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Abstract

We consider various definitions of functions of vanishing mean oscillation on a domain
Q C R". If the domain is uniform, we show that there is a single extension operator
which extends functions in these spaces to functions in the corresponding spaces on R”,
and also extends BMO(£2) to BMO(R"), generalizing the result of Jones. Moreover,
this extension maps Lipschitz functions to Lipschitz functions. Conversely, if there
is a linear extension map taking Lipschitz functions with compact support in 2 to
functions in BMO(IR"), which is bounded in the BMO norm, then the domain must be
uniform. In connection with these results we investigate the approximation of functions
of vanishing mean oscillation by Lipschitz functions on unbounded domains.
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1 Introduction

Let f be a real-valued function defined on some subset 2 C R”. It is a natural
question to ask how to extend f to a function on R" while preserving some of its
properties. Those properties can be described by requiring that f belong to some
function space. Most trivially, bounded functions on any set €2 can be immediately
extended to bounded functions on R”. Less trivially, Lipschitz continuous functions
on any set Q2 can be extended to Lipschitz functions on R”: the McShane—Whitney
theorem states that an L-Lipschitz function on a nonempty set €2 can be extended to
an L-Lipschitz function F' on R” (see [17]) or more generally on a metric measure
space (see [18]), with F' = f on £, for example by setting

F(x) =inf{f(y)+ Llx —y|:y € Q}.

Looking at smoother functions, the problem of extending C™ functions from closed
sets to R" crucially depends on how differentiable functions are defined on a closed
set. Considering them as jets, Whitney proved the extension theorem introducing his
famous decomposition (see e.g. Chapter VI in [29] or Chapter II in [5]). However,
defining C™ functions on a closed set as traces of C™ (R") functions to that set makes
the problem much harder. Only recently classic questions in this setting were settled
by Fefferman [11-13].

In the category of Sobolev spaces W*-7, if the domain €2 is regular enough then there
is a universal operator extending W* 7 (€2) functions to W* 7 (R") simultaneously for
all s > 0and 1 < p < oo. This is shown by Stein in [30], extending the results of
Caldero6n (for extension in rougher domains see [21]).

In this paper, we want to go in the other direction, namely from Lipschitz func-
tions to functions of zeroth order smoothness, specifically functions of vanishing mean
oscillation. The space of functions of vanishing mean oscillation, VMO, was intro-
duced by Sarason in [26] as a subspace of BMO, the functions of bounded mean
oscillation defined by John and Nirenberg [19]. For a function f € L} (R"), set

loc

o(f.1) = sup f|f<x>—fg|dx, (>0, (1)
L(Q)<tJQ
QCR"

Here, the supremum is taken over all cubes with sides parallel to the axes, £(Q) is the
sidelength of the cube Q, |Q] is its measure, and fp := J[Q f=10"! fQ f is the
average of f on Q. Following [1], we call w(f, ) the modulus of mean oscillation.
We say f € BMO(R") if

Il fllIBMO :=supw(f,1) < o0,
>0

and this defines a norm modulo constants. The space VMO(RR") can be defined using

either one of the two characterizations in the following theorem, which was proved in
[26] for the case n = 1.
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6894 A.Butaev, G. Dafni

Theorem 1 (Sarason) For f € BMO(R"), the following are equivalent:

I lim w(f, 1) =0;
t—0t

2. f € UCR") N BMO(R"), the closure of the uniformly continuous functions in
BMO.

If instead we consider the closure in BMO of the continuous functions with compact
support (or equivalently the C* functions with compact support), we get a smaller
space which is sometimes also called VMO (see [8]) or CMO (for “continuous mean
oscillation” - see [25]), the notation we will use. Note that since the functions are
considered modulo constants, “compact support” means the function is equal to a
constant outside some compact set. Membership in CMO is equivalent to the function
satisfying vanishing mean oscillation conditions not only as the size of the cube goes
to zero (condition 1 in Theorem 1), but also as the size of the cube increases to oo and
as the cube itself goes to co- see Theorem 6 below, which was proved by Uchiyama in
[31], originally appears in [25], and is credited by Neri to Herz, Strichartz and Sarason.
A comprehensive exposition of the properties of these spaces is given by Bourdaud in
[2].

Let 2 be an open subset of R” and f € L! (). We can consider the modulus of

loc
mean oscillation restricted to cubes which are contained in Q

we(f,1) = sup ][If(X)—fQIdx, t>0, @)
L=t/ Q
ocQ

and define

f € BMO(Q) if || fllBMo(@) :=supwa(f,t) < oco.
t>0

This is again a norm modulo constants provided we also assume €2 is connected, i.e.
is a domain. Jones [20] considered these spaces and proved the following extension
theorem:

Theorem 2 (Jones) There is a bounded linear extension from BMO(£2) to BMO(R")
if and only if 2 is a uniform domain.

In fact, Jones’ condition on the domain was phrased differently, in terms of Whitney
decompositions, as we will see in Sect. 2.3, but it was shown in [15] that this condition
is equivalent to the domain being uniform.

We want to consider the same question for the spaces VMO(£2) and CMO(2): for
which domains is there a extension operator from these spaces to the corresponding
spaces on R"”? Our main result shows that there exists a linear operator 7 that simul-
taneously extends CMO, VMO and BMO functions on a uniform domain €2 to the
corresponding functions on R”. Moreover, the same operator also extends Lipschitz
functions.
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As in the smooth case, this question turns out to be closely related to the definition
of these spaces. In view of Sarason’s result, Theorem 1, we define

VMOI(®) = {f € BMO(®) : lim wo(f,1) =0}

and

VMO,(Q) := UC(2) N BMO(RQ).

That VMO, C VMO is immediate from the definition of uniform continuity.
In the case of a bounded domain the two conditions are known to be equivalent.
In fact a stronger result is true: every function with vanishing mean oscillation can
be approximated in BMO(£2) by smooth functions with compact support in €2, i.e.
VMO, (2) = CMO(R2) for a bounded domain (see Theorem 5 below, which is
proved and credited to Jones in [4]). Using similar techniques, namely approxima-
tion by bounded functions via truncations, we are able to prove an analogue of the
Neri/Uchiyama result (Proposition 3) showing that CMO(£2), for any domain €2, can
also be characterized by three vanishing oscillation results. However, as we show in
Example 8, Sarason’s equivalence can fail when €2 is unbounded, that is, we can have
a proper inclusion VMO, C VMO;. In [16], this question is considered in a more
general context of a metric measure space with a general basis for BMO, and Sarason’s
equivalence is proved in the compact case and for subsets of R” with a basis satisfying
rather strong conditions, such as a cube or a ball. We will see that as a corollary of our
extension result, we get the analogue of Sarason’s theorem for a uniform domain.

Theorem 3 Let Q C R" be a uniform domain. Then there exists a linear extension
operator T such that

(1) T : BMO(R2) — BMO(R") is bounded;
(i) T : VMO (2) - VMO(R") is bounded;
(iii) T : VMO,(2) — VMO(R") is bounded;
(iv) T : CMO(2) — CMO(R") is bounded;
(v) T : Lip(2) — Lip(R") is bounded.

Boundedness in (i)-(iv) refers to the BMO norm while in (v) the boundedness is with
respect to the Lipschitz constant.

Corollary 1 If Q is a uniform domain then VMO (2) = VMO, (£2).

We also show the analogue of the other direction in Jones’ characterization of
extension domains for BMO, but instead of assuming that we have an extension from
BMO(£2) we only need to assume that the extension acts on the much smaller CMO(€2).

Theorem 4 If there is a bounded linear extension operator T : CMO(R2) —
BMO(R"), then 2 is uniform.

The proofs of these results consist of a combination of Jones’ construction in the
proof of his extension theorem, Theorem 2, with a smoothing technique which goes
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6896 A.Butaev, G. Dafni

back to Sarason’s proof of Theorem 1. Both of these distill a function f € BMO
into discrete data, namely its averages on cubes, thereby producing a step function.
As observed by Sarason, in the case of f € VMO, the step function approximates
f in the BMO norm. The smoothing is just the basic way of turning a step function
into a continuous function via averaging over balls, but as we show in Sect. 2, this
actually produces a function which is not just continuous but locally Lipschitz. Thus,
the proof allows us to go immediately from condition 1 in Theorem 1 to the density
of Lipschitz functions in VMO(R"). Depending on the modulus of mean oscillation,
something much stronger may be true: as proved in [7,24] and [28] (see also [27]),
functions in VMO(R") for which w(f, t) satisfies a Dini condition are themselves
uniformly continuous; the special case when w (f, ) < Ct*,0 < o < 1, gives Holder
or Lipschitz continuity.

2 Averaging and Approximation

In this section, we do not yet consider the extension problem for a function on a domain
but rather a more general situation in which we have a countable collection of cubes
{S;} with disjoint interiors, whose union forms an open set . We assume all cubes
have sides parallel to the axes. We are given a real-valued function ¢ on O such that
¢ is constant on each of the cubes S;, hence ¢ is a step function. We denote the value
of ¢ on S; by ¢s,.

Definition 1 Let R be a measurable function on O with 0 < R(x) < dist(x, 00) for
all x € O. We define the averaging of ¢ by

) = f 6(y)dy = / ) R0y )Y,
B(x,R(x))

where we use xp to denote the normalized characteristic function IX?BI of the ball B.

Denote by A the linear operator taking ¢ to ¢.

We note some basic properties of ¢. First of all, ¢ coincides with ¢ for those points
x € §; for which B(x, R(x)) C S;, namely

(x) = ¢(x) = ¢s, if x € S; and R(x) < dist(x, 3S;). (3)
Furthermore, for each x, letting
N(x) ={S;:S5; N B(x, R(x)) # 0}, 4)

since the values of (f)(x) are determined by the values of ¢ on the cubes in N (x), we
have, for a given S;,

Vie S l¢() —d)| < ][ ) —dMIdy < sup s, — s, - (5)

B(x,R(x)) S;eN )
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Similarly,

Ip(x) — ()| < sup |ps; — bs - (6)
SjEN(x),SkEN(y)

The goal of the following lemma is to refine this rough estimate and show that
¢ possesses certain smoothness, depending on the smoothness of R and the discrete
smoothness of ¢.

Lemma 1 Let xi, xo € O and set

_ xr =] __|R(x1) — R(x2)]
© minj—1 2 R(x;) " max;—1o R(x)
Then,
p(x1) — p(x2)| < C sup |¢s, — ¢s;| min{d + p. 1}. @

Si.8; €N (x1)UN (x2)

In particular, if we have p < Cd then the minimum on the right-hand-side is
bounded by a constant multiple of d.

Proof Denote R(x;) by R; and B(x;, R(x;)) by B;,i = 1,2, and N (x1) U N (x2) by
N. Without loss of generality, assume R, > R;. We may also assume ¢ s; = 0, where
X1 € Sl. Then,

1) — )] = / 60 [i5 ) — 7m )] dy

= /qbs x8,(y) — X8, (0] dy
S;eN

= / [¢s; — ds,] [ X8, (¥) — X8, ()] dy
S;eN

- w ! / 35 0) — 7mO)| d
Sj,SjIG)N Sj |s/§\/ | By B, y| y

= sup |gs —os| / %5, — X5, )] d.
S,‘,S_,‘EN
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We can estimate the last integral on the right-hand-side by
[ 1) = in)]

1 1 N N
=/ dy+/ |8, () — XB, ()| dy
B1NB; B1ABy

|Bi| Bl
_|BiNBy|(IB2| — |Bil) | |Bi1\ Ba| | B2\ Byl
| B1|| B> | B1| |Ba|

®)

Note that the quantity above is bounded by 3. Thus, the case d + p > 1 is proved with
C = 3 (it also follows from (6)).

So we restrict to the case d + p < 1, hence |x; — x| < Ry < R{ + Ry, which
means By N By, # . Since p = RZE R 1, we can use Bernoulli’s inequality to
bound the first term in (8) as follows:

1 1 B N By|(|B2| — |B By| — |B
’ B ’|31032|=|1 20(B2| — 1BiD) _ 182l — 1B1]
[Bil  |Ba] | B1]|Ba| | B
Ry
n
=1—R—g=1—(1—,0) =np.

For the second term in (8), we need to only consider the case By \ By # 0, i.e.
B1 ¢ B». Since by the triangle inequality By C B(x2, R; + |x1 — x2|), we must have
Ry + |x; —x2] > Ry and

[Bi\ Bal _ |BOx2, Ri+xi =0\ Bal _ (R + lx1 — 0" — Ry
B~ | By R}

<(I+d)"—-1= Z (Z)dk <@"-1d.
k=1

For the last term in (8), we can proceed similarly and use the two estimates above to
get

| B> \ Bi] _ (Ry + |x1 — x2])" — R}
[B2| R}

_ H_IJC]—sz"_R_?
Ry R!
R" " /n |x1 — x2| k
=|1-=L o 2el
a2 (%)

<np+ Q2" — .

Combining all the estimates, we get (7) with C = 2" — 1. O
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2.1 Approximation on R?

As an application of the averaging lemma Lemma 1, we prove the following improved
version of the implication (I == 2) in Sarason’s result, Theorem 1. Of course,
this result immediately follows from that theorem by the approximation of uniformly
continuous functions by Lipschitz functions, but the lemma gives us the Lipschitz
approximation directly from what is essentially Sarason’s proof. We came up with this
observation in answer to a question of M. Mitrea; the density of Lipschitz functions
in VMO(RR") was also proved in an indirect way in [23].

Proposition 1 If f € BMO(R") satisfies lirr(l)a)(f, t) = Othen f can be approximated
r—

in the BMO norm by Lipschitz functions. That is, given € > 0, there exists a Lipschitz
function fe on R" with fe € BMOMR") and || fe — fllBMO < €.

Proof Fix f as in the hypothesis of the proposition, and € > 0. We want to find a
Lipschitz function fe which is within € of f in the BMO norm. We follow the steps
in Sarason’s proof for the case n = 1, with Lemma 1 allowing us to conclude that the
approximation is not just uniformly continuous but actually Lipschitz.

We consider a grid of pairwise disjoint cubes of sidelength § > 0 and for each cube
S in the grid we define ¢; to be equal to the average of f on S, denoted fs . This is
the same set-up as in Sect. 2, with @ = R”. Continuing as in Sect. 2, we apply the
averaging with a function R which is constant, i.e. for all x, R(x) = r for some fixed
r > 0. This gives us a convolution, namely

f€:¢?:32¢8*X~Br1

where xp = Il;_r\ xB, 1s the normalized characteristic function of the ball B, =
B(0, r). We will choose 6 depending on ¢ and r depending on § so that f, is the
desired Lipschitz function.

Here, we break the argument into two parts: the approximation of f by the step
function ¢ in the BMO norm, and the approximation of the step function by the
convolution in the L norm.

First, let us estimate ||g|lBmo, Where g = f — ¢s. If w(¢) = w(f, t) denotes the
modulus of oscillation of f, we claim that the oscillation of g on a cube Q is bounded
by a constant times @ (36).

Note that g has average 0 on each of the cubes in the grid. Thus if O = US; is the
union of cubes in the grid, then gy = 0 and the oscillation of g on Q is controlled by
the oscillation of f on the cubes in the grid:

5 i 51 ][
— 9
f|| 01 1. 161= §:|Q| £ sslsswf 1r = pl O

This is in turn bounded by @ (§) < w(36).

For a general cube Q, if £(Q) > 28 then there are cubes Q' and Q" which are
unions of cubes of the grid such that 0’ € QO C Q” and |Q’| ~ |Q| ~ |Q"| with
constants depending only on x. This can be seen by first dilating to reduce to the case
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6900 A.Butaev, G. Dafni

8 = 1 and assuming the grid is given by Z". Write Q = I} x I x ... I, where each
I; is an interval of length £ = £(Q).If [ > 2, and we set m = |£], the greatest integer
in [, then each I; contains an interval of length m — 1 and is contained in an interval
of length m + 1 with integer endpoints. Letting Q" and Q” be the products of these
intervals, respectively, we get the desired inclusion with constants bounded above by

n
SUp,,>2 (m—+1> = 3" and below by 1.

m—1
120l 5][ 18l < cnf 5l
Q Q//

Thus, we have that

and therefore,

][|g—gQ|scn][ |g—gQ|szcn][ |g|=2cnf g — 500,
Q Q// Q// Q//

and since Q" is a union of grid cubes, we can apply (9) to conclude that the oscillation
of g on Q is also bounded by a constant multiple of the oscillation of f on the cubes
of the grid, which in turn is bounded by w (34).

The only remaining case is a cube of sidelength £(Q) < 24. In that case, we can
again find a cube Q” D Q with Q” = US; and £(Q") = 35. We can assume without
loss of generality that fs, = O for one of the grid cubes S; contained in Q”. For another
grid cube S; C Q”, we have

sl = 1fs, — fs | < fs ]é (0 — F(ldxdy
=9 f @ = sy =G f 10— forlar = Cuoah),
(10)

This means that on Q”, | f — g| = |¢s| is bounded by C,,w(38). Thus
][Q g — 8ol = ][Q |f = fol +2sup|f — gl = 2+ Ch)w(39).
Q//

Now, we need to estimate ||| gmo, Where i = ¢5 — f. We will show that for the
given § and r < §, h is a bounded function with

hllBMO < 2|1 ]lc = Ce(38).

By the definition of f, as (175 = ¢ * XB,, we have, as in (5),

VxeS |h(x)] < sup |fs— fsl,
S'eN (x)
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and since r < §, N'(x) consists only of those cubes in the grid which are adjacent to
S. Just as we did above in (10), we can estimate | fs — fs/| < C,,w(35). Thus, we have
shown the desired estimate on ||/ | so-

Combining, we have that

I f — fellemo < ligllBmo + lI2llBMO S @ (38),

which is bounded by € if we choose § sufficiently small, by our hypothesis on f. Here
and below we use the notation A < B if there exists a constant C, independent of A
and B, suchthat A < CB.If A < Band B < A we write A ~ B.

Finally, the fact that f. is Lipschitz will follows from Lemma 1. The Lipschitz
constant will depend on the choice of § and r and will blow up as § — 0. We let
r=24/2.

Fix x1, xo € R" with |x] —x2| < r. Applying Lemma 1 to f, = ¢~3, with our choice
of R, we have thatd = r—1|x; — x| and p = 0, so that

|fe(x) — fe(x)| = C sup | fs, = fs;|r a1 — xall.
Si,SjEN(xl)UN(xz)

The restriction |x] — x3| < r = §/2 forces the set B, (x1) U B, (x2) to have diameter
bounded by 3r = 3§/2, and therefore the grid cubes intersecting this set, namely the
cubes in NV'(x1) UN (x2), lie in a cube Q" of sidelength 38. By (10), we get that

sup < Chw(36).
i, S;eN (xDUN (x2)

Thus, we conclude that locally f. is Lipschitz with Lipschitz constant L =
Cw(38)871.

Going from the local to the global is standard: given any x, y € R", we take points
xi, 1 = 1,...k, lying on the straight line from x to y, with xo = x, x4 = y and
|xi —xij—1| <rforall 1 <i <k.Applying the local Lipschitz estimate, we have

k k
[fe) = e < D) 1 felxi) = fetximDl < Y Llxi — xi1| = Lly — x|.
i=1

i=1

2.2 Approximation on a Domain

Let Q C R” be a domain. Recall that a function f is called locally Lipschitz if it is
Lipschitz continuous in a neighborhood of every point x € 2. However, the Lipschitz
constant may vary from point. The following more restrictive condition, which requires
the Lipschitz constant to be uniform over all points, was originally called Lipschitz in
the small by Luukainen [22], hence the notation.
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Definition 2 By LS(£2) we denote the set of uniformly locally Lipschitz functions, i.e.
f € LS(R) if there exists » > 0 such that

If) = fOI = Klx =y, Vx,yeQi|x—yl<r.

We denote by Lip(£2) the set of Lipschitz functions on €2, i.e. f € Lip(€) if

[f(x)— fO)| < K|x —y|, Vx,yeQ.

Both CMO(£2) and VMO, (£2) can equivalently be defined as the closures of smaller
classes. Indeed by the locally compact version of the Stone-Weierstrass theorem,
Lipschitz functions compactly supported in €2 are dense in Co(£2), the closure of the
continuous functions of compact support, in the ||.||oc norm, hence in the BMO norm.
Moreover, as is shown in [14], every UC(£2) function can be approximated by LS(£2)
functions. Furthermore, if 2 is a quasi-convex set (i.e. for any x, y € € there is a
rectifiable curve y C Q of length < |x — y| ), then LS(2) = Lip(R2) (see e.g. [14]).
These observations are summarized in the following proposition

Proposition 2 Let Q2 be any domain in R". Then,

o Compactly supported Lipschitz functions in Q are dense in CMO(S2).
e Uniformly locally Lipschitz functions are dense in VMO, (£2)
e [ Q is a quasi-convex domain then Lipschitz functions are dense in VMO(£2).

When a domain is bounded, the following stronger result, attributed to Jones, is
Theorem 1 in [4]:

Theorem 5 ([4], d’apres Jones) If Q2 is bounded and f € VMO (S2) then f can be
approximated in the BMO norm by smooth functions with compact support in , i.e.
VMO (©2) = VMO, (£2) = CMO(L).

Recall the following characterization of CMO(RR") mentioned in the introduction,
which originally appears in [25] (who credits Herz, Strichartz and Sarason), and is
proved in [31].

Theorem 6 ([25,31]) For f € BMOR") we have f € CMOR") if and only if the
following conditions hold

1. lim w(f,t) =0;
t—0t+

2. lim sup ][|f(x)—fQ|dx=O;
B=>0 )=/ 0

3. lim sup ][ [f(x) — foldx =0.
B=00 dist(0,0028 /0

The original formulation of condition 3, the “vanishing at infinity”, is weaker in
the statement of the Lemma in [31], where it is only assumed that for a fixed cube Q,

O+x > 00 asx — 00, (11)
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but in the proof it is observed that conditions 1 and 2 together with (11) give the
uniform condition 3. See also Theorems 6 and 7 in [2], where it is shown that for
n > 2, condition 3 implies 2.

The analogue of Theorem 6 is true for an arbitrary domain 2.

Proposition 3 Let Q be a domain. For f € BMO(Q), B > 0, denote by Qg the
collection of all cubes Q C Q with £(Q) > B or dist(Q, 0) > B, and set

va(f,p) = sup 7[|f(x)—fQ|dx
0eQp /0

if Qg # 0, ya(f, B) = 0 otherwise. Then,

CMO(2) = {f € VMO(£) : ﬁli)ngo ye(f,B) = 0}.

One direction follows from the definition of CMO(£2) as the closure of the contin-
uous functions with compact support in BMO(2), and the fact that if f € BMO(£2)
has compact support, then yq(f, f) — 0as B — oc.

In the case of a bounded 2, Qg = ¥ and yo(f, B) = 0 for all sufficiently large B
so this is just Theorem 5. We follow the main steps of the proof of this theorem in [4]
to get the result for the unbounded case. The first step is to approximate f in BMO
by functions in L°°(0O). This is done via the truncations, as in Lemma A.17 in [3]:

Lemma2 Fix f € VMO{ () with lim yq(f. ) =0. Set
—00

fk = max(min(f, k), —k), k e N.
Then f* € VMO(Q), Jim va(f¥, B) = 0and f* — f in BMO(Q).

Proof For every cube Q, we have
][Qlfk(X) — (foldx < ][Q |f(x) = foldx (12)

(see [9] for the constant 1 in this inequality). Thus, f k satisfies the same vanishing
mean oscillation conditions as f.

To estimate the distance of f* to f in BMO(L2), apply the following equivalence
of norms to g = f* — f:

llglliBMO(R) & sup f [f(x) — foldx. (13)
0cQ 0
£(Q)=dist(Q,0)

See Theorem Al.1 in [4] (in the case of the £°° norm in R"), whose proof takes place
in a cube and is, therefore, valid for any domain, not just a bounded one.
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Given € > 0, by the assumptions on f, there exist § and Sy such that JCQ I f—fol <
€/2 for Q C Q in one of three cases: £(Q) < 6§, £(Q) > Po or dist(Q,0) > Bo. In
each of these cases we have

_oky g gk _ k _ (fk —
][Ql(f - (f f)Q|§][Q|f fQ|+fQ|f (f)Q|§2][Q|f fol <e.

Any cube that is not in one of these three cases much have ¢(Q) € [§, Bo] and
dist(Q,0) < Bo, which means Q C B(0, By + Bo/n). If we also assume £(Q) <
dist(Q, 92) we have that

Q C Kspp:=1{x € Q: |x| < o+ Bov/n, dist(x, 0) > 8}

which is a compact subset of 2. Thus
k k 2 k
I(f—f)—(f—f)QISS—n lf = frl
0 Ks.py

Since f¥ converge to f pointwise, | f — fX| < | f| forall k, and f € LIIOC(Q), we can
apply the Dominated Convergence Theorem to make this smaller than € for sufficiently
large k.

By (13), we have thus shown that || f — f¥|[gmoe) — 0as k — oc. i

Lemma3 If f € L*(Q) N VMO () then there is a sequence of functions f; €

L™ () N VMO (R2) with dist(supp(fj), 9Q) > 0 for each j and such that f; — f

in BMO(2). Moreover, if f satisfies ﬂlim va(f,B) =0 then we can take f; with
—00

compact support in Q.

Proof The first statement is what is shown in proof of Theorem 1 in [4] for €2 bounded.
It can be adapted to the unbounded case by setting the auxiliary functions 4; to be
identically equal to 1 when dist(x, d€2) > 1, thatis, & is the truncation of the function
1—- %(pg below by 0 and above by 1, namely

1
hj = max (min (1 — —pq, 1), 0) for g (x) := log(dist(x, 32) 1),
j
and letting

fi = fhj.

There is only one step in the proof of Theorem 1 in [4] which uses the boundedness
of the domain, the last step at the top of p. 349, in order to show that, for some fixed
€ > 0,

sup{][|hj—1|:BCQ,r(B)zeo}—>O as j — oo.
B
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By our definition of BMO(£2) we want to show this for balls B in the £°° norm in R”,
namely cubes, but if we prove it for Euclidean balls it is equivalent.

To see that this holds for an unbounded €2, fix B C 2 with radius ro = r(B) > €
and note that ¢p(x) := log(dist(x, aB)" ) > ¢q. Thus

1 1
][lhj—1|=—{/ 1dx+/ —,(pg(x)dx}
B |B| {xeB:pq(x)>j} {xeB:0<pq(x)<j} J

€ B: > 7 1
< |x @p(x) > jl . o5 ()dx
|B| J1B] {xeB:pp(x)>0}
_ |x € B :dist(x,dB) < e /|
|B|
1

— log(dist(x, 3B) ™ Hdx
JIBl JixeBdist(x,aB)<1)

o 1 [
< — " ldr + — / —log(ro — r)dr
ro” ro—e=J JIo Jrg—1

1 1
1
/ Py + — / —log(r)dr
1—e=J /o J€o Jo

and the right-hand-side tends to 0 as j — oo, independently of B.

For the second statement, assuming limg—.o yo(f, B) =0, we let f; = f h; i
where we define h by usmg Q; = QN B(0, j) instead of 2, i.e. h is defined on €2
as the truncation of 1-— —gog below by 0 and above by 1, and extended by zero to all
of §2. Since we already showed f is approximated by f#;, we just have to estimate
lfh; hi— ShjliBmo. This means estimating the mean oscillation over cubes for which
g = h — h does not vanish. In particular this implies not both h; j» hj are equal to
zero or both equal to 1. Since 2; C €, for x € j, dist(x, 9Q2;) < dlst(x 0L2) so if
dist(x, 0€2;) > 1 then dist(x, BQ) > 1, which implies j(x) = 1 = h(x). Thus for
X € Qj,

IA

h~j(x) # hj(x) = dist(x, 02;) < min(1, dist(x, 9£2))
= dist(x, 3B, j)) <1 = |x|>j—1.

Note that for x € @\ 2;, we always have x| > j > j — 1.

Thus, we only need to estimate the oscillation of fg on a cube Q with
ONB(0, j—1)°¢ # ¥. Aswe saw in the proof of Lemma 2 above, limg . o yo(f, B) =0
implies that given € > 0, the oscillation of f is bounded by €/3 on every Q which is
not contained in B(0, B) for some B > 0; take j sufficiently large and set 8 = j — 1.
Furthermore, as in [4], the mean oscillation of ¢ on any cube is bounded indepen-
dently of €2, meaning that ||g|lsmMo < ||h~j||BMo + llhjliBMO S % — 0. Also by

~
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definition ||g||cc < 1. Thus we have, as in [4], that

1
f If (g — (fDol < — / / £ (0)g() — f() f()ldxdy
0 191 Jo Jo
||g||oo// e
< o J, QIf(X) S(y)|dxdy

”f”oo// 3 dxd
+ or /, ng(x) g(y)ldxdy
26+C||f||oo

3 J

<€

for j sufficiently large. O

Proof of Proposition 3 Once we have Lemmas 2 and 3, to prove the Proposition we
only need to approximate f € L°(2) N VMO (£2) with compact support in 2 by
continuous functions with compact support. This can be done as in [4], by convolution
with a test function with sufficiently small support, and the test function can be as
smooth as we like. Alternatively, we can apply the procedure of Proposition 1 with a
grid of sufficiently small sidelength (say § < dist(supp(f), 92)/2./n) to guarantee
that the Lipschitz function produced by the averaging is supported inside 2. O

2.3 Uniform Domains

We will follow Jones in [20], introducing them via Whitney cubes.

Let @ C R” be a domain and Q" be the interior of its complement in R”. Let E
and E’ be the Whitney decompositions of € and €', respectively, (see e.g. [29] for
the definition and properties of Whitney decompositions).

For Q1, Q2 in E, we define two distance functions d; and d, as follows. By
di(Q1, O2) we denote the length of (i.e. number of cubes in) a shortest chain of
adjacent cubes in E connecting Q to Q>. Assuming the cubes in the Whitney decom-
position are closed, here and below, adjacent cubes means those with nonempty
intersections, so they are either neighbors or coinciding (the word touching is used in
[20]). A chain of adjacent Whitney cubes is called a Whitney chain.

The other function is defined by

. Q1) dist(Q1, 02)
“(Q1, C2) 1= 'log (aw)‘ +log (2 T on +e(Qz>) ’ (9

where here, as above, dist(Q, Q») is the usual Euclidean distance between Q1 and

0>.

Definition 3 We say that 2 is a uniform domain if there exists constant « such that
for all cubes S;, S, € E

d1(S1, $2) < kda(S1, $2).
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Remark 1 Tt was shown in [15] that 2 is uniform in the above sense if and only if
there are constants C, D > 0 such that any two points x, y € Q are connected by a
rectifiable curve y C Q with

L. length(y) < Clx — y|
2. s(y(x,2),s(y(y,2)) < D dist(z, 02), Vze€y.

Here s(y (z1, z2)) is the arclength of the part of y connecting z; to z;. Condition 1
shows that uniform domains are necessarily quasi-convex, while the existence of a
curve y satisfying condition 2 means that €2 is a John domain.

We want to use d; and d; to control the difference in average values of functions.
Note that by the properties of the Whitney decomposition, if S1, S» are adjacent Whit-
ney cubes then

£(S1)
(S2

=

<4 (15)

N
~
N—

This means that along a shortest Whitney chain between two cubes S7 and S, the side-
length cannot grow by more than 4¢1(51:52)_ The following lemma follows immediately
from this fact and the proof of Lemma 2.2 in [20].

Lemma4 Let f € LIIOC(Q) and S1, Sy be two Whitney cubes in E of sidelenghts
£(S1) < £(S2). Then the average values of f over S1, S satisfy

|fsi = fs:] < Cdi(S1, Spwa(f, 4153 e(s))),
where wq(f, t) is the modulus of oscillation of f.
Combined with Definition 3, the lemma gives the following corollary.

Corollary 2 Let Q2 be a uniform domain, f € LIIOC(Q), and Sy, S» be Whitney cubes in

E. Ifdy(S1, S2) < K then there are constants C, C' > 0 depending on K and « such
that

|fs, — fs,] < Caq(f,Ce(S1)).

3 Proof of Theorem 3: Extension from a Uniform Domain

We first define the extension 7' in Theorem 3 for an unbounded uniform domain 2.
Given a function ¢ in L}OC(Q), we want to extend ¢ to a function on R”. By Corollary
2.91n [20], 92 has measure zero. Therefore, to define the extension almost everywhere
on R”, we only need to define it on ' := Q.

As above, we decompose Q2 and ' into collections of Whitney cubes E and E’,
respectively, assuming that 2 contains Whitney cubes of arbitrary large size, which,
as shown in [20] for a uniform domain, is the case if and only if € is unbounded.

For every S’ € E’, there exists S € E with £(S) > £(S’). We say such a cube S is a
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matching cube to S’ if it is nearest to " (in Euclidean distance). There may be several
choices for S. As pointed out in [20], if S is a matching cubes of S’, then

€S = €(S) = 2¢(8", (16)

(otherwise £(S) > 4£(S’) so by (15) its neighbors will have sidelength at least £(S)
and one of them will be closer to S"). Moreover, for a uniform domain, Lemma 2.10
in [20] shows

dist(S, ') < 65x24(S), (17)

where « is the constant in Definition 3.
Following the definition of the extension in [20], for each Whitney cube Slf in E’,
we fix a matching cube §; € E. Denoting by ¢, the average of ¢ on S;, we set

¢(x) =¢s,, x €S (18)

Note that the function ¢, now defined almost everywhere on R", is the original exten-
sion of Jones [20]. While we use ¢ for both the function in € and its extension in €/,
Jones denotes this function by ¢ and the extension mapping by A. It is clearly linear.

Since ¢ is a step function on O = Q/, we are back in the setup of Sect. 2 with the
Whitney decomposition {S/} forming the collection of cubes. For x € €', noting that
QY = 0%, we define

R(x) = c,dist(x, 99), (19)

for some constant ¢, € (0, 1) to be determined. By the properties of the Whitney
decomposition, each S; € E’ satisfies

€(S) < dist(S], 09) < 4/nt(S)). (20)

Combined with (15), this shows we can choose ¢, sufficiently small (say (16ﬁ)_1)
so that if x € ] then R(x) < E(S;.) for every Whitney cube S} adjacent to S;, which
means N (x), defined by (4), consists exactly of S/ and the Whitney cubes adjacent to
it.

Definition 4 Given¢ in LIIOC(Q) and extended by the Jones extension (18) to Q' := §C,
we set

o ) o), xe,
ox) = {A(qs)(x) req,

where ¢ = A(¢) is defined from ¢ on ' as in Definition 1, using the function R given
by (19) for an appropriate choice of ¢,. Denote by T the operator ¢ — ¢, so that T
is a composition of the Jones’ extension map A and the map which is the identity on
2 and the averaging operator A on €, hence it is a linear map.
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For the rest of the section, we will assume the functions ¢, q~> are as in Definition 4.
The following is an immediate consequence of Lemma 1 and the fact that by the
properties of the distance function, R is Lipschitz with Lipschitz constant c,,.

Corollary3 For x1, x; € €/,

B0 = BCx2)| = € sup g, —¢>s,.|min< b x| 1>,

mini:Lg dist(x;, 92) ’

where the supremum is taken over all cubes S; and S; in the Whitney decomposition
of Q which are matching cubes to the cubes in N'(x1) U N (x3).

Furthermore, we obtain the following refinement for points in the adjacent cubes

Corollary 4 Forxi,x; € @, ifx € S/, i = 1,2, with S| and S} adjacent, then there
exist C and C' so that

~ ~ ’ ’ | — |
B = $r)l = Con(@. €U =™

Proof Due to Corollary 3 , (15) and (20), it is enough to show that if S| and S, are
matching cubes to adjacent cubes S| and S}, respectively, then

lps, — ¢s,] < Cwq(d, C'L(SD)).

This follows immediately from Corollary 2 once one shows that d>(S1, S2) < K for
some K > 0. In order to see the latter, note that from (17) (Lemma 2.10 in [20]) we
know that

dist(S1, S5) < dist(Sy, S7) + diam(S}) + dist(S], S5)
< 65k%4(S}) + diam(S]) = (65k% 4 /n)L(S}).

Similarly
dist(S1, $2) < dist(Sy, S}) + diam(S})) + dist(S], $2) < (1302 + V/n)e(S5).
By the condition on the sidelength of matching cubes, we have that

dist(S1. $5) _ dist(S1. $2)
LS +E(S) Sy

< 130x% + /.

Then, by (16) we have

(81, $2) = \mg (“S” o) W)\ lo (H m> 3

£(S]) €(S)) €(S82) £(S1) +€(52)

O
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Finally, this gives an estimate on the oscillation of ¢ on cubes in € terms of the
modulus of oscillation of ¢ in €2.

Corollary 5 There exists constants C, C' and c such that if a cube Q C Q' has
sidelength £(Q) < c¢8(Q), where §(Q) = dist(Q, 0L2), then

5 5 / 4¢9)
][Q lp(x) — poldx < Coq(d,C 8(Q))@,

In wq (¢, t) is assumed to be concave, we have furthermore that
f l¢(x) — doldx < Cwq(d, C'L(Q)).
0

Proof Since ¢ is continuous, we have (]SQ = ¢(x) for some xo € Q. Take a Whitney
cube S containing xo. Then by (20),

diam(Q) < cy/n 8(Q) < cy/n dist(xo, 0Q) < cy/n (dist(S], 0Q) + +/n £(S}))
€S}
I

< c5n E(Si) <

forc < z(l)_n' By (15), this means every x € Q lies in S} or one of its adjacent cubes,
so we can apply Corollary 4 to get

~ ~ ~ ~ £
][|¢(X) — poldx = ][ lp(x) — p(x0)ldx < Cwq(d, C/K(Si))%.

Applying (20) again, we also get that £(S}) < dist(S], 92) < dist(xo, Q) < 5(Q) +
diam(Q) < 26(Q). Since the modulus of oscillation is increasing, the proof of the
first inequality is complete.

For the second inequality, we just need to note that a concave function f (x) which
vanishes at the origin satisfies 7f (x) < f(¢zx) forall ¢ € [0, 1]. O

3.1 The BMO Extension

Here, we assume ¢ € BMO(£2), so Jones’ result gives us that the extended function
A¢, which we still call ¢, is in BMO(R"), with ||¢|lsmo®) < Cll¢llBM0(S2). We
will show

¢ — dlloo < clidllBmo®n),

and therefore ||¢;||BMO(R") < C(c + Dll¢llBMO(e), proving that our extension is
bounded.
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Since ¢ = ¢ on €2, we only need to show the L™ estimate on €' Recall that by
(5) we have, if x € S/ for some Whitney cube of S/ of &',

p(x) =P = sup oy — gl 1)
S/ eN (x) !

Since in the definition of R in (19) we chose ¢, sufficiently small to guarantee that
N (x) consists only of cubes S} adjacent with S, hence satisfying d; (S, S}) <1, we
can apply Lemma 4 (actually it enough to apply Lemma 2.2 in [20]) to get that the
supremum on the right-hand-side of (21) is bounded by c||¢|lBMO®")-

3.2 The VMO (Q) Extension

In this section, we show that the extension defined above maps VMO (£2) to
VMO(R"), so we assume in what follows that ¢ € BMO(£2) with lim+ wo(f,t) =0.
t—0

From the results in the preceding section we have that I IleMmo®™) S @ llBMO(Q)-
The next step is to show that ¢ on €’ inherits the vanishing mean oscillation
condition from ¢ on .

Lemma5 For ¢, (1; as above,
lim wg (¢, 1) = 0.
t—0t

Furthermore, if wq (¢, t) is concave in t, we get that there exist constants C, C' with
wg (p.1) < Coq(e,C't). (22)

Proof As discussed above (see (13)), it is shown in Lemma Al.1 and Theorem A1l.1
of [4] that the BMO norm can be controlled by looking only at cubes with £(Q) <
cdist(Q, 92) for some fixed ¢, and the proofs do not depend on the fact that the
domain is bounded. In fact, the proof of Theorem A1l.1 in [4] reduces to estimating
the oscillation in a single ball by balls that are contained inside it, giving the following
result when applied to ¢ on Q'

wor (P, 1) ~ sup ][ |¢(x) — poldx, (23)
oce 0
£(Q)<min(t,c8(Q))

where we have used the notation 6 (Q) := dist(Q, 9€2) as in Corollary 5.

Fix C, C’ and c as in Corollary 5. Let € > 0 be given and take § > 0 sufficiently
small so that wq (¢, C'8) < €/C. Thenif £(Q) < ¢§(Q) with§(Q) < 8, that corollary
implies

][Q 16() — Boldx < Con(d, C'8) <.

@ Springer



6912 A.Butaev, G. Dafni

For Q with §(Q) > §, Corollary 5 gives

- - V4
][Q 16(x) — Boldx < C||¢||BM0(9)%,

which can be made smaller than € for £(Q) < 8(C||¢||BM0(Q))’16.
The case where wq (¢, t) is concave in ¢ is simpler as the bound follows immediately
from (23) and Corollary 5. O

Note that in case wq(¢, t) is not concave, we can always replace it by its least
concave majorant (see for example Sect. 2.6 in [10]) in order to obtain (22). As
the proof above shows, however, the estimate that Corollary 5 gives us without this
assumption is better since away from the boundary the extension ¢ is Lipschitz.

To show that ¢ on € and ¢ on €’ combine into one function in VMO(R"), we
use the following lemma, which is a version of Proposition 3 in [6]. The proof given
there is a quantified version of the proof of Lemma 2.11 in [20], keeping track of the
modulus of continuity instead of the BMO norm, and applies on any uniform domain,
not necessarily bounded.

Lemma 6 Let Q be a uniform domain and ¢y, ¢ be BMO functions on Q and €/,
respectively, satisfying

lim wo(pr, 1) =0 = lim wq (¢, 1).
t—0t t—0t

If there exists a bounded, nondecreasing function n : [0, 00) — [0, 00) which is
continuous at 0, with n(0) = 0, such that for each S’ € E' with S’ C ', and for some
S € E which is a matching cube of S,

l(P1)s — (¢2)5'] < n(E(S)), (24)
then the function ® defined by

i), xeQ
) = {¢2(x), x e

is in VMO(R") with
[®llBMo = llorn (@, Jlloo S llwa (@1, oo + llog ($2, Voo + [1loc-

We want to apply the lemma with ¢1 = ¢ on Q and ¢ = q~5 on €. Note that
an estimate on the BMO norm is already given to us by the BMO extension in the
previous section, so we just need to use the lemma to conclude that the extension ¢ is
in VMO(R"). It therefore remains to verify (24). We only need to check this for for

some S € E which is a matching cube of S’, meaning we can take the matching cube
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that we had chosen in the definition of the Jones extension of ¢ to €’ in (18). That
means that

(1) — @5 =I5 — | = sup |5 — g,

xeS’,S}eN(x)

where we have used (21). As in the previous section, we can use Lemma 4 with f = é
on €/, and recalling that R(x) was chosen so that N'(x) consists of only adjacent
cubes to S’ 3 x, to bound the right-hand-side by wg (¢, 4¢(S")). By Lemma 5 and
the comments following it above, this is controlled by n(£(S”)), where we take n(¢) to
be the least concave majorant of Cwq (¢, 4C’t). Thus, the hypothesis (24) has been
verified and we get the conclusion that our extension ® = ¢ € VMO(R"). For the
bound on the norm, since the least concave majorant preserves the L° norm, we have

I¢llsMo®n) S llwa @, e + llwe (@, Yoo + [7llo < IdllBMOG)

as we already knew from the previous section.

3.3 The Lipschitz Extension

Assume ¢ is Lipschitz in €2 with Lipschitz constant L and apply the extension operator
T in Definition 4. We claim that ¢ = T'¢ is Lipschitz on R” with Lipschitz constant
bounded by a multiple of L.

Let us first show that ¢ is Lipschitz on €'. Suppose that x; and x> belong to
Whitney cubes S} and S} in €', respectively, and assume without loss of generality
that £(S1) < £(S2).

If S| and S are adjacent, we can apply Corollary 4 and the Lipschitz continuity of
¢ on 2 to conclude that

~ . ,CE(S
lp(x1) —p(x2)| S MIM —x2| S Llx1 — x2]. (25)
£(S1)

Now suppose S| and S} are not adjacent, which means [x; — x| 2 £(S]) +£(S}) 2
min;—i > dist(x;, d2). Let x| and x) be the centers of cubes S| and S} respectively.
Then by construction of ¢

lp(x1) — P(x2)| < [P(x1) — (XD + [P(xh) — p(x2)| + |ps, — s, ] -
Applying (25) to the first two terms we get
lp(x1) — d(x2)| S |ds, — ds, | + Llx1 — xa.

Furthermore,
s, — ¢s,| < ]i ]i 1600) — ¢ ()ldxdy < L(ist(S1, $2) + £(S1) + £(S2)).
1 2
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By (17) (Lemma 2.10 in [20]), we know that dist(S;, S) < £(S!) ~ £(S;) so by the
triangle inequality we get

|ps, — #s,| S L(dist(S], S5) + €(S)) + €(S5) S Lixi — xa.

This shows that ¢ is Lipschitz on €.

Once we know that ¢ is Lipschitz on Q and € separately, by uniform continuity
we can extend it to 02 from either side. To see that this is well-defined, we need to
show that if x € 9Q and x; — x, x] — x withx; € @, x € Q' then lim¢(x;) =
lim ¢~>(xl.’). Note that by the uniform continuity of ¢ and the properties of Whitney
cubes, there is a unique limit of ¢, for any sequence of Whitney cubes S; in £ with
dist(S;, x) — 0. Thus, all that remains to show is that ifxlf e Q,x; —> xandx; € Slf,
then dist(S;, x) — 0 where S; are matching cubes for the S;. But this again follows
from the Jones estimate that dist(S;, S7) < E(S/ ) which must g0 to zero.

So ¢ is now defined pointwise everywhere on R” and is Lipschitz continuous on
 and €/, with a constant bounded by a multiple of L.

Finally, if x € € and x’ € €/, there must be a point in y € 32 which lies on
the straight line between them. Applying the Lipschitz continuity on  to the pair
x, y, and the Lipschitz continuity on €’ to the pair y, x’, we get the desired Lipschitz
estimate.

3.4 The VMO, Extension

It follows from the definition of VMO, that in order to prove part (iii) of Theorem 3,
it suffices to prove parts (i) and (v), namely that the same extension is bounded on
BMO and on Lipschitz functions. To see this, suppose ¢ € VMO(2) and let {¢;} be
a sequence of Lipschitz functions on €2 such that ||¢; — ¢|lBmo(e) — 0. Then, by (v),
each T¢; is Lipschitz on R”", and by (i), |[T¢; — T¢llemowr) — 0. Thus, T'¢; is
the limit in BMO(RR") of Lipschitz functions, hence is in the closure of the uniformly
continuous function in BMO(RR"), which is VMO(R"). Note that the boundedness in
the norm is just part (i). Also note that it would have sufficed to prove that the extension
maps uniformly continuous functions on €2 to uniformly continuous function on R”.

3.5 The CMO Extension

By Proposition 2, compactly supported Lipschitz functions are dense in CMO, and
since we have shown the extension maps Lipschitz to Lipschitz and is bounded in the
BMO norm, it suffices to show it preserves compact support.

Lemma?7 Fix a Whitney cube Sy in Q' and a matching Whimey cube So in Q. If there
is a constant C € R such that

¢ = C, on all Whitney cubes S C Q2 with d»(S, So) > M,
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and M is sufficiently large then
& = C, on all Whitey cubes S' C Q' with dy(S', S§) > 4M.

From the definition on d> in (14), and the relationship between the size of the
Whitney cubes and the distance to the boundary, (20), we see that the condition
d>(S, So) > M for large M is equivalent to S being close to boundary 92 or S
being far away from Sy in the Euclidean distance, hence the hypothesis is the same as
saying that ¢ has compact support in €2. Similarly, the conclusion is equivalent to ¢
having compact support in €’. This shows the Lemma implies our desired conclusion.

Corollary 6 If ¢ is compactly supported in 2, then so is ¢.

We now prove the Lemma.

Proof Let S’ be a Whitney cube in Q' with d>(S’, Sj) > M. We denote by S C
a matching cube of §’. We will show that for sufficiently large M, d2(S’, Sj) > M
implies d> (S, So) > M /4.

We consider two possibilities
Case 1: Suppose

170%)
H)

> M/2,

‘log

Then for a matching cube S C €2, we have, by (16), for M sufficiently large,

£(S) ‘ £(S")
lo > |lo —logd > M/2 —log4d > M /4.
ge(so) > gz(s(g) g4=M/ g /
Case 2:
£(S’ dist(S’, S,
log(—/) < M/2, log <2+M) > M/2,
€(Sp) £(Sp) +€(S)

In this case, writing
dist(S', Sj) < dist(S’, S) + diam(S) + dist(S, So) + diam(Sp) + dist(So, Sp),

and using both (16) and (17) (Lemma 2.10 in [20]), we get

dist(S, So) - dist(S’, S;)) _ dist(S’, S) _ dist(S, So) B

£(S) +£(So) — £(S) +£(So)  £(S) +£(So)  £(S) + £(So0)
- dist(S’, ;) _ dist(8, 8)  dist(Sy, So)
T2(€(S") + £(Sp) £(S) £(So)

dist(s.§) o,
Z 3am) asy B0V

vn
NG
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Therefore, taking M sufficiently large so that the hypotheses of this case imply

1 dist(S', ;) )
§(2+ Sty = 1306 — i, we have

dist(S, So) 1 dist(S’, S()
tog (2 TG0+ E(S)) = log <Z (2 + €(Sp) + E(S’))

1 M>_1 2 )
4( €Sy + £(8") 3067 =V

= tog (1 (24 9G5S0 V) 2 0 ogd
=8\% (S +eshH)) = g%

+

and this again can be made greater than M /4. O

3.6 The Bounded Case

Now suppose 2 is a bounded uniform domain. Recall from the discussion in Sect. 2.2
that for a bounded domain, we have VMO{(2) = VMO,(2) = CMO(L2), so as
above it is enough to show that the extension maps BMO(£2) to BMO(RR") and Lips-
chitz functions to Lipschitz functions. In [20], pp. 57-58, Jones adjusts his extension
operator A to the case of a bounded domain by setting A¢ on ! to be ¢, whenever
S} is a Whitney cube in Q' with £(S]) > L, where L is the maximum sidelength of the
Whitney cubes in €2, and Sy is a fixed Whitney cube in 2 with sidelength equal to L.
The definition for the case E(Slf ) < L is the same as in the unbounded case above. The
effect of this is to make the extension A¢ constant on the region of Q' lying sufficiently
far away from 02, thus creating an extension of compact support. The averaging oper-
ator A preserves this property. Thus the BMO and Lipschitz boundedness go through
in the same way as for the unbounded case.

Alternatively, the bounded case can be proved via a different extension, also of
compact support, which the authors previously constructed in [6]. That extension was
continuous on €2’ and had the property that the values of ¢ on a Whitney cube S’
only depended on the values of ¢ on a matching cube S in €2, and not on those in
neighboring cubes. This required the use of a bump function introduced in the proof
of Theorem 5, which is Theorem 1 in [4].

4 Proof of Theorem 4

Let © be any domain in R”. In the proof of the necessity in Theorem 1 [20], Jones
fixes a Whitney cube Sy in €2 and defines the function ¢g, on €2 by d;(So, Sx), where
S, is a Whitney cube containing x (this is well-defined up to a set of measure zero). He
then shows that ¢5, € BMO(S2) with the norm bounded independently of the choice
of Sp.

In our case, we want to create a “test function” in CMO(£2), or more precisely a
Lipschitz function with compact support. We begin by truncating the Jones function:
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for M > 0, define
s, (x) = min(d; (So, Sx), M).
By (12) and Lemma 2.4 in [20],
Ipst Mo < ll¢s IBMO(R) < C.

Then we take ¢ to be the averaged version of qbgg , applying the averaging operator A

defined in Sect. 2 to the step function q)gg on €2, with the function R(x) defined as in
(19), namely R(x) = c,dist(x, d2) with ¢, sufficiently small.
We claim that for any M > 0

1. ¢:> € BMO(£2) with BMO norm uniformly bounded in M and Sy.
2. ¢ has a compact support that depends on M and Sy
3. ¢ € Lip(€2) with Lip constant depending on M and Sp.

We already know that ¢§g had BMO norm bounded by a constant independent of M
and Sp, and this is not changed by the averaging process since, as we saw in Sect. 3.1,

I — ¢ lo < Cli¢3! IBMO-

Note that dis constantly equal to M on Whitney cubes S which are sufficiently far
(depending on M) from Sy in the d; distance. This means that the support of @, i.e.
the set on which it is not constant, is contained in some di-“ball” (i.e. a ball in the
quasi-hyperbolic distance in €2) centred at Sp. Properties (15) and (20) of the Whitney
cubes imply that the Euclidean distance dist(x, Sp) is bounded above and dist(x, d€2)
is bounded below on the support of ¢, showing that it has compact support in 2.

Furthermore, R(x) is bounded below on this support by some constant § > 0
depending on Sy and M. Now Lemma 1 can be applied to conclude that ¢ is Lipschitz
with a Lipschitz constant bounded by a multiple of 5.

Suppose any f € CMO(£2) can be linearly extended to a function 7 f € BMO(R")
and there exists K > 0 independent of f such that

ITfllsMo®n < K|l fllBMO(Q)>

Thus, by the Fefferman-Stein lemma (see e.g. Lemma 2.1 in [20]), for any two cubes

0o, 01 €Q

(oo — (ol < Cda(Qo, Q1) - ITflIsMo®wr) < CKd2(Qo, Q1) || flIBMO(Q)-
(26)

Then for any two Whitney cubes Sp, S1 € 2, we can choose f = ¢ = Aqbg’[ as
above, with M = d(Sp, S1) + 1. Furthermore we choose Qg, Q; as subcubes of So
and S respectively such that é = 0and ¢Q1 = d1(Sp, S1). Such a choice is possible
for ¢, sufficiently small, with £(Q), £(Q1) comparable in sidelength to £(Sp), £(S1),
respectively, by (3). The latter guarantees that d>(Qo, Q1) < da2(So, S1), which turns
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(26) into
di(So, S1) < CKdx(So, S1) dllBMO(©)-

As ||q§ IBMO(g) is uniformly bounded and Sy, S1 were arbitrary chosen, we see that €2
is a uniform domain with ¥ < CK ||(,Z~5§:)[ lBMO(%)-

As a corollary of the proof, we see that the hypothesis in Theorem 4 can be weak-
ened to assuming the extension maps Lipschitz functions with compact support in €2
(modulo constants) to functions in BMO(R"), boundedly in the BMO norm.

5 Examples

In this section, we consider two examples complementing Theorem 3 and Corollary 1.
The first example shows that unlike CMO and VMO, there are subspaces of BMO for
which no extension can be simultaneously an extension from BMO(£2) — BMO(R"),
even when  is Lipschitz. The second example shows that for certain non-uniform
domains VMO (£2) is strictly larger than VMO, (£2).

Example 7 Let BMO, 4,4 (R) be the set of odd BMO functions (modulo constants) on
the real line. Namely, f € BMO,qq if and only if f € BMO(R) and for almost all
x,y €R

F@) + f(=x)=fy) + f(=y).

Note that BMO,44 is a subspace of BMO(R).
We claim that there is no simultaneous extension operator £ from BMO(R ) to
BMO(R) and from [BMO,44(R)]|r, to BMO,4q(R).

Let f(x) = /log™ Ich_I Then f € VMO(R) and as it follows from [4], there are

UC functions { f,,} compactly supported on (0, 1) such that f, — f in BMOR,). If
E is a continuous extension from BMO(R ) to BMO(R), then

Ef =limEf,.
n
in BMO(R). Moreover, f; are in [BMO,4q(R)]|r, and if E simultaneously extends

the latter class to BMO, 4 (R), then Ef € BMO,44(R). This however contradicts to
Proposition 12 in [2] which says every f € BMO, ; must satisfy

1 a
sup;/0 | f(t)|dt < oo.

a>0

We can construct similar examples in higher dimensions e.g. by defining
BR") = {f(x1,...,x2) = g(xn), § € BMOysa(R)};
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this class of functions is a subspace of BMO(R"). The same reasoning as above shows
that there is no linear extension T bounded from B(R")|g:, to B(R") and from
BMO(R" ;) to BMO(R") simultaneously.

Example 8 Let Q = R?\ {(x, 0), x > 0}. Consider a smooth function

_ Jlogx, ifx >2
g(x)_{ 0, ifx<l,

and f(x, y) defined on 2 as

_ ) gkx), ify=0
f(x’”‘{—goc), ity <0,

Itis clearthat f (x, y) is smooth on €2 and therefore a VMO (£2). We claim, however,
that f ¢ VMO, (£2). More specifically, for some € there is no g € UC(£2) such that

I f — gllBmo =< €o. 27

27k72

Indeed, consider cubes Q,j' and Q, that have sidelengths and centred at

points (2%, 27ky and (2k, —27F) respectively.
Then
|fQ2'_ka—|"¥’2k (28)
Note that
di(Qf, 0;) ~k,
and by Lemma 2.2 in [20]
+ —
||ka - ka*| - |gQ;r - ng*H S lf - g”BMO(SZ) 'dl(Qk , Qk ),
SO
foir = fo I =180+ — 8o Il S KIS — glBMO(®R) (29)
If (27) held for any €, then (28) and (29) would imply
|ng - gQ,:| 2k,

but then
k< l1ggr — 8o 1 <171 '/Q+ g(x,y) = g(x, —y)dxdy| < 0, 27).
k
This means g ¢ UC(S2).
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