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Abstract

We study the index of the APS boundary value problem for a strongly Callias-type
operator D on a complete Riemannian manifold M. We show that this index is equal
to an index on a simpler manifold whose boundary is a disjoint union of two complete
manifolds Ny and Nj. If the dimension of M is odd we show that the latter index
depends only on the restrictions A and A; of D to Ny and Ny and thus is an invariant
of the boundary. We use this invariant to define the relative n-invariant (A, Agp). We
show that even though in our situation the n-invariants of .4 and Ay are not defined,
the relative n-invariant behaves as if it were the difference n(A;) — n(Ap).

Keywords Callias - Atiyah—Patodi—Singer - Index - Eta - Boundary value problem -
Relative eta
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1 Introduction

A Callias-type operator on a complete Riemannian manifold is an operator of the
form D = D +i® where D is a Dirac operator and @ is a self-adjoint potential which
commutes with the Clifford multiplication and satisfies certain growth conditions at
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infinity, so that D is Fredholm. By the celebrated Callias-type index theorem, proven
in different generalities in [3,14,23,25,26], the index of a Callias-type operator on a
complete odd-dimensional manifold is equal to the index of a certain operator induced
by ® on a compact hypersurface. Several generalizations and applications of the
Callias-type index theorem were obtained recently in [17,20,27,37,38,47].

Bir and Ballmann [6,7] showed that an elliptic boundary value problem for a
Callias-type operator on a complete manifold with compact boundary is Fredholm
and studied its index. Shi [44] proved a version of the Callias-type index theorem for
the Atiyah—Patodi—Singer (APS) boundary value problem for Callias-type operators
on a complete manifold with compact boundary.

The study of Callias-type operators on manifolds with non-compact boundary was
initiated by Fox and Haskell [29,30]. Under rather strong conditions on the manifold
and the operator D, they showed that the heat kernel of D*D has a nice asymptotic
expansion and proved a version of the Atiyah—Patodi—Singer index theorem in this
situation.

The purpose of this paper is to study the index of the APS boundary value problem
on an arbitrary complete odd-dimensional manifold M with non-compact boundary
without introducing any extra assumptions on manifold (in particular, we do not assume
that our manifold is of bounded geometry). Note that as for the Callias-type theorem
for manifolds without boundary, we consider odd-dimensional case so that a compact
hypersurface in M has even dimension.

We now briefly describe our main results.

1.1 Index of a Boundary Value Problem for Manifolds with Non-compact
Boundary

Let M be a complete Riemannian manifold with non-compact boundary d M and let
D = D +i® be a Callias-type operator on M. We impose slightly stronger conditions
on the growth of the potential @ and call the operators satisfying these conditions
strongly Callias-type. On manifolds without boundary, these conditions guarantee
that D has a discrete spectrum.

The restriction .A of a strongly Callias-type operator to the boundary is a self-adjoint
strongly Callias-type operator on d M and, hence, has a discrete spectrum. In Sect. 3
we use the eigensections of A to define a scale of Sobolev spaces H 4 (OM, Eyp) on
9 M (this scale does depend on the operator .A). In Sect. 4 we use this scale to define
elliptic boundary conditions for D. This definition is completely analogous to the
classical construction [6], but depends more heavily on .4, since the Sobolev spaces
depend on A. These parts are somewhat parallel to the corresponding sections in [6],
but we feel it is necessary to set them up here. This is not only for the completeness
of the paper but also because of the fact that some extra care should be taken to obtain
the results due to the non-compactness.

Our first main result, Theorem 5.4, is that a strongly Callias-type operator with ellip-
tic boundary condition is Fredholm. This generalizes a theorem of Bér and Ballmann
to manifolds with non-compact boundary. We also extend some standard properties
of the index of boundary value problems on compact manifolds to our non-compact

@ Springer



APS index with non-compact boundary 3715

setting. In particular, we establish a Splitting Theorem 5.11: if M = M| Uy M, where
N is a not necessarily compact hypersurface, then index on M is equal to the sum of
the indexes of a boundary value problem on M and the dual boundary value problem
on M.

1.2 An Almost Compact Essential Support

In the theory of Callias-type operators on a manifold without boundary, the crucial
notion is that of the essential support—acompactset K C M such that the restriction of
D*D to M\K is strictly positive. For manifolds with boundary, we want an analogous
subset, but the one which has the same boundary as M (so that we can keep the boundary
conditions). Such a set is necessarily non-compact. In Sect. 6, we introduce a class
of non-compact manifolds, called essentially cylindrical manifolds, which replaces
the class of compact manifolds in our study. An essentially cylindrical manifold is a
manifold which outside of a compact set looks like a cylinder [0, €] x N’, where N’
is a non-compact manifold. The boundary of an essentially cylindrical manifold is a
disjoint union of two complete manifolds Ny and N which are isometric outside of a
compact set.

We say that an essentially cylindrical manifold M1, which contains d M, is an almost
compact essential support of D if the restriction of D*D to M\ M is strictly positive
and the restriction of D to the cylinder [0, €] x N’ is a product, cf. Definition 6.4. We
show that every strongly Callias-type operator on M which is a product near d M has
an almost compact essential support.

The main result of Sect. 6 is that the index of the APS boundary value problem for
a strongly Callias-type operator D on a complete odd-dimensional manifold M is
equal to the index of the APS boundary value problem of the restriction of D to its
almost compact essential support My, cf. Theorem 6.10.

1.3 Index on an Essentially Cylindrical Manifold

In the previous section, we reduced the study of the index of the APS boundary value
problem on an arbitrary complete odd-dimensional manifold to index on an essentially
cylindrical manifold. A systematic study of the latter is done in Sect. 7.

Let M be an essentially cylindrical manifold and let D be a strongly Callias-type
operator on M, whose restriction to the cylinder [0, €] x N’ is a product. Suppose
dM = No U N; and denote the restrictions of D to Ny and Nj by A and — A,
respectively (the sign convention means that we think of Ny as the “left boundary”
and of N as the “right boundary” of M).

Our main result here is that the index of the APS boundary value problem for D
depends only on the operators Ay and A; and not on the interior of the manifold M
and the restriction of D to the interior of M, cf. Theorem 7.5. The odd-dimensionality
of M is essential, since the proof uses the Callias-type index theorem on complete
manifolds without boundary.

@ Springer



3716 M. Braverman, P. Shi

1.4 The Relative n-Invariant

Suppose now that A and A; are self-adjoint strongly Callias-type operators on
complete even-dimensional manifolds No and Np, respectively. An almost com-
pact cobordism between Ay and A; is an essentially cylindrical manifold M with
dM = Ny U N; and a strongly Callias-type operator D on M, whose restriction to
the cylindrical part of M is a product and such that the restrictions of D to Ny and N
are equal to Ag and — Ay, respectively. We say that Ag and A; are cobordant if there
exists an almost compact cobordism between them. Note that this means, in particular,
that A and A; are equal outside of a compact set.

Let D be an almost compact cobordism between A and A;. Let By and B; be the
APS boundary conditions for D at Ny an Ny, respectively. Let ind D, p, denote the
index of the APS boundary value problem for D. We define the relative n-invariant
by the formula

n(A1, Ag) = 2 ind Dpyep, + dimker Ay + dimker A;.

It follows from the result of the previous section, that n(A;, Agp) is independent of the
choice of an almost compact cobordism.

Notice the “shift of dimension” of the manifold compared to the theory of n-
invariants on compact manifolds. This is similar to the “shift of dimension” in the
Callias-type index theorem: on compact manifolds the index of elliptic operators
is interesting for even-dimensional manifolds, while for Callias-type operators it is
interesting for odd-dimensional manifolds. Similarly, the theory of n-invariants on
compact manifolds is more interesting on odd-dimensional manifolds, while our rel-
ative n-invariant is defined on even-dimensional non-compact manifolds.

If M is a compact odd-dimensional manifold, then the Atiayh—Patodi—Singer index
theorem [4] implies that n(A;, Ag) = n(A1) —n(Ap) (recall that since the dimension
of M is odd, the integral term in the index formula vanishes). In general, for non-
compact manifolds, the individual n-invariants (A1) and n(Ag) might not be defined.
However, we show that (A1, Ap) in many respects behaves like it was a difference
of two individual n-invariants. In particular, we show, cf. Propositions 8.11-8.12, that

n(AL, Ag) = —n(Ao, A1),  n(A2, Ay) = n(Ax, A1) + n(Ai, Ao).

In [30], Fox and Haskell studied the index of a boundary value problem on mani-
folds of bounded geometry. They showed that under rather strong conditions on both
M and D (satisfied for natural operators on manifolds with conical or cylindrical
ends), the heat kernel e~*(P5)"Ps js of trace class and its trace has an asymptotic
expansion similar to the one on compact manifolds. In this case, the n-invariant can
be defined by the usual analytic continuation of the n-function. We prove, cf. Propo-
sition 8.8, that under the assumptions of Fox and Haskell, our relative n-invariant
satisfies n (A, Ag) = (A1) — n(Ao).

More generally, it is often the case that the individual n-functions n(s; .A;) and
n(s; Ag) are not defined, but their difference n(s; A1) — n(s; Ap) is defined and
regular at 0. Bunke [24] studied the case of the undeformed Dirac operator A and gave
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geometric conditions under which Tr(Aje™’ A7 _ Age™! At%) has a nice asymptotic
expansion. In this case, he defined the relative n-function using the usual formula, and
showed that it has a meromorphic extension to the whole plane, which is regular at 0.
He defined the relative n-invariant as the value of the relative n-function at 0. There
are also many examples of strongly Callias-type operators for which the difference of
heat kernels A e’ AL Ape™! Af is of trace class and the relative n-function can be
defined by the formula similar to [24]. We conjecture that in this situation our relative
n-invariant (A1, Ap) is equal to the value of the relative n-function at 0.

1.5 The Spectral Flow

Atiyah et al. [5] introduced a notion of spectral flow sf(A) of a smooth family A :=
{A*}o<s<1 of self-adjoint differential operators on closed manifolds as the integer
that counts the net number of eigenvalues that change sign when s changes from 0
to 1. They showed that the spectral flow computes the variation of the n-invariant
n(A!) —n(A).

In Sect. 9, we consider a family of self-adjoint strongly Callias-type operators
A = {A*}o<s<1 on a complete even-dimensional Riemannian manifold. We assume
thatthereisacompactset K C M such that the restriction of A* to M\ K is independent
of 5. Then all A* are cobordant in the sense of Sect. 1.4. Since the spectrum of A* is
discrete for all s, the spectral flow can be defined in more or less usual way. We show,
Theorem 9.13, that

n(A', A% = 2 sf(A).

Moreover, if Ay is another self-adjoint strongly Callias-type operator which is cobor-
dant to A° (and, hence, to all A*), then

n(AL, Ag) — n(A°, Ag) = 2 sf(A).

1.6 Further Developments

After the first version of this paper was released, several applications and improvements
of these ideas have been developed. In [21] the case of even-dimensional manifolds
was considered. This case is quite different from the odd-dimensional case. The odd-
dimensional case should be viewed as a generalization of the Callias index theorem to
manifolds with boundary, while the even-dimensional case is rather a generalization
of the Atiyah—Patodi—Singer theorem to non-compact setting.

In [45], the description of the Cauchy data spaces for non-compact boundary was
given. This result was used in [22] to study the local boundary value problem for
Callias-type operators on manifolds with non-compact boundary. This generalizes an
index theorem of Freed [31] and gives a new insight on the Horava—Witten anomaly
[34].
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In [16] an APS-index formula on globally hyperbolic Lorentzian manifolds with
non-compact Cauchy hypersurface was obtained, generalizing the theory of Bér and
Strohmaier [8,9].

All these results relay on the techniques developed in the current paper.

2 Operators on a Manifold with Non-compact Boundary

In this section, we discuss different domains for operators on manifolds with boundary.

2.1 Setting and Notations

Let M be a complete Riemannian manifold with (possibly non-compact) boundary
d M. We denote the Riemannian metric on M by g™ and its restriction to the boundary
by ¢?™. Then (M, g?M) is also a complete Riemannian manifold. We denote by
dV the volume form on M and by dS the volume form on d M. The interior of M
is denoted by M. For a vector bundle E over M , C*°(M, E) is the space of smooth
sections of E, CX°(M, E) is the space of smooth sections of E with compact support,
and CZ (M, E) is the space of smooth sections of E with compact support in M. Note
that

CX(M,E) C C®(M,E) C C*(M, E).

We denote by L>(M, E) the Hilbert space of square-integrable sections of E, which
is the completion of CJ°(M, E) with respect to the norm induced by the L>-inner
product

Ui, u2)p2m, gy = / (ur, uz)dVv,
M

where (-,-) denotes the fiberwise inner product. Similarly, we have spaces
C>®(0M, Ejpn), C(0M, Eyp) and L?(dM, Ejy) on the boundary d M, where Ej
denotes the restriction of the bundle E to dM. If u € C*°(M, E), we denote by
uyy € C*(OM, Eypy) the restriction of u to d M. For general sections on the bound-
ary M, we use bold letters u, v, . .. to denote them.

Let E, F be two Hermitian vector bundles over M and D : C(M,E) —
C°(M, F) be a first-order differential operator. The formal adjoint of D, denoted
by D*, is defined by

/(Du,v)dV = / (u, D*v)dV, 2.1)
M M

forallu,v e CX(M,E). If E = F and D = D*, then D is called formally self-
adjoint.
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2.2 Minimal and Maximal Extensions

We set Dee := D|cem.E) and view it as an unbounded operator from L*(M, E) to
L? (M, F). The minimal extension Dp;y, of D is the operator whose graph is the closure

of that of D.. The maximal extension Dax of D is defined to be Dyax = ((D*)Cc)ad,
where the superscript “ad” denotes the adjoint of the operator in the sense of functional
analysis. Both Dpin and Dk are closed operators. Their domains, dom Dy and
dom Dpax, become Hilbert spaces equipped with the graph norm || - || p, which is the
norm associated with the inner product

(uy,ur)p = /M ((ur, uz) + (Duy, Duz))dV.

It’s easy to see from the following Green’s formula that CS°(M, E) C dom Dypgx.

2.3 Green’s Formula
Let € T M| be the unit inward normal vector field along d M. Using the Rieman-

nian metric, T can be identified with its associated one-form. We have the following
formula (cf. [13, Proposition 3.4]).

Proposition 2.4 (Green’s formula) Let D be as above. Then for allu € C°(M, E)
andv € C*(M, F),

/(Du,v)dV = / (u,D*v)dV—/ (op(T)uym, vom) dsS, (2.2)
M M oM

where op denotes the principal symbol of the operator D.

Remark 2.5 A more general version of formula (2.2) will be presented in Theorem 3.39
below.

2.6 Sobolev Spaces

Let VE be a Hermitian connection on E. For any u € C*(M, E), the covariant
derivative VEu € C®(M, T*M ® E). Applying the covariant derivative multiple
times we get (VE)X € C®(M, T*M®* @ E) for k € Z,. We define k' Sobolev
space by

HYM,E) : = {ue L’ (M, E): (VE)Yue XM, T*"M® @ E)
forallj:l,...,k},
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where the covariant derivatives are understood in distributional sense. It is a Hilbert
space with H¥-norm

2 2 E._ 12
”M”Hk(M,E) L= ”u”LZ(M’E)—i_”v u||L2(M,T*M®E)+“'

+|| (VE)ku”iZ(MVT*M@c@E)-

Note that when M is compact, H k(M , E) does not depend on the choices of VE and
the Riemannian metric, but when M is non-compact, it does.

We say u € leoc(M , E) if the restrictions of u to compact subsets of M have
finite L2-norms. For k € Zy,wesay u € Hllf)c(M, E), the k'™ local Sobolev space,
ifu, VEu, (VE)?u, ..., (VEY u all lie in L? . This Sobolev space is independent of
the preceding choices.

Similarly, we fix a Hermitian connection on F' and define the spaces L2(M ,F),
LIZOC(M, F), Hk(M, F), and H{(‘)C(M, F). Again, definitions of these spaces apply
without change to d M.

2.7 Completeness
We recall the following definition of completeness and a lemma from [6].

Definition 2.8 We call D a complete operator if the subspace of compactly supported
sections in dom Dy, is dense in dom Dpyax With respect to the graph norm of D.

Lemma 2.9 [6, Lemma 3.1] Let f : M — R be a Lipschitz function with compact
support and u € dom Dpax. Then fu € dom Dyax and

Dmax(fu) = op(df)u + fDmaxut.
The next theorem, again from [6], is still true here with minor changes of the proof.

Theorem 2.10 Let D : C*(M, E) — C*°(M, F) be a differential operator of first
order. Suppose that there exists a constant C > 0 such that

lop(§)l < CI§]
forallx € M and & € T)M. Then D and D* are complete.
Sketch of the proof Fix a base point xo € M and let r : M — R be the distance
function from xg, r(x) = dist(x, xo). Then r is a Lipschitz function with Lipschitz
constant 1. Now the proof is exactly the same as that of [6, Theorem 3.3]. O
Example 2.11 1If D is a Dirac-type operator (cf. Sect. 3.1), then op(§) = op=(§) =

c(&) is the Clifford multiplication. So one can choose C = 1 in Theorem 2.10 and
therefore D and D* are complete.
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3 Strongly Callias-Type Operators and Their Domains

In this section, we introduce our main object of study—strongly Callias-type operators.
The main property of these operators is the discreteness of their spectra. We discuss
natural domains for a strongly Callias-type operator on a manifold with non-compact
boundary. We also introduce a scale of Sobolev spaces defined by a strongly Callias-
type operator.

3.1 A Dirac Operator

Let M be a complete Riemannian manifold and let E — M be a Hermitian vector
bundle over M. We use the Riemannian metric of M to identify the tangent and the
cotangent bundles, T*M ~ T M.

Definition 3.2 ([39], Definition I1.5.2) The bundle E is called a Dirac bundle over M
if the following data is given

(i) a Clifford multiplication ¢ : TM ~ T*M — End(E), such that ¢(§)?> = —|£|?
and c(&§)* = —c(&) forevery & € T*M,;

(ii) a Hermitian connection V£ on E which is compatible with the Clifford multipli-
cation in the sense that

VE(c@®u) = c(VE)u + (&) VEu, ueC®M, E).

Here VL€ denotes the Levi-Civita connection on 7* M.

If E is a Dirac bundle we consider the Dirac operator D : C*®°(M,E) —
C°° (M, E) defined by

n

D = Z C(ej)Vf;_, (3.1)
j=I
where ey, ..., e, is an orthonormal basis of TM >~ T*M. One easily checks that D
is formally self-adjoint, D* = D.

3.3 Strongly Callias-Type Operators
Let ® € End(E) be a self-adjoint bundle map (called a Callias potential). Then
D:=D+id (3.2)
is a Dirac-type operator on E and
DD = D>+ ®>+i[D,®], DD* = D>+ &> —i[D, d], (3.3)

where [D, @] := D® — ® D is the commutator of the operators D and ®.

Definition 3.4 We say that D is a strongly Callias-type operator if
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(1) [D, @] is a zeroth order differential operator, i.e., a bundle map;
(i1) for any R > 0, there exists a compact subset Kg C M such that

»*(x) — [[D, P](x)| = R (3.4)

forallx € M\ K. Here ’[D, d>](x)| denotes the operator norm of the linear map
[D, ®](x) : Ex — E,. In this case, the compact set Ky is called an R-essential
support of D.

A compact set K C M is called an essential support of D if there exists an R > 0
such that K is an R-essential support of D.

Remark 3.5 This is a stronger version of the Callias condition, [3, Definition 1.1].
Basically, we require that the Callias potential grows to infinity at the infinite ends of
the manifold. Note that D is a strongly Callias-type operator if and only if D* is.

Remark 3.6 Condition (i) of Definition 3.4 is equivalent to the condition that ® com-
mutes with the Clifford multiplication

[c().®] =0, forall £ eT*M. (3.5)

3.7 A Product Structure

We say that the Riemannian metric g¥ is product near the boundary if there exists a
neighborhood U C M of the boundary which is isometric to the cylinder

Z, == [0,r) x0M C M. (3.6)

In the following, we identify U with Z, and denote by ¢ the coordinate along the axis
of Z,. Then the inward unit normal vector to the boundary is given by 7 = dz.
Further, we assume that the Clifford multiplication ¢ : T*M — End(E) and the
connection V£ also have product structure on Z,. In this situation, we say that the
Dirac bundle E is product on Z;. We say that the Dirac bundle E is product near the
boundary if there exists r > 0, a neighborhood U of dM and an isometry U >~ Z;
such that E is product on Z;. In this situation, the restriction of the Dirac operator to
Z, takes the form
D = c(1) (0 + A), 3.7)

where, by (3.1) (with T = ¢e,),

n—1

A= — Z c(r)c(e,-)vg.

j=I
The operator A is formally self-adjoint A* = A and anticommutes with ¢(t)

Aoc(t) = —c(t)oA. 3.8)
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LetD=D+i®: C®(M, E) - C®(M, E) be a strongly Callias-type operator.
Then the restriction of D to Z; is given by

D = c(1) (8, + A — ic(r)d)) = ¢(1) (a, + A), 3.9)
where
A=A —ic(t)®: C®0OM, Ezy) — C®OM, Ejy). (3.10)

Definition 3.8 We say that a Callias-type operator D is product near the boundary
if the Dirac bundle E is product near the boundary and the restriction of the Callias
potential ® to Z, does not depend on ¢. The operator A of (3.10) is called the restriction
of D to the boundary.

3.9 The Restriction of the Adjoint to the Boundary

Recall that @ is a self-adjoint bundle map, which, by Remark 3.6, commutes with the
Clifford multiplication. It follows from (3.9), that

D* = c(0) (& +A") = c(@) (d + A+ic(n)®), (3.11)

where
A = A + ic(n)®. (3.12)

Thus, D* is product near the boundary.
From (3.5) and (3.8), we obtain

Af = —c(t)oAoc(r) . (3.13)

3.10 Self-adjoint Strongly Callias-Type oOperators

Notice that A is a formally self-adjoint Dirac-type operator on d M and thus is an essen-
tially self-adjoint elliptic operator by [32, Theorem 1.17]. Since c(r) anticommutes
with A, we have

A2 = A? +ic(D)[A, ] + D% (3.14)

It follows from Definition 3.4 and (3.10) that [A, ®] is also a bundle map with the
same norm as [ D, ®]. Thus the last two terms on the right-hand side of (3.14) grow to
infinity at the infinite ends of d M. By [46, Lemma 6.3], the spectrum of A is discrete. In
this sense, .4 is very similar to a strongly Callias-type operator, with the difference that
the potential ¢(t)® is anti-self-adjoint and, as a result A is self-adjoint. We formalize
the properties of 4 in the following.

Definition 3.11 Let A be a Dirac operator on d M. An operator A := A + W, where
v . Eyy — Eyy is a self-adjoint bundle map, is called a self-adjoint strongly
Callias-type operator if
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(i) the anticommutator [A, V] := A o W + W o A is a zeroth order differential
operator, i.e., a bundle map;
(i1) for any R > 0, there exists a compact subset Kg C dM such that

Wi(x) — [[A, ¥li(x)| = R (3.15)

for all x € 9M \ Kg. In this case, the compact set Ky is called an R-essential
support of A.

Using this definition, we summarize the properties of A in the following.

Lemma3.12 Let D be a strongly Callias-type operator on a complete Riemannian
manifold M and let A be the restriction of D to the boundary. Then A is a self-adjoint
strongly Callias-type operator on O M. In particular, it has a discrete spectrum.

3.13 Sobolev Spaces on the Boundary

The operator id +.42 is positive. Hence, for any s € R, its powers (id +.4%)*/2 can be
defined using functional calculus.

Definition 3.14 Set
CXOM, Eyy) = Hu € C®(OM, Eyy) -

|| (id —}—Az)s/zu”iz < 4ooforalls € R }

(OM,Ejpm)

For all s € R, we define the Sobolev HfA-norm on Cj'4°(8M, Ejyp) by

2 L . 2.8/2. 112
s ort. By = [ GA+HAD 20 o (3.16)

The Sobolev space Hj‘(aM, Ejp) is defined to be the completion of ij(BM, Esm)
with respect to this norm.

Remark 3.15 In general,
CE(OM, Eym) C ij(aM, Eyy) C C®(OM, Eyy).

When dM is compact, the above spaces are all equal and the space Cf’f (OM, Eypm)
is independent of A. However, if 9 M is not compact, these spaces are different and
C%(0M, Eypm) does depend on the operator .A. Consequently, if 9M is not compact,
the Sobolev spaces H;\(a M, Eyp) depend on A.

Remark 3.16 Alternatively, one could define the s-Sobolev space to be the completion
of C°(dM, Eypr) with respect to the H i‘-norm. In general, this leads to a different
scale of Sobolev spaces, cf. [33, §3.1] for more details. We prefer our definition, since
the space H fin  A), defined below in (3.18), which plays an important role in our
discussion, is a subspace of Cj’4°(8M, Ejyp) but is not a subspace of CS°(0M, Eyy).
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The rest of this section follows rather closely the exposition in Sections 5 and 6 of
[6] with some changes needed to accommodate the non-compactness of the boundary.

3.17 Eigenvalues and Eigensections of .4

Let
—00 < <A <A <A=<A <A <--—= 400 (3.17)

be the spectrum of A with each eigenvalue being repeated according to its (finite)
multiplicity. Fix a corresponding L2-orthonormal basis {u;}ez of eigensections of
A. By definition, each element in Cf4°(8M, Eypm) is L2—integrable and thus can be

writtenasu = %2 a;u;. Then

o0

Il oz = Do laiP 423

j==o0

On the other hand, let

H™A) = {u = Zajuj : a; = 0 for all but finitely many j ] (3.18)
J

be the space of finitely generated sections. Then H'"(A) c C%G (M, Eyp) and for
any s € R, H fin(A) is dense in H f4(8M , E3pr). We obtain an alternative description
of the Sobolev spaces

Hy(0M, Eym) = {11 = Zajuj : Z la;*(1+ 23" < +o00 }
J J
Remark 3.18 The following properties follow from our definition and preceding dis-
cussion.

(i) HY (M, Eyy) = L*(OM, Egn).

(ii) If s < 1, then ||u||Hj4(9M,EaM) < ||u||H14(3M,EaM). And we shall show shortly in
Theorem 3.19 that there is still a Rellich embedding theorem, i.e., the induced
embedding HY (IM, Eyy) < HYy (M, Ejp) is compact.

(iii) Nyer HYOM, Eypn) = CL(OM, Eyum).

(iv) For all s € R, the pairing

HY\(OM, Egy) x HZ*OM, Egy) — C, (Zajuj,ijuj) > Y ab;
; ; j

is perfect. Therefore, H j;‘(aM , Egp) and H;‘x (0M, Eypy) are pairwise dual.
We have the following version of the Rellich Embedding Theorem:

Theorem 3.19 For s < t, the embedding Hf4(8M, Eyy) — Hf4(8M, Eyy) men-
tioned in Remark 3.18.(i1) is compact.
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To prove the theorem, we use the following result, cf., for example [11, Proposition
2.1].

Proposition 3.20 A closed bounded subset K in a Banach space X is compact if and
only if for every ¢ > 0, there exists a finite dimensional subspace Y, of X such that
every element x € K is within distance ¢ from Y.

Proof of Theorem 3.19 Let B be the unit ball in Hj4(3M, Eyn). We use Propo-
sition 3.20 to show that the closure B of B in Hj;l(E)M, Ejypy) is compact in
H ;‘(BM ,Eym).

For simplicity, suppose that ¢ is an eigenvalue of .4 with smallest absolute value
and for n > 0, set A, = min{)»ﬁ, Az_n}. Then {A,} is an increasing sequence by
(3.17). For every & > 0, there exists an integer N > 0, such that (1 + A,)* ™" < 52/4
foralln > N.

Consider the finite-dimensional space

Ye := span{u; : =N < j < N} C H}(OM, Eyp).

We claim that every element @ € B is within distance & from Y. Indeed, choose
u= Zj aju; € B, such that the H;‘-distance between u and u is less than /2. Then

u = Zysz aju; belongs to Y, and the H’-distance

2 2 2 2 2 -
o=l aar gy = D 1P A+ = 3 laiPA+2D" (1 + A
[jI>N ljI>N

38

< Ju? A+ AN < AN < S
= Way @M. Ean) N= N 4

Hence u is within distance ¢/2 of Y., and therefore u is within distance ¢ of Y. The
theorem then follows from Proposition 3.20. O

3.21 The Hybrid Soblev Spaces

For I C R, let
P,A : Zajuj — Zajuj (3.19)
J

A.je[

be the spectral projection. It’s easy to see that
H}(A) == PYA(HY(OM, Eyp)) C HS(OM, Egy)
forall s € R.

Definition 3.22 For a € R, we define the hybrid Sobolev space

H(A) = H

(—00,a

A @ B

(a,00)

(A) C H;'*(OM, Eqp) (3.20)
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with H-norm

%,

2
+ HP(GA,OO)HHH;I/Z(BM,EBM).

2
H(A) = ” P(éoo.,a]u“ HXZ(BM,E;)M)
The space H (A) is independent of the choice of a. Indeed, for a; < ap, the
difference between the corresponding H-norms only occurs on the finite dimensional
space P, [a1 W] (L%(dM, Eyp)). Thus the norms defined using different values of a are
equivalent.
Similarly, we define

3 —-1/2 1/2
HA) = HOL (A @ H (A (3.21)
with H-norm
— A 2
IIUIIH(A) = ”P<*<>O,ul“”H;/2(aM,E. +1Pg OO)ull M. Eayy)

Then
H(A) = H(-A).
The pairing of Remark 3.18.(iv) induces a perfect pairing

H(A) x H(A) — C.

3.23 The Hybrid Space of the Dual Operator

Recall, that the restriction A* of D* to the boundary can be computed by (3.13). Thus
the isomorphism ¢(t) : Ejy — Ejy sends each eigensection u; of A associated
with eigenvalue A; to an eigensection of A* associated with eigenvalue —A j- We
conclude that the set of eigenvalues of A* is {—2 j}jez with associated L2-orthonormal
eigensections {c(t)u;}jez. Foru = Zj aju; € Hjl(aM, Eyur), we have

2 2 2\$ 2
le@ulys, v pay = D101 (1 A2 = 1015 o,
J
So c¢(r) induces an isometry between Sobolev spaces Hj4(8M, Esy) and

H’ (8M Eyp) for any s € R. Furthermore, it restricts to an isomorphism between
J(A) and H, )(A#). Therefore we conclude that

(00!4 [aoo

LemmaA3.24 Oveii oM, the isomorphism c(t) : Eyyr — Eapy induces an isomor-
phism H(A) — H(A"). In particular, the sesquilinear form

B:HW x HAH — C, Buv) = — (u, —c(0)v) = = (c(n)u,v),

is a perfect pairing of topological vector spaces.
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3.25 Sections in a Neighborhood of the Boundary

Recall from (3.6) that we identify a neighborhood of M with the product Z, =
[0, 7) x M. The L%-sections over Z; can be written as

u(t,x) = Z aj(t)u;(x)

J

in terms of the L2-orthonormal basis {u j} on M. We fix a smooth cut-off function
x : R — R with

1 fort<r/3
1) = - 3.22
x(® {o fort > 2r/3. (3.22)

Recall that H1"(A) is dense in H (A) and A (A). For u € H"(A), we define a
smooth section &u over Z; by

&) (1) = x(t) - exp(—t]ADu. (3.23)

Thus, if u(x) = Zj aju;(x), then

(Ew)(t,x) = x(@) Zaj ~exp(—t]A;]) - uj(x). (3.24)
J

It’s easy to see that &u is an L?-section over Z;. So we get a linear map
&: H™A) — C®(Z, E)NL*(Z:, E)

which we call the extension map.
As in Sect. 2.2 we denote by || - ||p the graph norm of D.

Lemma3.26 For all u € HM(A), the extended section &a over Z. belongs to
dom Dpax. And there exists a constant C = C(x, A) > 0 such that

|6uly = Cllul gy and e@éulp, = Clulg,.

Proof For the first claim, we only need to show that D(&u) is an L2-section over Z,.
Since

D(&w) = DEPL o) + DEPG W),

it suffices to consider each summand separately. Recall that D = ¢(t)(9; +.A) on Z,.
By (3.23), we have

D(gp(éoo)u) = C(T)X/exp(—tA)P(éoo)m
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which is clearly an L2-section over Z:. On the other hand,
DEPA ) = c(@) 2x A+ x')exp(rAH)PA
(—0c0,011 (T X X ) €Xp (—o0,01W

which is again an L2-section over Z;. Therefore €u € dom Dyax.

The proof of the first inequality is exactly the same as that of [6, Lemma 5.5]. For
the second one, just notice that .A* is the restriction to the boundary of D* and, by
Lemma 3.24, ¢(7) : ﬁ(A#) — FI(.A) is an isomorphism of Hilbert spaces. O

The following lemma is an analogue of [6, Lemma 6.2] with exactly the same proof.

Lemma 3.27 There is a constant C > 0 such that for all u € CF(Z;, E),

luasll gy < C llullp-

3.28 A Natural Domain for Boundary Value Problems

For closed manifolds the ellipticity of D implies that dom(Dax) C HILC(M ,E).
However, if 9 M # (J, then near the boundary the sections in dom(Dp,x) can behave
badly. That is why, if one wants to talk about boundary value of sections, one needs
to consider a smaller domain for D.

Definition 3.29 We define the norm

”“”271)@,,5) = Null}ay gy + 1032y gy + MAulla, g (3:25)

and denote by Hé(Zr, E) the completion of C°(Z;, E) with respect to this norm.
We refer to (3.25) as the Hé(Zr)-norm.

In general, for any integer k > 1, let Hlk)(Zr, E) be the completion of C°(Z;, E)
with respect to the Hik)(Zr)-norm given by

2
HX(Z:.E)

= ullfay gy + 1@ UGy gy + 1A U, ) (3:26)

flue]]
Note that H% Z:, E) C Hch (Z;, EYNL*(Z,, E). Moreover, we have the following
analogue of the Rellich embedding theorem:

Lemma 3.30 The inclusion map Hé(er, E) < L*(Z., E) is compact.

Proof Let B be the unit ball about the origin in Hll)(Zr, E) and let B denote its closure
in L?(Z;, E). We need to prove that B is compact. By Proposition 3.20 it is enough to
show that for every & > 0 there exists a finite dimensional subspace Y, € L*(Z;, E)
such that every u € B is within distance & from Y.

Let 1; and u; be as in Sect. 3.17. As in the proof of Theorem 3.19 we set A, :=
min{x2, 22 ,}. Choose N > 0 such that

1+ A, > forall n> N. (3.27)

g2
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Let H' ([0, r)) denote the Sobolev space of complex-valued functions on the interval
[0, r) with norm

2 . 2 2
”a”H'([O,r)) T ||a||L2([0,r)) + ”a ”LZ([O,r))'

Let B’ ¢ H'([0, r)) denote the unit ball about the origin in H([0, r)) and let B’ be
its closure in L2 ([0, r)). By the classical Rellich embedding theorem B’ is compact in
L2([0, r)). Hence, for every e > 0 there exists a finite set X, such that every a € B’

is within distance «/ﬁ from X,.
We now define the finite dimensional space
N
Yo :={ > aj®u;:ajt)eX} C LX(Z. E).
j=—N

We claim that every u € B is within distance & from Y, .. Indeed, letu € B. We choose
u=3 32 . bjt)u; € B such that

€
i — =. 3.28
i —ull < 5 (3.28)

Since {u;} is an orthonormal basis of L2(OM, E3p), we conclude from (3.25) that

o0
— 2 2 ’
lelds zmy = 2 (A+ 22185122 00,0y + 18312200, )-
j==00
Since ||u||Hl Z.B) = <l,forall j € Z

2 /
(1 + A ) ”b ”LZ [0.r)) + ”b ”LZ([O r) S 1
Hence,

I = bjeB, foral jeZ; (329
2

&
> 16120y < 5 (3.30)
ljl>N

/
”b ||L2([0 r) + ”b ”LZ([O r))

where in the second inequality we use (3.27).
From (3.29) we conclude that for every j € Z, there exists a; € X, such that

&

or=aleon = ey
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Hence,
N 2 2
> b= ailage,y = ONAD jame = T (33D
i al2q0,) = 16N +8 8 )
=N

Setu’ := Z?’sz aj(t)u; € Y,. Then from (3.30) and (3.31) we obtain

N
lu=u'l o gy =1 D2 bjuj+ Y (b —apu ”iz(ZnE)

ljI>N j=—N
N
5 2
= Z ”bj”LZ([O,r)) + Z ”bj_aj”Lz([O,r))
lj1>N j==N
3 &2 . &2 B &2
-8 8 4

Combining this with (3.28) we obtain

it —u'll2z. 5 < Nt —ullp2z. ) + lu—ull2z. 5 <

i.e., u is within distance ¢ from Y. O

Lemma3.31 Forallu € C(Z;, E) with P("éoo)(uaM) = 0, we have estimate

1

75 iD= Wz < el (3.32)
Proof Since D = ¢(1)(9; + A) on Z;, we obtain
lalp < NulZagz, gy + 2(00ulGa g, gy + MU, £) < 20605 5 p)

for all u € C°(Z;, E). This proves the first inequality in (3.32).

Suppose thatu € C°(Z;, E) with P(“é o) (uyp) = 0. We want to show the converse
inequality.

We can write u = Zj aj(t)u;. Then a;(r) = 0 forall j and a;(0) = O for all j
such that A ; > 0. The latter condition means that

D hjlajO)F < o.
J
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Then
1Dulsy py =3 /0 1 (0) + aj (1) Pdr
j
- Z(/ |a}(t)|2dz+A§/ laj(t)|*de
| 0 0
iy /0 (@015 (1) + a; (1) ()
r , r r d
ZZ:(/O |aj(;)|2dt+A§/0 |aj(t)|2dt+)»j/0 a|aj(t)|2dt>
=Z(/0 |a;(z>|2dr+x§/0 laj (0Pt + 2 (a; () = |a;0)))
j

> Z(/O |al’1-(t)|2dt+)»?/0 ja;(0)dr)
J

= 18rull3 7, gy + AUl 5 gy
(3.33)
Hence

2 . 2 2
”u”D = ”M”LZ(Z,-,E) + ”D””H(ZT,E)

2 2 2 2
2 ”u”LZ(Zr,E) + ”a’u”Lz(Zr,E) + ”Au”Lz(Zr,E) = ”u”HID(Zr,E)'

Remark 3.32 In particular, the two norms are equivalent on CS(Z;, E).

3.33 The Trace Theorem

The following “trace theorem” establishes the relationship between H%(Zr, E) and
the Sobolev spaces on the boundary.

Theorem 3.34 (The trace theorem) For all k > 1, the restriction map (or trace map)

X - C§°(Zr, E) — C.c™®(0M, Eyy), RZu) = uyy

extends to a continuous linear map

k—1/2

A : Hh(Ze  E) — Hy '“(0M, Eyp).

Proof Let u(t,x) = Zjaj(t)uj(x) € CX(Zi,E). Then Z(u) = uypy(x) =
» ;@j(0)u;(x), and we want to show that

2 2
<
ant vy gy = CO Ml g (3.34)
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for some constant C' (k) > 0.
Applying inverse Fourier transform to () yields that

aj(t) = /Re“fc@@)ds,

where a; (£) is the Fourier transform of a(r). (Here we use normalized measure to
avoid the coefficient 277.) So

0O = [ G
R
By Holder’s inequality,
2 2

la; (0) = (f aj(g)dg) < (/ |(?,-(g)|(1+/\§+gz)k/z(1+,\§+gz)_k/zdg)

R R

= [@@ra+aireita [+t
R R

where A ; is the eigenvalue of A corresponding to index j. We do the substitution
E=( +)\§)1/2T to get

/(1 +ai+eH M= +A§)”‘+‘/2/(1 +1%) Hde,
R R

It’s easy to see that the integral on the right-hand side converges when k > 1 and
depends only on k. Therefore

la; OR(1 + 3212 < €yk) /R GOPR +32 + 62 de
< C<k>/ @ &) P (1 + 23+ £7)de
R
= cm( / Jaj (1) dr + / @ (&)%6% dé + / a0 234dr),
R R R

(3.35)
where we use Plancherel’s identity from line 2 to line 3. Recall the differentiation

property of Fourier transform (a,)/kZ(t)(g) = é}-(é )é k. So again by Plancherel’s
identity

[ @erets = [ 1eranere = [ 16 qora
R R R
Now summing inequality (3.35) over j gives (3.34) and the theorem is proved. O
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3.35 The Space H), (M, E)

Recall that the cut-off function y is defined in (3.22). By a slight abuse of notation we
also denote by x the induced function on M. Define

HL(M,E) := domDmax N {ue L*(M,E): xue H)(Z, E)}.  (3.36)

It is a Hilbert space with the Hllj-norm

bl oy = WlZoar gy + 1PN gy + I o

As one can see from Remark 3.32, a different choice of the cut-off function x leads
to an equivalent norm. The H%-norm is stronger than the graph norm of D in the
sense that it controls in addition the Hil)-regularity near the boundary. We call it Hé-
regularity as it depends on our concrete choice of the norm (3.25), unlike the case in
[6], where the boundary is compact.

Lemma 3.31 and Theorem 3.34 extend from Z; to M. By the definition of
Hll)(M , E) and the fact that D is complete, we have

Lemma3.36 (i) C°(M, E) is dense in H}\ (M, E);
(i) CZ (M, E) is dense in {u € H(M, E) : uyy = O}.

The following statement is an immediate consequence of Remark 3.32 and Lemma
3.36. (ii).

Corollary 3.37 dom Diin = {u € H5(M, E) : ugy = 0).

3.38 Regularity of the Maximal Domain

We now state the main result of this section which extends Theorem 6.7 of [6] to
manifolds with non-compact boundary.

Theorem 3.39 Assume that D is a strongly Callias-type operator. Then

(i) C*(M, E) is dense in dom Dpax with respect to the graph norm of D.
(ii) The trace map % : CF(M, E) — C°(0M, Eypr) extends uniquely to a surjec-
tive bounded linear map % : dom Dy — H (A).
(iii) Hp(M, E) = {u € dom Dpnax : Zu € HY>(0M, Egap)).

The corresponding statements hold for dom(D*)ax (with A replaced with A*). Fur-
thermore, for all sections u € dom Dp,px and v € dom(D*)yax, We have

(Dmaxu,v)LZ(M’E) = (u, (D*)maxv)Lz(M’E) = _(C(f)‘%”"%v)Lz(aM,EaM)' (3.37)

Remark 3.40 In particular, (ii) of Theorem 3.39 says that CS°(0M, Ejp) is dense in
H(A).
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Proof The proof goes along the same line as the proof of Theorem 6.7 in [6] but some
extra care is needed because of non-compactness of the boundary.

(i) Let M be the double of M formed by gluing two copies of M along their
boundaries. Then M is a complete manifold without boundary. One can extend the
Riemannian metric g™, the Dirac bundle E and the Callias-type operator D on M to a

Riemannian metric gM,a Dirac bundle E and a Callias-type operator D on M. Notice
that now dom Dyax = dom Dpyin by [32].

Lemma3.41 If ii € dom Dyax, then u := ii|y € Hp (M, E).

Proof Let Z(_, ;) be the double of Z; in M. Clearly, it suffices to consider the case
when the support of it is contained in Z(_, . Since dom ﬁmax = dom D~min, it suffices
to show that if a sequence it, € C°(Z(—, 1), E) converges to i in the graph norm of
D then i1, | converges in Hll)(M , E). This follows from the following estimate

vy ey < Nillp, @€ CEZipn, B, (3.38)

which we prove below.
Since D is a product on Z;, we obtain from (3.9) thaton Z_, ,)

DD = -2 + A%

Hence, on compactly supported sections # we have

o Y-S o ~2 7112
HDMHLz(M’,;) = (D DM’M)LZ(M,E) = 10t 2 7 gy + A2 7 7y
We conclude that
~n2 o o2 N2
lal% = Nl 5 + 1Dl 2
— a2 12 12 it a |12
= 18 gy T 100 )+ AR ) 2 il o g

]

Let D, denote the operator D with domain CJ°(M, E). Let (D)™ denote the
adjoint of D, in the sense of functional analysis. Note that (Dc)ad C (D*)max, Where,
as usual, we denote by D* the formal adjoint of D.

Fix an arbitrary u € dom(D.)*d and let i € L>(M, E) and & € L%(M, E) denote
the sections whose restriction to M \M are equal to 0 and whose restriction to M are
equal to u and (D¢)*u, respectively.

Let w € CSO(M, E). The restriction of w = |y € dom D,. Since ﬂlM\M =
f)|M\M = 0 we obtain

(f)ﬁ),ﬁ)Lz(M’E) = (Dcw,M)LZ(MVE) = (w,(Dc)adM)Lz(M,E) = (w, ﬁ)LZ(M,E")‘
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Hence, i is a weak solution of the equation D*ii = # € L*(M, E). By elliptic
regularity u € ngc(ll;[, E). It follows that ii|yy = ulsy = 0. Also, by Lemma 3.41,
u € Hé*(M , E). By Corollary 3.37, u is in the domain of the minimal extension
(D*)min of (D*)¢c. Since u is an arbitrary section in dom(D.)™, we conclude that
(D)™ < (D*)min. Hence the closure D, of D, satisfies

De C Dmax = ((Dmin)™ € (P)™)* = D

Hence, D, = Dpax as claimed in part (i) of the theorem.

(ii) By (i) C° (M, E)is dense in dom Dyyax . Hence, it follows from Lemma 3.27 that
the extension exists and unique. To prove the surjectivity recall that the space H'1"(A),
defined in (3.18), is dense in I-VI(A). Fix u € I-VI(A) and let u; — u be a sequence
of sections u; € H(A) which converges to u in H (A). Then, by Lemma 3.26, the
sequence &u; € dom Dy, is a Cauchy sequence and, hence, converges to an element
v € dom Dypax. Then Zv = u.

(ii1) The inclusion

HL(M,E) C {u € dom Dynax : Zu € HY>(OM, Eyp))

follows directly from (3.36) and the Trace Theorem 3.34.
To show the opposite inclusion, choose u € dom Dy, with Zu € HXZ OM, Eypm)

and setv := P(éoo)%u. Then

u = Ev + (u—8Ev).
Using (3.24) we readily see that &v € Hﬁ(M, E). Since P(éoo)%(u —&v) =0it
follows from (i) and Lemma 3.31, that u — &v € Hé(M, E). Thusu e Hé(M, E)
as required.
Finally, (3.37) holds for u,v € C®(M, E) by (2.2). Since, by (i), C*(M, E)
is dense in both dom Dp,x and dom(D*)max, the equality for u € dom Dpyax and
v € dom(D*)pax follows now from (i) and (ii) and Lemma 3.24. O

4 Boundary Value Problems for Strongly Callias-Type Operators

Moving on from last section, we study boundary value problems of a strongly Callias-
type operator D whose restriction to the boundary is 4. We introduce boundary
conditions and elliptic boundary conditions for D as certain closed subspaces of H(A).
In particular, we take a close look at an important elliptic boundary condition—the
Atiyah—Patodi-Singer boundary condition and obtain some results about it.

4.1 Boundary Conditions

Let D be a strongly Callias-type operator. If d M = J, then the minimal and maximal
extensions of D coincide, i.e., Dyin = Dmax. But when d M # (J these two extensions
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are not equal. Indeed, the restrictions of elements of Dy, to the boundary vanish iden-
tically by Corollary 3.37, while the restrictions of elements of Dy, to the boundary
form the whole space H(A), cf. Theorem 3.39. The boundary value problems lead to
closed extensions lying between Dyin and Dipax .-

Definition 4.2 A closed subspace B C H(A) is called a boundary condition for D.
We will use the notations D g max and Dp for the operators with the following domains

dom(DB,max)
dom Dp

{u € dom Dy,x : Zu € B},
{u e HH(M, E) : Zu € B)
= {u € dom Dy : Zu € BN HXZ

OM, Ezm)}.

We remark that if B = ﬁ(A) then Dp max = Dmax- Also if B = 0 then Dp max =
DB = Dmir1~

By Theorem 3.39.(ii), dom(Dpg max) is a closed subspace of dom Dpax. Since the
trace map extends to a bounded linear map % : Hé(M ,E) —> H}L{ 2(BM , Eap) and
HXQ(BM, Ejy) — I-VI(A) is a continuous embedding, dom Djp is also a closed sub-
space of Hll)(M , E). We equip dom(Dpg max) With the graph norm of D and dom Dp

the Hé-norm.
In particular, Dp max is a closed extension of D. Moreover, it follows immediately

from Definition 4.2 that B C HXZ(Z)M, Ean) if and only if Dp = Dp max. Thus in
this case dom Dp = dom Dp max 1S a complete Banach space with respect to both the
Hé—norm and the graph norm. From [43, p. 71] we now obtain the following analogue
of [6, Lemma 7.3]:

Lemma4.3 Let B be a boundary condition. Then B C HXZ(E)M, Ejyp) if and only
if Dp = Dp.max, and in this case, the Hzlj-norm and graph norm of D are equivalent
on dom Dp.

4.4 Adjoint Boundary Conditions

For any boundary condition B, we have D¢ C Dp max. Hence the L?-adjoint operators
satisfy

(Dp.max)™ C (Dec)™ = (D*)max.
From (3.37), we conclude that
dom(Dp max)™ = {v € dom(D*)max : (c(v)%u, %v) = 0 for all u € dom D ma }-

By Theorem 3.39.(ii), for any u € B there exists # € dom(Dp max) With Zu = u.
Therefore

(DB,max)ad = (D*) B2 max
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with 5
B .— {VEH(.A#): (c()u,v) =0forallu e B}. 4.1

By Lemma 3.24, B is a closed subspace of H(A"), thus is a boundary condition for
D*.

Definition 4.5 The space B, defined by (4.1), is called the adjoint boundary condi-
tion to B.

4.6 Elliptic Boundary Conditions

We adopt the same definition of elliptic boundary conditions as in [6] for the case of
non-compact boundary:

Definition 4.7 A boundary condition B is said to be elliptic if B C H{”

and B C H 7 (M., Eyy).

(OM, Ejm)

Remark 4.8 One can see from Lemma 4.3 that when B is an elliptic boundary
condition, Dg max = Dp, (D*)pat ax = D;ad and the two norms are equiva-

lent. Definition 4.7 is also equivalent to saying that dom Dp C Hll)(M , E) and
dom D%, C Hp,. (M, E).

The following two examples of elliptic boundary condition are the most important
to our study (compare with Examples 7.27, 7.28 of [6]).

Example 4.9 (Generalized Atiyah—Patodi—Singer boundary conditions) For any a €
R, let s
B = B(a) = H2  (A. (4.2)

This is a closed subspace of H(A). In order to show that B is an elliptic boundary
condition we only need to check that B 28 2(BM Eypm). By Lemma 3.24, ¢(7)

)(.A) to the subspace H 12 )(A#) of H(A"). Since there is a perfect

(OOa (—a,o0

pairing between H (A*) and H (A*), we see that

maps 1Y

B — g2 Af). (4.3)

(—00,—a]

Therefore B is an elliptic boundary condition. It is called the the generalized Atiyah—
Patodi-Singer boundary conditions (or generalized APS boundary conditions for

abbreviation). In particular, B = H Y io 0) (A) will be called the Atiyah—Patodi-Singer
boundary condition and B = (1/ io 0] (A) will be called the dual Atiyah—Patodi—

Singer boundary condition.

Remark 4.10 One can see from (4.3) that the adjoint of the APS boundary condition
for D is the dual APS boundary condition for D*.
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Example 4.11 (Transmission conditions) Let M be a complete manifold. For simplic-
ity, first assume that oM = (. Let N C M be a hypersurface such that cutting M along
N we obtain a manifold M’ (connected or not) with two copies of N as boundary. So
we can write M’ = (M \ N) U N; U N,.

Let E — M be a Dirac bundle over M and D : C*°(M,E) — C*°(M, E) be
a strongly Callias-type operator. They induce Dirac bundle E/ — M’ and strongly
Callias-type operator D' : C*°(M’', E') — C*(M’, E’) on M’. We assume that all
structures are product near Nj and N». Let A be the restriction of D’ to Nj. Then —A
is the restriction of D’ to N, and, thus, the restriction of D’ to aM’ is A’ = A @ —A.

Foru € Hé(M, E)onegetsu’ € Hé/(M/, E') (by Lemma 3.41) such thatu'|n, =
u'|n,. We use this as a boundary condition for D" on M’ and set

B = {(u,u) e H{*(N\, Ey) @ H';(N2, En)). (4.4)

Lemma 4.12 The subspace (4.4) is an elliptic boundary condition, called the trans-
mission boundary condition.

Proof First, we show that B is a boundary condition, i.e., is a closed subspace of
H (A"). Clearly B is a closed subspace of H 1/,2(8M ", Eaum). Thus, it suffices to show

that the H}A//z—norm and H (A')-norm are equivalent on B. Since any two norms are
equivalent on the finite-dimensional eigenspace of A’ associated with eigenvalue 0,
we may assume that 0 is not in the spectrum of A’. Write

u = P(“i‘oo’o)u+ P(éoo)u = u +u'.
Notice that PIA/ = PIA @ PI_A = PIA b Pﬂ for any subset / C R. We have
PAo@u = @ . uh), PE@u = @ u).
Notice also that

+ +
u = ||ju
ol vz gy = 0z )

and similar equality holds for u™. It follows that

2
u,u
WP

= 2ul?
y il 2o

:2[]2 .
1% 12, 200

(@M")
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Using the above equations, we get

I, wl% o, = e, ubH))? o/

H(A) —|—||(u u )|| —1/2

oM

+
= |a~ u
O L

@M")

+ 2
u — u —
172, T l || i + i, -1

Al (N1) (N2)

2
= [u] 1/2 + [ju || 71/2

(N1) (N1)

= (i@ wp APTIPR (CU T

A%

—II(ll u)ll

(3M’)

The other direction of inequality is trivial. So B is also closed in H(A) and hence is
a boundary condition.

In order to show that B is an elliptic boundary condition, we need to prove that
B H l/ 2(BM ", Eypr). Let T/ be the inward unit normal vector to the boundary of

M. Then v/ = t @ (—1), where 7 is the inward unit normal vector to the boundary
component Nj. It is easy to see that

B = {(v.v) € H2 (N1, En) @ H_ (N2, Eyy) } 0 H(A®).

Again by decomposing v in terms of v~ and v like above, one can get that v €
1/2(N1 En,). Therefore

1/2 1/2
Bad = {(V’V)GH / (Nl’EN])®H #(N27EN2)} - H / (BM/ EJM/)

4.5)
Therefore, B is an elliptic boundary condition. In addition, if D = D*, then B = B
and D is a self-adjoint operator. O

If M has nonempty boundary and N is disjoint from d M, we assume that an elliptic
boundary condition is posed for d M. Then one can apply the same arguments as above
to pose the transmission condition for Ny LI N> and keep the original condition for
oM.

5 Index Theory for Strongly Callias-Type Operators

In this section, we show that an elliptic boundary value problem for a strongly
Callias-type operator is Fredholm. As two typical examples, the indexes of APS and
transmission boundary value problems are interesting and are used to prove the split-
ting theorem, which allows to compute the index by cutting and pasting.
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5.1 Fredholmness

LetD : C*®°(M,E) — C*(M, E) be a strongly Callias-type operator. The growth
assumption of the Callias potential guarantees that D is invertible at infinity.

Lemma 5.2 A strongly Callias-type operator D : C*°(M, E) — C*°(M, E) is invert-
ible at infinity (or coercive at infinity). Namely, there exist a constant C > 0 and a
compact set K C M such that

IDullp2m,ey = C lullz2om, gy (5.1
Sforallu € CL(M, E) with supp(u) N K = 0.
Remark 5.3 Note that this property is independent of the boundary condition of D.

Proof By Definition 3.4, for a fixed R > 0, one can find an R-essential support
Kgr C M for D, so that

||Dulliz = (Du,Du) 2. py = (D*Du,u) 20 k)

(M,E)
= (D2u, M)Lz(M,E) + ((@2 + l[Da q)])u’ M)LZ(M,E)

2 2
> || Dull;, R lully,

2
M.E) T R||“”L2(M,E) = (M,E)

forall u € C(M, E) with support outside K. O

C

Recall that, for dM = #, a first-order essentially self-adjoint elliptic operator which
is invertible at infinity is Fredholm (cf. [2, Theorem 2.1]). If M # (J is compact,
an analogous result (with elliptic boundary condition) is proven in [6, Theorem 8.5,
Corollary 8.6]. We now generalize the result of [6] to the case of non-compact boundary

Theorem 5.4 Let Dy : domDp — L*(M, E) be a strongly Callias-type operator
with elliptic boundary condition. Then Dg is a Fredholm operator.

Proof A bounded linear operator 7 : X — Y between two Banach spaces has
finite-dimensional kernel and closed image if and only if every bounded sequence
{x,} in X such that {Tx,} converges in Y has a convergent subsequence in X, cf.
[35, Proposition 19.1.3]. We show below that both, D : dom Dp — L?*(M, E) and
(D*) gad : dom(D*) gaa — L%*(M, E) satisfy this property.

We let {u,} be a bounded sequence in dom Dp such that Du,, — v € L*(M, E)
and want to show that {u,} has a convergent subsequence in dom Dp.

Recall that we assume that there is a neighborhood Z, = [0,r) x dM C M of
the boundary such that the restriction of D to Z; is product. For (¢, y) € Z;, we set
x1(t, y) = x(t) where y is the cut-off function defined in (3.22). We set x;(x) =0
for x ¢ Z;. Then x is supported on Z5, 3 and identically equal to 1 on Z, ;3. We also
note that d x; is uniformly bounded and supported in Z»; /3.

Let the compact set K C M and a constant C > 0 be as in Lemma 5.2. We choose
two more smooth cut-off functions x2, x3 : M — [0, 1] such that
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e K’ :=supp(x2) is compact and x; + x» = 1 on K
e i+ x2+xx3=1lonM.

As a consequence, d x3 is uniformly bounded and supp(d x3) C Z2,/3UK ’. We denote
k = sup |dxs3]|. 5.2)

Lemma 3.30 and the classical Rellich Embedding Theorem imply that, passing
to a subsequence, we can assume that the restrictions of u, to Z»,/3 and to K’ are
L?-convergent. Then in the inequality

ey, — ”m||L2(M,E)
< lxi@un —umdllp2m gy + Ix2@n — w2, gy + 11X3Wn — wm)ll L2011 E)
<

lun = umllL2zy,)5.8y + lttn —tmll2x £y + X630 — w215y (5-3)

the first two terms on the right-hand side converge to 0 as n, m — oo. To show that
{u,} is a Cauchy sequence it remains to prove that the last summand converges to 0
as well. We use Lemma 5.2 to get

Ix3Gn — un) 2.8y < € IDX3 W — w201,
< C Mle(dx3) n — um)ll 20,5y + € 1x3(Dutn — D) |l 1201,y
<kC™! (||Mn - Mm||L2(ZZ,/3_E) + llun — “m”LZ([(',E))

+ c! Du, — ,Dum”LZ(M,E),

where in the last inequality we used (5.2). Since Duy, unlz,,, and u,|g are all
convergent, x3(u, —uy) — 0in L>(M,E)asm,n — oo. Combining with (5.3), we
conclude that {u,} is a Cauchy sequence and, hence, converges in L*(M, E).

Now both {u,} and {Du,} are convergent in L*(M, E). Hence {u,} converges in
the graph norm of D. Since B is an elliptic boundary condition, by Lemma 4.3, the
Hllj—norm and graph norm of D are equivalent on dom Dp. So we proved that {u,} is
convergent in dom Dp. Therefore Dp has finite-dimensional kernel and closed image.
Since D* is also a strongly Callias-type operator, exactly the same arguments apply
to (D*) gad and we get that Dp is Fredholm. O

Definition 5.5 Let D be a strongly Callias-type operator on a complete Riemannian

manifold M which is product near the boundary. Let B C HXZ(BM , Eym) be an
elliptic boundary condition for D. The integer

ind D := dimker Dp — dimker(D*) g € Z (5.4)

is called the index of the boundary value problem Dg.

It follows directly from (5.4) that

ind (D*) gus = —ind Dj. (5.5)
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5.6 Dependence of the Index on the Boundary Conditions

We say that two closed subspaces X1, X» of a Hilbert space H are finite rank pertur-
bations of each other if there exists a finite dimensional subspace ¥ C H such that
X> C X1 @Y and the quotient space (X1 & Y)/X> has finite dimension. We define
the relative index of X1 and X, by

[X1, X2] :=dim(X; ®Y)/X, — dimY. (5.6)

One easily sees that the relative index is independent of the choice of Y. We also
note that if X| and X, are finite rank perturbations of each other, then X and the
orthogonal complement Xj- of X» form a Fredholm pair in the sense of [36, §1V.4.1]
and the relative index [X1, X»] is equal to extension of M by a cylinder

The following lemma follows immediately from the definition of the relative index.

Lemma5.7 [Xo, X1] = [X{, X5] = —[X1, X2l.

Proposition 5.8 Ler D be a strongly Callias-type operator on M and let By and By
be elliptic boundary conditions for D. If By, By € HXZ(Z)M, Eyp) are finite rank
perturbations of each other, then

indDp, — indDp, = [By, B2]. 5.7)

The proof of the proposition is a verbatim repetition of the proof of Theorem 8.14 of
[6].

As an immediate consequence of Proposition 5.8, we obtain the following

Corollary 5.9 Let A be the restriction of D to dM and let By = H(]/io 0) (A) and

B = (1/ (2)0 0] (A) be the APS and the dual APS boundary conditions, respectively,

cf. Example 4. 9 Then
ind Dp, = indDp, + dimker A. (5.8)

More generally, let B(a) = ( OO u)(.A) and B(b) = ( oo b) (A) be two generalized
APS boundary conditions with a < b. Then

ind Dpp)y = indDpy + dim L}, , (A).

5.10 The Splitting Theorem

We use the notation of Example 4.11.

Theorem 5.11 Suppose M, D, M', D’ are as in Example 4.11. Let By be an ellip-

tic boundary condition on OM. Let By = Hl/io 0)(-’4) and By = H[lo/,io) A =
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( oo 0] (—A) be the APS and the dual APS boundary conditions along N\ and N3,
respectively. Then D), Bo®B @B, S 4 Fredholm operator and

. . ,
ind D, = ind DBoeeBleaBz'

Proof We assume that dM = (. The proof of the general case is exactly the same,
but the notation is more cumbersome. Since B; @ B, is an elliptic boundary condition
for D', the boundary value problem D%l @B, 18 Fredholm. We need to show the index
identity, which now is

indD = ind Dy g p,. (5.9)

Let B denote the transmission condition on dM’. Then, using the canonical pull-
back of sections from E to E’, we have

domD = {u e H)(M',E'): Zu € B} = domD}

and
indD = indD}a. (5.10)

We now proceed as in the proof of Theorem 8.17 of [6] with minor changes. The
main idea is to construct a deformation of the transmission boundary condition B into
the APS boundary condition By @ B; and thus to show that ind D, g = ind D’ BI®B,

Recall thatin Example 4.11, we express any element (u, u) of Bas (u™ +ut,ut +
u ), whereu™ = = pA 5.0 uandut P o) Note thatu~ € By andu™t € B;. For
0<s<I1,we define a famlly of boundary conditions

Big:={u +(0—-su":ue HA 2(Ny, En)
Bys:= {ut +(1—s)u”:ue HZ(N2, Eny) = H(N1, En)) ).

and a family of isomorphisms
ks: B — Bis® Bys, ks(w,u):=@ +(1—s)u",ut +1—-s)u).

Here ky = id and kj is an isomorphism from B to By & B>. One can follow the
arguments of Lemma 4.12 to check that for each s € [0, 1],

Bi, ® By
= {(v_ Vv (L —s)v ) € H 1/2(N1, En) @ H! A#(Nz, ENz)}

where v~ € H L 50.0] (A" and vt € H(l/2 (A"). Thus By @ By is an elliptic
boundary condltlon for all s € [0, 1] and we get a family of Fredholm operators

P BI,S@BZJ}OSAS].
By definition,
(ks; — k), w) = (52 —s1)(uh,u).
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Notice that [|(u™, u7)ll,, 12 Hence, for s1, s € [0, 1]

2o gy = 1@ W]l YoM,y
with |s1 — s2| < €, the operator

H'/2

ks, —ksy : B — (OM', E')

has a norm not greater than . This implies that {k,} is a continuous family of isomor-
phisms from B to Hj4/ 2(E)M ', E’). The following steps are basically from [6, Lemma
8.11, Theorem 8.12]. Roughly speaking, one can construct a continuous family of

isomorphisms
K; : domDy — domDp op .

Then by composing D}am BBy, and K, one gets a continuous family of Fredholm oper-
ators on the fixed domain dom D’y. The index is constant. Since K is an isomorphism,
we have

indDy = 1ndD331@B2 (5.11)

At last, (5.9) follows from (5.10) and (5.11). This completes the proof. O

5.12 A Vanishing Theorem

As a first application of the splitting theorem 5.11, we prove the following vanishing
result.

Corollary 5.13 Suppose that there exists R > 0 such that D has an empty R-essential

support. Let By = (1/ io 0) (A) be the APS boundary condition, cf. Example 4.9. Then

ind D, = 0. (5.12)

Proof Since all our structures are product near d M and the R-essential support of D
is empty, the R-essential support of the restriction A := A — ic(t)® of D to IM is
also empty. In particular, the operator .A? is strictly positive. It follows that 0 is not in
the spectrum of A.

First consider the case when M = [0, co0) x N is a cylinder and (3.9) holds every-
where on M. In particular, this means that ®(¢, y) = ®(0, y) for all € [0, co)
and all y € N = dM. To distinguish this case from the general case, we denote the
Callias-type operator on the cylinder by D’. Any u € dom(Dgo) can be written as

u = Z aj(t)uj,

j=1

where u; is a unit eigensection of A with eigenvalue 1; < 0. If D'u = 0 then
aj(t) = cje_kft for all j. It follows that u ¢ L?(M, E). In other words, there are no
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L?-sections in the kernel of ngo. Similarly, one proves that the kernel of (D) B is

trivial. Thus
indD};O = 0. (5.13)

Let us return to the case of a general manifold M. Let
M = ((—00,0] x dM ) Uyyy M

be the extension of M by a cylinder. Then M is a complete manifold without boundary.
Since all our structures are product near M they extend naturally to M. Let D be
the induced strongly Callias-type operator on M . It has an empty R-essential support.
Hence, D*D > 0 and DD* > 0. It follows that

indD = 0. (5.14)

Notice that the restriction of D to the cylinder is the operator D" whose R-essential
support is empty and whose restriction to the boundary is —A. Let

1/2 1/2
By = H2 o (~A) = H~) (A

denote the APS boundary condition for D’. Since A is invertible, B(/) coincides with
the dual APS boundary condition for D’. Hence, by the splitting theorem 5.11

indD = indDp, + indD’é. (5.15)

The second summand on the right-hand side of (5.15) vanishes by (5.13). The corollary
follows now from (5.14). m]

6 Reduction to an Essentially Cylindrical Manifold

In this section, we reduce the computation of the index of an APS boundary value
problem to a computation on a simpler manifold which we call essentially cylindrical.

Definition 6.1 An essentially cylindrical manifold M is a complete Riemannian man-
ifold whose boundary is a disjoint union of two components, aM = Ny L Ny, such
that

(i) there exists a compact set K C M, an open manifold N, and an isometry M\ K =~
[0, e] x N3
(ii) under the above isometry No\K = {0} x N and Nj\K = {¢} x N.

Remark 6.2 Essentially cylindrical manifolds should not be confused with manifolds
with cylindrical ends. In a manifold M with cylindrical ends there is a compact set
K such that M\ K = [0, 0c0) x N is a cylinder with infinite axis [0, co) and compact
base N. As opposed to it, in an essentially cylindrical manifold, M\ K is a cylinder
with compact axis [0, €] and non-compact base N.
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6.3 Almost Compact Essential Support

We now return to the setting of Sect. 3. In particular, M is a complete Riemannian
manifold with non-compact boundary dM and there is a fixed isometry between a
neighborhood of d M and the product Z; = [0,r) x OM,cf. 3.6); D =D+ idisa
strongly Callias-type operator (cf. Definition 3.4) whose restriction to Z, is a product
(3.9).

Definition 6.4 An almost compact essential support of D is a smooth submanifold
M| C M with smooth boundary, which contains d M and such that

(i) M contains an essential support for D, cf. Definition 3.4;
(ii) there exists a compact set K C M and ¢ € (0, r) such that

M\K = (IM\K) x [0, ¢] C Z. 6.1)

Note that any almost compact essential support is an essentially cylindrical mani-
fold, one component of whose boundary is d M and .4 has an empty essential support
on the other component of the boundary. Also the restriction of D to the subset (6.1)
is given by (3.9).

Lemma 6.5 For every strongly Callias-type operator which is product on Z; there
exists an almost compact essential support.

Proof Fix R > 0 and let K g be a compact essential support for D. The union
M = ([0, r/2] x BM) U KR

satisfies all the properties of an almost compact essential support, except that its
boundary is not necessarily smooth.

To find a similar set with a smooth boundary, let us fix an open cover of M by
three open sets M = V| U V, U V3 where Vi D Kp has compact closure, Vo> C
([0,7r) x 9M)\ Kr,and V3 C M \ (([O, 5r/6) x aIM) U KR). Fix a partition of unity
{91, P2, 3} (@1 + ¢2 + ¢p3 = 1) subordinate to this cover, so that supp¢; € V;. Let
p: M — [0, c0) be a smooth function on M such that

p(x) — dist(x, M) < %, forallx € M.
Lett: Z. ~[0,r) x dM — [0, r) be the natural projection.
Without loss of generality, we can assume that » < 1. Define a smooth function on
M by
f = pd1 + td2 + ¢3
Lets € (%r, %r) be a regular value of f.

Ms = 710, 8]
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contains M’, has smooth boundary dMs = f ’1(5), and there exists a compact set
K’ D Kpg such that My = ([O, 8] x aM) U K’. Hence, Mj is an almost compact
essential support for D. O

6.6 The Index on an Almost Compact Essential Support

Suppose M} C M is an almost compact essential support for D and let Ny C M be
such that 9M | = dM U Nj. The restriction of D to a neighborhood of N1 need not be
product. Since in this paper we only consider boundary value problems for operators
which are product near the boundary, we first deform D to a product form. Note that
if K is as in Definition 6.4 then D is product in a neighborhood of N1\ K. It follows
that we only need to deform D in a relatively compact neighborhood of N1 N K. More
precisely let ¢ be as in (6.1). We choose § € (0, ¢) and a tubular neighborhood U C M
of N such that

U\K = (¢ =6, +68) x (N]\K) C Z,. 6.2)

We now identify U with the product (¢ — §, ¢ 4+ ) x Np in a way compatible with
(6.2). The next lemma shows that one can find a strongly Callias-type operator D’
which is a product near Ny and differs from D only on a compact set.

Definition 6.7 Fix a new Riemannian metric on M and a new Hermitian metric on
E which differ from the original metrics only on a compact set K’ C M. Let ¢’ :
T*M — End(E) and let VE be a Clifford multiplication and a Clifford connection
compatible with the new metrics, which also differ from ¢ and VZ only on K'. Let D’
be the Dirac operator defined by ¢’ and V£ ; Finally, let ®' € End(E) be a new Callias
potential which is equal to ® on M\K’. In this situation we say that the operator
D' := D' +i®'is a compact perturbation of D.

Clearly, if D’ is a compact perturbation of D which is equal to D near dM, then
every elliptic boundary condition B for D is also elliptic for D’. Then the stability of
the index implies that

ind Dp = ind Dj. (6.3)

Lemma 6.8 In the situation of Sect. 6.6, there exists a compact perturbation D' of D
which is product near dM 1 and such that there is a compact essential support of D’
contained in M.

Proof By Proposition 5.4 of [18], there exists a smooth deformation (c;, VtE ) of the
Clifford multiplication and the Clifford connection such that

(i) for t = 0itis equal to (c, VE);
(i1) fort > 0itis a product near Ny;
(iii) for all ¢ its restriction to M\U is independent of ¢ (and, hence, coincides with
(c, VEY).

Moreover, since all our structures are product near N1\ K, the construction of this
deformation in Appendix A of [18] provides a deformation which is independent of
t on M\ (U N K). Thus, for all # > 0, the Dirac operator D; defined by (c;, VtE) is a
compact perturbation of D.
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Let ®,(x) be a smooth deformation of ®(x) which coincides with ® at t = 0,
is independent of t for x ¢ U N K, and is product near Ny for all # > 0. Then
D; := Dy + i P, is a compact perturbation of D for all # > 0.

Fix R > 0 such that there is an R-essential support of D which is contained in
M. Then there exists a compact set Kr C M| such that outside of K the estimate
(3.4) holds. Since all our deformations are smooth and compactly supported ¢>,2(x) -
[[Dy;, ®;](x)| = R/2 for all small enough # > 0. The assertion of the lemma holds
now with R" = R/2 and D’ = D; with ¢ > 0 small. O

6.9 Reduction of the Index Problem to an Almost Compact Essential Support

Let M| C M be an almost compact essential support of D. Let D’ be as in the previous
subsection. Let A be the restriction of D to d M. It is also the restriction of D’ (since
D’ = D near dM). We denote by — A the restriction of D’ to Nj. Thus near N; the
operator D’ has the form c(t)(9; — A;). The sign convention is related to the fact
that it is often convenient to view Ng = dM as the “left” boundary of M| and N
as the “right” boundary. Then one identifies a neighborhood of Nj in M with the
product (—r, 0] x N;. With respect to this identification the restriction of D’ to this
neighborhood becomes ¢(d#)(d; + A;). In particular, on the cylindrical part M\ K
we have A = A.

Theorem 6.10 Suppose M| C M is an almost compact essential support of D and let
OM| = OM U Nj. Let D’ be a compact perturbation of D which is product near N
and such that there is a compact essential support for D' which is contained in M.
Let By be any elliptic boundary condition for D and let

1/2 1/2
B, = H(_/OO,())(_-AI) = H(0<Oo)(Al)

be the APS boundary condition for the restriction of D' to a neighborhood of Nj.
Then By @ By is an elliptic boundary condition for the restriction D" := D' |y, of D’
to M and

ind Dp, = ind D’I;O@Bl. (6.4)

Proof Let D" denote the restriction of D’ to M\ M. This is a strongly Callias-type
operator with an empty essential support. Notice that its restriction to Nj is equal to
Aj. Thus the APS boundary condition for D" is By = H(l_/io’o) (Ay). Since A; is
invertible, B, coincides with the dual APS boundary condition for D’. Hence, by the
Splitting Theorem 5.11,

. / . /! . /1!
1ndDB0 = mdDBoeaBl + 1ndDBz.

The last summand on the right-hand side of this equality vanishes by Corollary 5.13.
The theorem follows now from (6.3). O
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7 The Index of Operators on Essentially Cylindrical Manifolds

In the previous section, we reduced the computation of the index of D to a computation
of the index of the restriction of D to its almost compact essential support (which is an
essentially cylindrical manifold). In this section, we consider a strongly Callias-type
operator D on an essentially cylindrical manifold M (these data might or might not
come as a restriction of another operator to its almost compact essential support. In
particular, we don’t assume that the restriction of D to Nj is invertible). From this
point, we assume that the dimension of M is odd.

Let.4p and —.A; be the restrictions of D to Ny and Ny, respectively. The main result
of this section is that the index of the APS boundary value problem for D depends
only on Ap and A;. Thus, it is an invariant of the boundary. In the next section, we
will discuss the properties of this invariant.

7.1 Compatible Essentially Cylindrical Manifolds

Let M be an essentially cylindrical manifold and let 0M = Ny U Np. As usual, we
identify a tubular neighborhood of d M with the product

Ze == (Nox[0,r)) u (N x[0,r)) C M.

Definition 7.2 We say that another essentially cylindrical manifold M’ is compatible
with M if there is a fixed isometry between Z; and a neighborhood Z, C M’ of the
boundary of M’.

Note that if M and M’ are compatible then their boundaries are isometric.

7.3 Compatible Strongly Callias-Type Operators

Let M and M’ be compatible essentially cylindrical manifolds and let Z; and Z! be as
above. Let E — M be a Dirac bundle over M andlet D : C*°(M, E) — C*(M, E)
be a strongly Callias-type operator whose restriction to Z; is product and such that M
is an almost compact essential support of D. This means that there is a compact set
K C M suchthat M\ K = [0, e] x N and the restriction of D to M\ K is product (i.e., is
given by (3.9)). Let E/ — M’ be a Dirac bundle over M’ and let D' : C*°(M', E') —
C®(M', E') be a strongly Callias-type operator, whose restriction to Z/ is product
and such that M’ is an almost compact essential support of D’.

Definition 7.4 In the situation discussed above, we say that D and D’ are compatible
if there is an isomorphism E|z, ~ E’ |z; which identifies the restriction of D to Z;
with the restriction of D’ to Z/.

Let Ap and —A; be the restrictions of D to Ny and Ni, respectively. Let By =
H(l—/io,()) (Ap) and By = H(l_/io)o)(—Al) = H(lo/3>0) (A1) be the APS boundary condi-
tions for D at Ny and Ny, respectively. Since D and D’ are equal near the boundary,

By and By are also elliptic boundary conditions for D’.
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Theorem 7.5 Suppose D is a strongly Callias-type operator on an essentially cylindri-

cal odd-dimensional manifold M such that M is an almost compact essential support

of D. Suppose that the operator D' is compatible with D. Let dM = No U Ny and let
1/2 1/2 1/2

By = H'2 o (Ao) and By = H\> | (A1) = Hg =, (A1) be the APS boundary

conditions for D (and, hence, for D') at Ng and Ny, respectively. Then

ind Dpypp, = ind Dy gp, - (7.1)

The proof of this theorem occupies Sects. 7.6-7.10.

7.6 Gluing Together M and M’
Let — M’ denote another copy of manifold M’. Even though we don’t assume that our
manifolds are oriented, it is useful to think of —M’ as manifold M with the opposite
orientation. We identify the boundary of —M’ with the product
—Z; == (Nox (=r,0]) U (N; x (=r,0])
and consider the union
M = M Uy, (—M).
Then Z(_, »y := Z; U (—Z]) is a subset of M identified with the product
(No X (—r,r)) U (N1 X (—r,r)).

We note that M is a complete Riemannian manifold without boundary.

7.7 Gluing Together D and (D’)*

Let Ejpy denote the restriction of E to dM. The product structure on E|z gives
an isomorphism ¥ : E|z, — [0,7) x Ejp. Recall that we identified Z, with Z]
and fixed an isomorphism between the restrictions of E to Z; and E’ to Z,. By a
slight abuse of notation we use this isomorphism to view i also as an isomorphism
E/|Z; — [0,r) X Eypm.

Let E — M be the vector bundle over M obtained by gluing E and E’ using the
isomorphism ¢(t) : E|yp — E'|ypp- This means that we fix isomorphisms

¢: Ely—E, ¢ : Ely— E, (7.2)

so that

<
o

<
o

S
|

= id![O,r)XEaM —> [O,F)XE;)M,

<
o
S
o
S
I

1xc(r):[0,r) x Egpp — [0,7) X Eypy.
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We denote by ¢’ : T*M’ — End(E’) the Clifford multiplication on E’ and set
(&) := —c'(&). We think of ¢” as the Clifford multiplication of T*(—M’) on E’
(since the dimension of M’ is odd, changing the sign of the Clifford multiplication
corresponds to changing the orientation on M’). Then E is a Dirac bundle over M
with the Clifford multiplication

c), §&eT™M;

O =0 e =@, EeTM.

(7.3)

One readily checks that (7.3) defines a smooth Clifford multiplication on E. Let
D: C°°(M E) — C°°(M E) be the Dirac operator. Then the isomorphism ¢ of
(7.2) identifies the restriction of D with D, the 1somorph1sm ¢’ identifies the restriction
of D with —D’, and isomorphism v o ¢’ o ! identifies the restriction of D to -Z!
with

Dlz = =c'(¥)o Dy oc'(t)™". (7.4)

Let @ denote the Callias potential of D', so that D’ = D’ + i®’. Consider the
bundle map ® € End(E) whose restriction to M is equal to ® and whose restriction
to M’ is equal to ®’. We summarize the constructions presented in this subsection in
the following

Lemma 7.8 The operator D:=D+idisa strongly Callias-type operator on M,
whose restriction to M is equal to D and whose restriction to M' is equal to —D’ +

i® = —(D)*

The operator Disa strongly Callias-type operator on a complete Riemannian man-
ifold without boundary. Hence, [1], it is Fredholm.

Lemma7.9 indD = 0.

Proof Since M is a union of two essentially cylindrical manifolds, there exists a
compact essential support K C M of D such that M \K is of the form § I'x N. We
can choose K to be large enough so that the restriction of DtoS' x Nisa product.
We can also assume that K has a smooth boundary ¥ = §' x L. Then the Callias
index theorem [3, Theorem 1.5] states that the index of Dis equal to the index of a
certain operator d on %. Since all our structures are product on M\ K , the operator 3
is also a product on £ = S! x L. Thus it has a form

8 = )/(af+A~)1

where A is an operator on L. The kernel and cokernel of d can be computed by
separation of variables and both are easily seen to be isomorphic to the kernel of A.
Thus the kernel and the cokernel are isomorphic and ind 9 = 0. O
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7.10 Proof of Theorem 7.5

Recall that we denote by By a~nd B the AP§ boundary conditions for D = 15| M. Let
D" denote the restriction of D to —M’ = M\M and let B, and B] be the dual APS
boundary conditions for D" at Ny and N1, respectively. By the Splitting Theorem 5.11

indD = ind Dpygp, + indD/I;(,)@Bi.

Since, by Lemma 7.9, ind D= 0, we obtain

ind Dpyep, = — ind D/, (1.5)

By®B}*
By Lemma 7.8, D" = —(D’)*. Thus, by Remark 4.10, B; @ Bj is equal to the
adjoint boundary conditions for —D’. Hence, by (5.5),

. / _ Yk o /
mdDB{)EBBj = ind( D)B()eaBi = — ind Dy gp,-

Combining this equality with (7.5) we obtain (7.1). O

8 The Relative n-Invariant

In the previous section, we proved that the index of the APS boundary value prob-
lem Dp,qp, for a strongly Callias-type operator on an odd-dimensional essentially
cylindrical manifold depends only on the restriction of D to the boundary, i.e., on
the operators A4p and —.A4;. In this section we use this index to define the relative
n-invariant n(Ay, Ag) and show that it has properties similar to the difference of
n-invariants n(A;) — n(Ap) of operators on compact manifolds. For special cases,
[30], when the index can be computed using heat kernel asymptotics, we show that
(A1, Ap) isindeed equal to the difference of the n-invariants of A; and 4. In the next
section, we discuss the connection between the relative n-invariant and the spectral
flow.

8.1 Almost Compact Cobordisms

Let Ng and N; be two complete even-dimensional Riemannian manifolds and let 4¢
and A; be self-adjoint strongly Callias-type operators on Ng and N1, respectively, cf.
Definition 3.11.

Definition 8.2 An almost compact cobordism between Ay and A; is given by an
essentially cylindrical manifold M with M = Np U N; and a strongly Callias-type
operator D on M such that

(i) M is an almost compact essential support of D;
(i) D is product near 0 M
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(iii) The restriction of D to Ny is equal to Ag and the restriction of D to N is equal
to —Aj.

If there exists an almost compact cobordism between A and A, we say that operator
Ay is cobordant to operator A;.

Lemma 8.3 If Ay is cobordant to A; then A\ is cobordant to Ay.

Proof Let —M denote the manifold M with the opposite orientation and let M :=
M Uy (—M) denote the double of M. Let D be an almost compact cobordism
between Ag and A;. Using the construction of Sect. 7.7 (with D’ = D), we obtain a
strongly Callias-type operator D on M whose restriction to M is isometric to D. Let
D" denote the restriction of D to —M = M\M. Then the restriction of D" to Ny is
equal to A; and the restriction of D” to Ny is equal to —.Ay. Hence, D” is an almost
compact cobordism between .A; and Ay. O

Lemma 8.4 Let Ay, Ay and Ay be self-adjoint strongly Callias-type operators on
even-dimensional complete Riemannian manifolds Ny, N1 and N3, respectively. Sup-
pose Ay is cobordant to A1 and A, is cobordant to Ay. Then Ay is cobordant to
Ao

Proof Let M| and M be essentially cylindrical manifolds such that M| = Ny LI Ny
and oM, = N U N,. Let D; be an operator on M which is an almost compact
cobordism between Ay and A;. Let D, be an operator on M, which is an almost
compact cobordism between .4 and A>. Then the operator D3 on M Uy, M> whose
restriction to M; (j = 1, 2) is equal to D; is an almost compact cobordism between
Ap and As. O

If follows from Lemmas 8.3 and 8.4 that cobordism is an equivalence relation on
the set of self-adjoint strongly Callias-type operators.

Definition 8.5 Suppose A and A; are cobordant self-adjoint strongly Callias-type

operators and let D be an almost compact cobordism between them. Let By =

Y io 0) (Ap) and B; = (1/ io 0)( A1) be the APS boundary conditions for D. The

relatlve n-invariant is defined as
n(A1, Ag) = 2 ind Dp,gpp, + dimker A9 + dimker A4;. 8.1)

Theorem 7.5 implies that (A1, Ap) is independent of the choice of the cobordism D.

Remark 8.6 Sometimes, it is convenient to use the dual APS boundary conditions

By = 1/2 07(Ao) and B = H(l/io 01(—A1) instead of By and By. It follows from

Corollary 5 9 that the relative n-invariant can be written as

n(Ar, Ag) = 2ind Dy gp, — dimker Ay — dimker A;. (8.2)
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8.7 The Case When the Heat Kernel has an Asymtotic Expansion

In [30], Fox and Haskell studied the index of a boundary value problem on manifolds
of bounded geometry. They showed that under certain conditions (satisfied for natural
operators on manifolds with conical or cylindrical ends) on M and D, the heat kernel
e~'P8)"Ds s of trace class and its trace has an asymptotic expansion similar to the
one on compact manifolds. In this case, the n-function, defined by a usual formula

n(s; A = Z sign() A, Res <0,
Arespec(A)

is an analytic function of s, which has a meromorphic continuation to the whole
complex plane and is regular at 0. So one can define the n-invariant of A by n(A) =

n(0; A).

Proposition 8.8 Suppose now that D is an operator on an essentially cylindrical man-
ifold M which satisfies the conditions of [30]. We also assume that D is product near
OM = NoU Ni and that M is an almost compact essential support for D. Let Ay and
— Ay be the restrictions of D to Ny and N1, respectively. Let n(A;) (j = 0, 1) be the
n-invariant of A;. Then

n(A1, Ao) = n(A1) — n(Ap). (8.3)

Proof Theorem 9.6 of [30] establishes an index theorem for the APS boundary value
problem satisfying conditions discussed above. This theorem is completely analogous
to the classical APS index theorem [4]. In [30] only the case of even-dimensional
manifolds is discussed. However, exactly the same (but somewhat simpler) arguments
give an index theorem on odd-dimensional manifolds as well. In the odd-dimensional
case the integral term in the index formula vanishes identically. Thus, applied to our
situation, Theorem 9.6 of [30] gives

dimker Ag +n(Ao)  dimker A; +n(=A;)
2 2 '

ind DB()EBB] = —

Since n(—.A;) = —n(A1) equation (8.3) follows now from the definition (8.1) of the
relative n-invariant. O

2
More generally, Bunke [24] considered the situation when A je_tAf G =01

S A2 A2

are not of trace class but their difference Aje 1A Ape 147 is of trace class and
its trace has a nice asymptotic expansion. In this situation one can define the relative
n-function by the usual formula

n(s: Ar, Ag) = ! )/ 17 Tr (Aje A — Age A5 ) dr. (8.4)
0

I((s+1)/2

(See [41] for even more general situation when the relative n-function can be defined.)
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Bunke only considered the undeformed Dirac operator A and gave a geometric

condition under which Tr(Aje™’ A7 _ Age™! AO) has a nice asymptotic expansion and

the above integral gives a meromorphic function regular at 0. One can also con-
sider the cases when the heat kernels of the Callias-type operators A; are such that

Tr(A, AT - Ape™ Ag) has a nice asymptotic expansion and the relative n-function
can be defined using (8.4).

Conjecture 8.9 [f the relative n-function (8.4) is defined, analytic and regular at 0,
then
n(Ar, Ao) = n(0; Ay, Ao). (8.5

8.10 Basic Properties of the Relative n-Invariant

Proposition 8.8 shows that under certain conditions the n-invariants of Ay and .A; are
defined and n(Ay, Ap) is their difference. We now show that in general case, when
n(Ap) and n(A1) do not necessarily exist, n(Aj, Ag) behaves like it was a difference
of an invariant of Ny and an invariant of Ny.

Proposition 8.11 (Antisymmetry) Suppose Ay and A, are cobordant self-adjoint
strongly Callias-type operators. Then

n(Ao, A1) = —n(Ay, Ag). (8.6)

Proof Let D be an almost compact cobordism between Ag and A; and let D and D”
be as in the proof of Lemma 8.3. Then Disa strongly Callias-type operator on a
complete Riemannian manifold M without boundary and D” is an almost compact
cobordism between A; and Aj.

Let

36 = [i)/io)(‘AO) ( oo()]( Ao);

Bi = Hyloo(=A) = HZ, ) (AD.

be the dual APS boundary conditions for D”. It is shown in Sect. 7.10 that B @ B
is an elliptic boundary condition for D” and, by (7.5),

ind D’

wen = —indDsos. (8.7)

Since D” is an almost compact cobordism between A; and Ag, we conclude from
(8.2) that

n(Ag, A1) = 2 ind D;;,@B, dimker Ay — dimker A;. (8.8)
Combining (8.8) and (8.7), we obtain (8.6). O
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Note that (8.6) implies that
n(A, A =0 8.9)

for every self-adjoint strongly Callias-type operator A.

Proposition 8.12 (The cocycle condition) Let Ay, A and A, be self-adjoint strongly
Callias-type operators which are cobordant to each other. Then

n(Az, Ao) = n(Az, A1) + n(Ar, Ao). (8.10)

Proof The lemma follows from the Splitting Theorem 5.11 applied to the operator D3
constructed in the proof of Lemma 8.4. O

9 The Spectral Flow

Atiyah et al. [5] introduced a notion of spectral flow sf(A) of a continuous family
A = {A%}o<s<1 of self-adjoint differential operators on a closed manifold. They
showed that the spectral flow computes the variation of the n-invariant (A") — 7 (A9).
In this section, we consider a family of self-adjoint strongly Callias-type operators
A = {A%}o<s<1 on a complete even-dimensional Riemannian manifold and show that
for any operator .Ag cobordant to .A? we have n(A!, Ag) — n(A°, Ag) =2 sf(A).

9.1 A Family of Boundary Operators

Let Ey — N be a Dirac bundle over a complete even-dimensional Riemannian
manifold N. Let A = {A%}p<s<; be a family of self-adjoint strongly Callias-type
operators

A5 = AS +iW': CO°(N,Ey) — C®(N, Ey).

Definition 9.2 The family A = {4%}p<s<; is called almost constant if there exists a
compact set K C N such that the restriction of A* to N\ K is independent of s.

Since dim N = 2p is even, there is a natural grading operator I" : Ey — Ey, with
2 =1,cf. [10, Lemma 3.17]. If ey, ..., ez is an orthonormal basis of TN ~ T*N,
then

I = iPcler)- - clep).

Remark 9.3 The operators A® anticommute with I". Condition (i) of Definition 3.11
implies that ¥ anticommutes with c¢(e;) (j = 1, ..., 2p) and, hence, commutes with
I". So the operators .4° neither commute nor anticommute with I'. This explains why,
even though the dimension of N is even, the spectrum of the operators 4° is not
symmetric about the origin and the spectral flow of the family A is, in general, not
trivial.
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Weset M :=[0,1] x N, E := [0, 1] x Ex and denote by ¢ the coordinate along
[0, 1]. Then E — M is naturally a Dirac bundle over M with c(dz) :=iT.

Definition 9.4 The family A = {A%}o<,< is called smooth if
D := c(dr) (8, +A") : C*(M,E) — C®(M,E)

is a smooth differential operator on M.

Fix a smooth non-decreasing function « : [0, 1] — [0, 1] such that «(¢) = O for
t <1/3and k(t) = 1 for t > 2/3 and consider the operator

D = c(dr) (3 + AD) 1 C¥(M, E) — C®°(M, E). ©.1)

Then D is product near dM. If A is a smooth almost constant family of self-adjoint
strongly Callias-type operators then (9.1) is a strongly Callias-type operator for which
M is an almost compact essential support. Hence, it is a non-compact cobordism (cf.
Definition 8.2) between A° and A'.

9.5 The Spectral Section

If A = {A°}o<s<1 is a smooth almost constant family of self-adjoint strongly Callias-
type operators then it satisfies the conditions of the Kato Selection Theorem [36,
Theorems I1.5.4 and I1.6.8], [42, Theorem 3.2]. Thus there is a family of eigenvalues
Aj(s) (j € Z) which depend continuously on s. We order the eigenvalues so that
Aj(0) <Xj41(0) forall j € Zand A;(0) <0 for j <0 while A;(0) > 0for j > 0.

Atiyah et al. [5] defined the spectral flow sf(A) for a family of operators satisfying
the conditions of the Kato Selection Theorem as an integer that counts the net number
of eigenvalues that change sign when s changes from O to 1. Several other equivalent
definitions of the spectral flow based on different assumptions on the family A existin
the literature. For our purposes, the most convenient is the Dai and Zhang’s definition
[28] which is based on the notion of spectral section introduced by Melrose and Piazza
[40].

Definition 9.6 A spectral section for A is a continuous family P = {P*}p<;<; of self-
adjoint projections such that there exists a constant R > 0 such that forall0 < s < 1,
if ASu = Au then

s 0, if A <—R;
P u =
u, if A > R.

If A satisfies the conditions of the Kato Selection Theorem, then the arguments of
the proof of [40, Proposition 1] show that A admits a spectral section.

Remark 9.7 Booss-Bavnbek et al. [12] defined the spectral flow for a family of
unbounded operators in an abstract Hilbert space. Their conditions on the family are
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much weaker than those of the Kato Selection Theorem. In particular, they showed that
afamily of elliptic differential operators on a closed manifold satisfies their conditions
if all the coefficients of the differential operators depend continuously on s. It would
be interesting to find a good practical condition under which a family of self-adjoint
strongly Callias-type operators satisfies the conditions of [12].

9.8 The Spectral Flow

Let P = {P*} be a spectral section for A. Set B® := ker P*. Let B := H(lf/io,()) (A%
denote the APS boundary condition defined by the boundary operator .A*. Recall that
the relative index of subspaces was defined in Sect. 5.6. Since the spectrum of .4°
is discrete, it follows immediately from the definition of the spectral section that for
every s € [0, 1], the space B’ is a finite rank perturbation of Bj. We are interested
in the relative index [B*, Bjj]. Following Dai and Zhang [28], we give the following
definition.

Definition 9.9 Let A = {A%}o<,<1 be a smooth almost constant family of self-adjoint
strongly Callias-type operators which admits a spectral section P = {P*}p<s<i.
Assume that the operators A” and A' are invertible. Let B* := ker P* and By =

H:f io,O) (A%). The spectral flow sf(A) of the family A is defined by the formula

sf(A) := [B', BJ1 — [B°, BYl. 9.2)

By Theorem 1.4 of [28], the spectral flow is independent of the choice of the spectral
section [P and computes the net number of eigenvalues that change sign when s changes
from O to 1.

Remark 9.10 The relative index [B*, Bjj] can also be computed in terms of the orthog-
onal projections P® and P; with kernels B® and By, respectively. Then P; defines
a Fredholm operator Pj : im P® — im Py. Dai and Zhang denote the index of this
operator by [ Pj — P*] and use it in their formula for spectral flow. One easily checks
that [P — P*] = [B*, B].

Lemma 9.11 Let —A denote the family {—A}o<s<1. Then
sf(—A) = —sf(A). 9.3)

Proof The lemma is an immediate consequence of Lemma 5.7. O

9.12 Deformation of the Relative n-Invariant

Let A = {A°}p<s<1 be a smooth almost constant family of self-adjoint strongly
Callias-type operators on a complete even-dimensional Riemannian manifold N;. Let
Ap be another self-adjoint strongly Callias-type operator, which is cobordant to A°.
In Sect. 9.1 we showed that A° is cobordant to A° for all s € [0, 1]. Hence, by
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Lemma 8.4, Ay is cobordant to A!. In this situation, we say the Ay is cobordant to
the family A. The following theorem is the main result of this section.

Theorem 9.13 Suppose A = {.AS : C°(Ny, E1) — C®(Ny, El)}0<s<1 is a smooth
almost constant family of self-adjoint strongly Callias-type operators on a complete
Riemannian manifold Ny such that A° and A" are invertible. Then

n(A', A% = 2 sf(A). 9.4)

If Ap : C*(Ny, Eg) — C(Ny, Ey) is an invertible self-adjoint strongly Callias-
type operator on a complete even-dimensional Riemannian manifold Ny which is
cobordant to the family A then

n(A', Ag) — n(A4°% Ag) = 2 sf(A). 9.5)

Proof First, we prove (9.5). Let M be an essentially cylindrical manifold whose bound-
ary is the disjoint union of Ng and N1.Let D : C®°(M, E) — C*(M, E) be an almost
compact cobordism between Ag and A°.

Consider the “extension of M by a cylinder”

M’ = MUy, ([0,1] x Ny).

and let E’ — M’ be the bundle over M’ whose restriction to M is equal to E and
whose restriction to the cylinder [0, 1] x Nj is equal to [0, 1] x Ej.
We fix a smooth function p : [0, 1] x [0, 1] — [0, 1] such that for each r € [0, 1]

e the function s — p(r, s) is non-decreasing.
e p(r,s)=0fors <1/3and p(r,s) =r fors > 2/3.

Consider the family of strongly Callias-type operators D" : C*®(M',E') —
C*®(M’, E") whose restriction to M is equal to D and whose restriction to [0, 1] x N;
is given by

D' = c(dr) (at+Aﬂ(r,I)).

Then D" is an almost compact cobordism between 4y and A”". In particular, the
restriction of D" to N is equal to —.A".

Recall that we denote by —A the family {—.A4*}o<s<1. Let P = {P*} be a spectral
section for —A. Then foreachr € [0, 1] the space B" := ker P” is an elliptic boundary
condition for D" at {1} x Ny.Let By := H, (1 _/ io’o) (Ap) be the APS boundary condition
for D" at No. Then By @ B’ is an elliptic boundary condition for D".

Recall that the domain dom Dgo@ B consists of sections u whose restriction to
OM’ = Nou Ny liesin By @ B'.

Lemma9.14 ind Dy, o = ind Dy, o, forall r € [0, 1].

B()GBBI
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Proof For rg,r € [0, 1], let ., : B™® — B" denote the orthogonal projection. Then
for every ro € [0, 1] there exists ¢ > 0 such that if |[r — rg| < ¢ then 7, is an
isomorphism. As in the proof of Theorem 5.11, it induces an isomorphism

.
o : domDB oo —> domDp op,.

Hence
ind (D:;()@Br o 1'[,0,) = ind DZ?OGBB'" 9.6)

Since for |[r — rg| < €

Digygpr © Myyr : domDyg o pr — L*(M', E)
is a continuous family of bounded operators, ind(D%0 @pr © Iyr) 1s independent of 7.

The lemma follows now from (9.6). O

The space B, := (] / io 0= A") is the APS boundary conditions for D" at {1} x Nj.

By definition, n(A', Ap) = 2 ind D119 o5 . To finish the proof of Theorem 9.13 we
0

note that by Proposition 5.8
indDy gpr = 1ndDB ®B] + [B", Byl

Hence,

n(A', Ag) — n(A°, A)) _
2 dDB ®B)

— <1ndDB st — B ,Bo]) - (mdDB po [BO,BQ])
Lemmi9.14

— 1ndDB ©B)

—[B', B}1 + [B°, BJ]

_ —Sf(—A) Lemmég.ll Sf(A)

This proves (9.5). Now, by Proposition 8.12,

(AL A% = nAdl, Ag) — (A% Ag) = 2 sf(A).

References

1. Anghel, N.: L2-index formulae for perturbed Dirac operators. Comm. Math. Phys. 128(1), 77-97
(1990)

2. Anghel, N.: An abstract index theorem on noncompact Riemannian manifolds. Houst. J. Math. 19(2),
223-237 (1993)

3. Anghel, N.: On the index of Callias-type operators. Geom. Funct. Anal. 3(5), 431-438 (1993)

4. Atiyah, M.F, Patodi, V.K., Singer, .M.: Spectral asymmetry and Riemannian geometry. I. Math. Proc.
Camb. Philos. Soc. 77(1), 43-69 (1975)

@ Springer



3762 M. Braverman, P. Shi

5. Atiyah, M.F, Patodi, V.K., Singer, LM.: Spectral asymmetry and Riemannian geometry. III. Math.
Proc. Camb. Philos. Soc. 79(1), 71-99 (1976)

6. Bir, C., Ballmann, W.: Boundary value problems for elliptic differential operators of first order. Surv.
Differ. Geom. XVII, 1-78 (2012)

7. Bir, C., Ballmann, W.: Guide to elliptic boundary value problems for Dirac-type operators. Arbeitsta-
gung Bonn 2013, 43-80 (2016)

8. Bir, C., Strohmaier, A.: An index theorem for Lorentzian manifolds with compact spacelike Cauchy
boundary. Am. J. Math. 141(5), 1421-1455 (2019)

9. Bir, C., Strohmaier, A.: A rigorous geometric derivation of the chiral anomaly in curved backgrounds.
Commun. Math. Phys. 347(3), 703-721 (2016). MR3551253

10. Berline, N., Getzler, E., Vergne, M.: Heat Kernels and Dirac Operators. Springer, New York (1992)

11. Bisgard, J.: A compact embedding for sequence spaces. MO J. Math. Sci. 24(2), 182-189 (2012)

12. Booss-Bavnbek, B., Lesch, M., Phillips, J.: Unbounded Fredholm operators and spectral flow. Can. J.
Math. 57(2), 225-250 (2005)

13. BooB-Bavnbek, B., Wojciechowski, K.P.: Elliptic Boundary Problems for Dirac Operators, Mathemat-
ics: Theory & Applications. Birkhiduser Boston Inc., Boston (1993)

14. Bott, R., Seeley, R.: Some remarks on the paper of Callias: “Axial anomalies and index theorems on
open spaces”. Commun. Math. Phys. 62(3), 235-245 (1978)

15. Braverman, M.: Index theorem for equivariant Dirac operators on noncompact manifolds. K Theory
27(1), 61-101 (2002)

16. Braverman, M.: An index of strongly Callias operators on Lorentzian manifolds with non-compact
boundary. Math. Z. 294(1-2), 229-250 (2020)

17. Braverman, M., Cecchini, S.: Callias-type operators in von neumann algebras. J. Geom. Anal. (2017).
https://doi.org/10.1007/s12220-017-9832-1

18. Braverman, M., Maschler, G.: Equivariant APS index for Dirac operators of non-product type near the
boundary. Indiana Univ. Math. J. 68, 435-501 (2019)

19. Braverman, M., Milatovich, O., Shubin, M.: Essential selfadjointness of Schrodinger-type operators
on manifolds. Russ. Math. Surv. 57, 41-692 (2002)

20. Braverman, M., Shi, P.: Cobordism invariance of the index of Callias-type operators. Commun. Partial
Differ. Equ. 41(8), 1183-1203 (2016)

21. Braverman, M., Shi, P.: APS index theorem for even-dimensional manifolds with non-compact bound-
ary. Commun. Anal. Geom. (2017). arXiv:1708.08336

22. Braverman, M., Shi, P.: The index of alocal boundary value problem for strongly Callias-type operators.
Arnold Math. J. 5(1), 79-96 (2019)

23. Briining, J., Moscovici, H.: L2-index for certain Dirac-Schrodinger operators. Duke Math. J. 66(2),
311-336 (1992). MR1162192 (93g:58142)

24. Bunke, U.: Relative index theory. J. Funct. Anal. 105(1), 63-76 (1992)

25. Bunke, U.: A K-theoretic relative index theorem and Callias-type Dirac operators. Math. Ann. 303(2),
241-279 (1995). MR1348799 (96e:58148)

26. Callias, C.: Axial anomalies and index theorems on open spaces. Commun. Math. Phys. 62(3),213-235
(1978)

27. Carvalho, C., Nistor, V.: An index formula for perturbed Dirac operators on Lie manifolds. J. Geom.
Anal. 24(4), 1808-1843 (2014). (English)

28. Dai, X., Zhang, W.: Higher spectral flow. J. Funct. Anal. 157(2), 432-469 (1998). MR1638328

29. Fox, J., Haskell, P.: Heat kernels for perturbed Dirac operators on even-dimensional manifolds with
bounded geometry. Int. J. Math. 14(1), 69-104 (2003). MR1955511

30. Fox, J., Haskell, P.: The Atiyah—Patodi—Singer theorem for perturbed Dirac operators on even-
dimensional manifolds with bounded geometry. N. Y. J. Math. 11, 303-332 (2005). MR2154358

31. Freed, D.: Two index theorems in odd dimensions. Commun. Anal. Geom. 6(2), 317-329 (1998).
MR1651419

32. Gromov, M., Lawson Jr., H.B.: Positive scalar curvature and the Dirac operator on complete Riemannian
manifolds. Inst. Hautes Etudes Sci. Publ. Math. 58(1983), 83-196 (1984)

33. Hebey, E.: Nonlinear analysis on manifolds: Sobolev spaces and inequalities, Courant Lecture Notes
in Mathematics, vol. 5, New York University, Courant Institute of Mathematical Sciences, New York;
American Mathematical Society, Providence (1999). MR1688256

34. Horava, P., Witten, E.: Heterotic and type I string dynamics from eleven dimensions. Nuclear Phys. B
460(3), 506-524 (1996). MR1381609

@ Springer


https://doi.org/10.1007/s12220-017-9832-1
http://arxiv.org/abs/1708.08336

APS index with non-compact boundary 3763

35.

36.
37.

38.

39.
40.

41.

42.

43.
44.

45.

46.

47.

Hormander, L.: The analysis of linear partial differential operators. III, Classics in Mathematics,
Springer, Berlin (2007). Pseudo-differential operators, Reprint of the 1994 edition. MR2304165
Kato, T.: Perturbation Theory for Linear Operators. Springer, New York (1995)

Kottke, C.: An index theorem of Callias type for pseudodifferential operators. J. K-Theory 8(3), 387—
417 (2011). MR2863418

Kottke, C.: A Callias-type index theorem with degenerate potentials. Commun. Partial Differ. Equ.
40(2), 219-264 (2015). MR3277926

Lawson, H.B., Michelsohn, M.-L.: Spin Geometry. Princeton University Press, Princeton (1989)
Melrose, R.B., Piazza, P.: Families of Dirac operators, boundaries and the b-calculus. J. Differ. Geom.
46(1), 99-180 (1997). MR 1472895

Miiller, W.: Relative zeta functions, relative determinants and scattering theory. Commun. Math. Phys.
192(2), 309-347 (1998)

Nicolaescu, L.I.: The Maslov index, the spectral flow, and decompositions of manifolds. Duke Math.
J. 80(2), 485-533 (1995). MR1369400

Reed, M., Simon, B.: Methods of Modern Mathematical Physics. I. Academic Press, London (1978)
Shi, P.: The index of Callias-type operators with Atiyah-Patodi—Singer boundary conditions. Ann.
Glob. Anal. Geom. 52(4), 465-482 (2017)

Shi, P.: Cauchy data spaces and Atiyah-Patodi-Singer index on non-compact manifolds. J. Geom. Phys.
133, 81-90 (2018). arXiv:1803.01884

Shubin, M.A.: Spectral theory of the Schrodinger operators on non-compact manifolds: qualitative
results. Spectr. Theory Geom. (Edinburgh, 1998) 273, 226-283 (1999)

Wimmer, R.: An index for confined monopoles. Commun. Math. Phys. 327(1), 117-149 (2014).
MR3177934

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/1803.01884

	The Atiyah–Patodi–Singer Index on Manifolds with Non-compact Boundary
	Abstract
	1 Introduction
	1.1 Index of a Boundary Value Problem for Manifolds with Non-compact Boundary
	1.2 An Almost Compact Essential Support
	1.3 Index on an Essentially Cylindrical Manifold
	1.4 The Relative η-Invariant
	1.5 The Spectral Flow
	1.6 Further Developments

	2 Operators on a Manifold with Non-compact Boundary
	2.1 Setting and Notations
	2.2 Minimal and Maximal Extensions
	2.3 Green's Formula
	2.6 Sobolev Spaces
	2.7 Completeness

	3 Strongly Callias-Type Operators and Their Domains
	3.1 A Dirac Operator
	3.3 Strongly Callias-Type Operators
	3.7 A Product Structure
	3.9 The Restriction of the Adjoint to the Boundary
	3.10 Self-adjoint Strongly Callias-Type oOperators
	3.13 Sobolev Spaces on the Boundary
	3.17 Eigenvalues and Eigensections of mathcalA
	3.21 The Hybrid Soblev Spaces
	3.23 The Hybrid Space of the Dual Operator
	3.25 Sections in a Neighborhood of the Boundary
	3.28 A Natural Domain for Boundary Value Problems
	3.33 The Trace Theorem
	3.35 The Space HmathcalD1(M,E)
	3.38 Regularity of the Maximal Domain

	4 Boundary Value Problems for Strongly Callias-Type Operators
	4.1 Boundary Conditions
	4.4 Adjoint Boundary Conditions
	4.6 Elliptic Boundary Conditions

	5 Index Theory for Strongly Callias-Type Operators
	5.1 Fredholmness
	5.6 Dependence of the Index on the Boundary Conditions
	5.10 The Splitting Theorem
	5.12 A Vanishing Theorem

	6 Reduction to an Essentially Cylindrical Manifold
	6.3 Almost Compact Essential Support
	6.6 The Index on an Almost Compact Essential Support
	6.9 Reduction of the Index Problem to an Almost Compact Essential Support

	7 The Index of Operators on Essentially Cylindrical Manifolds
	7.1 Compatible Essentially Cylindrical Manifolds
	7.3 Compatible Strongly Callias-Type Operators
	7.6 Gluing Together M and M'
	7.7 Gluing Together mathcalD and (mathcalD')*
	7.10 Proof of Theorem 7.5

	8 The Relative η-Invariant
	8.1 Almost Compact Cobordisms
	8.7 The Case When the Heat Kernel has an Asymtotic Expansion
	8.10 Basic Properties of the Relative η-Invariant

	9 The Spectral Flow
	9.1 A Family of Boundary Operators
	9.5 The Spectral Section
	9.8 The Spectral Flow
	9.12 Deformation of the Relative η-Invariant

	References




