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Abstract

It is well known that the Hilbert matrix H is bounded on weighted Bergman spaces
Al if and only if 1 < « +2 < p with the conjectured norm 7/ sin @ADT The
conjecture was confirmed in the case when @ = 0 and also in the case when @ > 0
and p > 2(« +2), which reduces the conjecture in the case when o > 0 to the interval
a+2 < p < 2(x+2). Inthe remaining case when —1 < o < O and p > o + 2 there
has been no progress so far in proving the conjecture, moreover, there is no even an
explicit upper bound for the norm of the Hilbert matrix H on weighted Bergman spaces
AL In this paper we obtain results which are better than known related to the validity
of the mentioned conjecture in the case wheno > Oand o +2 < p < 2(e¢+2). On the
other hand, we also provide for the first time an explicit upper bound for the norm of
the Hilbert matrix H on weighted Bergman spaces A} in the case when —1 < « < 0
and p > o + 2.

Keywords Hilbert matrix - Norm - Weighted Bergman spaces
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1 Introduction

The Hilbert matrix H and its action on the space £ consisting of square summable
sequences was first studied in [11], where Magnus described the spectrum of the
Hilbert matrix. Thereafter Diamantopoulos and Siskakis in [3,4] begin to study the
action of the Hilbert matrix on Hardy and Bergman spaces, which can be seen as the
beginning of studying of the Hilbert matrix as an operator on spaces of holomorphic
functions. They obtained some partial results concerning the questions of boundedness
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and exact norm of the Hilbert matrix on Hardy and Bergman spaces, which have been
improved in [5] by Dostani¢, Jevti¢ and Vukoti¢. We note also that Aleman, Montes-
Rodriguez and Sarafoleanu provide a closed formula for the eigenvalues of the Hilbert
matrix in a more general context (see [1]). Following the above results, it was known
that Hilbert matrix H is bounded on Bergman space A? if and only if 2 < p < o0
and

IHIl ap— ar = —
d Gi 27.[ k)

p

when 4 < p < oo. It was also conjectured that previous equality remains valid in the
remaining case when 2 < p < 4. This conjecture was actually proven in [2], where
the new method based on the new way to use monotonicity of the integral means was
introduced (see also [9]).

The starting point for studying the boundedness of the Hilbert matrix H on weighted
Bergman spaces A% was paper [6] by Galanopoulos, Girela, Peldez and Siskakis, where
the corresponding partial results were obtained. A complete characterization of the
boundedness of the Hilbert matrix H on the spaces AP s given in [7], where it is
proved

H is bounded on AP ifandonlyif 1 <a+2 < p.

On the other hand, the preceding result opened the way to the question of the exact
norm of the Hilbert matrix acting on the weighted Bergman spaces. In [8] it was proved
that

T
IHl g2 42 = IS for l <a+2<p, (1.1)
V4

and it was conjectured that this lower bound is the exact norm of the Hilbert matrix.
This implies that it is necessary to have the following upper bound

7
IHll g2 42 = ez for 1 <a+2<p,

p

to prove mentioned conjecture. The conjecture was confirmed [8] in the case when
o > 0and p > 2(«x+2), which reduces the conjecture in the case o > 0 to the interval
a+2 < p < 2(x+2). When o = 0 this was completely solved in [2] (see also [9]).
Very recently, Lindstréom, Miihkinen and Wikman in [10] confirmed the conjecture in
the case o > 0 when

/ 7 1
a+2+ ot2+§ot+3=a+2+\/(oc+2)2—§(a+2)§p<2(a+2).
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Among other things in this paper, we improved the previous result by confirming the
conjecture in the case @ > 0 when

oe+2+\/(oz+2)2—(x/_—%)(a+2)§p<2(a+2).

On the other hand, we note that in the case —1 < « < 0 there has been no progress
so far in proving the conjecture, moreover, there is no even an explicit upper bound
for the norm of the Hilbert matrix H on weighted Bergman spaces A% . Finally, in this
paper we also provide an explicit upper bound for the norm of the Hilbert matrix H
on weighted Bergman spaces A% in the case —1 < a < 0 when p > « + 2.

1.1 Basic Notation

Let D(z9,r) = {z € C: |z — z0| < r} be the open Euclidean disc of radius r > 0
centered at the point zo in the complex plane C. Let also H(D) be the space of
all holomorphic functions in the open unit disc D = D(0, 1). An annulus cen-
tered at the point zg in the complex plane is defined as follows A(zp,7, R) =
{z € C:r <|z—2z0l < R}wherer < R.The Euclidean area measure on the complex
plane will be denoted by dm, that is

dm(z) = dxdy = rdrdf, where z =x +iy = rel?.

Given afunction f holomorphic in the unitdisc D, thenfor0 < p < coand0 <r < 1,
we consider its integral means of order p defined in the following way

M, (r, f) = (% fozn \f (reiG)(”de>” .

It is well known that » > M, (r, f) is an nondecreasing function. This is a simple
consequence of the subharmonicity of | f|?. The Beta function is defined by

1
B(a, b) =/ 7l =P,
0

where a and b are real numbers such thata > Oand b > 0.If 0 < a < 1 then we will
use the following well known formula

B@a,1—a) =

sinwa’
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1.2 Hilbert Matrix and Weighted Bergman Spaces

The Hilbert matrix is an infinite matrix

1 o0
H=|—— .
|:n+k+ l]n,k_O

If f(z) = Y.n2yanz" is a holomorphic function in the unit disc D, that is f €
‘H(D), then the Hilbert matrix can be viewed as an operator on spaces of holomorphic
functions in the following way

i@ =2, (Z ﬁ) "

n=0 \k=0

For 0 < p < oo and o > —1 the weighted Bergman space is defined as follows

a+1 N\ /p
AL =1feHD) :Ifllar = <T/D|f(1)lp (1 —|z| ) dm(z)> <oof.

We note that if « = 0 then A? = Ag are standard unweighted Bergman spaces. It is
well known (see [3,4,8]) that if a function f belongs to weighted Bergman space A%
then we have

1
Hf () = /0 T, f@)dr,
where

Tf@) =0 f $(). o) = - and $i(0) =

1
1—(1—1) 1-nz

Recall that the Hilbert matrix H is bounded on weighted Bergman space A% if and
only if | <« +2 < p. In that case, by following [8], from the continuous version of
Minkowski inequality we have estimate

1
HF1 < [ Il ar,

and

a+2

at2 _ +1 %
ITifllgp =% =07 (“T/D wl? ™4 f (w)l7 g (w)“dm(w)) ,
' (1.2)
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where

2Rew — 1 — (2 —t)|w|? D, = Dy ) 1 11—t
’ = Ct, , Cr = = .
1 —DwP ‘ A Y 2—¢

gr(w) =
In the rest of the paper we will use the following function

at2 _a+t2
1//p,oz(t)zt p (I=n »,

where 0 < ¢ < 1. Itis easy to check that

1 pr—lw—cl
g(w) = s - " for w € D (c;, 1)

|w| Pt

Therefore we conclude

2 2\¢ %
T fllap = ¥pa () (ﬂ w|P~2eHD| ()P (M) dm(w)) )

T D, Pt
The previous formula is valid for all 1 < o +2 < p and it will be used in the last

section of this paper. On the other hand, following [8] in the special case when o« > 0
we obtain

(1.3)

1+ |wP?—t— (2—z)|w|2)"‘ B (1 - |w|2)“

(1 =nw? lwl?

gr(w)® < <

By combining (1.2) and (1.3) we get

L
P

1 «
IT:fllag < Vpa®) (i [ ez (1< ) dm(w))
T D;

1.3 The Functions W, and @,
Let @ > 0. Then we define the functions ¥, and &, as follows

Wo(x) =207 — (4a+2) + Dx —2Va +2J/x +a +2,
and

Dy (x) =2x% — (4@ +2) + Dx +2V/a +2/x +a +2,

where x € (o + 2, 2(x + 2)). We note that these functions will play a crucial role in
our paper. Next we obtain

Jo+2 oa+2
v/ =4x —4 2)—1-— d ¢/(x) =4 ,
o (X) X (a+2) N an o (X) + ndx

@ Springer



5914 B. Karapetrovi¢

for x € (¢ 4+ 2, 2(« 4 2)). Therefore
v (x) > 0,

for every x € (& + 2, 2(« + 2)). This leads that function W), is increasing on interval
(@ +2,2(x + 2)). On the other hand, we find

W (e+2)=-2<0and V,2(a+2) =4a+2)—1— % > 0.
Based on the above considerations we can conclude that it is valid
Wy (x) < max {Wq (a + 2), Yo (2(a + 2))},
for every x € (@ + 2, 2(«x + 2)). Since
Vo(@+2)=-2( +2@+3) <0 and Yo +2)=— (2V2+1) (@ +2) <0,

we have
U,(x) <0, (1.4)

for every x € (@ + 2, 2(« + 2)). By straightforward calculations we also derive

Ja+2 , Jo+2
O, (x)=4x —4(@+2)—1+ NG and ) (x) =4 — ek

for x € (@ + 2, 2(a + 2)). Function ®/, is increasing on interval (« + 2, 2(« + 2))
which implies

1

d>g(x)>q>g(a+2)=4—m>

’

for every x € (o +2,2(x + 2)). Hence function @), is also increasing on interval
(@ +2,2(x + 2)). This leads to

DL (x) > D@ +2) =4a+2) —4a+2) —1+1=0,

where x € (a + 2, 2(« + 2)), whence it follows that @, is an increasing function on
interval (o« + 2, 2(« + 2)). Then

Dy(@+2) =2+ 1)(@+2) <0 and Sy +2)) = (2\/_— 1) (@+2) > 0.

This means that function ®,, has a unique zero g on the interval (o + 2, 2(« + 2)).
Moreover, we get @, < Oon (o + 2, «g) and &, > 0on («p, 2(x + 2)). The previous
notation will be used in the rest of the paper.
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1.4 The Main Results

Let « > 0 and let op be a unique zero of the function &, on the interval
(¢ + 2, 2(a 4+ 2)). We are now ready to state the main results of the paper.

T

Theorem 1.1 Leta > O and ag < p < 2(a + 2). Then “H”A{;—m{; = sm(“—+2)”
p

An immediate consequence we obtain the following result.

Corollary 1.1 Let a > 0 and

a+2+\/(0£+2)2—(x/——%)(a+2)§p<2(a+2).

Then

v

L sin @07

Proof 1t is enough to prove that

o, (a+2+\/(a+2)2—<\/_—%>(a+2)> > 0.

Namely, the previous inequality implies

1

oeo<a+2+\/(a+2)2—(\/_—§>(05+2),

whence by Theorem 1.1 it follows the required conclusion. We can split the function
d, into two parts

Dy (x) = To(x) + Ag(x),

where we denoted
Yo (x) =2 |:(x — (@ +2)* - ((a +2)% — («/’— %) (o + 2))} ,
and
Aa(x) = 2V + 24/% — x —2(«/5— 1) (@+2).

@ Springer



5916 B. Karapetrovi¢

Note that

Yo (a+2+\/(a+2)2—<\/_—%>(a+2)> =0.

So it is enough to prove

Ay (a+2+\/(oe+2)2—<\/_—%>(a+2)> > 0,

or equivalently

Aa(a—i-\/az—(\/——%)a) - 0,

where a = «a + 2. This leads to

i o+ - (=)o (2 )as o (23

whence after squaring we get the following equivalent form

(3—2«/5)\/a2—(\/§—%>a> (3—2\/5)61—(?—%).

Since

(3—2\/5)\/a2—<~/'—%)a>0,

it is enough to prove

((3—2«/5)\/512— (ﬁ—%>a)2 > ((3—2ﬁ)a— (“/75— %))2,

which after some calculations reduces to

V2-1 13492
s(va-7) 16

a >
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The last inequality is true, since

13+ 92

=a+2>2
aoe—|—>>16

This completes the proof. O
Remark 1.1 Note that Corollary 1.1 improves the last best known result recently

obtained by Lindstrom, Miihkinen and Wikman in [10], where they get the same
conclusion under the assumptions o > 0 and

1
a+2+\/(a+2)2—§(a+2)§p<2(a+2),

which was discussed earlier. O

On the other hand, let

B=a+2+V(@+2)?2— (a+2).

Then by straightforward calculations we obtain

cba(ﬁ)=2<52—2(a+2)ﬂ+a+2)—(\/ﬁ—m)2<0,

=0

which implies that 8 < og. In the case when @ > O and @ + 2 < p < B we obtain
the following partial result.

Theorem1.2 Leta > 0, +2 < p <a+2+ \/(oe +2)2 — (a + 2) and suppose
that the following condition holds

[lx// (O dt < — flw (O dt = — B<“+21 ‘”2)
0 p.a p.a St ) p.a —a+1 P s p ,
(1.

5)
where we denoted

1
at2 —ot2 L_
Ypa =17 "(1=0""7 and sp,a(m:/t P21 = p)* dp,
()
for0 <t < 1. Then

v

”H”A5—>Ag = sin @27

@ Springer



5918 B. Karapetrovi¢

Remark 1.2 We note that condition (1.5) is not always satisfied under the given con-
ditions even when p/2 — (¢ +2) + 1 > 0, thatis p > 2« + 2, which actually allows
the convergence of the integral &, ,,(0). Namely a calculation involving Mathematica
shows that when o = 1 then 8 ~ 5.449 and ¢y & 5.487 and also for

a+2<20+2<p=44<B <,
we have
1 1 1
/0 Yp.a()épo(t)dt — a_+1/o Yp.a(t)dt = 0.962 > 0.

On the other hand, if e = lando +2 <20 +2 < p =5.2 < B < agp then

1 1 1
“ df— —— (1) di ~ —0.103 < 0,
[) wp, (I)Ep,a () o+ 1 /() wp, (1) 0.103 < 0

which allows the application of Theorem 1.2 in some cases where it is not possible to
apply Theorem 1.1. We also have

ﬁ=a+2+\/(a+2)2—(a+2)<ao<a+2+\/(a+2)2—(«/_—l) (a+2),

2

and since v/2 — 1/2 ~ 0.914 (actually V2 —1/2 > 0.914) we can write

a+2+V@+22—(@+2) <apg<a+2+(@+2)?—0914(a +2). (1.6)

From (1.6) we can conclude that there remains a small gap between 8 and «g to which
we cannot apply the above Theorem 1.1 and Theorem 1.2. o

Finally, in the case when
—l<a<0and p>aoa+2,

for the first time we obtain an explicit upper bound for the norm of the Hilbert matrix
H on weighted Bergman spaces A% . Namely, we have the following result.

Theorem1.3 Let —1 <a <Qand p > a + 2.
1) If p = 2(x + 2) then

T

+2
IHl ap o ap <277 ————
Ag— Ay — (a+2)1

P

sin
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() Ifa+2 < p < 2(a + 2) then

a+2 2(a+2) T
IHlapap <27 (1+z v 1)

sin @27
P

In the rest of the paper, we present the proofs of Theorem 1.1, Theorem 1.2, and
Theorem 1.3.

2 Preliminaries

Leto > 0and o + 2 < p < 2(« + 2). We consider functions

a+2

1
at2 _ p_
Ypa@® =17 ""(1=077 and & () = / PP - p) dp,
(25)
where 0 < ¢ < 1 as in the statement of Theorem 1.2. For s € [0, 1] we denote

K 1
Fp,a(s) :Ep,a(s)A wp,ol(t)dt‘i‘f l[fp,ol(t)ép,a(t)dt

| P 2 a+1 1
_a+1 (1 — (2_s> ) fo Ypa(t)de.

As we will see later it is of interest to examine under what conditions the function
Fp  is nonpositive on the segment [0, 1]. Let also

o+2 o+2 1
B« =B< 1 — ):/ Ypa(t)de.
p p 0

Then

Fl/)’a(s) = 5,/,,(!(S) /0 1,hp,oz(t) de +gp,a(5)wp,a(5) - wp,a(s)sp,a(s)

L -1 VY . 1 £ dt
@) —(2_S> -(—)-(2_8)3-/0 Vpa®)
- s \2 S—(a+2) 1 s \2\ 4 P ;
- <2—s> _<2—s> (2—5)3/0 VD dl
45 | K 2\* 1 d
o (1 (55)) [ o
2 [03

4s (1 - (z%) ) o\ P2t s

- (Bp,a —< ) /0 w,,,a(t)dt).

2—s)3 2—s

@ Springer



5920 B. Karapetrovi¢

Therefore

F/ B 4s | s 2\ @ s p—2(a+2)G -
p,a(s)—m _(2—s> <2—s> p,a(S)’ 2.1

where we denote

s 2(a+2)—p s
Gpa(s) = (2 ) By« —/ Ypo(t)de. 2.2)
— 0
We find
2(a+2)—p—1 )
/
Gpols) =Q2a+2)—p) (2—5) m Bpo — Ypals)
2(a+2)—p—1 1
= (4(a+2)—2p) Bp,ot <m) = S)2 - 1/’17‘0( (s).
Hence
Gl o(s) = 4@ +2) = 2p) BpaVpa($)Epals), (2.3)
where
s\ 2@+2)—p-l ——+1(1 _ S) 1
Ep,a(s) = 3 s
2—s 2—y) (4(a+2) —2p)Bpa
or equivalently
. s 2(a+2)—p+1 _L-*-Z_ X 1 )4
pals) = (Z—s) =97 - e B @

By differentiation we obtain

)2(a+2)—17 2 )
— (15" >

—5 (2—s)2

2a+2)—p+1 )
+< a ) (—“+ —l)s_ 219
2—s p

< s >2(a+2)p+1 e a2
+ s
2—s

s 2(a+2)—p+1 _L+2_
= (2 ) s (1 —S) p Kpot(s)
—

E, () =Q@+2) —p+1) <2

a2 g
(I=s)y» (=1

where

o+2 ! a+2 s
p p 1—s

1
Kpa(s)=@@+2)=2p+2) o— —
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or

a+2 1
p 1—s

1
Kpals) =@ (a+2)—-2p+2) s —1
Next we can write

Kp,a(s) = 1 _S)Lp,a(s)’

(2 —s)(
where we denote

o+2
Lyos)=@a+2)=2p+2)(1—-5)—2—=5)(1—5)— T(Z—S)-

Finally we obtain

2 2 2
Lpa(s) = —s* — (4(0{+2)—2p—1— ot >s+4(a+2)—2p— 2@+2)
and
/ s\ 2et2)—pt2 PEE w2

Ep’a(s) = T s P T(1—=s) P Lpg(s). 2.5)

Let
2(x +2
Apoy=4a+2)—2p— g
Note that 5
o+
Lpa(s) = —s* — (A,,,a + — 1) S+ Apg. (2.6)

We denote the discriminant of the quadratic equation L 4(s) = 0 by D), 4. Then

o+2

2
Dpo = (Ap’a + - 1) +4A, 4,

or

oa+2 a+2)\?
D,,,o,zAf,,a+2<l+ > )Ap,a+<1— p >

Equivalently, we get

2
o+2 o+2
Dp,a = Ap,a + <1 + p ) Ap,o{ + (1 — P >
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In view of Sect. 1.3 we have

2

oa+2 1
) =—;"I’a(l7)>0’

p

Ap,oz + (1 +

where we used the fact that  + 2 < p < 2(« + 2) and inequality (1.4). This means
that discriminant D, ,, has the same sign as the factor

2

o+2 1
Apo+|1- = —— - Du(p).
p p

We actually have

1
Dp,a = ? : ‘Ija(p) : q)a(p)'

Now we are ready to state our first preliminary result.
Lemma2.1 Leta > 0and ag < p < 2(a +2). Then Fp o (s) < 0 foralls [0, 1].
Proof Since ag < p < 2(«x + 2) we have (see Sect. 1.3) that

Wy (p) <0 and ®y(p) >0,

which implies
1
Dp,a = F . ‘I’a(l’) : <Da(p) < 0.

On the other hand, since D, ¢ is a discriminant of a quadratic function L o given by
(2.6) we can conclude that

Lyo <0 on [0,1].
By using Eq. (2.5) we get

E;w <0 on [0, 1],

which in turn implies that E, , is nonincreasing function on [0, 1]. By Eq. (2.4) we
obtain
1

S
Epa(s) = (2 — " @@ +2) —2p)Bya

2(a+2)—p+1 N N
_ ( 1 > s2(a+2)—P—Tt2(1 _ s)%z _ 1 )
2—s 4(x+2)—2p) Bp,ot

a2
s P (1—s)r

)2(a+2)p+1 at2
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Hence
. : 1 2(a+2)—p+1 ""—*“(1 )M 1 0
— 2 — P — . .
pal®) =\ 375 s s @@ +2)—2p) Bpa )
Also
5 2
o+
APa+(1_ ) =—— - Qu(p) <0,
p
— e —
>0
which leads to
Apa <0. (2.8)

Combining (2.7) and (2.8) we obtain

1
<0
4(x+2) —2p) Bp o

lim E,4(s) =+00 and E, (1) = —
s—0T

As we have already concluded that the function £, 4 (s) is nonincreasing on [0, 1] we
derive that there exists s € (0, 1) such that

Epo>0on [0,50] and Ep o <0 on [s0,1].
From (2.3) we find that

G’ >0 on [0,s9] and G/p’

p,o <0 on [S(), 1] .

o

Therefore the function G o is nondecreasing on [0, so] and nonincreasing on [so, 1].
So we have

Gp,ot(s) > min {Gp,a(o)a Gp,oz(l)} s

for all s € [0, 1]. Since (see (2.2))

1
Gpa(0)=0 and Gpu(1) =By 4 —/(; Ypo)dt =0,

we get G o > 0on [0, 1]. From (2.1) we find Fl/w > 0 on [0, 1] which implies that
Fp.« is nondecreasing function on [0, 1]. Finally

Fp,a(s) < Fp,a(l)»
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for all s € [0, 1]. Since

1
Fp,a(l)z 01(1)‘/O wp,a(l)dIZO'Bp,a:O,

5p.
——
=0

we conclude that
Fpa(s) <0,
for all s € [0, 1]. This finishes the proof. O

We need also the following preliminary result which will be used later.

Lemma22 Leta >0, a0+2<p<fB = Ol—}-2+\/(0l +2)2 — (o + 2) and suppose
that the following condition holds

A

1 1 1
/0 Vra5palt)d = —— /0 Voat)dr.

Then Fp o(s) <0 foralls € [0, 1].

Proof Note that given condition

1 1 1
t t)dr < t)dt,
| na0sara < — [0
is actually equivalent to
Fpo(0) <0. 2.9

In view of Sect. 1.3 we have
Yu(p) <0 and @4(p) <O,
which implies

1
Dp,ot = p_ Wy (p) - Py(p) > 0.

We also notice that
Lpa(s) =—s>—Cpas +Apq for s €0, 1],

where we denote

o +2

Cpa=Apa+
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The roots of the quadratic equation L o (s) = 0 are given by

_Cps‘)‘ Y DP»‘Y _Cp,a + Dp,a
Xpa = f and Xp,ot = f
Then
(Cpa+2)’ =C2y+4(Cpat+1)>C2, +44,4 =Dy (2.10)

We also have

2@+2) a+2
—~ +

p p

o+2
=4(x+2)—2p———+1
p

Cpat+2=4@+2)—-2p —1+2

<2p2—(4(ot+2)+1)p+2«/05+2\/ﬁ+04+2—2«/05+2\/ﬁ>,

p

that is
1
Cra+2=——"-|Pu(p)2vVa+2p| >0. 2.1D)
P N——
<0
From (2.10) and (2.11) we find
Cpa+2>,/Dpg,
which leads to
—Cpoq+D
Xpo = e NTPRE .,
2
Therefore
Xpa < Xpao <1, (2.12)
and
Lpo(s) =— (s — xp,a) (s — Xp,a) , (2.13)
for s € [0, 1]. It is also easy to see that
2(a +2) 2/,
Apa=4a+2)=2p— === (p —2(a+2)p+a+2),
and 5
Apa=—" (p—(a+2—\/(a+2)2—(a+2))>(p—,3), (2.14)
>0
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where we used the factthat p > ¢ +2 > o 4+ 2 — \/(a +2)2 — (a + 2). Then we
can consider the following two cases.
Case a + 2 < p < f In this case from (2.14) we obtain that A, , > 0. Hence

Dpoa=Cp,+44p0>Cs .
which implies /Dy > —Cp o and \/Dp o > C) . Therefore

—Cpa—/Dpa —Cpa++/Dpa

x,,,o,:f<0 and X, o = > > 0,

and by using (2.12) we have
Xpa <0< Xpo <1,
Recall that L o (s) = — (s — xp,a) (s — Xp,a) for s € [0, 1] (see (2.13)). So we get
Lpo>0on [0,X,q] and Lo <0 on [Xpq,1].
By using (2.5) we have

E’ >0 on [O, X,,,a] and E;,

P, < 0 on [X[),C(v 1] .

o

We can conclude that function E,  is nondecreasing on [0, X p,a] and nonincreasing
on [Xp,a, 1]. Therefore

Epo (Xp,a) = Srer%(z)iﬁ] Epa(s).

We recall that (see (2.7))

1 2(0{+2)—[)+1 Ap,a at2 1
E = 2 (1—-s5) 7 — ,
pa(s) <2 - s) S e ) 29 B

which leads to

1

Epa(0) = Epo(l) = (A +2) —2p) Bpa =0

where we used the fact that A, , > 0 in this case. Next we claim Ep o (Xp.«) > 0.
Assume to the contrary that £, o (X ) < 0. This implies that £, o(s) < 0 for all
s € [0, 1]. From (2.3) we get G;,’a < Oon|[0, 1]. Hence function G o is nonincreasing
on [0, 1]. Since

Gp,a(o) = Gp,a(l) =0,
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we find that G, , = 0 on [0, 1] which in turn implies G;v,a = 0O on [0, 1]. This leads
to E, o = 0on [0, 1] (see again (2.3)). This is in a contradiction with (2.7), because
formula (2.7) implies that function E, ,, cannot be identically equal to zero on [0, 1].
In this way we have proved that

Epo(Xpo)>0.

We have already proved that £, (0) = E, (1) < 0 and that £, , is nondecreasing
on [O, X,,,a] and nonincreasing on [X,,,a, 1]. Thus there exists s; € (O, Xp,a) such
that

Epoe <0 on [0,51] and Epq >0 on [s1,Xpa].
and there exists sy € (Xp.q, 1) such that
Epoa >0 on [Xpq, 2] and Epq <0 on [s2,1].
So we obtain
Epo <0 on [0,51], Epy >0 on [s1,52] and Ep o <0 on [s7,1].
By using (2.3) we find

o« <0 on [s2,1].

G’p,a <0 on [0,s1], G’pﬂ >0 on [s1,s2] and G’p’

Therefore function G is nonincreasing on [0, s1], nondecreasing on [s1, s2] and
nonincreasing on [s2, 1]. Since G 4 (0) = G (1) = O there exists s3 € [s1, s2] such
that

Gpo <0 on [0,53] and Gp o =0 on [s3,1].
From (2.1) we can conclude that

F;/a,a <0 on [0,s3] and F[/,,a >0 on [s3,1].

Hence function F), 4 is nonincreasing on [0, s3] and nondecreasing on [s3, 1]. This
implies that

Fp,a(s) = max {Fp,a(o), Fp,ot(l)} ,

for all s € [0, 1]. By (2.9) we have F), 4(0) < 0 and since F 4(1) = 0 we finally
conclude that F o(s) < Oforall s € [0, 1].

Case p = B It remains for us to consider what is happening in this case. From (2.14)
we find that A, , = 0. Hence we have D), , = Clz,’a +4A, 0 = wa and

oa+2 1_oc+2

Cpa=Apa+ —-1<0,
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which implies /D, o = —C . Therefore

—C — /D —-C + /D
tpa = LI VDIE g ang X = — P INPE g,

and by using (2.12) again we get
Xpa=0<Xpq <1
Since L o(s) = — (s — xp,a) (s — Xp,a) for s € [0, 1] (see (2.13)) we find that
Lpoa>0on [0,Xpq] and Ly <0 on [Xpq, 1],
and by using (2.5) we have

E,,>0on [0,X,.] and E;,

P <0 on [X,,,a, 1].

o

Therefore we can conclude that function E,, is nondecreasing on [0, X, o] and
nonincreasing on [X P 1]. Recall that (see (2.7))

Epa(s>=< 1 )Z(HDPHSAPZ'“(l—s)“f— : ,
’ 2—s Ha+2)=2p)Bpa
and since
Apa=4a+2)—2p— 2052 g
we obtain
Epa(s) = (L)U"ﬂ+1 (1=9 = s
’ 2—s @Bp,a
Let
a+2 o+2 a+2
T p B a+24J@+2-@+2)

It is easy to check that

_ o+2
a+2+(@+2)?2—(@+2)

<cC

<2-4/2,

N =

because of @« + 2 > 2. Then

1\t . sinmc
Ep,ot(s): TS (I -9~ s

2 2mce
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which implies that

we—2sinmce sinwc

Yy and Ep o(1) = — e < 0.

Ep,ot 0) =

Since 1/2 < ¢ < 2 — +/2 we have
2¢sinme < 2¢ < 22-V2 % < mec.

Therefore

e —2¢sinmce sinwc

Ep«0) = P Yy >0 and Ep (1) = — e < 0.

We have also already proved that function E, 4 is nondecreasing on [0, X p‘a] and
nonincreasing on [X P> 1]. Thus there exists S € (X P> 1) such that

Epy>0on [0,S] and E, o <0 on [S,1].
Then from (2.3) we obtain that
Gy =0 on [0,5] and G, <0 on [S,1].

Hence the function G, 4 is nondecreasing on [0, S| and nonincreasing on [S, 1]. So
we conclude that

Gp,ot(s) > min {Gp,a(o)a Gp,oz(l)} s

for all s € [0, 1]. On the other hand, since (see (2.2))

1
Gpa0)=0 and G, o(1) =By 4 —/0 Ypa)dt =0,

we obtain G, o > 0 on [0, 1]. Then from (2.1) we find Fz/w > 0 on [0, 1] which
implies that F, , is nondecreasing function on [0, 1]. Therefore F) o(s) < Fp o (1)
forall s € [0, 1]. Since

1
Fpa(l) = Ep,a(l)/o Vpalt)dt =0-B,q =0,

we have that F, o (s) < 0 for all s € [0, 1]. On the other hand, note that in this case
it was not necessary to further assume at the beginning that inequality (2.9) is valid.
This completes the proof. O
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Remark 2.1 Tt will be interesting to see what happens in the case when 8 < p < «p.
Then we can apply the same procedure as in the proof of Lemma 2.2. Namely, in this
case from (2.14) we conclude that A, , < 0. Therefore from (2.7) we obtain

1
(4@ +2)—2p)Bpa

lim+ Epo(s) =+00 and Ep (1) = <0
s—0

On the other hand, we have

oa+2
Cpa=Apa—\|1- < 0,
—— P

>0

and Do = C , +4A, o < C; , whichimplies /D), s < —C) o. Hence

—_Cp'a —VPra > 0,

Xpo = 5
and by using (2.12) we get
0<xpo<Xpa <l

This already complicates the determination of the sign of the quadratic function
Lp.«(s) on the interval [0, 1] and proceeding further similarly as in the proof of
Lemma 2.2, it turns out that it is not easy to conclude under which conditions the
function F), 4 (s) is nonpositive on the interval [0, 1] in all possible cases. S

3 Proofs of Theorem 1.1 and Theorem 1.2
Let us first consider the case when o« > 0 and o + 2 < p < 2(« + 2). Later we will
focus on the special cases when g < p < 2(¢ +2)oro +2 < p < B asin the

statements of Theorem 1.1 or Theorem 1.2, respectively. Let f € AL. In view of (1.1)
we have the corresponding lower bound, so we need to prove

T
IHf N 4p = —5- 1/ 142 (3.1
o . (Dl+2)7T Aot
sSin Y

We will use the technique developed in the paper [2]. Denote

@(r) =2Mp(r, ) and x(r) = ¢(r) — ¢(0),

for 0 < r < 1. Of course, functions ¢ and x depend on the choice of the initial
function f which we assume to be fixed in the considerations that follow. Then ¢ is
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nondecreasing and differentiable function on the interval (0, 1), which implies that
function x is also nondecreasing and differentiable on (0, 1). Therefore

x>0 on (0,1) and x(r) = /r x'(s) ds, 3.2)
0

for 0 <r < 1. As shown in Sect. 1.2 we know that

1
HF1 < [ I g ar, (33)
and

1
P

+1 @
ITe Fllap < Ypat) (“— [ e (1< ) dm(w)) ,
T D,
where

D;=D(c,p00), ¢ =

1 —_—
2—t 2—t
Note that it is valid

1
DtCA(Osct_ptact"i_pt):A(O»Eal)-

We denote
t
A=A <0, —, 1)
2—t
Consequently
+1 g
o _ o 2
ITefllag < Vpal® (T w22 )7 (1 wl?) dm(w)) ,
A

or equivalently

1
P

1 o
||T,f||A5 < Ypa(t) ((a + 1)/ pP—2@+2)+1 (1 — r2> ¢(r)dr> . 3.4
2-1

On the other hand

1

T 1 1 2\ ¥ P
Wnﬂug:/() Vpoa (D) <(a+1)/0 r(1-r7) go(r)dr) . (3.5)
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Because of (3.3), (3.4) and (3.5), we can conclude that (3.1) holds if the following
inequality is true

1
/ Yp,a(f) <1p,a(t)l/p - Jo}/p) dr <0, 3.6)
0
where
1 o
Lpo(t) = / pp—2a+2)+l (1 — r2) o(r)dr,
=
and

Jo = /(;1 r (1 —r2>a(p(r) dr.

Note that I, (¢) and J,, also depend on the function ¢, that is on the function f that
was initially selected. We obtain

1 1
Ip,a(t)l/p - J;/p = ;Jal (Ip,a(t) - Ja) ’

where we used the well known fact that x¥ —y? < yy?~!(x —y) forx > 0,y > Oand
y € (0, 1) as well as the fact that it is valid 1/p € (0, 1) because of p > o + 2 > 2.
Thus we have that (3.6) holds if the following inequality is true

1
/O Vpa(®) (Ipa(t) — Jo) dr <0,

or

1 1 o 1 o
/ Yp.a(t) (/ pP2et2)+l (1 — r2) e(r)dr — / r (1 — r2) o(r) dr) dr <0,
0 . 0

or equivalently
Voa +0OWpo < Upa, (3.7

where we denoted
1 1 «
Vp.a :[ I//p’“(t)/z PP 2@t (1 —r2) x (r)drdt,
0 =

and

1 1
Wpa = / Wp,a(t)/ pPm2@+2)+1 (1 - r2>0t drdt
0 =1

- /01 Vo) /0] . (1 - rz)a drdr,
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and

Up.a —/ wpa(t)/ —r2 x(r)drdt.

Then by using a change of variable p = 12 we get

%fol Vpa(t) [j <r2>g7(a+2) (1 - rz)a d (rz) dr
—1/1(1 —r2 f V(1) dt

/ wp Ot(t)/ ,Ogi(aJrz) (1 — p)a dpdt

——/ (- )dp/ V() di
1
5(/0 wp,a(t)sp,amdr—a—H fo wp,amdr)

1
= sz,a(O).

Wp.a

On the other hand by using Fubini theorem we obtain

1 1 o
Vpa = / Yp.a(t) / ppm2@ 2 (1 —rz) x(r)dr | dt
0 3
1 1 a r
= Ypall) / pp2et2)+1 (1 - r2) / x'(s)dsdr | dt
0 . 0

—t

1

.
t /0 pPm2@t2+l (1 - r2>a x'(s) dsdr) de

/ p—2(a+2)+1 (1 _r2)°‘ x'(s)drds | dr
0 max{s,*}

1 1 «
/‘ X/(S)/ FP2@+2)+1 (1_;-2) drds | dt
0 max s, 55 |

1,/ 1
/ X (s) / p%—(ot-‘,—Z) a- p)Ol dpdS de,
0 2 maxz{s,%t}
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and by using change of variable s = u/(2 — u) we get

! ' (25) g :
Vpo = t —Z 7@ (1 — p)* dpdu | dr,
p.a /0 Yp.a() /O (2_u)2/ o (I =p)" dodu

2wt
max { 2—u’2—t }

or equivalently

1 1 1 , u
Vo= [ 0@ ( | 5= (z_u)sp,a <max{u,r}>du) dr.

This implies that

1 1 , u 1
Vi 2[) (Z—M)ZX (2—14) (/0 Yp.a(0)Ep o (max{u, t})dt> du,

or

1 1 , u u 1
Vp,a=/0 (2_u)2X (2—14) (Ep,a(u)/o WP,a(t)dt‘i‘/; Wp,a(t)gp,a (t)dt) du.

Similarly we have

1 o 1
UN{:/ r(l—rz) x(r)dr/ V(1) dt
0 0
1 a r 1
:/ r(l—rz) / X/(s)dsdr/ Vp.a(t)de
0 0 0
1 1 w 1
:/ X’(s)/ r(1—r2) drds/ V(1) dt
0 K 0

1 .7 1
X(s) 1 2al—l—l /
= 1-— d «(t)drt,
/0 o (1-9) s | ¥pe®

which leads to

! 1 u 1 u \’ at !
Up"":/o 2—u2” (2—u>a+1 (]_<2—u>> d“/O Vpalt)dt,

or equivalently

! 1 , u 1 u \? “rl o
U”*"‘:/O 2—u” (2—u> at1 (“(m)) /0 VD dr | du
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Based on the foregoing considerations we can conclude

1
1 u
Vpa—Upa = [0 (2—14)2)(/ <2—u> Fpo(u)du.

Finally to obtain (3.7) it is enough to prove that

SR Y ¢(0)
/(; (2—u)2x (Z—M)F”’“(u)d”"—TFp,a(O)50-

Note also that ¢(0) = 2| f(0)|”. So we can conclude the following. In the case when
a>0ando+2 < p <2(a+2)if

L |
A Q_upf<2iu>%ﬂWNu+M®W7pﬂm5& (3.8)

then it is valid inequality (3.1). Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1 Let f € AL where @ > 0 and ag < p < 2(c + 2). In view of
(1.1) it is enough to prove that inequality (3.1) is valid. By using Lemma 2.1 we have

that
Fpalu) <0, (3.9)

for all u € [0, 1]. From (3.2) we conclude that

! x( “ )>o (3.10)
Cc—w \2=u) =" '

Combining (3.9) and (3.10) we obtain

LS |
/0 2- M)ZX/ (2 i u) Fp.o) du +1f(0)I"Fpa(0) <0,

which leads that inequality (3.8) is valid. This implies that inequality (3.1) is also
valid, which completes the proof. O

Next we will use the previously presented results as well as Lemma 2.2 from Sect. 2.
Thus we are ready to prove Theorem 1.2.

Proof of Theorem 1.2 Let f € AL where @ > Oand @ +2 < p < B. We can
use Lemma 2.2, because we know that under the assumptions of Theorem 1.2 the
following condition is satisfied

| 1 1 1 a+2 a+2
t H)dr < t)dt = B 1= :
/0 Vpa(0)spa(t)dr < oc+1/o Vp.all) a+1 ( 4 p )
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Therefore
Fpo () <0,

for all u € [0, 1]. Since x’ > 0 we derive that

Lo
/0 (2—14)2)(/ <2iu> FPaa(u) du + |f(0)|pr,a(0) = O,

which implies validity of the inequality (3.1). This finishes the proof. O

4 Proof of Theorem 1.3

In this section we consider the case when —1 < o« < 0 and p > o + 2. Let also
f € AL. As we showed in Sect. 1.2 we have

1
IHLF1 4 s/ T, £l dr.
0

and

1
2 a2\ ¢ »
ITe fllap = ¥pa(D) (E/ w|P~2€@D)| £ )P (M) dm(w)) ,
T D, 0,

t

where

1—1¢
and p, = —.

D =D , s =
t (s p1)s ¢ 5 2

Let
n:1(z) = piz+c, for zeD and 0 <t < 1.

Note that n;(D) = D, C D. We will also use the following well known result, which
is a consequence of Littlewood Subordination Principle (see Chapter 11 in [12]).

Lemma 4.1 (see Theorem 11.6in [12]) If n : D — D is holomorphic function, p > 0
and o > —1 then

2\ L+ O\ 2\
L1 em@r (1= :R) ame < ($558) [ i@ (1= :2) ),

for all holomorphic functions f on .

After the preliminary results mentioned above, we are now ready to prove Theorem
1.3 from the Sect. 1.4.

@ Springer



Hilbert Matrix and Its Norm on Weighted Bergman Spaces 5937

Proof of Theorem 1.3 Let f € AL. Then we consider the following two cases as in the
statement of Theorem 1.3.

Case (i) p > 2(a +2) In this case we actually have that |w|P~2@+2) < 1 for all
w € D¢ = n;(ID). Therefore

1 o 1
1\ 7 2 _ _ 2 r
||T,f||Agswp,a<t)(°‘+ ) (/ |f (w)l” (u) dm(w)) .
4 n: (D) Pt

After change of variable w = n;(z) we obtain

1 1
1\7 a »
ITefllag < ¥pal) (—‘” ) (pf‘f I(f on) @17 (1 - 12P) !n;<z>|2dm<z>)
T D

1
0% + 1 P o P
= Vpalt) (—) (p,“” [isem@rr (1- i) dm(z)) .
T D
Since
pa+2 1+|rh(0)| O[+2= p .1+C[ (1+2= 1_1'3_[ Ot+2= 3—t a+2
o\ = n,(0)] l-q 2—1 1—1 2—1

by using Lemma 4.1 we obtain

o _ a+2 w
p?H/D'(fom) @I” (1 - |z|2) dm(z) < (%) fDIf(z)lf’ (1 — |z|2) dm(z).

Hence we conclude

1

at2
3 —1 P o + 1 2 o P
IT: £l < (—Z_t) Vp.a(t) (T /D @17 (1-12P) dm(Z)) ,

or
a+2
3—t\ 7
ITe fll g2 = = Vpa Ol 42
Note that
at2

3—t\ » <2a::27
2—t -
for all 0 < ¢t < 1. This leads to

at2
”th”A[; <27 Ipp,a(t)”f”A{;'
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Finally we obtain
! w2 1 w2 o

Sy < [T ar 2% [ a0 sy =2F — D1y,
0 0 SIHT

Therefore

T

(a+2)m -~
P

at2
IHllgp o gp <277 =
sin

Case (ii) « + 2 < p < 2(a + 2) In this case we have

t
|w|2ct—|w—c,|>c,—p,=2 ; for all w € Dy.

Therefore

¢ p—2(a+2) 9 _ ¢\ 2@+D)=p
|w|P~2@+D) < <ﬁ> = (T) for all w € Dy.

This implies that ||'T; f|| AP is not greater than
2@+2) 1

1
- b 2 — o2\ »
(5) 7 e (‘”1 [ s (M) dm(w)) .
T I P

Similar to the Case (i) we get that it is valid

1
a+1 /0,2—|w—ct|2 ¢ ’ 3—1 ya
[ rr (FEEEE) amw) < (375) T s
T Jnm) Pi 2-t

which leads to

1
a+1 » o —w —c|? * ’ at2
If)" | ————) dm@w) ) =27 [[fl4-
T I Pt

Hence we obtain

2(ot+2)_1
at2 (2 — ¢ P
ITe fllaz =27 (T Vpa O fll 42- 4.1
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On the other hand, we have

2242 2et2) 4
2—1 2—1\ N
(—) Vpalt) = (—) (1-n""r
t t

2(m+2)71 _at2 _at2

=@+2(1—1) » P (1=t 7

2Aet+2) 2(a+2) 2(01+2) 1
t P +2 " —1)
S 9’
tT(l — t)T

where we actually used the known fact which states that the following inequality is
valid

(x+y) <xV 4y,
forallx >0,y > 0and y € (0, 1) as well as the fact that

w_le(g 1)

because of @ + 2 < p < 2(« + 2). So we get

2(a+2) —1

2—t\ » at2 2t at2_| _a2
5 Vpalt) <t 7 (1—t) ” +2 =ty r» "t 7,
or
2e+2) 4
2—t P 2a+2)
T wp a(t) = ¢p a(t)+2 4 1//[204(1 _[) (4-2)

From (4.1) and (4.2) we obtain

nnfmgsff(mmuy+2 - %ma—¢0uﬂug

Since

1 1
oa—+2 o+2 T
/owp’a(l_t)dt:/o wp,a(t)dt:B< ) , 11— » >:sin("“;2)”’

we find

1
HF1g = [ 1Tl o

<2p </ 1ﬁpoz(l‘)dlt“"z /V’pa(l_l)dt>”f”,4p
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a2 T 2(ot+2)_1 g ”f”
(a7 (a7 AL
sin (a—;2)71 sin (oz—;2)7r a

(1 z”“””) s
p —|— p _— pP.
. A
Sm@ a

Il
o
=

I
0o

Finally we obtain

(a+2)m *

at2 2@+2) 4 T
||H||Ap%Ap§2 P [1+2 » —
«one sin =

This completes the proof. O
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