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Abstract
We investigate the mixed local and nonlocal parabolic p-Laplace equation

u(x,t) — Apu(x,t) + Lu(x,t) =0,

where A, is the usual local p-Laplace operator and £ is the nonlocal p-Laplace
type operator. Based on the combination of suitable Caccioppoli-type inequality and
Logarithmic Lemma with a De Giorgi—Nash—Moser iteration, we establish the local
boundedness and Holder continuity of weak solutions for such equations.
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1 Introduction

In this paper, we are concerned with the local behaviour of weak solutions to the
following mixed problem:

du(x,t) — Apu(x,t) + Lu(x,t) =0 inQr, 1< p<oo, (1.1)

where Q7 := Q x (0, T) with T > 0 and 2 is a bounded domain in RY. This kind of
evolution equations arises from the Lévy process, image processing etc; see [16] and
references therein. The local p-Laplace operator A, is defined as follows:

Apu = div(|Vu|P V),

and L is a nonlocal p-Laplace operator given by

Lu(x,t) = P.V./ K, vy, 0H)ulx,t) —u(y, t)|p72(u(x, t) —u(y,t))dy, (1.2)
RN

where the symbol P.V. stands for the Cauchy principal value. Here, K is a symmetric
kernel fulfilling

Kx,y,t) =K(y,x,1)

and

Afl
<K(x,y, t) <
|x

lx — y|N+sp - _ y|N+sp (1.3)

with A >1land0 <s < I forallx,y e RN ands e 0, 7).
Before stating our main results, let us mention some known results. For the nonlocal
parabolic equations of p-Laplacian type,

dqux,t) + Lu(x,t) =0, (1.4)

the existence and uniqueness of strong solutions were verified by Vazquez [27],
where the author studied the long-time behaviours as well. Mazén—Rossi—Toledo [24]
established the well-posedness of solutions to Eq. (1.4) together with the asymptotic
property. When it comes to regularity theory of this equation, Stromgqvist [26] obtained
the existence and local boundedness of weak solutions provided p > 2. Holder
regularity with specific exponents in the case p > 2 was proved by Brasco—Lindgren—
Stromgqvist [5]. Furthermore, Ding—Zhang—Zhou [12] showed the local boundedness
and Holder continuity of weak solutions to the nonhomogeneous case under the con-
ditions that | < p < oo and 2 < p < o0, respectively. We refer the readers to
[6,18,22,28,29] and references therein for more results.
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In the mixed local and nonlocal setting, for the case p = 2,
— Au+ (=A)’u =0, (1.5)

Foondun [19] has derived Harnack inequality and interior Holder estimates for nonneg-
ative solutions, see also [8] for a diverse approach. In addition, the Harnack inequality
regarding the parabolic version of (1.5) was established in [2,7], where, however, the
authors only proved such inequality for globally nonnegative solutions. Very recently,
Garain—Kinnunen [21] proved a weak Harnack inequality with a tail term for sign
changing solutions to the parabolic problem of (1.5). For what concerns maximum
principles, interior sobolev regularity along with symmetry results among many other
quantitative and qualitative properties for solutions to (1.5), one can see for instance
[3,4,13-15]. In the nonlinear framework (i.e. p # 2), Garain—Kinnunen [20] devel-
oped the local regularity theory for

—Apu —i—P.V./RN K (e, »|ux) —u(y)|P2(ux) —u(y))dy =0

with K (x, y) =~ |x — y|~¥*+5)_involving boundedness, Holder continuity, Harnack
inequality, as well as lower/upper semicontinuity of weak supersolutions/subsolutions.
Nonetheless, to the best of our knowledge, there are few results concerning on the
mixed local and nonlocal nonlinear parabolic problems. To this end, influenced by the
ideas developed in [10,12,20], we aim to establish the local boundedness and interior
Holder regularity of weak solutions to Eq. (1.1). It is noteworthy that our results are
new even for the case p = 2.
Before giving the notion of weak solutions to (1.1), let us recall the tail space

LI®RY) := {u e L (RY): e

Toc Rde)c<+oo}, g > 0and o > 0.

Then, we define the tail appearing in estimates throughout this article,

Tailoo (v; X0, 1, 1) = Tailso (v; X0, 1, 1o — T1, to + T2)

vix, 1)|P1 p=1
= ess sup (rp / % dx) , (1.6)
rel RN\ B, (xg) 1X — Xo|" TP

where (xg,%) € RN x (0, T) and the interval I = [tg — Ty, 19 + T»] < (0, T).
This is a parabolic counterpart to the tail introduced in [10]. It is easy to check that
Taileo (v; X0, 1, I) is well-defined for any v € L*°(I; Lf;l (RM)).

Forany 1 < p < coand 0 < s < 1, the fractional Sobolev space is defined by

lu(x) —u(y)l”
lx — y[NFop

WS’P(Q):{MELP(Q):/ dxdy<oo}
QJa
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endowed with the norm

1
lu(x) —u(y)l” »
”M“WS,p(Q) = ”M“LP(Q) + (‘/S\2 o dedy R

which is a reflexive Banach space, see [11,25]. From [11, Proposition 2.2], we know
that the classical Sobolev space W17 () is continuously embedded in the fractional
Sobolev space W* P (Q2).

The notion of weak solutions to (1.1) is stated as follows.

Definition 1.1 A functionu € LP(I; WP ()NC(I; L2 (@) NL¥(I; LE, ' (RV))

loc
is a local weak subsolution (super-) to (1.1) if for any closed interval I := [t1, t2]

(0, T), there holds that

n
/u(x,m)w(x,rz)dx—/ u(x,mcp(x,n)dx—/ /u(x,waﬂp(x,r)dxdt
Q Q n Ja
15 n
+/ /|vu|1’—2w.wdxdr+/ £, 0, 1) dt < (>)0, (1.7)
1 Q 141

for every nonnegative test function ¢ € L?(I; W17 (Q)) N WL2(1; L2(2)) with the
property that ¢ has spatial support compactly contained in €2, where

1
E(I/l, @, t) = 5 </RN /I‘QNIJM()C? t) - ”(y» t)lp_z(u(x7 t) - M(y7 t))
X (p(x,1) = ¢, DK (x, v, )| dxdy.

A function u is a local weak solution to (1.1) if and only if u is a local weak subsolution
and supersolution.

We now are in a position to state the main contribution of this work. First, we provide

P 2N 2N
the local boundedness of weak solutions in the cases that p > 5 and 1 < p < 5.
For two real numbers, set
a Vv b:=max{a, b}, a; :=max{a,0}, a_ := —min{a, 0}.

Theorem 1.2 (Local boundedness) Let p > 2N/(N + 2) and q := max{p, 2}.
Assume that u is a local weak subsolution to (1.1). Let (xg, to) € Qr, R € (0, 1) and
0% = Br(xo) x (to — RP, t9) such that ER()C()) C Qand [ty — R?,19] < (0, 7).
Then it holds that

P
N(pk—q)
ess supu < Tailoo (143 x0, R/2, 10 — R”, 19) + C <][ ul dxdt) v,
Orp2 Or

where k :== 1+ 2/N and C > 0 only depends on N, p, s and A.
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In the scenario that 1 < p < 2N /(N + 2), assuming that the weak subsolution

has the following constructions: for m > max { 2, @ }, there exists a sequence of

{ur}ren whose components are bounded subsolutions of (1.1) fulfilling

”Mk”Li)C (O,T;Lf];l(RN)) S C (18)

and
uy — u in L), .(Qr) as k — oo. (1.9)

Theorem 1.3 (Local boundedness) Let 1 < p < 2N/(N +2), «x = 1 +2/N and
@}. Suppose that u € L' (Q7) with the properties (1.8) and

m > max {2, loc

(1.9) is a local weak subsolution to (1.1). Let (xo, to) € Or, R € (0, 1), and O =
Br(xo) x (fo — RP, to) such that Bgr(xo) <  and [ty — RP?, 1] C (0, T). Then it
holds that

ess sup u < Taile (u+; x0, R/2,19 — R?, to)

Or2
_p o
NP m—2-P) WNF =P
+C ][ _ug"_dxdt Vv ][ _uﬁdxdt ,
QR QR

where B = N(m — pk)/(N + p) and C > 0 only depends on N, p, s, m and A.

Based on the boundedness result (Theorem 1.2), we are able to deduce that the
weak solutions are locally Holder continuous for p > 2.

Theorem 1.4 (Holder continuity) Let p > 2. Assume that u is a local weak solution
to (1.1). Let (xo,t9) € Qr, R € (0,1) and Qr = Bgr(xo) X (to — R?,ty + RP)
such that Qg C Q7. Then there is a constant o € (0, p/(p — 1)) such that for every
p € (0, R/2),

€SSOSC u
Qp.dpP

PN | :
<C<E) Taﬂoo(u;xo,R/2,to—RP,to+R1’)+][ ul? dxdt ) v 1

Or

with some d € (0, 1) and C > 1 depending on N, p, s and A.

The paper is organized as follows. In Sect. 2, we collect some notations and auxiliary
inequalities. Necessary energy estimates are showed in Sect. 3. Sections 4 and 5 are
devoted to proving the local boundedness and Holder regularity of weak solutions,
respectively.
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2 Preliminaries

In this section, we first give some notations for clarity and then provide some important
inequalities to be used later.

2.1 Notation

Let B,(x) be the open ball with radius o and centred at x € RY. We denote the
parabolic cylindersby Q, ,(x, 1) := By(x) x(t—r,t+r), Qp(x,1) := Qp pr(x, 1) =
B,(x) x (t = pP,t+ pP) and Q, (x,1) = Q;,p,,(x, 1) = By(x) x (t — p?, t) with
r,p > 0and (x,1) € RY x (0, T). If not important, or clear from the context, we

simply write these symbols by B, = B,(x), Qp.» = Qp r(x,1), Qp = Q,(x, 1) and
Q, = Q, (x, ). Moreover, for g € L'(V), we denote the integral average of g by

1
@v I=][ gx)dx := —/ g(x)dx.
v Vi Jv

Define
Jp(a,b) = la —b|"(a — b)
for any a, b € R. We also use the notation
du =du(x, y,t) = K(x,y,t)dxdy.
It is worth mentioning that the constant C represents a general positive constant which
may differ from each other.
Next, we will show several fundamental but very useful Sobolev inequalities. The

similar results can be found in [1,9]. For the sake of readability and completeness, we
give the proof of the last two lemmas.

2.2 Sobolev Inequalities

Lemma21 Letl <p, € <gq <oosatisfy%—% < 1and

( N N) <N N>
oll—-—+—=)+0-6——=)=0
P q qg ¢

with 6 € (0, 1). Then there exists a constant C > 0 only depending on N, p, q, £ such
that

1-6
”u”Lq(B]) S C”Du”ip(B”“u”Li(Bl) (21)

forallu € WhP(By) N LY(By).
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Lemma2.2 Let 1 < p < N. Then for every u € WV-P(By), there holds that
u < Clluflwyr. ,
l ||L%(Bl) = Cllully: P(By)

where C > 0 only depends on N and p.

Lemma2.3 Let0 < t; <t and p € (1, 00). Then for every
we L7 (1. W (B)) N L (11,03 LA(By))

it holds that

n ! )
/ ][ lu(x, 0)|PUFN) dxds
1 B,

153 %)
§C<rP/ ][ |Vu(x,t)|pdxdt+/ ][ |u(x,t)|pdxdt)
| By n B,
pa

N
X(ess sup][ |u(x,t)|2dx> , (2.2)
n<t<tp B,

where C > 0 only depends on p and N.

Proof We divide the proof into the following two cases.
Case11 < p < N. Applying Lemma 2.2 and Holder inequality, we infer that

15) )
/ ][ lu(x, H)|PUFN) dxds
1 B

) 2p
=/ ][ (e, OV |u(x, )|7 dxdt
1 By
f P N—p

s/ (f |u(x,r>|2dx>N<][ Iu(x,t)le—Nde>th
3| By By

)4
N L)
§C<esssup][ |u(x,t)|2dx> /][ lu(x, P + |Vu(x, 1)|P dxdr.
B n B

Hn<t<ty

By the scaling argument, we get

1) 5
f ][ lu(x, H)|PUHN) dxds
I3 B,

%) n
<C (r”/ ][ [Vu(x, t)|” dxdt +/ ][ lu(x, t)|”dxdt)
131 B, 1 B,

N
x | ess sup][ |u(x, t)|” dx .
n<t<ty B,
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Case 2: p > N. We can easily find that

N N 2
l12——=————, pll+=])>2
r pd+%) N

and

S|z

9(1— +L>+(1_9)<L_E>:O
p(1+7%) r(1+%) 2

with 0 = NL+2 Thus by Lemma 2.1, it follows that

N 2
N+2 N+2
Il 143) ., = CHPUIER ) 1602y,

for any ¢ € (t1, t2). Using the rescaling argument, we have

][ |u(x,z)|1’<‘+%>dx§c#’][ |Vu(x,t)|pdx<][ |u(x,t)|2dx>

B, B, B,

=]

for any t € (1, t2). Integrating the above inequality over (t1, t), we get

n 5
/ ][ luCe, 0)|PATN) dxds
131 B,
VA
%) N
SCrp/ ][ |Vu(x,t)|de<][ |u(x,t)|2dx> dr
1 Br Br

%) %
scﬂ’f ][ |Vu(x,t)|”dxdt<ess sup][ Iu(x’f>|2dx) :
f B, n<t<tr J B,

O
Lemma24 Let0 < t; < tp and p € (1, 00). Then for every
we LV (1,1 WP (B)) L™ (11,125 L7(By).
it holds that
15 p
/ ][ luCx, 0)|PATN) dxds
31 B,
15 £
< Crp/ ][ [Vu(x, t)|? dxdt (ess sup][ lu(x, 0)|? dx) , 2.3)
I3l B, n<t<naJ By

where C > 0 only depends on p and N.
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Proof Tt follows from Lemma 2.1 that

N P

< ClIDull gyl lullfp s,

Il ),

for all t+ € (t#1,1), where C > 0 only depends on p and N. Using the rescaling
argument, we have

][ |u(x,t)|f’<1+%)dx§c#’][ |Vu(x,t)|pdx(][ |u(x,t)|pdx>
B, B, B,

Integrating the above inequality over (#1, 2), we get

5]
/ ][ luCx, £)[PUR) dxde
I3 B,
n
§Crp/ ][ |Vu(x,t)|pdx<][ |u(x,t)|pdx) dr
n B, B,

n
< Cr”/ ][ |Vu(x,t)|P dxdt (ess sup][ lu(x, t)|'"dx>
f B, ti<t<tr J B,

=k

=z

P

3 Energy Estimates

In this section, we will establish the Caccioppoli inequality and Logarithmic form
inequality for Eq. (1.1). The first step of the proof should be the regularization pro-
cedure with respect to the time variable, which can be performed by straightforward
adaptation of standard reasonings as used in [5,12,23]. We omit this step here.

Lemma 3.1 (Caccioppoli-type inequality) Let p > 1 and u be a local subsolution to
(1.1). Let B, = B, (xp) satisfy B, € Qand 0 < 11 < 1o, £ > O satisfy [t1 — £, 1] C

(0, T). For any nonnegative functions € C§°(B,) and n € C®(R) such that
nt)=0ift <ty —Landn() = 1ift > 11, it holds that

T1<t<T)

/tz / IVwy (x, )PP (x)n>(r) dxdr + ess sup/ wi(x,l)x/fp(x)dx
11— J By 5
12}
+/ 4/3 /B o (x, DY (x) = w(y, DY (NP0 (1) duds
T — " "
SC/Q / IV ()P wh (x, (1) dxds
T1—¢ J By

1]
" C/ Z/B /B (max{wy (x, ), wy (v, DHP Y (x) — Y (|70 (1) dpedr
11— . .
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wi gy e )
+ Cess sup/ mdy/ e./ w4 (x, HYP (xX)n”(¢) dxdt
1— r

1 —t<t<ty JRN\B, lx —
x€esupp ¥
12
+C/ / w (e, DYP @)@ (6)] dxdt, 3.1
71—¢ J B,

where wy(x,t) := (u(x,t) — k), and C > Odependson N, p, s, A.

Proof Taking ¢(x, 1) := wy(x, OYP(x)n(t) = (u(x, 1) — k)L ¥P(x)n>(t) as a test
function in (1.7), for s € [11, T2], we can obtain

s
0> / / dux, Hwy (x, DY ()0 (1) dxdr
T1—4 -
N
+/ / |Vu(x, )P 2Vu(x, 1) - V(wy (x, DYP (x)n*(t)) dxdt
{JB
lTl S 2
+5/ f / Ty, 0, w(y,0) (ws (e DY @n’0)
T1—4 r T
—w (DY) (0)) dudr
S
+/ / f Jp(w(x,t),w(y,t))w+(x,t)1ﬂ”(X)n2(t)dudt
11—¢ JRN\B, J B,
1
= 11+12+§I3+I4.
Then we are going to estimate 11, I, I3 and /4. First, we evaluate
l s
:_/ / a,wi(x,r)w(x)nz(z)dxdt
T1—4

! p
-3 / w2 (e, 00?00 |

T1—4

f ef wi(x,r)W’(x)n(r)&m(r)dxdr

= —/ w+(x )PP (x)dx —
B,

5 / w2 (x, OYP () dn(e) dxde, (3.2)

T1—4

where in the last line we note that n(r;y — ¢) = 0 and n(s) = 1 when s > 7. We
proceed with estimating I>. By Young’s inequality with ¢, it yields that

122/ / Y0\ VulP 72 Vu - Vwy 4+ pyP ' w i [ Vu P72V - Vi dxdr
T1—4
z/ / |Vw+|ﬂwpn2dxdr—f /pw”—1n2w+|Vu|f’—l|w|dxdr
T — r T — r

/ f |Vw,|PyPn? dxdt—a/ / UPn? | Vw|P dxds
T1—4L 71—¢
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N
~coe [ [ 1vuriul
71—¢ J B,
1 N N

z_/ |Vw, |PyPy? dxdt — C(p) VY Pn?w! dxde,  (3.3)
2 71— J B, 11—¢ J B,

with ¢ = % As the same proof of Lemma 3.3 in [12], we have

1 N
I oo /H /; /B e e, O (6) — wi (v, DY )P () dude

‘Cf 6/ B(max{er(xvt)vw+(yyl‘)})p|l/f(x)—IP(Y)|p772(t)dudt
o 3.4)

and

wl o e
I3 = —Cess sup /RN i mdyf Z/B wo (x, HYP (x)n (1) dxdr.
T —l<t<s r - — "\
xlesup;M/f | B

(3.5)

Merging the estimates on (3.2)—(3.5), we get

/S /|Vw+(x,t)|p1ﬁp(x)n2(t)dxdt+/ wi(x,s)wp(x)dx
T B,

1—¢

B,

+/ e//B|w+(x’t)‘/’(x)_w+(y7f)w(y)|”n2(t)dudt

1)
< c/ IV (O1Pwl (x, n?(6) dxdi
71—¢ J B,

12}
—i—C/ e/ B maX{er(x’t)’w*(y’t)}p|1/f(x)—1ﬂ(y)|”772(t)dudt

wl ™ (5.0 ©
+ Cess sup fRN i mdy/ e[B wo (x, HYP () (r) dxds
T —l<t<T - - — .
o S "

+Cf2 / w (e, Y )n(0)]d,n ()] dxdr,
71—¢ J B,

which leads to the desired result. |

From the forthcoming lemma, one can interpret the reason why we only derive the
Holder continuity of weak solutions in the case p > 2. For the subquadratic case, we
at present cannot show a similar logarithmic estimate.

Lemma 3.2 (Logarithmic estimates) Let p > 2 and u be a local weak solution to
(1.1). Let B, = B,(xo) and (xo,t)) € Or,Ty > 0,0 < r < R/2. We also denote
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Q Br(x0) x (ty —2T0, to+2Tp) such that BR(xo) C Qand [ty — 2Ty, to + 2TH] <
0,7). Ifu € L®°(Q) and u > 0 in Q, then for any d > 0, it holds that

t0+To
/ . |Vilog (u(x,t) +d)|P dxdt
0 By
fo+To ulx, 1) +d
[ /,/, (u@t)+d>
< CTorNdl P R™P [Tailoo (u; x0, R, to — 2T, to + 2T0)]" !
+CrNd*> P + CTorN =P + CTorV 7, (3.6)

dpdt

where C > 0 depends on N, p, s and A.

Proof Let ¢ € C3°(B3,/2) and 1 € C(to — 2T, to + 2Tp) fulfil
0<y <1, |[Vy|<Cr'inBy, ¥ =1inB,,
and
0<n<1, |dn <CT, " in(to— 2T, to +2T0), n=lin (to— To, to + Tp).

Choosing ¢(x,1) = (u(x,t) + d)'“PyP(x)n?(r) to test the weak formulation of
(1.1), we get

t0+2To
/ 3 ((u(x, 1) + d)l—l’wf’(x)nz(t)) u(x, 1) dxds
to—2Tp B,
t0+2Tp
/ / [Vu|’~2Vu -V ((u(x, t) + d)lfpwp(x)nz(t)) dxdt
t0—2Tp By,

to+2Tp ; 1pp(x)
ft oy /B /B ”(”(x’t)’”(y”))[(u(x,r>+d>p1

vr(y) )
_W} (1) dudt

to+2Tp wp(x) .
Ip ) ——— (1) dud
'/; —2To /I;N\Bzr ~/I;2y (1), 1y ))( (x l)—f-d)p_ln (£) dpedt

=1 +12+213+I4.

It follows from the proof of [12, Lemma 3.5] that

[0+2T()
I = / [ ((u(x, 1) +d)1—p1/,p(x)n2(t)> dux. 1) dxdi < CrVa>?,
to—2To B>,
3.7
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to+To t d )
@g—c/ /‘/ (”x)+ ) dxdyds + CTorV=s, (3.8)
1o ”(y’ t) + d
and
Is < CTorN =P 4+ CTorN R™Pd' P [Taileo (u: x0, R, to — 2T, 1o + 2T0)17 .
(3.9)
By Young’s inequality with ¢, we estimate the integral I, as
t0+2To
L=—(p-1 (e, 1) +d)"PYP ) Vule, 075 (1) dxdr
0—2T0 By
to+2Ty
+p f W, t) +d)' Py~ @) | Vux, 0|7 *Vu(x, t)
to—2Tp By,
. Vl/f(x)i’lz(l) dxdr
10+2Tp
<-(p-1 (x, 1) +d)"PYP )|V u(x, 1) + d)|Pn*(r) dxdt
to—2Tp B,
to+2Tp
+a/m L/ (ux, 1) +d) PP )|V @ux, 1) + d)|Pn*(t) dxds
to—2To B>,
to+2Tp
+C(e) / |V (0)|Pn (1) dxdr
t0—2To J By
t0+2Ty
<-C(p) wx, ) +d)"P|V(u(x, 1)+ d)|Pn*(t) dxdr
to—2Tpy B,
+ C(N, p)Tor™N =P
to+To
< —C(p) |V log(u(x, t) +d)|P dxdt + C(N, p)TorN =7 (3.10)
o—To VB,

with ¢ satisfying that ¢ < p — 1. Combining with (3.7)—(3.10), we can obtain the
Logarithmic estimates. O

Next, we will give a corollary of Lemma 3.2, which plays a crucial role in obtaining
the Holder continuity.

Corollary 3.3 Let p > 2 and u be a local weak solution to (1.1). Let B, = By (xo)
and (xo,t9) € Q1,1 >_(), 0 < r < R/2. We also denote Q = Bgr(xp) X (tp —
2To, to + 2T0)~such that BR(xq) C Qand [ty — 2T, to + 2Tp] < (0, T). Suppose
thatu € L®°(Q)andu > 0in Q. Leta,d > 0, b > 1 and define

v = min {(log(a +d) —log(u + d))+, log b}.

Then it holds that
to+7o
/ f lv(x, 1) — (v)p, 1)|" dxdt
fo—
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V4
< CTyd'""? (%) [Tailes (u; x0, R, to — 2To, o + 2T0)]7 "

+ CTy+ Cd*>PrP + CTorP =7, (3.11)

where C > 0 depends on N, p, s and A.

Proof By the Poincaré inequality (see for example [17, p. 276]), it yields that
][ lvx, ) — ) )] dx < CrP=N / [Vu(x, )| dx
B, B,

forany t € (19 — Tp, to + To). Integrating the above inequality over (tg — Tp, to + Tp)
leads to

to+To to+To

][ v, 1) = ()5, (0] dxdr < CrP*N/
B,

/ IVu(x, 1)|? dxdt,
to—Tp B,

(3.12)

to—To

where C > 0 depends only on N, p. Observing that v is a truncation function of the
sum of a constant and log(u + d), which gives that

to+To to+To
/ [Vu(x, t)|P dxdr < / / |[Viog(u(x,t) +d)|” dxdr.  (3.13)
to—To B, to—Tpy B,

We can get the results from Lemma 3.2 along with (3.12) and (3.13). O

4 Local Boundedness

In this part, we are ready to study the local boundedness of weak solutions. To this
end, we first introduce some notations. For o € [1/2, 1), set

ni=r rmer 427 -0y, 5= 0
and
Q;:=B; xT'; = B, (x0) (to—r]’.’,to), i=0,1,2,...,
Q;;=ij]:‘j ;=B;j(x0)x(t()—f;),t()), j=0,1,2,....
Denote

N\~ o~ kit1+k;j .
ko= (1-277), k=ML =012
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with

Tailoo (u1; x0, 07, 10 — 1P, 1)

k>
- 2

Let

wji=(—kp)y, W= (u—kj)+, J=0.1,2,....

We now provide a Caccioppoli-type inequality in a special cylinder, which leads to
the recursive inequalities (see Lemmas 4.2 and 4.3).

Lemma4.1 Let p > 1 and u be a local weak subsolu_tion to(1.1). Let (xg, t9) € QOT,
0 <r <land Q; = By(x0) x (to—r?, to) such that B, (xo) € Q and [to —rP, to] -
(0, T). Suppose q is a parameter satisfying ¢ > max{p, 2}, it holds that

f ][ Vi (x, 1)|P dxdr + ess sup][ W7 (x, 1) dx
Tt Bjy t€ljp1 J Bjyy
wi(x,t)—w;i(y, )P
+/ /' ][ |w;j(x, 1) N{i-(‘y )| dxdyds
Tjt1 JBjr1 Y By |x — y[VTep
C 1 1 2(p+q=2)j  (N+spt+q-1)j
< — + = + =
rP (01’(1 —o)Ntsp (1 — G)P) ka—2 ka—p

/][ wj.(x,r)dxdt, 4.1
rjJ Bj

where C > 0 only depends on N, p, s, A and q.

Proof First we give a trivial but very useful inequality

Cc24—0ij
ﬁ);(x,t)§~—wq(x,t) in 07, 4.2)
ka=t

where 0 < 7 < g. We take the cut-off functions ¥; € Cgo(éj) and n; € Cgo(f‘j)
such that

c2 . .
Ofwjfl, |V1ﬂj|§m1n31, ijllnBJ+]

and

cari .
0577j<1, |8,;7j

= |Smln Js nJE]]nrj+1
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Letr =rj, 0 =10, 71 =1 — +1 and ¢ = 7 j+1 in Lemma 3.1. Then we arrive

J

/~ / [Vw;(x, t)|pw (x)n](t) dxdr + ess sup/ d)?(x,t)tﬁf(x) dx
r; B

teljg j

+/f_/3_/3_ | Ce, DY () — D (v, DY (|7 05 () dpude
SC[ f IV () 1Pwh (r, ) (1) deds
r; JB;

[ [ st . 500007 [0 = 90| 0 dpdr

-1
wF (v, 1)

+ C ess sup / _
N\Bj |x - y|N+AP

tel'; R
xesupp ¥

+C/~ f wﬁ(x’t)lﬁjp(x)ﬁj(t)|3;77j(t)| dxdt
LjJBj

dy[ / D (x, DY ()3 (1) dxdr
r; JB;

=L +DLb+ 5L+ 1. 4.3)

Using (4.2) and the definition of ¥, we estimate /; as

C2P]
I < / / ”(x 1) dxdt
(1 —o)Prp

€29/ / f q(x t) dxdr. 4.4)
B/

T k4-P(1 — o)Prp

Analogous to the proof of Lemma 4.1 in [12], we have

C24J
L < / f w; T (x, 1) dxdt, “4.5)
ka— P(1 —o)Prsp
C2(N+sp+q—1)j
< = / / w?(x, 1) dxdt 4.6)
k4=PoP(1 — o)N+sprp i

and

Cc2(p+4=2)j
// q(x 1) dxdz. 4.7

ka— 2(1 —o)prr

By virtue of the fact that ¢/; = 1in Bj;1, n; = 11in I'j4; and (1.3), merging
inequalities (4.3)—(4.7), we get

/ ][ [V (x, )" dxdr + ess sup][ w?(x,t)dx
Tjt1 Y Bjy telj1 v Bj
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wjilx,t) —w;(y, )P
+/ / ][ [ (x, 1) Ni(si ) dxdydr
F_H—l Bj+1 B_H—l |'x - Y|
C

24j 2(N+sp+q—1)j 2qj  2(p+q-2)j
<
rP(l —o)?

r—Dpka—p * oP(1 —o)N+pG=Dfa—p +/€‘1*1’ " ka=2
“ / ][ w (x, 1) dedr.
r; Bj

After rearrangement, we get the desired result. O
The following two lemmas are the consequences of Lemmas 2.3 and 4.1 .
Lemma4.2 Let p > 2N /(N +2) and max{p,2} < q < p(N +2)/N. Let (xq, tp) €

Or, 0 < r < land Q;F = By(xp) x (to — r?, to) such that B,(x0) € Q and
[to —rP, to] C (0, T). Then for a local subsolution u to (1.1), we infer that

q
wi (x, 1) dxdr
/Fj+1 ][B_/+1 I
C

20 1 1
<
- = q(N+p) qN+p)(N+5p) + d(N+p)
PN \Ngen (1 —

o) PN (1—0) «v—

1 1 i
X + /][ w?(x, 1) dxdt 4.8)
PEG+-9 0 pEE R riJ s !

forj € N,whereb := (1+p/N)Y(N+p+q),« :=1+2/N and C > 0 only depends
on N, p,s, A andq.

Proof Since g < pk, it follows from Holder inequality that

q
/ ][ wj+1(x,t) dxdr
Cjt1 Y Bjy
q9

5/ ][ ﬁ)j(x,t)dxdt
Cjv1 Y Bjy

g
pK pK
5(/ ][ t]);"((x,t)dxdt) (/ ][ X{uzkj}(x,t)dxdt> .
Ljr1 Y Bjy iy Y Bjy

(4.9)

From (4.2), we can get

Cc24J g
X{u>/;.}(XJ) dxdr < — w; (x,t)dxdt (4.10)
Tjs1d By ki Jr;J B;
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and

Cc2@—pJ
/ ][ w;’(x,t)dxdz5~—/][ wj(x,t)dxdt. 4.11)
T J By ka=p Jr;J B;
Now by (4.11), Lemmas 2.3 and 4.1 we estimate
/ ][ zbf”(x,t)dxdt
Ljt1 Y Bjti
<C rP/ ][ |V1I)j(x,t)|pdxdt+/ ][ w;’(x,r)dxdt
Ljy1 Y Bjn Cjr1d Bjn

ya
X (ess sup][ @?(x, t) dx) ’
teljy1 J Bt
2 : 1 ONF [ata-Di oWspra-1j \
e (o/’(l—a)N+S1’ * (1—0)") ( 2 fa-r )
1 1 2(p+q=2)j  p(N+sp+q—1)j 20@=p)j
X|:(GP(1—0)N+‘V1’+(1—U)/’>< 7 R P )+ ,;q—p}

1+5
/][ w?(x, r) dxds
r;J Bj /

X

c2bi 1 1

= P2 p(N+p) (N+p)(N+sp) + p(N+p)
rv \o ¥ (1-0) ~  (Q—-0o) 7

P

1 1 \"F e
X | =—— + = /][ w? (x, t) dxdr 4.12)
ka=2 " ka—p r;J s

with b = (1 + p/N)(N + p + ¢g). Combining (4.9), (4.10) and (4.12), we get the
desired result. m]

2

Lemma4.3 Let1 < p < 2N/(N +2) andm > max{2, @}.Let (x0. 10) € OF,

0<r <land Q; = By(xo) x(to—r?, to) such that B, (xo) € Q and [to —rP, to] -
(0, T). Suppose that u € L. (Qr) is a local weak subsolution to (1.1). Then for any
Jj €N, we have

/ ][ w;-"ﬂ(x, 1) dxdz
Fjr1 Y Bjqi

C2bi 1 1 1 1 \'"*t%
= r% o P(NN+I’) (1—0) (N+p)1$]N+-w> + (1 - o) 19(NN+P) (%m—p * ]Em—2)
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&
x || ,||”’ e (f][ w (x, t)dxdt)

where b :== (1 + p/N)(N + p+m), k := 1+ 2/N and C > 0 only depends on
N, p,s,mand A.

(4.13)

Proof Based on the assumptions, we have

/ ][ w'j~7’+1(x, t)dxdr < f ][ ﬁ);"(x, t) dxdz
Cjt1 Y Bjpi Cjt1 Y/ Bjpi

< |w; ||’" e / ][ 7, ) dxdr. (4.14)
J+1 1

By utilizing Lemma 2.3, Lemma 4.1 with ¢ = m and the inequality (4.11) withg = m,
it yields that

f ][ zI)fK (x, t)dxdt
Cjt1 Y Bjy
<C ,,p/ ][ |Vuj,~(x,t)|dedr+/ ][ wf(x,t)dxdt
Tjy1J Bj Fjt1 Y Bjyi
P
N
x | ess sup][ d)?(x,t)dx
telj Bj+1
P

Cij | 1 1 1 I+5
< pz p(N+p) (1 _ O—)M\IM + (1 B U)P(N+P) ém—p + ];m—Z

1
(/][ w (x, t)dxdt) (4.15)

with b := (1 + p/N)(N + p + m). Thus combining (4.14) and (4.15), we get the
desired inequality (4.13). O

Remark 4.4 In Lemma 4.3, the quantity o Py can be removed, since o € [1/2, 1).
In addition,

(N+p)(N+sp) PN +P)

max{(l _o) T (1~ 0)

(N+p)?
N

lza-o

Thus, we can get

/ ][ w;-"+1(x, 1) dxdt
Cjr1d Bjn
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C2bi 1 1 \tR
- r%(l — 0)(N+NL)2 (]Emp - /;m2>

1+4£
~ ||m—pk m
x |, HLOC(Q;H) (/Fj ][ijj (x, t)dxdt) .

Next, we introduce an analysis lemma which will be used later.

Lemma4.5 [9,Lemma4.1] Let {Y; };?O o be a sequence of positive numbers such that

1 L i o148 -
Yo< K 5b ¢ and Yj+1§KbJYj , j=0,1,2,...
for some constants K, b > 1 and § > 0. Then we have lim_.» Y; = 0.

Finally, we end this section by proving the results of local boundedness.

Proof of Theorem 1.2 Letr = R, 0 = % thenr; = §+2_j_1R. Fix ¢ = max{2, p}.
We denote

YJ-:/][ (u—kj)% dxds, j=0,1,2,....
LjJ Bj

Supposing k> 1and recalling r < 1, we derive from Lemma 4.2 that

7 e
Y; Cobiy; N Cobiy '+
Jj+1 j f
re 9(4 2_p + (4 2
IR Ve Cas ae BENICIE DY Cases)
c2bi [y \ R
w5 <_]) ’ (4.16)
£q< 7?) r

where b := (1 + p/N)(N +p+¢q),k :== 14+ 2/N and C > 0 only depends on
N,p,s, A.Forany j € N, define W; =Y;/r”. Thus we get

C2bi Wit

Wit = ;;@j;éj j ,

where k is such that

P
_ 10 No—D)
k > max !TailOO (u+; x0, R/2,19 — R?, to) ,C <][ ][ ui dxdt) Vv 1}
Br

fto—RP



Regularity Theory for Mixed Local and Nonlocal Page210f33 22

with C only depending on N, p, s and A. Thus along with Lemma 4.5 we can deduce
that lim ;.o W; = 0. Consequently, we get the desired result

N(pk—q)
ess sup u < Taily (u+; x0, R/2,t9 — R?, to) +C <][ ”3— dxdt) v 1.
Orp2 Qr

We now finish the proof. O

Proof of Theorem 1.3 Under the hypotheses (1.8) and (1.9), we may suppose, by a
proper approximation procedure that u is locally bounded in advance. Indeed, observe
that the approximation subsolutions u; are bounded (i.e. ess sup - (up)+ < o0).
Therefore, we could substitute u by uy to perform the proof below. In other words,
the estimate (4.20) below still holds true for u replaced by uy, which along with (1.8)
and (1.9) leads to a k-independent bound on uy in L°°. We eventually find that u is
qualitatively locally bounded via the a.e. convergence of uy. That is, ess sup o5 U+ is
finite forn =0, 1,2, 3, ....

Let Ry = R/2and R, = R/2+ Y " 27""IR forn € NT,and Q;; = Bg, (x0) x
(t() — R?, t()). Set

M, =esssupuy, n=0,1,2,3,....
On

Choosing r = R, 41 and or = R, then

12430 2*1‘*1 . 1
24 Yot T2

We denote

Y—/][ u—=k dxdt j=0,1,2,....

Due to Lemma 4.3, we obtain

Czbf' n_ 1 1
Yjq1 < more +
Jj+1 — lu +|| (Qn+1) ((1 ~ o—)(NJ;er)z (- U)[:(NHJ) )

N
Rn+1

1 1 \Y e
(g eats)
km—p Jem—2 J

C2bj+dn B 1 1 I+5 P
<= M — 4 ytw 4.17)
1\/2 n+ km—=p = fm—2
Rn+l
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with b := (1 4+ p/N)(N + p+m) andd = (N + p)?>/N. For any j € N, define
W; = Y;/R}. Then we get

j - 1 1TV e
. bj+d m—pk
W]+1 S C2 ] nMn+1 (lzmp £m2> Wj N.
According to Lemma 4.5, we can see that
j—oo
if
_an_# _Nn=px) 1 1 f%
P
Wo<C2 7 » M, (IE'"P + ];m2> . (4.18)

To ensure the above inequality, we need choose k properly large. Indeed,

Wo =——R / ][ u+dxdt
to— Bg

n+1

< ZP][ ][ u'f dxdr.

)H»l Ry+1
Namely,
70 _dnN _bN2  _ NGm—px) 1 1 —%
2F Wdxdt <C2" P P M., " LI ’
P + n+1 m—p m—2
tO_RrH»l BRn-H

which implies that

any NO=po) 70
C2vr M, " ][ ][
n
n—RY J Bg

Therefore, we take

_N@m—pk)
k = C2<N+p)(m p)M(Ner)(m D) f
th—

e -1
u” dxdt < ! + !
+ - ];m—p ]gm—Z ’

n+1

[
(N+p)(m—p)
][ u'y " dxdr
n+l Bg n+1

Y
_N(m—pr) (N+p)(m=2)
+ CQWMW*W” g ][ ][ u'} dxdr
BRn+l

n+1
Tailoo (43 X0, Ru. o — RY, |, 10)
5 .
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which makes (4.18) hold true. Here the constant C only depends on N, p, s, m and
A. Under this choice, it follows from Lemma 4.5 that

M, = ess supuy
Ok

n

P
_N@m—pk) (N+p)(m—p)
< C2(N+p>(m P) M(N+p)(m P ][ f u'j’_ dxdr
BRn-H

Nn—po) W=D
+ C2(N+p)(m‘ 2) M(N+p><m 2) ][ ][ u+ dxdt
to— Bgr

n+1
Tailso (u+; X0, Ru, to — Rn+17 fO)
5 .

(4.19)

Obverse m > max {2, W} and x = 1 4+ 2/N, which indicates that

N(m — px) N(@m — pk)
(N + p)(m —p)" (N + p)(m —2)

Now we apply the Young’s inequality with ¢ to (4.19), arriving at

P
dnN B 10 m V+p)m=p=PB)
M, < eM, 1|+ C2Wtp)m=p=F) g m=p=p u'y dxdr
to—RPJ Bpg

P
dnN __ B 10 NFp)m—2-P)
+ C2 (N+p)(m—2—-B) ¢ m—=2-P ui dxdt
to—RPJ Bpg

Tailog (43 X0, R/2, 10 = R?, 10)
+ 2

with B = (m — pk)N/(p + N), where we used the fact R/2 < R, < R. Via the
induction argument, we can derive

Mo < " My

n

P .

__B 10 NP m=—p—P) dN i

+ Cg™ m=p=P u™ dxdr Z (2(N+p)(m—p—ﬂ) g)
to—RPJ Bpg

i=0

n

P .

B 10 (N+p)(m—2-P) dN i

Ce TR W dxdt Y (2 TR e)
to—RPJ Bp i=0

Tail :x0, R/2,t0 — RP, 1)) <~
N ailoo (1143 X0 2/ 0 0)28,’ n=0.12

i=0
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It is easy to see that the sum on the right-hand side could be revised by a convergent
series, provided that we take

dN
6= 2‘[(N+p>(m—2—ﬁ>+1]_
Finally, letting n — oo, we deduce that

ess supu < Tailo (14 x0, R/2, 10 — R”, 19)

(N+p)(2727/3) (N+p)(517p*/3)
+C ][ 7141 dxdr \Y, ][ 7u¢ dxdt ,
o Ok

! (4.20)

Orp

where C > 0 depends only on N, p, s, m and A. |

5 Local Holder Continuity
In this section, we aim at establishing the Holder continuity of weak solutions to (1.1)
in the case that p > 2, based on the local boundedness results. Before verifying this

conclusion, we introduce some notations.
Let (Xo,9) € Q7 and r € (0, R] for some R € (0, 1). Let also o € (0, %) and

_pP_
o € (0, og) with cro”_l < ‘—11 be two constants to be determined later. Set

olr ri\* )
rji= R w) =w/2) =M, o)) := (% w(r), j=0,1,2,3...
5.1

and

1
2
M:=C |:TailOO (u; X0,r/2,t0 —r?, 1o —i—rp) + <][ |u|dedt) v l:| (5.2)
Or

with C depending on N, p, s, A. Define

P [ i R S
T if j =0,

where
r
e=or 1 7,
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Thus, it is easy to obtain

1 p—2 .
—— =[ew(r))]""" forall j > 0. (5.3)
djti
Denote
Bj = By, (Ro) and 1 :=d;ry
and

Qj = Qr; (Xo,70) = Bj x (fo = tj,T0 + 1;) .

Hence, for j > 1, we have

2—p
5 p p a@-p),.P P
4<0P ) ri <ry, and 4o Figp ST

The above inequalities combine with the definitions of d; and ¢; gives that
4tjy1 <tjforall j > 0. 5.4

Now we are going to deduce an oscillation reduction on weak solutions.

Lemma5.1 Let p > 2 and u be a local weak solution to (1.1). Set (Yo, fo) € 0r,
r € (0, R] for some R € (0,1) and Qr = B(xy) X (fo — R? 1o+ Rp) such that
Qg € Qr. Then

eszoscu <w(rj)forall j=0,1,2,.... (5.5)

J

Proof We prove this Lemma by the induction argument. It follows from Theorem 1.2
and the definition of w (7o) that (5.5) holds true for j = 0. We may assume that (5.5)
is valid foreach i € {0, ..., j} with some j > 0. Then we devote to proving it holds
fori = j+ 1.

Denote

2Bj1 = Bzer (x0), 2041 := BZi‘j-H (xp) x (fo — 2tj41, fo+ 2tj41).
It is obvious that either

‘QQ/-H N {u > essQinfu +a)(”j)/2}
j

12041

=

(5.6)

N =
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or

‘ZQj_H N {u < essQinfu +a)(rj)/2}
J

12041

=

5.7

N =

must hold. In the case of (5.6), we set u; := u — ess infu. In the case of (5.7), we set
j

uj=ow(;) — (u —ess infu). In all cases, we have
i

20,41 N{u; = 0@p/2}| 1

12041 =2 68
and
0 <esssupu; <2w(r;) fori=0,...,]. 5.9)
Now we provide an important estimate to be used later,
[Tailos (uj; %o, 7, To — tj, 70 + £;)]7 "
< Co PV wep]’ ™" forj=0,1,2..., (5.10)

where C only depends on N, p, s, the difference of p/(p — 1) and «. Indeed, it is easy
to see the claim is true when j = 0. For j > 1, we have

[Tailoo (15 X0, rj, 70 — .0 + tj)]Pil

J p—1
_ P Z Juj(x, 1)
= rj €SS sup ——N-i—vp dx
te(o—t;,70+t)) i3 Y Bi-i\Bi |X — Xol

» |uj(x, 1)
) esap [ I
te(to—tj,to+t;) RY\By |X — X0

j p=1 |
p
<r: Z €ess supu / ——dx
f— — N o
! ( Qi1 RV\B; |x —Xo|V TP

i=1

p—1
uj(x, 1)
+rjl.7 €ss sup [ %dx
te@@o—tj,t0+t;) /RN \Bo lx — X" TP

"

/ i\’ -1
SCZ(7) CIGENY) Lo
i=1 !
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where in the last line we used (5.9) and the definition of u;. Since 0 < 1/4 and
a < p/(p — 1), we estimate the right-hand side as follows:

J AP
(Q)[wmlnfl
=1 ri

a(p—1) J a(p—1) p—a(p—1)
—1 (7 3 Ti-1 T
= |w(r p —_— e -
(o)l <ro> i1< ri ) <Vi)

1

j—1
-1 __a(p— i(p—a(p—
=[a)(rj)]p oo 1)201(11 a(p=1)
i=0
o—a(p=D

Y L
< [o@))] | — gr—a(p—D
gqp—a(p=1)

—a(p—1) N
= _alp—D)logd” o))

Thus, we have proved (5.10) with the constant C depending on N, p, s, the difference
of p/(p — 1) and «. Next, we define

v::min{[log(%)] ,k} for k > 0. (5.11)
j +

It follows from Corollary 3.3 with a = w(r;)/2 and b = exp(k) that

To+2tj41 »
f ][ lv(x, 1) = (V)28;,, ()|" dxds
t 2Bj+1

0—21j+1
< Ctjd' P (rjr_H)p [Tailoo (uj: Fo. 7. To — 4tj11. 70 +4tj51) ]
J
+ Ctjp1 + C>Prl 4 Ctjarf P
< Ctj+1d1_” [ea)(rj)]p_1 + Ctjp1 + Cdz_pr;)-l-l’

where in the last line we used the fact 47;11 < t; and (5.10). Choosing d = cw(r;)
in (5.11), we get

d>r =djy1.
Since @ < p/(p — 1), we can verify
dl—p < r‘—P

Jj+1
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Thus, we arrive at
?0+2lj+1 »
[ ][ lv(x, 1) = (V)28;,, (1)|” dxdr < Crjyy,
10—2tj+1 2Bj+1

where C depends on N, p, s, A, the difference of p/(p — 1) and «. Following the
calculation in pp. 37-38 in [12], there holds that

’2Qj+1 N {uj < 2860(1’]')}‘ - Cc
20/+1] " log(3)

(5.12)

where C > 0 depends on N, p, s, A, the difference of p/(p — 1) and «.
In what follows, we will proceed by a suitable iteration to infer the desired oscillation

decay over the domain Q1. Foranyi =0, 1,2, ..., we define
—i ~ 0i +0i+1
0i =rjp1 +27 1, 8= > il
i ~ 0; + 6
0; .= 141 +2 ltj+1, 0; .= thH’

Q' := B' x T; := By, (X0) x (o — 6;, 70 + 6;),
0 =B xT;:= By (x0) x (fo — 6,70 + 6)).

Then we take the cut-off function ¥; € C(‘§°(I§i) and n; € Cgo(f‘l-) such that
0<vyi <1, |Vyil < cz"rjj1 in B, y; =1in B!
and
O<n <1 [9ml<C2e}inTy mi=linTig.
Define
ki = (1+2"ew(r;), vi=(k —uj)+.

Taking £ = 0; — 0;41, T] = fo — ;41 and Tp = fo + ;41 in Lemma 3.1, we get

/ ][ |V (x, [Py (x) dxdt + ess sup][ vi(x, )yl (x) dx
Tiy1/ B teliyr J B

+/ /][ |v,~(x,t)¢i(x)_vi(y’t)wi(y)|pdxdydt
i1 o

|x _ y|N+sp

= C/ ][ VY () [Po! (x, HnF () dxde
r; B!
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+ C/r- /i N max {v; (x, 1), v; (v, DY i (x) — ¥; (0)|” n,-z(t)dudt

+ Cess su f Md /][ vi Ce, WP (2 () dedr
P rN\gi |x — y|NFsP Y rdg K

tel’;
XESuppy;

+C/ ][ _viz(x,t)lﬁ,-p(x)m(t)|3r7’li(t)| dxdt
r;J B
=h+DL+15+14

We estimate /] as

I < Ckle’irj‘fl /r fB‘X{ujfki}(x’t) dxdt

< 2" M e () /r ][B.X{ujﬁki}(x,t) dxdr,

where we used the properties of ;. As the computations in pp. 39-40 in [12], we

derive

L < C2Pirj__fl[sw (rj)]l’ /1: ][B_X{ujfki}(x’ 1) dxdz,

Iz < C2(N+Sl7)irj__fl [ew (rj)]p /r“ fB‘X{quki}(x, t) dxdr
and

Iy < CZSpir;f] lew (rj)]p /F fBVX{MjSki}(x’ t) dxdt.

Since ¥; = 1 in Bt we can deduce that

vi(x,t) —v;(y, )P
/ ][ |Vvi(x,t)|pdxdt+/ / _ i x, ) N’iy N dedydr
Titt Bit+1 Tig Bit+l Bit+l |x - y| sp

+ ess sup][ viz(x, t)dx
Bi+l

teliy)

5C2(N+p>ir/.‘fl[sw(rj)]p/ ][ Kyt (6. ) dxde. (5.13)
X T B! -

From (5.3), we get

ess sup][ vip(x, t)dx < kl.p_zess sup][ viz(x, t)dx
Bi+l Bi+l

teljq telg

< Cdjjless supri+lvi2(x, 1) dx. (5.14)

teliy
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Combining (5.13) with (5.14) gives that

rP+1][ ][ [Vv; (x, £)|” dxdt + ess sup][ v/ (x, 1) dx
J g1 Bi+l Bi+l

teliqg

<d;] f ][ |Vvi (x, )| dxdr + d 7! ess sup][ v (x, 1) dx
i+l Tip J BiH! l s relipr J Bt
< C2(N+1’)irj_fldjil[8a)(rj)]p /1: ][BiX{ujgki}(X, 1) dxdr
< C2WN TP (r)1P As, (5.15)

where A; is denoted by

_loin{u <kl

Al'l
1Qil

In view of Lemma 2.4, we can see

P(H‘%) p P
v; (x,t)dxdt < er+1 Vi (x, t)|P dxdt
Ty J Bit! ’ Tig J Bit!

¥
x | ess sup][ vl (x,dx | (5.16)
teliy Bi+l

Merging (5.15) and (5.16) leads to

Ais1 (ki = kig)POH)

1+5
< ][ ][ vl.p( N)(x, t) dxdt
Tit1Y BHIN{uj<kiz1}

< Crﬂrl][ ][ Vi, )| dxdr | ess sup][ v (x, 1) dx
TipJ B! tellip Bitl

P

+y

=

<C [2(N+p)i(8(,()(rj))pAi]l

We can readily get the recursive inequality

Ay < CoNV+m+§)i 41+ F
— l 9
where C depends on N, p, s, A, the difference of p/(p — 1) and «. Set

N —N(N+p)?
P

v i=C P2
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B! c
o = min, —, 0g, €X - 5
4% P v*

where we need to note that oy only depends on p. Utilizing the definition of A;, we
obtain

Then we take

_ 200 {uj s2e00p)] _

Ao =
120;+1]
It follows from Lemma 4.5 that
lim A; =0,
11— 00

which implies that
uj(x,1) > ew(r;)in Q1.
Thereby, recalling (5.1) and the definition of u ;, we have

ess oscu = ess supu; — ess infu; < (1 —&)w(r;)
Qj+1 Q1 Qj+1

= —-8o Ywj). (5.17)

Now, we pick o € (0, p/(p — 1)) such that
0% > 1—8:1—6%_0[,

which together with (5.17) ensures that

essoscu < w(rjy1).
Qj+1
Now we finish the proof. O

Proof of Theorem 1.4 Let p > 2. Suppose that u is a local weak solution of (1.1).
Let (x0, %) € Qr, R € (0,1) and Qg = Bg(xo) x (fo — RP?,ty + RP?) such that
Or € Q7. Taking r = R in Lemma 5.1 we can get

Fi\® R .
essoscu < C (—) w|—= ) forallj e N (5.18)
Qj R 2

withe < p/(p —1),0 < 1/4, where C > 1 depends on N, p, s, A, and

1

R 2
w (E) = Tailoo (u; x0, R/2, 10 — R”, 1o + RP) + <][ Mk dxdt) v 1. (5.19)

Or
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For every p € (0, R/2], we have p € (rj+1,rj,] for jo € N. Choosing d =
[Cw(R/2)]>77, it follows that Op.dpr S Qj,- By applying (5.18), we get

. « R a R
essoscu < essoscu < Co™® (r/(’—+1) w|l=)<Co™® (ﬁ) ol Z).
0 Qj R 2 R 2

p.dpP Jo

We can obtain the Holder continuity from the above inequality along with (5.19). O
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