ||y
2Np

QN—p=2)(p—1

@N—p=20)(p=1)
2Np

-2 -2 -2
<Cyo (/N‘|un|p un — [va|P v, — u|P " u dx
R

X |lelln + Csell@]l, for some constant Cyg > 0,
(by Proposition 2, the Sobolev embedding, the Holder inequality, (8) and (16))
< (Cg + Cqo) ell¢llx (see (7)) for n € N large enough. 21

Note that
& () — B (v)p — D' () = Re (1,3 + 12 1,?) forall n € N.

Using the last equality and relations (11), (20) and (21), for n € N large enough we
conclude that

[ g — @ ) — | = [Re (12 + 12+ 1)
< Cnellels
for some constant Cj; > 0,

which implies that

limsup sup |(®'(u) — ' (vy) — ®'(u))g| < 0 (by the arbitrariness of &),

n—>00 |ll;=<1
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that is,
&' (uy) — @' (vy) — @' (1) = 0,(1) in X5 asn — oo.

This proof is now complete. O

2N — n — 2«

—_— <
N

(resp. +00, N = 2). Assume that {u,},eny S X is a (PS),

Lemma9 Let N > 2, > 0,0 < u < N,2aa+u < N and
2N — u — 2«

sequence of the functional &, at the level ¢ > 0. Up to a subsequence, there exists
some u € X; such that u, LuinX » and have the following relations

En(vy) — E(uy) +E. () =0,(1)in X; asn — o0, (22)
E (o) — E(up) + & (u) = 0,(1) in X5 asn — o0, (23)

where v, 1= u, — u. Moreover, the sequence {v,},cn is a (PS)._g, ) Sequence.

Proof By Lemma 5, we know that the sequence {u,} is bounded in X . So, passing to
a subsequence, we may assume that u,, 2 win X, Vau, = Vau in LZ(RN, )N
and u, (x) = u(x) in RY asn — oo.

Since X is a Hilbert space, together with the fact that u, L win X, asn — oo,
we see that

lunll3 — lloall3 = llull} = 0,(1) as n — oo. (24)

Next, we can argue as in the proof of relation (7) to infer that
/RN AV @) + 1) lup — vy — ul?dx = 0,(1) as n — oo. (25)
Finally, we show that
fRNwAu,,—vAun—vAu|2dx=on(1)asn—> 0. (26)
For this purpose, we first prove that

Vaty(x) = Vau(x) ae. in RY asn — oo. (27)

FixR > Oandy € C(‘)’O(]RN, R) with ¢y (x) = 1forx € Bg(0). Since {u,, u},eny S
X, is bounded and &} (u,) — 0in X3 as n — oo, we know that

&, (up) (un) = 0, (1) and &; (un) () = 0, (1) as n — oo.
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Then, we conclude that

/ IV At — )Pl
Br(0)

< / IV Aty — ) Prdx
RN
— & () ) — ) () w) — Re /R Vau(Vaty ~ Vo

—Re/ (E—E)VAunvwdx—Re/ AV (x) + Dup (i — w)rdx
RN RN

~Re / L (Mdy) |l P21ty (it — W)Y dx.
R

N ]® N e =yl ]yl

Using the above all information, we can infer that
f |Va(un — u)]>dx — O asn — oo.
Br(0)

Since R is arbitrary, we deduce that (27) holds true.

Applying (27) and proceeding as in the proof of relation (7), we can derive that
(26) is true.

Therefore, from Lemmas 7 and 8, together with relations (24)—(26), we can get the

desired results. This proof is now finished. O
2N — u — 2«
Lemmal10 Let N > 2, 0 > 0,0 < u < N,2a+u§NandT <
2N — n — 2«

N —2 (resp. + 00, N = 2). Assume that {un},eny S Xy is a (PS),
sequence of the functional &, at the level ¢ > 0. Then ¢ = 0, or there exists d, > 0,

independent of )., such that ¢ > d, for any ). > 0.
Proof Assume that ¢ > 0. On account of the fact that

2N — u — 2« 2N — u — 2«

N <p< N2 (resp. +00, N =2),

then we can employ Proposition 2 and the Sobolev embedding to conclude that there
exists og > 0 such that

1
& wnttn = Zlunl3, for llullr. < oo.
In addition, since {u,},cn is @ (PS). sequence of the functional &, at the level

¢ > 0, it is easy to check that

2pc
limsup [Juy |5 < Pe_
n—00 )4 —1
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(p — Dog

So,ifc € |0,
OIC( Zp

), for n € N large enough it follows that

lunlls < oo.
Then we can deduce that

lim |up [ =0,
n—00

= 0<c= lingo&(un) =&,(0) =0,

(p — Doy

a contradiction. Thus, ¢ > 5
p

:= d, > 0. The proof is now complete. O

Lemma 11 Assume that {u,},cny S X is a (PS). sequence of the functional &, at
the level ¢ > 0. Then there is a positive number o1 > 0 independent of . > 0, such
that

.. 2
lim inf |u, | pZNp > coj.
n—00 2N—p—2a

Proof Since {1y}, € X, isa (PS). sequence of the functional &, at the level ¢ > 0,
we can use Proposition 2 and the Sobolev embedding to infer that

coli=c¢

p . 2
Co < liminf |u,]| psz
p— 1 n— 00 IN-ji—2a

for some constant Cy > 0, where C does not depend on A.
This proves the lemma. O

Lemma 12 Letd > 0 be a real number independent of A, and assume that {u,},cn <
X, is a (PS), sequence of the functional &, at the level ¢ € [0, d]. For any ¢ > 0,
there are some positive constants A = A(e) and R = R(d, €) such that

lim sup |un|2p ) <eforallA > A.
n—00 Lm(B;é(O))

Proof For any fixed R > 0, we introduce the following sets:
A(R) := {x eRY:|x| >R, V(x) > Mo}
and
B(R) = {x eRY x| > R, V(x) < Mo}.
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So, for n € N large enough we have

1
P < —/ AV () + Dl P
/A(R) " AMo + 1 Jar "

2
lleen I3

AMpy + 1

_ 1 2pc+ )
SaMo+1\p—1 "

where d is independent of X. (28)

Then we deduce form relation (28) that there is A > O such that, for all A > A,

lim sup / lup Pdx < 2. (29)
A(R) 2

n— oo

From the Holder inequality and the Sobolev embedding, we can find some constant
K > 0 (which is independent of 1) such that

2pKd 1
/ |un|?dx < (”— + on(1>) meas (B(R))7
B(R) p—1

<Where1§r§ (N>3)andr>1(N=2), r' = — )

N -2 r—1

= limsup / lup|?dx < % for some R large enough (recall that hypothesis V).
B(R)

n— oo

(30)

Combining (29) with (30), we have

lim sup/ |un|2dx < ¢ for some R large enough.
n—00 JRN\Bg(0)

Finally, we can use the above inequality and the interpolation inequality to conclude
the desired result. O

Proposition 13 Let d > 0 be a real number independent of ). Then there is a A =
A(d) > Osuch that, for all » > A the functional &, satisfies the (P S)., condition for
all ¢, €10, d].

Proof Suppose that {u,},cy € X is a (PS),, sequence. Going to a subsequence if

necessary, we may assume that u, — u € X,, u,(x) — u(x) a.e.in RN (N > 2)and
2N

RN, C) for all 1 <

( ) for a <gq < N_>

Following the standard density arguments, we observe that 5)( (u) =0and &, (u) > 0.

up — win LT

(resp. +o00, if N = 2)asn — oo.
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Let v, = u, — u. Then we use Lemma 9 to obtain that {v,},c, S X, is a
(PS)¢,—¢, ) sequence. Moreover, 0 < ¢, — & (u) < ¢, <d.

Now, we prove that ¢; = &, (1) if A > 0 large enough. Arguing by contradiction,
we may assume that &, (u) < ¢, for some A > 0 large enough. From Lemmas 10 and
11, we see that there exists d,, > 0 (which is independent of A) such that

¢ — & () > dy and liminf [v, |77, > oyd, > 0. (31)
n— 00 Wi 2a

ds

o
In Lemma 12 we choose ¢ = ! > 0 and then we know that there are A > 0,

R > 0 such that, for some A > A,

. 2p
lim sup |v, [ 4y, < >
n— 00 L2N—p—2a (B;(O))

(32)

So, we infer from relations (31) and (32) that

2p o1d
| 2Np > 2
L2N=1=2¢ (B (0))

lim inf |v,
n— 00

[ . . w .
This is impossible. In fact, since v, — 0 in X, as n — o0, then we can use the

2N,
compact Sobolev embedding X, < L2V % (Bg(0)) to obtain

.. 2
lim inf |v,|"” W =0.
n—00 LIN=4=2a (BR(0))

) . o1d . .
Therefore, we arrive at the conclusion that 0 > ~—* < 0is a contradiction.

So, for A > 0 large enough we deduce that ¢, = & (1) and {v,},ey € Xi is a

(P S)o sequence. Thus, it follows from Corollary 6 that, for A > 0O sufficiently large,
v, — 0in X, as n — o0o. We now complete the proof of the proposition. O

Proof of Theorem 1 Using Lemma 4 and Proposition 13, we can complete the proof
of Theorem 1. This proves Theorem 1. O
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