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Abstract

In this paper, we study the so-called Hankel measures on the open unit disk. We obtain
several new characterizations for such measures and answer a question raised by J.
Xiao in 2000.
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1 Introduction

Let D be the open unit disk in the complex plane C and let H (D) be the space of
analytic functions in ID. Recall that for 0 < p < oo the Hardy space H? consists of
those functions f € H (D) such that

1 27 . 1/p
Il = sup (— / | f(re“g)lpde) -
0

O<r<l1 2

The work was supported by NNSF of China (Nos. 11801347 and 11720101003), NSF of Guangdong
Province (No. 2018A030313512), Guangdong Basic and Applied Basic Research Foundation (No.
2019A1515110178), Key Projects of Fundamental Research in Universities of Guangdong Province (No.
2018KZDXMO034), and STU Scientific Research Foundation for Talents (Nos. NTF17009, NTF17020,
and STF17005).

B Kehe Zhu
kzhu@math.albany.edu

Guanlong Bao
glbao@stu.edu.cn

Fangqin Ye
fqye @stu.edu.cn

Department of Mathematics, Shantou University, Shantou, Guangdong 515063, China
Business School, Shantou University, Shantou, Guangdong 515063, China
3 Department of Mathematics and Statistics, State University of New York, Albany, NY 12222, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12220-020-00472-5&domain=pdf
http://orcid.org/0000-0002-7498-7077

5132 G.Baoetal.

Every function f € H? has non-tangential limits f(¢) for almost every ¢ on the unit
circle T. This enables us to view H? as a closed subspace of L?(T, df). See [8,11]
for the theory of Hardy spaces.

A positive Borel measure w1 on ID is called a Carleson measure if there exists a
constant C = Cp, > 0 such that

/le(Z)I”dM(Z) <CIflI%,

for all f € HP. Carleson measures play a fundamental role in the theory of Hardy
spaces. According to a celebrated theorem of L. Carleson, the definition of Carleson
measures is actually independent of the exponent p used above. More specifically,
a positive Borel measure n on D is a Carleson measure if and only if there exists a
constant C > 0 such that u(Sy) < C|I| for all arcs I C T, where |I| is the length of
I and

Slz{z:rei’:0<1—r<|I|,ei’eI}

is the so-called Carleson box based on /.

Motivated by the study of Hankel matrices and Hankel operators on the Hardy
space and in parallel to the notion of Carleson measures, Xiao introduced the notion
of Hankel measures on the unit disk in [20], namely, a complex Borel measure v on
D is called a Hankel measure if there exists a constant C > 0 such that

‘ /D FA@du@| < Clifl3, (1)

for f € H? (or more precisely, for f in a dense subspace of H?). It is clear that every
Carleson measure is a Hankel measure and every Hankel measure must be finite.
Several characterizations of Hankel measures are obtained in [20] in terms of BM O A
defined in Sect. 2 and certain integral transforms of w.

In this paper, we further explore the notion of Hankel measures. We obtain several
new characterizations of Hankel measures and settle a question that was left open by
Xiao in [20].

2 Some Integral Transforms of Measures

It is well known that a positive Borel measure p on ID is a Carleson measure if and
only if the following Poisson-type transform of w,

1 —|wl|?
P((w) = | ——5 du(z),
D |1 —wz
is a bounded function of w on ID. See [8,11,26] for example.
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We consider two similar integral transforms for complex Borel measures p on the
open unit disk, that is,

1 _
Pr(pn)(w) = / 1 —du(z), web,
D1l —wz

and

Py( )(w)—/l_—wd (z), webD
N R TETS '

It is clear that every Hankel measure w has the property that

1 —|wl?

= du(z)

sup | P2 (70) (w)| = sup < c0. @)

webD weD

It was further asked in [20] whether the above condition is sufficient for u to be a
Hankel measure. We show in this section that the answer to this question is negative.

We say that an L' (T)-function f belongs to BM O, the space of functions having
bounded mean oscillation on T, if

il
sup —
it 11 Jr

Let BM O A be the space of functions f € H'! whose boundary values have bounded
mean oscillation on T. It is well known (cf. [3,12]) that the space BM O A consists of
those functions f € H (D) satisfying

do < oo.

. 1 4
e - /1 Feydr

If 15004 = sup/D 1@ 12 — |oa(2)*) dA(z) < oo,

aclD
where
1 1 . i0
dA(z) = —dxdy = —rdrdé, z=x+iy=re,
b4 b4
and
a—z
04(2) = —
1 —az

is the Mobius transformation of D interchanging a and 0.
We begin with the following characterization of Hankel measures from [20].

Theorem 1 Let i be a complex Borel measure on D. Then the following conditions
are equivalent.

(a) w is a Hankel measure.
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(b) There exists a positive constant C such that

‘/Df(Z)dM(Z) = Clifllg

forall f € H.
(¢) Pi(jm) isin BMOA.

Recall that the Bloch space B consists of those functions f € H (D) for which

Ifllp = sup(1 — |z f'(2)] < oc.

zeD

It is well known that BM O A is a proper subspace of B. In particular, every function in
B M O A has boundary values almost everywhere, while there are examples of functions
in B that have no radial limit at every point on T. See [26].

Lemma 2 Let u be a complex Borel measure on ID. Then the following two statements
are equivalent.

(a) The measure Tz satisfies condition (2), that is, P,(w) € L*° (D).
(b) The function P\ (i) belongs to the Bloch space B.

Proof For w € D we have

o]

— _ w — _ =n 15 n+1
wﬂ(u)(w)—/Dl_wzdm)—Z(/Dz du(z))w :

n=0

It follows that

sup (1 — [w|?)| (w Py (2) (w))’ |

wel
0
Y+ (/ " dﬁ(z)) w"
n=0 D
L= |wf
—d
/D 1 —wz)? n(z)
1 — |wl?
—d
/D 1 w2 n(z)
Consequently, the function w +— w Py ()(w) belongs to B if and only if condition
(2) holds for .

Itis easy to see that Py (i) € Bifand only if the function w +— w P; (it) (w) belongs
to B. This proves the desired result. O

sup (1 — [w|?)

welD

sup
welD

sup
welD

Recall that the Dirichlet-type space D(l) consists of functions f € H (D) with
£ lpy = 1 (O)] +/D|f/(Z)IdA(Z) < oo.
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Equivalently, D(l) is the space of functions f € H(ID) satisfying
/le”(z)l(l — %) dA@) < .

It is well known that D(l) ; H'; see [9] for example.
Denote by X the space of functions f € H (D) admitting an integral representation

f(w)=/dﬁ—(1)_, weD,
Dl—wz

where p is a complex Borel measure with | |(ID) < co. For any non-negative integer
n, it is easy to check that

" / (n+ 1)z"dA(z)
w == —7
D 1—wz
Consequently, every polynomial belongs to X.
Lemma3 Let f € D}y and g(z) = z*f(2), z € D. Then g € X.

Proof Note that

¢ =42 f @)+ f(2).

Since f € D(l) and D(l) C H! (and H! is contained in the Bergman space A! of area
integrable analytic functions on D), we see that g € Dé as well.
For any h € D(l) with 2(0) = h'(0) = 0, it is easy to check that

(= wHh"(w)

h(z) = 221 — ) dA(w), zeD. 3)

See [26]. Let h = g. We obtain

_ 2 2 3 pr 4 on
@) Z/D(l lw|H[12w* f (w) + 8w’ f'(w) + w* f”(w)] dAw).

w2 (1 — zw)
Define a complex Borel measure i by

(1 — [wH[12w? f (w) + 8w? £/ (w) + w* £ (w)]

dfi(w) = —

dA(w).

Then || (D) < oo and

g(@ =f dpr(w) zeD.
D

1—zw’
This shows that g € X. O
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5136 G.Baoetal.

Let ¢ : D — D be an analytic self-map. The function ¢ induces a composition
operator Cy : H(D) — H (D), namely, Cy f = f o . Itis well known that C, maps
the Bloch space back into itself.

We can now prove the main result of this section, which settles a question raised

by Xiao in [20].

Theorem 4 There exists a complex Borel measure i on D such that condition (2) holds
but  is not a Hankel measure.

Proof Consider the function ¢(z) = (14 z)/2, which is an analytic self-map of D and
satisfies

lo(z) —p(w)| =< [z — w

for all z and w in D. By [6, p. 2988], ¢ fails to have the so-called Bloch-to-BM O A
pullback property, namely, there exists a function f € B such that g = f o ¢ is not in
BM OA. Since C, is bounded on B, we have g € B\ BMOA.

By [24, Theorem 1], if ¢ is an analytic self-map of D, then the composition operator
Cy is bounded from B to Dé if and only if

10'2)]
—dA . 4
/D T—jpp 4@ = X

We proceed to show that (4) holds for the linear function ¢ above.
Let
!/
I =/ &)'2 dA(z).
D 1 —lp)]
Then
1 2 1
rddr/ ————df
o 3—r%—2rcosf
1 ke 1
rdr / ——d6b
o 3—r2—2rcosf

1 T 1
dr/ —de,
o C,—cosé

where C, = (3 — r%)/(2r) > 1. We make the change of variables x = tan(6/2), so
that

Qo AL~ |

S— S— S—

2 1—x2

do = ———dx, cosf=—".
1+ x2 1+ x2

It is clear that

” 1 2 oo dx m
o C,—cosf Cr—1Jo 1+ &t C2—1
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It follows that

=2 <2V2 dr

f ./702 o JIne 1y

Thus we have g € D(]). Consequently, g € (Dé NB)\ BMOA.Let h(z) = z*g(2).
It follows from Lemma 3 that 47 € X. Thus there exists a complex Borel measure
w with |u|(D) < oo such that & = P (). It is easy to see that h € B\ BMOA.
Combining this with Theorem 1 and Lemma 2, we obtain the desired result. O

Note that the essential part of the proof above is that there exists a function in
(D1 N B) \ BM O A. 1t is natural to try to look for a lacunary series for this purpose.
But it can be shown that there are no lacunary series in the set (DO NB)\ BMOA.
This explains why we had to use such a detour in the proof of Theorem 4.

3 New Characterizations of Hankel Measures

In this section, we obtain several new characterizations for Hankel measures and
indicate how to apply them to the study of Hankel operators on various function
spaces.

Note that for f € H(D), f" is well defined for all positive integers. If p is not a
positive integer, then f7 as afunctionin H (D) is defined only when f is non-vanishing
on D.

Lemma5 Suppose p > 0 and w is a complex Borel measure on D. If | is a Hankel
measure, then there exists a positive constant C such that

‘/ fP(2)du(z)
D

<CIlfll%,

for all non-vanishing functions f in HP.

Proof If f belongs to H” and vanishes nowhere in D, then f” € H L(cf. [8, p. 47)).
Since u is a Hankel measure, it follows from part (b) of Theorem 1 that there is a
positive constant C satisfying

'/Df”(z)du(z) <ClIfPlgm = Clf 0

which finishes the proof. O

We can now generalize the equivalence of (a) and (b) in Theorem 1 to the case of
some other Hardy spaces.

Theorem 6 Let u be a complex Borel measure on D. If n is a positive integer, then the
following two conditions are equivalent.

@ Springer



5138 G.Baoetal.

(a) w is a Hankel measure.
(b) There exists a positive constant C such that

< ClLf g

‘/ f"(2)du(z)
D

for all f in the Hardy space H".

Proof That (a) implies (b) follows from the proof of Lemma 5.

To show that (b) implies (a), we use the method of Xiao [20, p. 137]. Suppose
f € H' and f is not identically zero. It is well known (cf. [8]) that there exists an
inner function B and an outer function O such that f(z) = B(z)O(z) for all z € D.
Set

[B(z) —1]0(z)

, e D,
2

filk) =

and

_ [B(z) + 110(2)

, e D.
3 z

f2@)

Because |B(z)| < 1 for z € D and |B(¢)| = 1 for almost every ¢ € T, we must have

I ficllggr < 1 f g fork =1, 2.
Since f1 and f> are both non-vanishing on D, there exist analytic functions g; and

g2 such that gi’ = f1 and gé’ = f2.Clearly, g1, go € H", Consequently, fork = 1, 2,

’/ka(z)du(z) = ‘/Dgi’(z)du(z) < Cliglyn = Cll ficll -
Combining this with f = f; 4+ f»>, we deduce that
‘ [ rowa| < | [ aowe|+| [ Ao
= Cllfillgr + Cll f2ll g
=2CIfllg-
By Theorem 1, u is a Hankel measure. This completes the proof. O

Next we are going to show that if p is a positive Borel measure supported on the
real interval [0, 1) then u is a Hankel measure if and only if condition (2) holds for
. Thus Xiao’s original conjecture actually holds in this situation. As an application,
we will obtain some characterizations of bounded Hankel operators on Hardy spaces,
weighted Bergman spaces, and Dirichlet-type spaces induced by such measures.

For a positive Borel measure p on [0, 1) and a non-negative integer n, we denote
by wu[n] the n-th moment of u, that is,

1
uln] = /0 " du(r).
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Let H,, be the Hankel matrix (u[n + k1), -

The Hankel matrix H,, formally induces a linear operator on H (D), sometimes
called the Hankel operator induced by v and still denoted by H,,, as follows. For any
function

e ¢]

2 f(z) = Zanz”

n=0

in H(DD), we define

Hu(H)@) =) (Z pln + k]ak) 2"

n=0 \k=0

If we identify a function in H(ID) with its sequence of Taylor coefficients (which
can be thought of as an infinite-dimensional column vector), then the action of H, is
exactly matrix multiplication (the matrix on the left and the infinite column vector on
the right).

A classical example is when p is the Lebesgue measure on [0, 1). In this case, the
Hankel matrix H,, reduces to the classical Hilbert matrix

1
B <n+k+ 1>n,k>0.

See [4,5,13-15,19,20] for some recent work on the Hilbert matrix and other Hankel
matrices.

The action of the Hankel operator H,, on Hardy spaces has been studied for a long
time. For example, the Hankel operator H,, acting on H 2 was studied in [18,19], the
action of H,, on H ! was studied in [10,15], and the operator ‘H, on other Hardy spaces
HP? was investigated in [5,13].

The operators H,, have also been studied on various other analytic function spaces
in recent years. We mention two of them here. First, for 0 < p < oo and o > —1, the
weighted Bergman space A} consists of those f € H (D) such that

/le(z)l”(l —zI))*dA(z) < o0.

Second, for 0 < p < oo and @ > —1, the Dirichlet-type space D} consists of f €
H(D) with " € AP. D. Girela and N. Merchén [15] characterized the boundedness
of the operator H,, acting on AP and DE spaces. See [4,7,14,16,17] for more results
about H,, acting on other spaces of analytic functions.

For the sake of comparison, we mention the following results obtained in [5,13,15].

Theorem7 Let p be a positive Borel measure on [0, 1). Suppose 1 < s < 09,
—l<a<p—21<qg<oo,andq—2 < B <q— 1. Then the following conditions
are equivalent.
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5140 G.Baoetal.

(a) H,, is bounded on H°.
(b) H, is bounded on AP.
(¢) 'H, is bounded on DZ.
(d) wis a Carleson measure.

(e)

fl L=l
sup ————du(t) < oo.
wedJo |1 —wt|?

() ulnl = 0(y)-

Our next result shows that Xiao’s conjecture about the characterization of Hankel
measures by condition (2) is true for positive Borel measures supported on [0, 1).
Furthermore, in this case, condition (2) holds if and only if u is a Carleson measure.

Recall from [2,22,23] that for any 0 < p < oo the space Q,, consists of functions
f € H(D) such that

1£15, = sup / £/ @12(1 = loa(2)P)? dA(z) < oc.
acD JD

It is well known that Q,, coincides with BM O A when p = 1, and Q) is the Bloch
space B for all p > 1. So the most interesting cases of Q,, are when0 < p < 1.

Lemma 8 Suppose 0 < p < oo and

f@ =Y a",
n=0

where {a,} is a decreasing sequence of non-negative numbers. Then f € Q,, if and
only ifa, = O(n~ ).

This result can be found in [22, p. 29] and [13, pp. 589-590]. We now state and
prove our next main result.

Theorem 9 Let pu be a positive Borel measure on [0, 1). Then the following conditions
are equivalent.

(a) w is a Hankel measure.
(b) u satisfies condition (2), that is,

1 1 — 2
f ﬁdu(t) < 0.
0

WPy (=2

weD

(c) Pi(n) € Qp for some 0 < p < oo.
(d) Pi(n) € Qpforall0 < p < oo.

() ulnl=0(3).

@ Springer



Hankel Measures for Hardy Spaces 5141

Proof If p is a positive Borel measure on [0, 1), then for any w € D we have

o0

1 [es]
PImw) = PL((w) =) ( fo " du(O) w' = plnlw'.
n=0

n=0

Clearly, {i«[n]} is a decreasing sequence of non-negative numbers. From Lemma 8 we
see that conditions (c), (d), and (e) are equivalent.

On the other hand, by Theorem 1, Pi(jt) € BM O A if and only if p is a Hankel
measure. By Lemma 2, P() € B if and only if i satisfies condition (2). Since
B = Q;and BMOA = Qi, both (a) and (b) are equivalent to (e). The proof is
complete. O

Combining Theorem 9 with Theorem 7, we obtain new characterizations for the
Hankel operator H,, to be bounded on Hardy spaces, weighted Bergman spaces, and
Dirichlet-type spaces in terms of Hankel measures and Q,, functions.

4 Balayage of Carleson Measures

In this section, we re-examine the condition

=Clflm )

‘/ f(2)du(z)
D

for all f € H' and explore its relationship to the classical notion of balayage (see
[11] for definition).
It is clear that condition (5) simply says that the linear functional

L(f)=fo(z)dM(z)

is bounded on H'. Since the dual space of H! can be identified with BM O A under
the usual integral pairing over the unit circle, condition (5) holds if and only if there
exists a function g € BM O A such that

2

1 R
/f(z) du(z) = - £ e?)g(eif) do
D T Jo
forall f €e H ! Furthermore, by Fubini’s theorem, we have

L(f) = /D £ du)

1 2 f(eiﬂ)de

1 27 .
— | fEge?)ds,
0

2w
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5142 G.Baoetal.

where

d _
g(w)=/ 1“@ = P(Dw). weD.
D l—wz

This was the proof in [20] for the equivalence of conditions (b) and (c) in Theorem 1.
On the other hand, if we reproduce f using the Poisson transform instead of the
Cauchy transform in the arguments above, we obtain

L(f) = /D F@du@)

1 2 2 .
— /D [E /0 —| — 'Z_',9|2f( ’e)de} du(z)

1 2 [
=57 ), f(e)g(ei?)ds,

where

g(e )_/ |1 ze 19|2 (Z)

is the balayage of . Note that the balayage has only been studied for positive Borel
measures before, but it is clear that it can also be defined for complex Borel measures
on D.

It is well known that if w is a (positive) Carleson measure on ID, then its balayage
belongs to BM O; see [11] for example. Since a BM O function is the sum of a
function in BM O A and the conjugate of another function in BM O A, each BM O
function induces a bounded linear functional on H'. Thus every Carleson measure is
automatically a Hankel measure, which of course is also clear from the definitions.

The main result of this section is the following.

Theorem 10 Suppose w is a finite real-valued Borel measure on D. Then w is a Hankel
measure if and only if the balayage of | is in BM O.

Proof Suppose that i is a real-valued Borel measure on D and its balayage is g. By
an earlier argument, we have

1 2 [P
/f(z)du(z)=2— fe®)g(e®)do. (6)
D T Jo

If g is in BM O, then it can be written as g = h + h, where h belongs to BMOA,
because g is real. It follows that

1 2 [
/ f (@) du(z) = f(O0)h(0) + o f&)h(ei?) ddo.
D T Jo
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By the well-known duality relation (H * = BMOA, condition (5) is valid. This
along with Theorem 1 shows that p is a Hankel measure.

Conversely, if @ is a Hankel measure, then by Theorem 1 again, we have (5) for
all f € H'. Combining this with (6), we can find a positive constant C such that

feg(e?)do

21

2
' <CIfllg

forall f € H'. Since j is real, we can write g = & + h, where / is analytic. It follows
that there is another positive constant C such that

2
L ’/ F ) h(ei?) do
2w 0

<CIfllg

for all f € H'. Since the dual space of H' is isomorphic to BM O A, we conclude
that h € BM O A, which gives g € BM O. This completes the proof of the theorem.
O

5 Further Remarks

Hankel measures have also been studied in [21] in the context of weighted Bergman
spaces. More specifically, a complex Borel measure x on D is called a Hankel measure
for the weighted Bergman space Ag if there exists a positive constant C such that

‘/szdu

Note that the term “pseudo-Carleson measure” was used in [21] instead of Hankel
measures. Since these measures are closely related to Hankel operators and a sys-
tematic study of them was first carried out by Xiao in [20,21], it is probably more
appropriate to stick to the term “Hankel measures” or “Hankel-Xiao measures.”

It is well known that the Hardy space H” can be thought of as the limiting case of
AL when @ — —17; see [25] for example. Sometimes, it is possible to derive results
about Hardy spaces from the corresponding results about weighted Bergman spaces,
and vice versa, as was demonstrated in [25] by several classical examples in complex
analysis. But this is not always the case, as we will see below.

First, our Theorem 6 can be considered as the limiting case (when o — —17) of
the second inequality on page 452 of [21].

Second, the equivalence of conditions (a) and (b) in our Theorem 9 is the limiting
case (when @ — —17) of the equivalence of conditions (i) and (iii) in [21]. In particu-
lar, a positive measure p supported on [0, 1) is a Hankel measure for the Hardy space
H? if and only if it is a Hankel measure for Ag. Although we provided a proof here
for completeness, experts in the field would recognize the equivalence of Theorems 7
and 9.

<CIfI%;.  feAs
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5144 G.Baoetal.

Third, our Theorem 4 shows that there are cases when it is NOT possible (and
actually wrong) to obtain a result for the Hardy space H? by taking the limit (when
a — —17) of the corresponding result for weighted Bergman spaces Aft. It was
shown in [21] that, for any given « > —1, a complex Borel measure © on D is a
Hankel measure for A2 if and only if

1 — 2 qa+2
sup f [ﬁ] du(z)| < oo.
D

web (- wZ)Z

If we formally take the limit « — —17, the condition above becomes our condition
(2), which, according to our Theorem 4, does NOT characterize Hankel measures for
H>.

Finally, we mention that Hankel measures (or Hankel-Xiao measures) have also
been studied in 2011 by [1, Theorem 5] in the context of the classical Dirichlet space
on the unit disk.

Acknowledgements We thank J. Xiao for several useful suggestions and conversations that helped us
understand the topic better and present the material more clearly.
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