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Abstract

We consider the existence and regularity of weakly polyharmonic almost complex
structures on a compact almost Hermitian manifold M>”. Such objects satisfy the
elliptic system [A™J, J] = 0 weakly. We prove a general regularity theorem for
semilinear systems in critical dimensions (with critical growth nonlinearities), which
includes the system of polyharmonic almost complex structures in dimension four and
SiX.
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Mathematics Subject Classification 53C15 - 58E20 - 35J48

1 Introduction

Let (M, g) be a compact Riemannian manifold of dimension n with a compatible
almost complex structure. Denote by 7, the space of smooth almost complex structures
compatible with g, i.e., g(J-, J-) = g(-, ). Consider the following functional, for all
meN*t, J e J,,
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/|VAk’]J|2dV, m=2k—1,

g,n(1)=/ A% J|Pav .= M (1
M 1Ak J12dV,  m =2k,

M

where V and A are Levi-Civita connection and Laplace-Beltrami operator on (M, g),
respectively, and d V denotes the volume element of (M, g). We call the critical points
of functional &,,(J) m-harmonic almost complex structures. These objects are tensor-
valued version of polyharmonic maps which have attracted quite some attention in
recent years. When m = 1, the critical points of functional &, (J) are also called
harmonic almost complex structures introduced by Wood [17] in 1990s. We refer the
reader to the recent survey [3] for the background and results in this subject. The
first author have studied the existence and regularity of harmonic almost complex
structures [7] from the point of view of geometric analysis. In this paper, we focus on
the case of polyharmonic almost complex structures with m > 2. Recall the definition
of the Sobolev spaces of almost complex structures.

Definition 1 Suppose (M", g) be an almost Hermitian manifold with compatible
almost complex structures in J,. We define Wk’l’(jg) to be the closed subspace
of WK-P(T*M ® T M) consisting of those sections J € WXP(T*M ® T M), which
satisfy J?=—id, g(J-, J-) = g(-, ) almost everywhere.

Now, we state our main results.

— Theorem 1 There always exists an energy-minimizer of &,,(J) in Wm’z(jg).
— Theorem 2 Suppose J € W”"Z(Jg) is a weakly m-harmonic almost complex
structure on (M zm g) with m € {2, 3}. Then J is Holder-continuous.

For semilinear elliptic systems with critical growth nonlinearities, the most essen-
tial step towards the smoothness is to prove the Holder continuity, such as the systems
for (poly)harmonic maps, see for example [2,5,10,15,16] and references therein. It is
well-known that a semilinear elliptic system with critical growth nonlinearities and at
critical dimension might be singular [4,9]. For weakly harmonic map, it can be even
singular everywhere [13] when the dimension is three and above. The smooth regular-
ity starts with Helein’s seminal result [10] for harmonic maps in dimension two where
the special (algebraic) structure of the system plays a substantial role. New proofs and
understanding of Helein’s seminal results can be found [1,14]. The methods can be
generalized to fourth order elliptic system in dimension four [2,11]. General smooth
regularity for biharmonic maps and polyharmonic maps have been obtained by [16]
and [5], respectively.

We shall briefly compare our results with the results in the theory of (poly)harmonic
maps. Theorem 1 is a standard practice in calculus of variations, while the main point
is that the absolute energy-minimizer is not trivial due to its tensor-valued nature.
The main result is to prove the Holder regularity in Theorem 2 and our method is
motivated by the work in [2] and [5]. In [2], the authors explore a special divergence
structure of the biharmonic system into the spheres and our elliptic system shares some
similarities. On the other hand, the tensor-valued nature makes our arguments much
more complicated, mainly due to the fact that matrix multiplication is not commu-
tative. We certainly believe that this divergence structure should hold for all weakly
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polyharmonic almost complex structures but we do not find a systematic way to argue
that. Instead we only show that the elliptic system for polyharmonic almost complex
structures has a desired divergence structure when m = 2, 3 by brutal computations.
Given this divergence structure, our argument for Holder regularity is quite different
from the method used in [2], but more like a generalization of [5]. We use extension
of maps (almost complex structures) instead of solving boundary value problem. Our
methods are very general and work for all dimensions. A main difficulty is that the
background metric is not necessarily Euclidean, while most results in the setting of
polyharmonic maps (see [2,5,16] etc) only consider the Euclidean case. Even though
the methods for semilinear system are expected to work similarly, the non-Euclidean
background metric really leads to complicated computations and presentations. Once
the Holder regularity is assured, the proof of smoothness follows the strategy in [5].

The paper is organized as follows. In Sect. 2, we collect some facts for Lorentz
spaces and Green’s functions. In Sect. 3, we establish the existence of the energy-
minimizers and derive the Euler-Lagrange equations. Moreover we show that a weak
limit of a sequence of weakly m-harmonic almost complex structures in W2 is
still m-harmonic. In Sect. 4, we prove decay estimates for a class of semilinear elliptic
equations in critical dimension and obtain the Holder regularity of weakly m-harmonic
almost complex structures on (M 2m g) for m = 2, 3. In Sect. 5, we generalize the
higher regularity results of Gastel and Scheven [5] to prove smoothness of weakly
m-harmonic almost complex structures. Appendix derive the divergence structures in
detail for m-harmonic almost complex structures when m = 2, 3.

2 Preliminaries

In this section, we gather some facts that will be used later. First of all, let us denote
by G(x) = ¢, In |x| the fundamental solution for A™ on R where ¢, is a suitable
constant only dependent of m. We have the following lemma,

Lemma 1 Suppose k € [1,2m] is a positive integer and p, q € (1, 00) satisfy

1+ —=—+—.
+p 2m+q

If f € L1(R>™), then we have

where C is a positive constant only dependent of m, k, q.

f VEG(x — ) f(5)dy
le

< CIlf o (o @
Ly (o)

Proof Since V>"G is a Calderén-Zygmund kernel, (2) holds for k = 2m and all
p=qe(l,00).Fork=1,---,2m — 1, we have

VkG e LH® (Rzm)
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where L%"X’(Rz”‘) is a Lorentz space. By the convolution inequality for Lorentz
spaces (cf. [12] Theorem 2.6), we deduce that, for s < p

The fact that k € [1, 2m — 1] implies % < %. Thus, we can choose s = g. Moreover,

there holds that L? (R?>") = LP-P(R?>™) for all p € (1, 00) (cf. [18] Lemma 1.8.10),
which implies (2). O

/ VG (x — y)f()dy
]RZm

S C”VkG” 2m 0 ”f” .S (R2m
L1’~1’(]R2'") Lk (RZm) L4 ( )

For more details about Lorentz spaces, we refer the readers to [12,18]. We also need
the following standard fact about the elliptic operator A™.

Lemma2 Let By be the unit ball of R". Suppose v(x) € W™2(B)) N L and f €
L% (By). If v(x) satisfies A™v(x) = f(x) in distributional sense, then

||v(x)||LDC<B ) < C (vl + I @) lIes)) » (3)
7
where C is a positive constant only dependent of n

3 Existence of Energy-Minimizer and the Euler-Lagrange Equation

In this section, we establish the existence of the energy-minimizers of &,,(J), derive
its Euler-Lagrange equation and define the weak solutions. Moreover we prove that
a weak limit of a sequence of weakly m-harmonic almost complex structures with
bounded W2 norm is still m-harmonic.

Theorem 1 There always exists an energy-minimizer of £, (J) in W’"’2(Jg).

Proof The proof is standard in calculus of variations. We include the details for com-
pleteness. Take a minimizing sequence J; € W”‘*z(jg) such that

inf &,(J)= lim &, (J).
Jewm2 k— 00

Note that by interpolation inequality and integration by parts,

I 1me < C 1 D IVETIZ 4+ 117 | < C(En() + 1), ¥J € W™(Tp).

loe|=m

Hence, the sequence {J;} is bounded in W”2. This implies that there exists a sub-
sequence, still denoted by Ji, and Jo € W2, such that J; converges weakly to
Join W2 and E,,(Jp) < lim,_, . &n(Jk). Moreover, Ji converges strongly to Jo in
W™=1.2 and hence Jy € Jg. It follows that Jy is an energy-minimizer of the functional
En(). O
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Denote by qu (M) the set of all (p, g) tensor fields on (M, g). There is a natural
inner product on qu (M) induced by g, denoted by (, ). In local coordinate {x'}7_,,
A € T} (M) can be expressed by

d

_ ]I]p_
A= Ail"-iq 9x ®--®

oz Rdx'" @ - @ dx".
X

The inner product of A, B € qu (M) is given by

kl"'kp ll"'lp i1]1 igJ
(A, B) = Ailu-iq Bj]...qu 8GRy 8kl

where g = g;;jdx’ ® dx’/ and (g"/) is the inverse of (g;;). For A € T|'(M), define the
adjoint operator A* of A by

g(X,A*Y) := g(AX,Y), VX,Y e X(M).

where X(M ) is the set of all smqoth vector fields on (M, g). In local coordinates, if
A= Ald,; ®dx' wehave (A*)! = Algg;.

Proposition 1 We have the following standard facts,

1. Forall A, B € qu(M), there holds

/M(VA, VB) = —/M (A, AB).

2. Forall A € Tl1 (M) and X € X(M), there holds (VxA)* = Vx(A®).
3. Forall A, B € Tl1 (M), there holds (A, B) = (A*, B*).
4. Forall A, B, C € Tll (M), there holds (A, BC) = (B*A,C) = (AC*, B) .

For A, B € Tll (M), AB is regarded as the composition of linear maps, i.e., AB €
T (M). In local coordinate we have (AB)] = A} Bf. With these notations, we have

ng{JeTll(M): J? = —id, J*+J=O}. )

Let {J(t)}re(—s,5) be a C! curve in J, with J(0) = J. Let S = 4/|,_. Such S is
called an admissible variational direction of J in J,. Denote S; to be the set of all
admissible variational directions of J.

Proposition 2 We have
Sy = iSeTll(M):SJ+JS=0,S+S*=0},

For any J € J,, define the operator @, : T11 (M) — Sy by

@,(T) = %((T +JTJ) — (T + JTJ)*).
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On each fiber of Tl1 (M), @y is precisely the orthogonal projection onto (Sy),, satis-
fying that for all 7 € T}/ (M) and S € S,

(T,S) =(®,(T),S).
Proposition 3 The Euler-Lagrange equation of functional &E,,(J) is
[a™J,J]=0. 5
Proof Suppose J € Jy is a critical point of &, (J). For any § € Sy, we have
0=268En(J) = (—1)”’2/ (a™),S) = (—1)’"2/ (@ (a"7),5)
M M
which implies @ ;(A™J) = 0. Equivalently we have
[A™T,J]=A"T] —JA"] =0.

]

An almost complex structure J € W’”’Z(Jg) satisfying (5) in distributional sense
is called weakly m-harmonic.

Proposition 4 A weakly m-harmonic almost complex structure J satisfies the following
in distributional sense,

m—1

AmJ — Z(—l)m+1+SVS . gs (6)
s=0

where g5 = Y Ci, ka ks vk gvke gvks g for nonnegative integers k1 + ko + k3 =
2m —s, ki € [0, m] and Cy, ky .k € Z. That is, forany T € Tl1 (M), there holds

1. whenm =2k, k € NT,

m—1

/M <Akj, AkT> + 3 fM (g5, V*T) =0 )

s=0

2. whenm =2k — 1, k e Nt,

m—1
k—1 k—1 s _
/M (vak=ty, vakiT) 4 g /M (g5, V*T) =0 ®)

For simplicity, we will give the exact meaning of V* in the proof.
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Proof We focus on the case m = 2k since the case m = 2k — 1 is similar. Suppose J
is weakly m-harmonic. Then for any S € Sy, we have

0= 2/ <AkJ, AkS>.
M
Taking S = @, (T) forany T € T/(M),
0= 2/ <AkJ, AkCDJ(T)>
M
1
= 5/ <AkJ, AT +JITT) — (T + JTJ)*)>
M

= 1/ <AkJ Ak(T+JTJ)>—<AkJ*,Ak(T+JTJ)>

Ak, Ak T+JTJ)> 9)

AKT. A ) <JAkJJ AkT>+<AkJ, R1>

a\s\a\s\a\s\“

<
<AkJ > <AkJ, JA"TJ> + (AkJ, R1>
(
<

AR AR T) = (4500 + Ra)J, ACT) + (450, R

2<AkJ ART ) (RgJ,AkT>+<AkJ,R1>
2(at

AkT>+(V(R21),VA"_IT>+<A/‘J,R1> (10)

where

R = A*(JTT) — JAFT T,
Ry = AN = Ak gg —gA% T = —A%J7 — JAFJ

We describe the terms of Ry and R; by taking a local orthonormal fields {e;}7_; as
follows,

Ry = AKUTI) — AT J
=Vi.VEUTI) - AT
= Z Vid] V’“k Jvlﬁl e 'Vi,gszV'

iy .vl.yk3
a<,f<,y<
k1+ko+ks=m

ko<m—1

Ry = AK(1T) — A} JT — JAKg
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= Z Vig, =+ Viak, J Vig, -+ Viﬁkz J

a<,f<,
ki+ky=m
1<ky,kp<m—1

where the symbol @ < means | <« <:-- < o, <k and we write
ki _
v Z Vig l"‘k]

Then, we can rewrite Ry and R; in the following,

R = Z vkhigvkT vk,
k1+ko+k3=m
ky<m—1
Ry = Z vkiyvke g,
ki+ky=m

1<ki,ko<m—1

Substituting the above into (10), we get (7) as follows,

0 :/ 2<Ak1, Ak / (V"‘JV"UJ) , VA""T)
M M k1+k2—ln
1<ki,kp<m—1
+f 3 <AkJ, vk vkt v"w)
M k1+ko+kz3=m
ko<m—1
:/ 2<Ak.l, Ak / 3 v (V’”JV"ZJJ> , VAk—1T>
M ki+ky=m
1<ky,kp<m—1
/ qu JAKIvk g, Vk2T>,
M k1+k2+k3_m
ky<m—1

]

Proposition5 A weak limit of a sequence of weakly m-harmonic almost complex
structures with uniformly bounded W™? norm is still m-harmonic.

Proof Let J be weakly m-harmonic. Then for any T € Tll (M), there holds
1. whenm = 2k, k € NT

f<AkJ,[J,AkT]>+ 3 <AkJ,[Vk‘J,Vk2T]>=O, (11)
M

k1+ky=m
1<ki,ko<m—1
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2. whenm =2k — 1,k € N*

/(VA"—IJ,[J,VA"—lT]>+ 3 <VA"—1J,[V"IJ,V"2T]>=0.
M

ki+ky=m
1<ky,ko<m—1

We only prove the case m = 2k. Recall (9) holds for all T € Tl1 (M),
/ (aks, a1+ y70)) =0
M

By replacing T by JT, we derive

[;(AkJ,Ak(JT——TJ)>:(A;<AkJ’AkL]’T»::0.

This implies (11) since

AN T = [AkJ, T] + [J, AkT] + ) [vli, kaT] ,

k1+ko=m
1<ki,kp<m—1

<AkJ, [Akj, T]> = <AkJ, aky T> - <AkJ, T AkJ>
= <(AkJ>* aky, T) - <AkJ (Ak1>* , T>

- <AkJ* AR, T> _ <AkJ AR, T> —0.

Now, suppose {J;} is a sequence of weakly m-harmonic almost complex structures in
W2 suchthat Jj—Jo in W"2 and sup; [ Jillym.2 < oo.By Rellich-Kondrachov
theorem, we know that J; converges to Jy in w™=1.2 Hence Jy € W’"’Z(Jg). Since

Ji—Jo in W2 we have

o [ a0 7] = [ fatn s 7).

Since J; converges to Jy in wm-1.2, sup; || J7]lym2 < oo and

'/M (4% 0. [ = g0, a*T])

we have lim/— oo [y, (A1, [J; — Jo, AFT]) = 0. With (12) this implies

lim <AkJ1, [J,,A"T]):/ <AkJo, [JO,AkT]>.
=00 J M

< 1A% Il 2111 = Joll 2 1 AKT | e,
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Similarly we conclude that, for all k; + k> =mand 1 < ky,kpy <m — 1,

[— 00

lim <AkJ1,[Vk‘J1,Vk2T]>:/ <AkJo, [V’”Jo, szT]>.
M M

Hence Jy is weakly m-harmonic and this completes the proof. O

4 Decay Estimates and Holder Regularity
In this section, we establish decay estimates for a class of semilinear elliptic equations
in critical dimension and deduce the Holder regularity of W2 m-harmonic almost

complex structure on (M 2m g) for m = 2, 3. For simplicity, we use C to denote a
uniform positive constant.

4.1 Decay Estimates for W22 Biharmonic Almost Complex Structure on R*
First, we consider decay estimates for biharmonic almost complex structure defined
on B; in R* as a special case. The presentation is much clearer and more streamlined

for this case and the main ideas are essentially the same. Consider the biharmonic
almost complex structure equation,

A% = J<VAJVJ +VIVAI + AJAT + A(Vj)z)

where J : B; € R* — M4(R) (the set of all 4 x 4 real matrices) satisfies
JP=—id, J+J"=0

Proposition 6 asserts that the biharmonic almost complex structure equation admit a

good divergence form. That is, for any given constant matrix Ag, biharmonic almost

complex structure J satisfies

A’ =Ty, (13)

where T}, is a linear combination of the following terms
V"‘((J — 1) * VP J % VVJ), Ao * V“((] — ko) * v%),

where «, 8, v, § are multi-indices such that 1 < || < 3,0 < |B],|y], 18] < 2,
|| + |Bl+ |y| =4 and || + |§] = 4. The notation A * B means the composition of
terms A and B, such as AB and BA. Then we have the following,

Lemma 3 Suppose J € wZ2(By, M4(R)) is a weakly biharmonic almost complex
structure on unit ball B C R*. Then, given any t € (0, 1), there exists g > 0 and
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6y € (0, %) such that if
1 1

3 2
EUJ,1):= (/ |VJ|4) +< |VZJ|2> < €,
B B

then we have

Dpy(J, 60) < 65 Dpy(J, 1), (14)

1

7
where py = % and D, (J,r) == (r”_4 fB, |Vu|1’> )
Proof We extend J to J € W22(R*, M4(R)) N L™ such that

f|BIZJ, 7|R4\32=)\.0::m 5
1

IV Tl Lro gty < C IV llLrocsy) (15)
E(J,00) <CEWJ,1), (16)

By the standard extension to J — Ag in By, there exists a function J— A0 on R* with
compact support contained in B and satisfying

17 = Aol oo rsy < CIJ = RollLosy), (17)
||.7— )‘OHWLI’O(R“) <C|J - )\OHWLI’o(Bl) (18)
1T = Rollwz(rey < CIJ = Aollwazy)- (19)

Since J — Ao has a compact support, (17) implies J— 2o € L1(R?) forall q € [1, o0].
By Poincare inequality (15) follows from (18). We obtain (16) by Poincare inequality,
Sobolev inequality and (19),

E(J, 00) = E(J — )y, 00)
< C||V2~7||L2(R4) < ClIJ = 2ollw22gyy < ClIVI llwrzgy < CEW, 1)

Note that J may not be almost complex structure outside B;. Now let G(x) = cIn |x|
be the fundamental solution for A% on R*, where c¢ is a constant. Then V*G is a
Calder6n-Zygmund kernel. Define

w(x) = /R4 Gx—y) ﬁo(y)dy = Z Wa, B,y + Zwa,g,

a,By a8
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where
wapy = [ VGx - (T —ro)* VEI() * VY I (y) )dy,
R4

a5 = A;{ VG (x — }’)<?»0 # (T() = ko) % vaf(y))dy,

and ﬁo is defined by replacing J by Jin 1), (see(13)),and «, B, y, § are multi-indices
suchthat 1 < || < 3,0 < B[, |y], 8] <2, |a| + |8l + |y| = 4 and |a| + |§] = 4.
We claim that for E(J, 1) < 1, there holds

IVollLro)y < CEW, DIV JIlLrosy)- (20)

We will prove the above inequality term by term. By Lemma 1, we have

1V ea.py Il o ey < CHIJN— 2ol IVP TV T)

L0 (RY)

4 VYT s
LTAT (R) L

[yl (R“)
< CIIVT o sy E(T, 00) "7
< CIV Loy E(J, DNEY

< CIIT = hollpor (mey IVA T

where we let % := oo for s = 0, Ny, stands for the number of non-zero elements in
{B, v} and qo, q1 € (1, 00) satisfy

1 el +1 1 1 L 18l Iyl
—+1= = — =
Po 4 q0 qQ q 4 4

Since |a| + Bl + |y| =4 and 1 < |a| < 3, we know that 1 < Ng, < 2 and hence
such ¢gg and g exist. If E(J, 1) < 1, there holds

IVwa,pyllLros) < IVoapyllpn sy < CIVI Loy EW, D). 21
By a similar argument, we also have
IVoasliLros) < IVoasllpromsy < CIVI L@y £, D). (22)
Combining (21) and (22), we deduce (20).
Finally, we turn to proving (14). Let v(x) := J(x) — w(x), then we know v(x) is

biharmonic on unit ball By, i.e., A2v(x) = 0. Since Vv is also biharmonic, it follows
from Lemma 2 (or see Lemma 6.2 in [5]) that there holds

2

Vv < C|Vv .
I ||LM<BI)_ Vol s,
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Hence, for any 6 € (0, %) and E(u, 1) < 1, there holds

-4
Dpy(J,0) =6 n0|[VJ|lLroy)
-4
<60 7 (Vo) lLros) + Vo) Lro8y))

1—-4 4

<Co n (”Vw(-x)”LPO(B()) +6r0 ||Vv(x)||L°°(Bg)>
-4 4

<CO | [Vox)|lLrosy) + 070 [IVV(X)| LroBy)
-4 4

<CO | [Vox)|lLropy) + 070 |V (X)) LroBy)
4

+6r0 ”VJ(X)”LPO(BQ)

14 4

<CO r | [VoX)lLroBy) + 0P IVIX) | LroBy)

1—-4
<C (9 o E(J, DIVJ(@X) | LroBy) + 9||VJ(X)||LP0(B.)>

_4
<C (91 W E(J, 1) +9) Dy, (J, 1).

Thus, for any given T € (0, 1), by choosing 6 = 6y and €¢ sufficiently small, we
obtain (14) for E(J, 1) < €. O

4.2 Decay Estimates for a Class of Semilinear Elliptic Equations

Consider the following semilinear elliptic equation for u : B C R" — RX,

Ay =y (x,Vu,--- ,Vzm_lu) (23)

where & : R" x R"K x ... x R"zm_lK — RX is smooth and B is the unit ball in
R" centered at origin. We can generalize the results in Sect,. 4.1 to (23) which admit
a good divergence structure specified in the following,

Definition 2 We say that the equation (23) admits a good divergence form if for any
fixed constant vector Ao € RX, ¥ canbe decomposed into ¥y + ¥y, the highest order
term ¥y and the lower order term ¥; , which satisfy the following properties:

1. Wy is a linear combination of the following terms

S
V((u = 10) % hap). with |hg gl < CT[|VFu
i=1

. (24)
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where «, B; are multi-indices and 8 = (81, - - - , Bs) such that
s
el + > 1Bil = 2m, (29)
i=1
|ﬂl|§mv i=17"'7S756N+7 (26)
N
L= gl <2m—1, 27)

i=1

2. Yy is a linear combination of the following three types of terms

s
V“(Cla,y(x) % Ea,y), with |Za,y| < C 1_[ |V}’iu|’

i=l (28)
by (x) * (u(x) — Ao) * Lo, Wwith [£o,| < Clul’, €N,
c(x),
where y = (Y1, -+, ¥5)s Gy (x), by (%), c(x) € C?"(By, RK) and
N
ol + Y vl <2m -1, (29)
i=1
|Vi|§m, i=17"'7sﬂseN+ﬂ (30)

PIIERE 31)
i=1

Remark 1 1. The condition (26) and (30) are natural for us to define the weak solution
to (23) for u € W2,

2. The condition (27) plays an important role in proving the Holder continuity of u
in critical dimension n = 2m under the structure (24) of ¥y.

3. A trivial verification shows that the terms in the form

g(x)* V¥ u %% V% for g(x) € C*"(By, RK), Z|ai| <2m—1

l

can always be rewritten as a linear combination of terms (28).

For any ball B, of radius r centered at origin in R”, any p > 1, and ¢; € (1, 00)

givenbylzl—uforlz 1,---,mand n > 2m, denote
qi 2 n

m 1
Eu,r)=7) (r"”” f |V’u|q')‘” : (32)
=1 By
1

Dp(u,r) = (rp_”f |Vu|p)p. (33)
B,
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Lemma 4 Suppose n = 2m and u € W™2(By, RK) N L™ satisfies (23) in distribu-
tional sense. If (23) admits a good divergence form and ||u| =g,y < B < oo, then,
given any T € (0, 1), there exists €9 > 0 and 6y € (0, %), which are only dependent
of t, B, m, such that if E(u, 1) < €q, then we have

Dp,(u, 0p) < 65 (Dpo(u, 1) + A), (34)

where pg = 4Tm € (1,2m) and

A=) ey )o@y + Y 151 Loy + Ve | oy

oy '
where ay , (x), by (x), c(x) are from (28) in lower order terms ¥y, of (23).

Proof For simplicity, we denote by C a positive constant only dependent of ¢, B3, m.
Following the similar argument in the proof of Lemma 3, we can extend u to u €
wm2(R¥" RX) N L™ such that

~ ~ 1
ulp, =u, Ulgamp, = Ao = —— u
B

|Bi]
121l oo (ramy < C llullLoo(By) (35)
V@l po amy < C [[VullLrosy) (36)
E(,00) < CE(u,l), 37

Of course, by a standard extension theorem to the functions ag, ) (x), b;(x) €

cam (B_l,iRK ) from the lower order term ¥y, there exist the corresponding functions
G,y (), by (x) € CI™(R¥™, RX) such that

oy OBy = g,y (x), by(x)|p, = by(x),
Ea,y(x)|R2m\Bz = 0, b[(.x)hRZm\Bz = 0,

1y GOl oo (g2my < Clltay (@) L8

1B ()l oo (m2my < Cllbs (X)L By

Let G(x) = ¢, In |x| be the fundamental solution for A™ on R?". Then V>"'G is a
Calder6n-Zygmund kernel. Let us define

D) =Y g p() + Y 0y () + > wo(x),
o,pB o,y t
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where

Wap () = fR L VIGk - y)((ﬁ(y) — o) ﬁa,ﬁm)dy
Way (x) = /R L VG =) <aa,y(y> * Za,y(y))dy

o1 (x) = fR L Gl—y) (E(y) * ((y) = ho) * Zo,t(w)dy.
We claim that, for pg = 4Tm and E(u, 1) < 1, there holds
IVollLroms) = C<E(M, DIVullprosyy + E(u, 1) - A)- (38)
We will prove above inequality term by term. By Lemma 1, we have

IVwagllLros) < IVoogllprogy < C|l|id — kol - |ha,p]

L9«.B (RZm)

S
< Clli — ol pom ey [ [IVEEN 20
Lim (R2m) 113 L1Bil (R2m)

N
< CIVllro remy [ TIVFEN 2
el LWH (RZm)
S—nﬂ

< C”VMHLPO(BI)E(M, 1)nﬁ”u”L00(Bl)
< CB"|Vulpros)E(u, )"

where ﬁé—l"l i=oo for [Bi| =0,ng = |{,8i B # O}| > 1,and

1 1 (< 1 3 Jal+1
= — g+ =14+ = — )
qa.p  2m (; 1Bil + 2) + 4m 2m

Note that (27) implies gq,g € (1, 00). Hence, if E(u, 1) < 1, there holds

Ve gllLros)y < CEu, DVullpros,)- (39)
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Similarly, by Lemma 1, we obtain that

IVwea,yllLrosy) < C”Va)a’y”lAm(RZm) <C |5a,y| . |Ka,y}

Loy (RZm )

N
< C ||aa’y “qu (R2m) E || VVIﬁHL% (Rzm)

<CAE@ D) lullp oy,
2m
lyi

where = oo for |y;| =0,n, = |{y,- Y F 0}’ > 1 due to (31), and

1 1 la| 41 1 1 1 a
=—+4+1- , —=—41-— i +1].
qa,y  4m + 2m q1 4m + 2m ('aH_;'ylH_

Note that (29) implies ¢4,y , g1 € (1, 00). Hence, if E(u, 1) < 1, there holds
IVooyliLrom) < C-A-E(u, 1) (40)
Similar argument applies to terms wp ; and yields
IVwo,illLros) = C - A~ Eu, 1). 41
Combining (39), (40) and (41) gives (38). In the last we prove (34). Denote v(x) :=

u(x) — w(x), then v(x) satisfies A™v(x) = c(x) on Bj in distributional sense. By
Lemma 2, we have

1

2

IVl (1) < C(IVvll L1,y + 1Vl ay))-

Hence, for any 6 € (0, %) and E(u, 1) < 1, there holds

D0, 8) = 870 | Vull 1o sy
<o % IVl Lrosy) + o' IVollLro(By)
< CO|IVvllLeo(py) + o'~ %% IVollLros))
< COIVollLrs) + IV l=ay) + 0" Vol 1,
< CO(IVullLma) + Vol ) + A) +6' "7 [Vollm,

1—2m
< C<9(||Vu||u’0(31) +A)+6 ||VCU||LP0(BI)>

1—2m
< c(e(nwnm(&) +A) 4600 E@, D(IVullros,) + A))
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=< C(@ +6'"% E@, 1)>(Dp0(u, D)+ A).

Thus, for any given 7 € (0, 1), by choosing & = 6y and ¢( sufficiently small, we
obtain (34) for E(u, 1) < €. O

4.3 Holder Regularity for m-Harmonic Almost Complex Structure

In this subsection, we prove the Holder regularity using the decay estimates above,

Theorem 2 Suppose J € W2 (Jy,) is aweakly m-harmonic almost complex structure
on (M*", g) withm € {2, 3}. Then J is Holder-continuous.

Since the Holder regularity is a local property, we work on local coordinates on
(M", g). Let Bp be the unit ball of R” and write g as a smooth metric on Bj. First we
consider the Euclidean case with g = go = ) _; dx' ® dx' on Bj. The general case is
a small perturbation of the Euclidean case.

4.3.1 The Euclidean Case (B1, go)

In this case, an almost complex structure J on Bj can be regarded as a function in
W™2(B;, M, (R)) such that JZ = —id and JT 4+ J = 0, where M,, (R) is the set of all
real n x n matrices and J7 is the transpose of matrix J. The inner product of A, B €
T!'(By) reads (A, B) = Y7 ;_, Al B! for A = Aldx! ® ;% and B = Bldx' ® ol
Thus the inner product of (1, 1) tensor fields on B] can be v1ewed as the inner product
of two vectors in Euclidean space R”.

First we need to write the Euler-Lagrange equation in a good divergence form in

the sense of Definition 2.

Lemma5 Suppose J is a W™? weakly m-harmonic almost structure on (By, go),
m = 2, 3. Then J satisfies the following in distributional sense,

A’"J:ll/(J,VJ,m ,vz’"‘lJ) (42)

where W can be rewritten as a linear combination of the following terms, for any fixed
constant matrix Ao € M, (R),

* ((J—Ao)*VﬂJ*VVJ) or ho* VY x ((J—Ao)*v“J),

where «, B, v, 8 are multi-indices such that 1 < |a| <2m — 1,0 < |B], |y|, 18] < m,
le| + 1B + ly| = 2m and |a| + |8] = 2m.

Lemma 5 will be proved in Appendix. Now we prove Theorem 2 for the Euclidean
case (B, go). First, we use the normalized energy E(J; x, r) defined by replacing
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u,B, by J, B, (x) respectively in (32). That is, due to n = 2m,

m €

m 2m

E(J;x,r):Z(/ |V[J|21> .
B

1=1 ()

For any fixed Ro € (0, 1), we have that for every €p > 0, there exists 7o € (0, 1 — Rp)
such that

sup E(J; x,rp) < €. 43)

XEERO

For x¢ € ERO, Jxo.r0(X) 1= J(x0 + rox) is also a W2 ;-harmonic almost structure
on (B, go) with

E(Jx,r0: 0, 1) = E(J; x0, o) < €p.

By Lemma 5, Jy, », admits a good divergence form (see Definition 2) with ¥; = 0.
Then it follows from Lemma 4 that by choosing suitable €y > 0 in (43), there exists
6o € (0, 3) and po = ** such that

Dy, (J5 x0, 00r0) = D py(Jxg,ro: 0, 60)
< GODPO(JXOJ’O; 0,1)= QQDPO(J; X0, 70)-

A standard iteration argument shows that there exists o € (0, 1) such that
Dy (J; x0,17) < Cr%, Vr e (0, rp).

This, combined with the Morrey’s lemma, yields that J € CO*“(ERO), hence that
J e CO%(By).

4.3.2 The General Case (B1, g)

In this subsection, we prove the Holder regularity of the general case on (B, g) by
a perturbation method. We start by recalling the scaling invariance of the functional
En(J) in critical dimension n = 2m. If g, = Azg for some positive real number
A then &, (J, &) = En(J, &), where E,(J, 8) = [, |AZ J|2dVg. It follows that if
J is a weakly m-harmonic on (M, g), then J is also m-harmonic on (M, g;). If we
take the geodesic normal coordinates on the unit geodesic ball centered at fixed point
in (M, g,), then the metric g, in such local coordinates converges to the Euclidean
metric in C*°(By) as A goes to infinity. Hence, we can assume that, by a scaling if
necessary, the metric g on By is sufficiently close to the Euclidean metric in the sense

2m

18ij (¥) — 8ijl + Y [DFgij(x)| < 8o, Vx € By (44)
k=1
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where §y is sufficiently small and will be determined later. Now we prove Theorem 2
in the general case (By, g).

Firstly, we introduce an operator m which maps a (1, 1) tensor field A on (By, g)
to a n x n real matrix valued function,

Am = m(A) = (A))

where A = Aij dx' ® % In other words, A denotes tensor field and Ay, denotes its
coefficient matrix. Let us denote by V the covariant derivative on (Bj, g) and D the
ordinary derivatives (i.e., Dy = ;). Here it is necessary to emphasize the difference

between the derivatives on tensor fields and matrix valued functions. For example, for
A= Aldx" ® 9;, we have

(Va A = DeAl + AST — Al T,

where F,’; denote the Christoffel symbols with respect to metric g. To simplify notation,
we rewrite above equation as

(Va,A),, = DkAm + Dg * Ay

where Dy Ay = Dk(Alj) = (DkAl.j). Similarly, there holds

(AA) = AAw + Dg* DA + (D¢ + Dg * Dg) * An. (45)
Recall the m-harmonic almost complex structure equation (61), i.e.,

A" =T, VJ, -, V")),
We will reduce above equation to a perturbation form of the Euclidean case step by
step. As a example, we show how to handle the term A™J. Repeated application of
(45) yields
(A" ) = A" + L1(D' g, D’ Jiy)

where L stands for the lower order terms in the following form

Ly=Y Dgx-xDigxDIJy

withi, > 1, =1,---,5,j > 0and j+ Y}_ i, = 2m. Let Ag = Y7, 97 be
the standard Laplace operator on Euclidean space R>". Recall that for any smooth
function f,

0 s 0f 0% f
i T s O i)
Al =s dxiox/ Tij xS % 3xidx/

+ Dg x Df,
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where we omit the terms g/ in the expression Dg * Df due to boundedness of g.
Then we have

(A™ = AY)Jm = Pi + La(D'g, D/ Jw),
where P; stands for the perturbation term in the following form
P1 — (giljl - gimjm _ 6i1j1 . (Slm]m)Dlzll’;lllm/m Jm

= Y ap(x)x DPJy, (46)
|Bl=2m

and L, also stands for the lower order terms and has the similar expression as L.
Hence, we obtain

(4"1),, = Af Jm + Py + Ly (Dig, DV ).
where L 1 = L1 + L, has the following form
Ly=) Dlgx-xDigx DIy

withi, > 1,u =1,---,s, j > 0and (prl i) + j = 2m. Similar arguments
apply to the nonlinear terms and yield

T (J, VI, ,vz’"—lJ) =T, (Jm, D, -, DZ'"—lJm) + P+ 1,

where T admits a good divergence form as ¥ in Lemma 5, P> stands for the pertur-
bation terms

Py = Z biji * D' ((Jm — ho) % DI Ju 5 D¥ Ty (47)

where b; i consists of g’ — 8,0 < j,k <mandi+ j+k = 2m, and Zz stands
for the lower order terms in the following form

Ly=) Dl'gs-  xDgx DI Jy s D"Joy 5 D'y

withiy, > 1pu=1,---,5,0< j+k+I =< 2m—1and(2‘;:1 iﬂ)—kj—{—k—i—l = 2m.
By the arguments above, we get the final reduced equation about Ji,

Ay Im =Ty +P+L (48)
where P = P,—Pjand £ = Zz — Zl . In other words, the nonlinear part of (48) consists
of three types of terms: terms that admit a good divergence form, the perturbation terms

and the lower order terms. Now recall the definition of E(u, r) and D, (u, r) in (32)
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and (33) respectively. Then, we claim that for any given € (0, 1), there exists §¢p > 0,
€o > 0and 6y € (0, %) such that if the metric g satisfies (44) and E(Jy,, 1) < €p, then
we have

Dy (I, 00) < 05 (Dpo(Jm, 1) + I Dgllc2n-1(5,))- (49)

where pg = 47’". The above claim is a direct consequence of Lemma 4 provided P = 0.
Hence the key point is to prove that the inequality (38) in Lemma 4 still holds with
additional nonlinear terms P. We claim that, there holds

IDwpliLros) < C(SollDImllLros) + E(Jm, 1)||Dg||sz71(Bl)), (50)
where wp(x) := fRZm G(x — y)P(fm)(y)dy. We now turn to proving (50). Since
a(x)D*" Jo = D1 (a (x)DJm) + Lower order terms,

and

”D/ D 1G(x — )a()DIm(dy
RZm

LP0 (R?™)

AzpmGu—wawD%@wy

LPo (RZm )
< Cll@(x) DI () | Lo (rom)

< Clla()|l o) 1D Jm ()l Lro(By)
< C IDIm (X)) Lro(By)s

it follows from estimates for lower order terms in Lemma 4 that (50) holds for the terms
a(x)D*" J, in (46). In the same manner, (50) also holds for the terms in (47). Hence
the decay estimate (49) holds and it implies J, € C 0.@(By) for some & € (0, 1).

5 Higher Regularity for m-Harmonic Almost Complex Structures

We state the higher regularity results for a class of semilinear elliptic equations as a
generalization in [5]. The proof follows essentially Proposition 7.1 in [5].

Theorem 3 Suppose n > 2m and u € CO* N W™2(By, RX) satisfies
A= (x, Vi, V) (51)
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in distributional sense, where ¥ can be divided into two parts: the highest order terms
H and lower order terms L, i.e., ¥ = H + L, which admit the following structures:

m—1 m
H=3" kg, where |g] < C Y IV'ul T,
k=0 =1
m—1
L= V* 3. where|gi| <C» (]_[ |vau|> for Y vl <2m —1—k.
k=0 Y i i

Then, u € C*®(B;, RX).

Proof Gastel and Scheven in [5] proved the theorem in the case ¥ = H. According
to the proof of Proposition 7.1 in [5], it suffices to prove the following two claims in
the case ¥ = L:

M sup pz'"*"*z“/ IV"ul? <00, YO<R<1, (52)
B,(x)CBg B, (x)

(2) For every non-integer v := [v] + o € (0, m), if u € C"1-7 (B, RX) and

sup pz'"*"*”/ IV"ul> <00, YO<R <1, (53)
B,(x)CBRg B, (x)

then we have that, for 0 <k <m — 1 and B, (x) C Bg, there holds

2m—k

o~  2m 2m m+1
(p“‘" / |gk|2mk> <Cpn? (54)
By (x)

Before proceeding to prove claims, we make some conventions: fix R € (0, 1),
always assume B,(x) C Bg, and C stand for the positive constants only dependent
of m, n, [[ull con(py-

We first prove the Claim (1) by standard integral estimates. Since u € C 0.1 (By),
we have

llu —ullL(B, () < Clulu.pgp™ < Cp",

where u = Wl(x)\ /, By(x) u(y). To simplify the proof in the following estimate, we

assume |ju — EHL"O(B,,(X)) <.
By Gagliardo-Nirenberg interpolation inequality, we have that, for 1 <l <m — 1,
there holds
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!

2L L 2m

2m m _1-+ _ m

(pz'""/ |Vlu|l) < Cllu 1) =" (pz'" / |V’"u|2>
B,(x) Bp(x)

+ Cllu — ul|poo. (55)

It follows that

1 () 2 ) A
/ [Viul T < Cllu — ull; / IV u|” 4+ Cp" =" lu — ull '
By (x) By (x)

2

< Cllu —ull} / IV u|> 4+ Cp" 2" |u — T||3 . (56)
By (x)

On the other hand, by Holder’s inequality, it follows from (55) that, for 1 <l <m —1
and g € [1, 27’"]

1 !
q 1—L 2m
<pl‘f‘” / |V’u|q) fcnu—mw(pz’"—" / |V’"u|2> 57
B,(x) B,(x) (57)
+Cllu =l 2.

We choose a cut-off function n € C§°(B,(x), [0, 1]) such that

May =1 and IVinllLe < Cp™!, VIeN.

Testing (51) with n>” (u — ), we compute

m—1
/n2m|vmu|2dy <cC Z/W'"m VR =] - [V
k=0

m—1 k
+CZZ/|v1<u—ﬁ>| AVETIP g
k=0 j=0
m—1 k

m—1
=: Zlk+ ZZIij.
k=0

k=0 j=0
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Let €1, €2 € (0, 1) be constants to be chosen later. For I, we obtain

Iy < c/ V™ ul - |u — ) - [V

1

n_ _ 2 2\?
< Cpb —u||Loo</n gy )

< / PVl 4 Cey o2t — Tl

< 61/‘n2m|vmu|2+cqpn72m+2/t‘
For1 <k <m — 1, we obtain

I < Cpm / V" u] - [VEu] -t

1 1
2 2
E Cpk_m</7]2m|vmu|2> (/n2k|vku|2)

SGl/ﬂ2m|vmu|2+cel,02k_2m/n2k|vku|2
<er [ vl

+Ce p? (apz’”‘z" / V™l + Ceyp" = Ju — ﬁn%oo)
B

0 (X)
< f PV P+ e, / VU 4 Coy o™t — 2
Bp(x)

5C€1/7’)2m|vm”|2+€2Cq/ |Vmu|2+celcezpn—2m+2p,

B, (x)

where we use (57) with ¢ = 2 and Young’s inequality in the fourth inequality. Next,
we estimate I oo as follows

Iy < CZ/ uw—ul - [[IV7ul
14 i

n . .
<CY pr - fu =l [ TIn7'Vull 2
” . L7l
1

2m
< Clu —ﬁlle<Pn + Z/nmw'”'uw)

vi#0

m
— 2m
< Cllu —ullLoo<p” +Z/ Ak )
1=1"Bp)
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SCllu—ﬁllLoo/ V" ul? + Cp" lu — |
By (x)

_ 142 _ _
+C<|Iu — Ul / IV"ul? + p" 2" u —u||2oo)
X

By (x)

< Cpu/ |Vmu|2 +Cpn—2m+2u
By (x)

where we use (56) in the fifth inequality, and 1 = % + ﬁ > i 1¥il. Note that, due to
> 1vil < 2m — 1, it follows that pg € [1, 2m]. Similar arguments apply to I I o and

we obtain, for1 <k <m — 1,

I < CP”/
B, (x)

|Vmu|2 + Cpn72m+2//.'

By Holder’s inequality and Young’s inequality, we have that, for 1 <k <m — 1,
2i m-l 2

/nz'”|§k|m < e2/ |vmu|2+cez<p” + Z/ |V’u|z>

Bp(x) I=1 B,u(x)

(58)

2 _
=< (62 + Ce,pm ) / [V u|? + Ce, p" 221,
By (x)

where we apply (56) in second inequality. Now for 1 < j < k <m — 1, we have

I < Cpf*"/ 1%kl - [V u| - p?mti=k

< Col KNniviy 2m—kzy
=Cp'ln I, 2 78kl 2

. 2m . 2m ~  2m
< Cpl=h% / IV7u|® + C/n2m|gk|2m—k
By (x)

2u —
SC<62+C52,0 m)f |Vmu|2+cezpn 2m~+2u
By (x)

where we use (57) with g = 27”’ and (58) in the last inequality. Similarly, we obtain,

forl <k<m-—1
Ivmu|2 + ngpn—2m+2p..

2
I < (e2+ Cepm)
B, (x)

Combining above all estimates, we deduce that

2,
/n2m|Vmu|2dy < CEI/n2m|vmu|2+c(ez+cézpﬁ“)/ IV u]?
B, (x)

+ Cg,,gzpn_2m+2“.
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Thus, by choosing €1, €2, pp small enough, we have that, for all p < py, there holds

/ |Vmu|2 SS/ |Vmu|2+cpn—2m+2u
Bp

By
where ¢ < 22"~"=2/ i5 a fixed positive number. A standard iteration argument implies
(52).
The task is now to prove Claim (2). Since u € CI'17(By) with v = [v] 4+ o, we
know that, there exists a Taylor polynomials P, at the points x such that

lullcivio(ppy < C <00, lu— PyllLes, @) < Cp".

By Gagliardo-Nirenberg interpolation inequality and (53), we have that, for v </ <
m, there holds

!
o\ 20
(/ﬂ’"—” / |v1u|2,)
B,a(x)

!
<Cllu— Py ||Loo”(13 @) <P2m_n/ |Vmu|2> + Cllu — Py ”LOO(Bp(x))
Bp(x)
<Cp".

Let us compute

2m—k
~ 2m_ 2m N 2m—
(pz’"‘" / |gk|2mk) < CpmHE ot T [V9lu] 2
By(x) il>v LIil(B,(x)
<Cp’
where
e Z lyil =
\}':|>V

2m —

T=m—n) —+Z< |y,|). (59)

lyil>v

Combining above two identities yields

2m —k n 2m —k 1
T=02m—n)- + — 4+ ny,v+ (m—2m) - —
2m q0 2m q0

2m
— 4+ nyv.
q0

where n, = [{y; : |yi| > v}|.
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We claim that

m—+1
m

T =

V. (60)

which implies (54). Obviously, (60) holds for n, > 2. For n, = 0, (59) implies

1 _ 2m—k
o= . Hence, for v € (0, m)

2 1
r:—m=2m—k2m+lzm+
q0 m

V.

For n, = 1, (59) and the fact k + ) ; |yi| < 2m — 1 imply qlo > ﬁ Hence, for
v e (0,m),

2m m+1
T=—+4+v>14v>
q0

V.

Thus, the claim (60) is proved. O

As adirect consequence, Theorem 3 implies the smoothness of weakly m-harmonic
almost complex structures.

Corollary 1 Suppose n > 2m and J € C%* N W™? is a weakly m-harmonic almost
complex structure on (M", g). Then J is smooth.

6 Appendix

In this section, we will rewrite m-harmonic almost complex structure equation in a
good divergence form in the spirit of [2] to prove Lemma 5. First we have the following,

Lemma6 The Euler-Lagrange equation [A™J, J] = 0 is equivalent to
m 1 2m—1
A J:ZTm(J,VJ,--.,V 7) ©1)
where T, = J Q + O J and
0,y = A™ (JZ) —AMJ—JAM.

Proof This is a direct computation using the fact A(J?) = 0. O

Lemma 5 can be stated as follows,

Proposition6 Form = 2,3, T,,, in Lemma 6 can be rewritten as

T = Ty — [J — R0, [A™ T, T]] (62)
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where Ty, is a linear combination of the following terms
V“((] — ) % VAT x vw) or Ao * V“((J — o) * V5J>,

where «, B, v, 8 are multi-indices such that 1 < |a| <2m — 1,0 < 8], |y|, 18] <m,
la| + [B] + |y = 2m and |a| + 5] = 2m.

In what follows, we always assume J is a square matrix valued function and satisfies
J? = —id. In this situation, we know Vo = 0 for every constant matrix Ag. The

reason for emphasizing this point is that if we consider the constant matrix Ap as a
(1,1) tensor field on (Bj, g), then (1, 2) tensor field VAo might not be zero.

6.1 The case m=2: biharmonic almost complex structure

By the definition of 7,,, in Theorem 6, we have
T, =JQ02+ Q02J,
where Q) = 2VAJVJ +2VJIVAJ +2AJAJ +2A(VJ)2. Set
I=J(VAJVI +VIVAI)+ (VAIVI +VIVAI)]
I = J(AJ)? + (AT
I = JA(VJ)? + A(VI)?J.

Thus, we obtain 7> = 2I + 2II + 2I1I. Firstly, we compute the term I:

I=JVAJVI +IJVIVAJ +VAIVII+VIVAIJ
=JVAIJVJ —=VIJIVAJ] —=VAJIVI +VIVAJJ
=[J,VAJIVJ +VIJ[VAJ, J]
=[VJ,[VAJ, J]]

Since V([VAJ, J]1—[AJ, VJ]) =[A?J, J], we have

VIJ — Ao, [VAJ, J] = [AT,VJ]]
= [VJ,[VAJ, J]—[AJ, VIl +[J — xo, [A%J, J]]. (63)
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Now we compute the left-hand side of above equality:

V[J = ro, [VAJ, J1—[AJ, VJT]
= VI[J — Ao, VIAJ, J1] = 2V[J — ho, [AT, V]
= V[J — ko, V[AJ, J11 + Ty,
= A[J — Ao, [AT, J]1 = VIVJ,[AT, ] + Ty,
= —V[VJ,[AJ, ]|+ T},
= —[AJ,[AJ, J]] = [VJ.[VAJ, J) = [VJ.[AJ. VI + T},

Substituting above equality into (63) yields
A =2[VJ,[VAI, Il = —[AJ, [AT, I =[] — ko, [A*T. TN+ T5,  (64)
We now turn to compute the term III. Since

JANVI)? = (J = 2) AV + AA(VI)?
= (J = 2)AVI)? + 2 AV((J = 20)VJ) — A A((J — 10)AJ)
=(J —2)AVI) + Ty,
=V, ((J = 20)Vp(VI)?) = V, 0V, (V) + T,
= —V,IV,(V))} + T,
= —V,(VpJ(VI)?) + AJ(VI)? + Ty,
=AJ(V) 4Ty,

and similarly A(VJ)2J = (VJ)?AJ + Ty,, we have
Il = AJ(VJ)? + (VI AT + Ty, (65)
Now let us proceed to compute II:

L= J(AJ)? + (AT = —(AJT +2(VI)?)AT + AJATT
= AJ[AJ, J]—2(VI)2 AT

where we used the fact A(J2) = 0 which implies
AJJ =—JAJ —2VJVJ. (66)
On the other hand, we also have

L= J(AD)? + (AT = JAJAT — AJ(J AT +2(VJ)?)
=[J, AJJAJ —2AJ(VJ)?
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Hence, we obtain

200 = AJ[AT, J1+1[J, ATIAT = 2((VI)?AJ + AJ(VI)?)
=[AJ,[AT, J1] = 2(VI)? AT = 24T (VJ)?
=[AJ,[AJ, J]] - 2101 (67)

where in the last equality we used (65). Substituting (67) into (64), we get
Ty =20+ 200+ 20 = Ty, - [J = %0, [4%7, 7]

which is the desired conclusion.

6.2 The Case m=3: 3-Harmonic Almost Complex Structure

By the definition of 7,,, in Theorem 6, we have

T3 =J03+ 03J,
where

03 =2VA2JVJ +2VIVAY] + A’ JAJ + AJA%J
+2A(VAIVI +VIVAI) +24(AT) +24% (V).

For simplicity, we collect some terms which are T}, type and appear frequently in
the following proof.

Lemma7 The following terms are Ty, type terms for any given constant matrix Ag:
v (w « V2] % vzj) , V2 (w * VJ V2J) v (VJ « VJ V3J) VA (V2.

Proof For simplicity, we only show how to rewrite the first term and the third term.
Other terms can be handled in much the same way. The first term:

V(VI % V2] «V2]) =V (V (J — 1) % V2J % v21)
—v? ((J —a0) * V21 % V21> -V ((J — ) * V3T % V2]>
_v ((J — ) * V2T % V3J)

=T),-
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The third term:

V(VJ % VI %V3])
=V} (VI % VI % V2]) = V(V2I % VI % V2]) = V(VJ % V2] % V2])
=Ty,

O

Note that we will emphasize the terms of T}, type by underlining it in the following
proof. Set

I= JVA?JVJ + JVIVA ] + VA JVI ] +VIVA*T ],
L= J(A*JAT + AJA?T) + (AT AT + AT A%T),
Il = JA(VAJVI +VIVAJ)+ A(VAIVI +VIVAI)J,
IV=JA(A])? + A(A))* T,
V=JA2(VI)Y + A2 (VI)J.

Then, we obtain 73 = 21 + II + 2III 4 2IV + 2V.
Step One: dealing with I. Now Let us compute the first term I:

1= JVA?JV] +JIVIVA ] +VA2IVI] +VIVA*TJ
= JVA2JV] —VJIVA ] —VA2JJV] +VIVALTJ

- [J, VAZJ] VI 4+ VJ [VAZJ, J]

- [VJ, [VAZJ, J]] ,
Since V([VAZJ, J1—=[A%2J,VJ]+[VAJ, AJ]) =[A3J, J], we have

v [J — o, [VAQJ, J] - [A2J, VJ] +[VAJ, AJ]]

=[vs.[ Va2, g] = [220, V0] + (vAs AN+ [T = 0. [ 430, 0]].
(68)

Now we compute the left-hand side of above equality.
v [J — Ao, [VAZJ, J] - [AZJ, VJ] FVAJ, AJ]]
=V[7 =0 [V421. 7] = [420,v1]| + T,
= V[J — .V [AZJ, J] —2 [AZJ, VJ]] + Ty,

= A[J = 20,1470, 1] = V[V, 1420, J1] = 2V1J = ho, [ 420, VI 1+ T3,
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= A[J — ho, VI[VAJ, J] = [VAJ, VJ]]
— 2V, [ = 0, VgV AL V1 = 9480, 92,7]]
v [vs.[a20. 9]+ 7

= AV[J — o, [VAJ, J]] — A[VJ,[VAJ, J]]
- 2v[2,q[J — 20, [Vg AT, VI + 2V, [V J, [V AT, V1]

—VIVJ,[A%], ]+ Ty,
= —A[VJ,[VAJ, J]| = V[V, [A*], J]] + Ty,

where in the second equality from bottom we employ lemma 7. By substituting above
equality into (68), we obtain

1=[VJ,[VAZ], J]]
= [VJ.[A2], VI = [VJ.[VAT, AJ]] — A[VJ,[VAJ, J]| - V [VJ, [AZJ, JH

+ Ty — [J — 2o, [A3J, J]] .

Since V[V J, [A%], J1l = [AJ,[A%T, J11+[VJ,[VAZT, J11+([VJ, [A%],VJ]],
we deduce

2= —[VJ,[VAJ, AJ]] - AIVJ, [VAJ, J]] — [AJ, [AZJ, J]]

+ Ty — [J—Ao, [A3J,J]]. (69)
By lemma 7, we can derive

[VJ,[VAJ, AJ]]
=VJNVAJAJ — AJVAJ) = (VAJAJ — AJVAI)VJ
=VJIVAJAJ + AJVAIJVI] —=VJAIVAJ] —VAJAIJV]

=V (VIAJAT) +V(AJAIVI) —2(AJ) —2VJAIVAJ —2VAJAIV]
= —2(AJ)} —2VJAIVAI —2VAJAIVI + Ty, (70)

and

A[VJ,[VAT, J1]
= A[VJ,V[AJ, J]—[AJ,V]]]
= A[VJ,V[AJ, J]] — A[VJ,[AJ, VJ]]
= AV[VJ,[AJ, J]] — A[AJ,[AT, J]] + T3,

——A ((AJ)2 J+7(A))? - 2AJJAJ) Ty,
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— A (2 (AT 420 (AD? + 22 AJ +2A7 (VJ)z) Ty,

—_2A ((AJ)2 J+J (AJ)Z) + Thy. 71)

where in the second equality from bottom we used (66). Substituting equalities (70)
and (71) into equality (69) yields

2A=2(AJ) +2VIAIVAI +2VAJAIVI +2A ((AJ)2 J+J (AJ)Z)
— [AJ, [AZJ,J]] + Ty — [J — o, [A3J,J]]. (72)

Step Two: dealing with V and II. Firstly, we deal with fifth term V. It follows from
Lemma 7 that

V=JA>(VI)>+ A2 (V)]
= (J = 2) A2 (V)2 + A2 (V)2 (J = ho) + A A? (VI)2 4+ A2 (V)% A

—v ((J —3) VA (VJ)Z) —VIVANI)?
+v (VA VI - A0)> —VANVIPVI + Ty,

= A((] _ ,\O)A(VJ)2> —v (VJA (VJ)Z) _VIVA VT

+ A(A(VJ)Z(J _ )\0)) _v (A (V)2 VJ) —VANVIEVI + Ty,

—_v (VJA (VJ)Z) —VIVANIYE -V (A (V)2 VJ)
— VAN VI + Ty,

Since
v, (vpm (VJ)2> =V, (v,,JVq (VJ)Z) -V, <v§pqu (VJ)2> =T,
and

V,JV,A (V) = v,,(v,,JA (VJ)2) — AJA(VJ)?

-V, (AJV,, (VJ)2> VATV, (V)2 + Ty,

=V, (VA0 (VD)) = A2 (V)P + T,

= AT (V) + Ty,
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we have
V=A%J (V) + (V) AT + T, (73)
Next, we deal with the second term
=7 (a%47+ AJA2J> + (AZJAJ + AJA2J> J
- [AJ, [AZJ, J]] 2V A2 —2A%) (VI)?
- [AJ, [A2J, J]] 2V Ty, (74)

where we have used (66) and (73).
Step Three: dealing with III Here we begin to deal with the third term:

I = JA(VAJVJ+VJVAJ) + A(VAJVJ —i—VJVAJ)J

= JA(V(AIVI +VIAT) =2(A07)

+A (V(AJVJ +VIAT) =2 (AJ)Z) J
- JAV(AJVJ n VJAJ) n AV(AJVJ n VJAJ)J
) (JA (AN + A(AT)? J)

= JAV(AJVJ +VJAJ) + AV(AJVJ +VJAJ)J —2IV.

Since

JAV(AJVI)
= (J — 20)AV (AJV ) + AV (AJV])

=(J —X) AV (AJVI) + AOAV<V (AJ(J = ho)) —VAI(J - k0)>

= (J —x0) AV(AIVI) + Ty,
=V, <(J - AO)VIZ,q(AJVqJ)> — VpI V3, (ATV, ) + T,
= A((J - Ao)Vq(AJVqJ)> -V, <vpjvq (AJVqJ)>

— VIV, (ATV,T) + Ty,

=-V, (V,,JVq(AJVqJ)) + AJVG(ATVYT) + T,
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=V, (AJAJVqJ) —~VAJAIVI + Ty,

= —VAJAIVI + Ty,

we have
III = —VAJ(AJVJ + VJAJ) — (AJVJ + VJAJ)VAJ —=2IV+ Ty,

=—-VAJAIJVJ —VJAJVAJ — <VAJVJAJ + AJVJVAJ)

—2IV + Ty,
= —VAJAINI = VJAIVAJ = V(AIVIAT) 4+ (AJ)® =201V + T3,

=—VAJAJVJ—VJAJVAJ+(AJ)3—ZIV+TAO. (75)
Step Four: dealing with IV Since

JA(AIY? =V, (va (AJ)Z) —V, IV, (A))>

= A (J (AJ)Z) -V, (V,,J (AJ)2> — VIV, (AT)?

A (J (AJ)Z) -V, (va (AJ)2> + (AN + Ty,

A (J (AJ)z) + (AP + T,
we have
IV=JA(AJ)? + A(AJ)T

= A<J (AN + (AT)? J) +2(A)? + Ty, (76)

Step Five: divergence forms of nonlinearity Combining the equalities (72), (74),
(75) and (76), we derive that

20+ 11+ 2101 + 21V + 2V = Ty,

which completes the proof.
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