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Abstract

We prove that if an ALE Ricci-flat manifold (M, g) is linearly stable and integrable,
it is dynamically stable under Ricci flow, i.e. any Ricci flow starting close to g exists
for all time and converges modulo diffeomorphism to an ALE Ricci-flat metric close
to g. By adapting Tian’s approach in the closed case, we show that integrability holds
for ALE Calabi—Yau manifolds which implies that they are dynamically stable.

1 Introduction

Consider a complete Riemannian manifold (M", g) without boundary endowed with
a Ricci-flat metric g. As such, it is a fixed point of the Ricci flow and therefore, it is a
natural problem to study the stability of such a metric with respect to the Ricci flow.
Whether the manifold is compact or noncompact makes an essential difference in the
analysis. In both cases, if (M", g) is Ricci-flat, the linearized operator is the so-called
Lichnerowicz operator acting on symmetric 2-tensors. Nonetheless, the L2 approach
differs drastically in the noncompact case. Indeed, even in the simplest situation, that
is the flat case, the spectrum of the Lichnerowicz operator is not discrete anymore and
0 belongs to the essential spectrum. In this paper, we consider Ricci-flat metrics on
noncompact manifolds that are asymptotically locally Euclidean (ALE for short), i.e.
that are asymptotic to a flat cone over a space form S"~!/T" where I is a finite group
of SO(n) acting freely on R” \ {0}.

If (M", go) is an ALE Ricci-flat metric, we assume furthermore that it is linearly
stable, i.e. the Lichnerowicz operator is nonpositive in the L2 sense and that the set of
ALE Ricci-flat metrics close to g is integrable, i.e. has a manifold structure of finite
dimension: see Sect. 2.1.
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The strategy we adopt is given by Koch and Lamm [18] that studied the stability of
the Euclidean space along the Ricci flow in the L sense. The quasi-linear evolution
equation to consider here is

98 = —2Ricy + Ly (4.40)(8), 118(0) — gollLo(gy) small, ey

where (M", go) is a fixed background ALE Ricci-flat metric and £y (g,¢0)(g) is the
so-called DeTurck’s term. Equation (1) is called the Ricci—-DeTurck flow: its advantage
over the Ricci flow equation is to be a strictly parabolic equation instead of a degenerate
one. Koch and Lamm managed to rewrite (1) in a clever way to get optimal results
regarding the regularity of the initial condition: see Sect. 3.

Our main theorem is then:

Theorem 1.1 Let (M™, go) be an ALE Ricci-flat space. Assume it is linearly stable and
integrable. Then for every € > 0, there exists a § > O such that the following holds: for
any metric § € Br2n1~(80, 8), there is a complete Ricci—DeTurck flow (M", g(t));>0
starting from g converging to an ALE Ricci-flat metric goo € Bj2n10 (80, €)-
Moreover, the L* norm of (g(t) — go):>0 is decaying sharply at infinity:

sup,>o 118 — goll L2¢an
t

, t>0.

lg@®) — go”LOO(M\BgO(xo,ﬁ)) < C(n, 8o, €)

ENE)

As far as we know, this theorem is the first stability result for nonflat and noncompact
Ricci-flat manifolds under Ricci flow.

Schniirer et al. [29] have proved the stability of the Euclidean space for an L? N L™
perturbation as well. The decay obtained in Theorem 1.1 sharpens their result. Indeed,
the proof shows that if (M", gg) is isometric to (R", eucl) then the L°° decay holds
on the whole manifold. This L* decay on Euclidean space was also recently shown
in [2] by a different approach.

Remark 1.2 It is an open question whether the decay in time obtained in Theorem 1.1
holds on the whole manifold with an exponent « less than or equal to n/4.

One of the main difficulties in proving Theorem 1.1 is to establish a uniform-in-time
L? bound on the difference of the metrics g(t) — go(t) for nonnegative time ¢ and a
suitable family of Ricci-flat reference metrics go(¢) . To prove such a bound in case
the background metric g is flat, [2,29] use a direct integration by parts. In our setting,
this approach does not work for mainly two reasons: the kernel of the Lichnerowicz
operator might be nontrivial and the curvature terms from the linearized operator
cannot be treated as error terms. Therefore, the strategy is to work orthogonally to
the kernel of the Lichnerowicz operator in order to apply a delicate notion of strict
positivity for the Lichnerowicz operator that enables us to absorb the curvature terms.
This leads us in turn to a very delicate choice of a reference metric go(¢) which makes
the analysis trickier: see Sect. 3.3.

Now, from the physicist point of view, the question of stability of ALE Ricci-
flat metrics is of great importance when applied to hyperkéhler or Calabi—Yau ALE
metrics: Hyperkihler ALE metrics (also called gravitational instantons) are of great
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importance in theoretical physics: see for instance [1,10] and the references therein. In
this context, the Ricci flow serves as a first-order approximation of the renormalization
group flow and admits deep connections with it, see [11].

In the hyperkéhler or Calabi—Yau case, the Lichnerowicz operator is always a non-
negative operator because of the special algebraic structure of the curvature tensor
shared by these metrics. It turns out that they are also integrable: see Theorem 2.18
based on the fundamental results of Tian [33] in the closed case. In particular, it gives
us plenty of examples to which one can apply Theorem 1.1.

Another source of motivation comes from the question of continuing the Ricci flow
after it reached a finite time singularity on a 4-dimensional closed Riemannian man-
ifold: the works of Bamler and Zhang [7] and Simon [32] show that the singularities
that can eventually show up for Ricci flows with bounded scalar curvature are orb-
ifold singularities and thus modelled over ALE Ricci-flat metrics. A strong connection
between the appearance of such singularities and the stability of their blow-up limits
is expected. However, there is no classification available for such metrics in dimension
4 at the moment, except Kronheimer’s classification for hyperkéhler metrics [22].

Finally, we would like to discuss some related results especially regarding the
stability of closed Ricci-flat metrics. There have been basically two approaches. On
one hand, Sesum [30] has proved the stability of integrable Ricci-flat metrics on closed
manifolds: in this case, the convergence rate is exponential since the spectrum of the
Lichnerowicz operator is discrete. On the other hand, Haslhofer—Miiller [16] and the
second author [21] have proved Lojasiewicz inequalities for Perelman’s entropies
which are monotone under the Ricci flow and whose critical points are exactly Ricci-
flat metrics and Ricci solitons, respectively. The analysis in the proof of Theorem 1.1
differs substantially from these two previous approaches as these tools and features
are not available in our setting.

The paper is organized as follows. Section 2.1 recalls the basic definitions of ALE
spaces together with the notions of linear stability and integrability of a Ricci-flat
metric. Sect. 2.2 gives a detailed description of the space of gauged ALE Ricci-flat
metrics: see Theorem 2.7 and Theorem 2.11. Sect. 2.3 investigates the integrability of
Kihler Ricci-flat metrics: this is the content of Theorem 2.18. Section 3 is devoted to
the proof of the first part of Theorem 1.1. Sect. 3.1 discusses the structure of the Ricci—
DeTurck flow. Section 3.2 establishes pointwise and integral short-time estimates. The
core of the proof of Theorem 1.1 is contained in Sect. 3.3: a priori uniform-in-time
L? estimates are proved with the help of a suitable notion of strict positivity for the
Lichnerowicz operator developed for Schrodinger operators by Devyver [14]. The
infinite time existence and the convergence aspects of Theorem 1.1 are then proved
in Sect. 3.4. Finally, Sect. 4 proves the last part of Theorem 1.1: the decay in time is
verified with the help of a Nash—-Moser iteration.

2 ALE Spaces
2.1 Analysis on ALE Spaces

We start by recalling a couple of definitions.
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2832 A. Deruelle, K. Kroncke

Definition 2.1 A complete Riemannian manifold (M”", g¢) is said to be asymptotically
locally Euclidean (ALE) with one end of order T > 0 if there exists a compact set
K C M, aradius R and a diffeomorphism such that : ¢ : M \ K — (R" \ Bg)/ T,
where I' is a finite group of SO(n) acting freely on R” \ {0}, such that

|VeUCI'k(¢*gO — eucD leucl = O(r_r_k) Vk =0

holds on (R"” \ Bg)/T.

The linearized operator we will focus on is the so-called Lichnerowicz operator
whose definition is recalled below:

Definition 2.2 Let (M, g) be a Riemannian manifold. Then the operator L,
C®(S2T*M) — C®(S*T*M), defined by
Lg(h) :== Agh 4+ 2Rm(g) * h — Ric(g) o h — h o Ric(g),
(Rm(g) * h)ij := Rm(g)iktjhmng " 8"
(hok)ij = hikijgk, ke S*T*M,
is called the Lichnerowicz Laplacian acting on the space of symmetric 2-tensors
S2T*M.
In this paper, we consider the following notion of stability:

Definition 2.3 Let (M", go) be a complete ALE Ricci-flat manifold. (M", go) is said
to be linearly stable if the (essential) L% spectrum of the Lichnerowicz operator L g0 =
Agy + 2Rm(go)* is in (—o0, 0].

Equivalently, this amounts to say that o;2(—Lg,) C [0, +00). By a theorem due to
Carron [12], ker; 2 Lg, has finite dimension. Denote by I1. the L? projection on the
kernel ker;> L, and I the projection orthogonal to I1. so that # = 1.k + I1;h for
any h € L>(S>T*M).

Let (M, go) be an ALE Ricci-flat manifold and Uy, the set of ALE Ricci-flat metrics
with respect to the gauge go, that is:

Uy := {g | ¢ ALE metric on M s.t. Ric(g) = 0 and Ly (4 40)(8) = O} , (2

, 1
g0(V (g, g0),.) :=divggo — EVgtrggo, 3)

endowed with the L? N L> topology coming from go.

Definition 2.4 (M", go) is said to be integrable it U,, has a smooth structure in a
neighbourhood of go. In other words, (M", go) is integrable if the map

Wy 1 & € Ugy — T1(g — g0) € kerp2(Lg),
is a local diffeomorphism at gg.
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If (M, go) is ALE and Ricci-flat, it is a consequence of [8, Theorem 1.1] that it is
already ALE of order n — 1. Moreover, if n = 4 or (M, go) is Kihler, it is ALE of
order n. This is due to the presence of Kato inequalities, [8, Corollary 4.10] for the
curvature tensor. We will show in Theorem 2.7 that by elliptic regularity, all g € Uy,
are ALE of order n — 1 with respect to the same coordinates as go.

In order to do analysis of partial differential equations on ALE manifolds, one has
to work with weighted function spaces which we will define in the following. Fix

a point x € M and define a function p : M — R by p(y) = /1 +d(x, y)?. For
p € [1,00) and 6 € R, we define the spaces L§(M) as the closure of C(‘)’O(M) with

respect to the norm
s 1/p
ety = ([ 107 uomran)
M

and the weighted Sobolev spaces W; P (M) as the closure of Cgo (M) under

k
_ 1
Il = Y |V'u
=0

r
Ls_,

The weighted Holder spaces are defined as the set of maps u € Clko’f(M ),a € (0, 1)
such that the following quantity

k
lull ke = 3 sup o~ () V! u ()|
1=0 xeM

|73 VEu(x) — Viu(y)|
lx — y|*

+ sup min [pf‘HkW (x), p~othe (y)}
x,yeM
0<d(x,y)<inj(M)

is finite. Here 7 denotes the parallel transport from x to y along the shortest geodesic
joining x and y. All these spaces are Banach spaces, the spaces H;‘ M) = Wg’z(M)
are Hilbert spaces and their definition does not depend on the choice of the base point
defining the weight function p. All these definitions extend to Riemannian vector
bundles with a metric connection in an obvious manner.

In the literature, there are different notational conventions for weighted spaces. We
follow the convention of [9]. The Laplacian A, is a bounded map A, : Wap ’k(M ) —
Wf;];_z(M ) and there exists a discrete set D C R such that this operator is Fredholm
for 6 € R\ D. This is shown in [9] in the asymptotically flat case and the proof in
the ALE case is the same up to minor changes. We call the values § € D exceptional
and the values § € R\ D nonexceptional. If § € (2 — n, 0), the operator is even an
isomorphism [27, p. 151]. The Fredholm properties also hold for elliptic operators of
arbitrary order acting on vector bundles supposed that the coefficients behave suitable
at infinity [24, Theorem 6.1]. The isomorphism properties also hold with the same
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2834 A. Deruelle, K. Kroncke

range of § for connection Laplacians on arbitrary tensor bundles. We will use these
facts frequently in this paper.

2.2 The Space of Gauged ALE Ricci-Flat Metrics

Fix an ALE Ricci-flat manifold (M, gg). Let M be the space of smooth metrics on
the manifold M. For g € M, let V = V (g, go) be the vector field defined intrin-
sically by (3) and locally given by gij (F(g)f.‘j — F(go)fj) where F(g)f.‘j denotes the
Christoffel symbols associated to the Riemannian metric g. We call a metric g gauged,
if V(g, go) = 0. Let

F={g M| -2Ric(g) + Ly (g8 =0} @

be the set of stationary points of the Ricci—-DeTurck flow. In local coordinates, Eq. (4)
can also be written as

2
0= g’V “gij — 8" 2ip(20) "I RM(g0) juig — &M 8jp(80)"RM(g0)i1g
1
+g*gh <§V,-g°gpavf°gqb + V(ng,/pr"gib)
_gabgpq (Vgogjpvgogiq - Vfogpavbgogiq - vl'gogpavfogjq) )
see [31, Lemma 2.1]. By defining 7 = g — go, this equation can be again rewritten as
2
0 =g“* V) hij + hapg" (0)'" 8ip(20)"IRm(g0) jiig
+ havg" (80)"” 2 (80) P/ Rm(g0)ikiq
ab pq 1 Vg()h Vg()h VgOh Vg()h (5)
+87g §ip“j gb +Va njpVg hip
- gabgpq (Vgohjpvfohiq - Vfohpavfohiq - Vzgohpavgohjq) )

where we used that gg is Ricci-flat. The linearization of this equation at g¢ is given by

d .
a|t=0(_2R1Cgo+th + LV (go+th,g0) (80 + th)) = Lgyh.

A proof of this fact can be found for instance in [5, Chapter 3].
We recall the well-known fact that the L?-kernel of the Lichnerowicz operator
consists of transverse traceless tensors:

Lemma25 Let (M", g) be an ALE Ricci-flat manifold and h € ker;2(Lg,). Then
trgoh = 0 and divgyh = 0.

Proof Straightforward calculations show thattry, o Loy = Agqotrg, and diveyoLg) =
Ag, o divg,. Therefore, trg)h € ker;2(Ag)) and divg s € ker;2(Ag,) which implies
the statement of the lemma. O
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The next proposition ensures that ALE steady Ricci solitons are Ricci-flat:

Proposition 2.6 Let (M", g, X) be a steady Ricci soliton, i.e. Ric(g) = Lx(g) for
some vector field X on M. Then lim | X|, = 0 implies X = 0. In particular, any
steady soliton in the sense of (4) that is ALE with lim V (g, go) = 0 is Ricci-flat.

Proof By the contracted Bianchi identity, one has

1 1
EVgRg = divgRic(g) =div,Lx(g) = Evgtrg(ﬁx(g)) + AgX + Ric(g)(X)

1 .
= Engg + AgX + Ric(g)(X).
Therefore, AgX + Ric(g)(X) = 0. In particular,
AglXP3+ X - |X|; =2|VEX[; +2 < VEX, X >, —2Ric(g)(X, X) = 2|V4X[3,

which establishes that | X |§, is a subsolution of Ax := Ag + X-. The use of the
maximum principle then implies the result in case lim o, | X| = 0. O

Theorem 2.7 Let (M™, go) be an ALE Ricci-flat manifold with order t > 0. Let g € F
be in a sufficiently small neighbourhood of gy with respect to the L* N L>®-topology.
Then g is an ALE Ricci-flat manifold of order n — 1 with respect to the same coordinates

as go.

Remark 2.8 (i) If n = 4 or g is Kihler, it seems likely that g € F is ALE of order
n with respect to the same coordinates as go. However, we don’t need this decay
for further considerations.

(i1) A priori, Proposition 2.7 does not assume any integral or pointwise decay on the
difference tensor g — go or on the curvature tensor of g. The assumptions on g can
be even weakened as follows: If ||g — g0||Lp(g0) < K < oo for some p € [2, 00)
and [|g — goll zoo(gy) < € = €(go, p, K), then the conclusions of Theorem 2.7
hold.

Proof of Theorem 2.7 The first step consists in applying a Moser iteration to the norm
of the difference of the two metrics: |h|g, := |g — golg,- Indeed, recall that & satisfies
(5) which can also be written as

g ' % VE 2 4 DRm(go) « h = VE0h % V80p,
_ 2
g ! * Vgo,Zhl,j = gk’V,fl" /’l,'j.

In particular,

gl  VE2|h|Z = 2g7 (VEOh, VEOh) — 4(Rm(go) * . h)gy + (VO % V&R, h) gy,
g (V&R VoR) = g"f'v;’Ohk,vj.’Ohk,.
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2836 A. Deruelle, K. Kroncke

Therefore, as ||h]| g, < € where € > 0 is a sufficiently small constant depending
on n and go, we get

g R VO >2(VEOR2 +2(g7! — gg ) (VR VER)
— c(m)[Rm(go)|g, 113, — c(n)|h] g, | VRIS,
> — c(n)[Rm(go) g, A1, -

As [Rm(go)| € L"*(M) and h € L*(S’T*M), Lemma 4.6 and Proposition 4.8 of
[8] tell us that |#]|> = O(r~7) at infinity for any positive T < n —2,i.e. h = O(r~7)
for any t < n/2 — 1. Here, r denotes the distance function on M centred at some
arbitrary point x € M.

The next step is to show that V&4 = O~ ") for t < n/2 — 1. Assume p > 2.
We first proceed with a chain of inequalities as follows:

Il 2 ) < € (Hg—l £ VR F ||h||L5r(gO)>
=C <|||Vgoh|2”1‘ff,z(go) + ”h”LI_)T(go)>

=C (195200 e + 190 10 o) Willzocqap + C Ml -

Here, the first inequality follows from elliptic regularity for weighted Sobolev spaces,
see [25, Theorem 4.21]. The second inequality uses Eq.(5) and the third inequality
follows from an interpolation inequality for weighted spaces, see Lemma 2.9 below.
This implies

Ml grogey = € Ml < C Iz gy = C Ml o < 00

forall p € (n,00) and 7 + € < 5 — 1 provided that the L°°-norm is small enough.

Here, the first inequality follows from weighted Sobolev embedding, see [27, Remark
6.9]. The second inequality follows from the above and the third inequality follows
from the weighted Holder inequality (see e.g. [27, Lemma 6.7]) applied to /& and the
weight function itself. Consequently,

VO =007,

In the following we will further improve the decay order and show that h = O(r ~"*1).
As a consequence of elliptic regularity for weighted Holder spaces ([25, Theorem
4.211), we will furthermore get V80%h = O(r—"1=*) for any k € N. To prove these
statements we adapt the strategy in [8, pp. 325-327].

As Rm(go) = OGN, h = O(r~7) and V&h = O~ *"") for some fixed t
slightly smaller than 5 — 1, Eq.(5) implies that Ag)h = O(r=27=2). Thus, Agoh =
O(r—*) for some  slightly smaller than n.

Lety : M\ Br(x) — (R"\ Bg)/ T be coordinates at infinity with respect to which
go is ALE of order n — 1. Let furthermore IT : R" \ B — (R" \ Bg)/T be the
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projection map. From now on, we consider the objects on M as objects on R" \ Bg by
identifying them with the pullbacks under the map IT o ¢ ~!. To avoid any confusion,
we denote the pullback of A, by A. The operator Ag denotes the Euclidean Laplacian
on R" \ Bg.

Let ro = |z| be the euclidean norm as a function on R” \ Bg. Then we have, for
any 8 € R,

ArgP = Aory P+ (A= Ay P = BB —n+2r P2+ 00 P,

Letu = h;; for any i, j. For any constant A > 0, we have

AP £u) = (A- BB —n+2)+ 065" + 00y "))y P2

If we choose 8 > 0 so that 8 + 2 < < n, we can choose A so large that
AA-rgP+uy <0, A-rgP+u>0 ifrg=R.

The strong maximum principle then implies that u = O(r, p ) and we also get Au =
O(ro_ﬂ_z). By elliptic regularity, u € Wzﬂp (R™ \ Bg) for all p € [1, 0c0). We now
claim that we can (5) to prove Agu € L’jzﬁfz(R" \ Bgr). To do so, we first compute

2 2 2
g“bvj'g hij =Aoh;i; + (g" - gS")Vj’,‘; hij + (g8% — 5ab)V§2 hij
+89P(I(g0) * T'(g0) * 1 + 3T (g0) * h + T'(go) * VEOh).

Here 9 denotes the coordinate derivative on R”. We rewrite (5) schematically as
gV = Rm(gg)  h + V&h % VE0h.

A combination of these two formulas combined with standard estimates yields

+ ligo = 8l | V02

,2
lAoull,r, , <C (IlhllLooﬁ | ve02n)

P P
L, , L’y ,

+ IRm(go) s, , Wallpp + V<R[ 72,

+ 11T (g0) * I'(go)ll =, _, ||h||Lgﬁ 19T o)L, ||h||Lgﬁ

Gl , [9°8], )

and the right-hand side is finite because gop — § = O(F_”‘H), I'(go) = O(r™"),

al(g0) = O(r™""1),Rm(go) = O(r™""") and B < n — 2. This proves the claim.
Recall that a weight parameter § € R is called exceptional if & ¢ 7Z \

{—1,=2,...,3 — n}.Now for all nonexceptional values —y, [9, Theorem 1.7] implies
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2838 A. Deruelle, K. Kroncke

that the Euclidean Laplacian is an isomorphism as a map

Ao WEP@R"\(0}) — L, (R"\ {0)).

Thus for all nonexceptional values —y satisfying y < 28 < 2(n — 2), there exists
a function v/, € Wz’f (R™ \ Bpg) such that onl?/j = Aph;j. By the expansion of

ij
harmonic functions on R”, we have

hij — vl = Aijrg "+ 060", Qi — 00l = @ —n)lzl T Ajizi + O(rg ™).

Here, z = (z1,...,2,) denotes the coordinates on R” so that |z|] = rg. Sobolev
embedding implies vl?/j eC llf‘n (R"™ \ Bg). Therefore,

hij = Aijrg "2+ 00", Gihj = @ —n)lzl " Ajkzi + O(rg™).  (6)

We now can use Proposition 2.6 to improve this decay rate slightly by getting rid of the
A;j. In fact, the proposition implies that the equations Ric(g) = 0 and V (g, go) =0
hold individually. Therefore,

. 1 ..
0= g"(T(®)j; — T(g0)i)) =8" 8" (Gigji + 0811 — hgiy)
1 ..
- 58" (80) (3 (g0) j1 + j(0)i1 — 3 (80)i)
1 ij okl
=§3 8 (0;hj; 4 djhiy — 9hij)
1 .. ..
+5(87 - 8Y8M @ik jy + 8;hit — dihij)
1 ..
+3¢" (g = 8" (@;hji + djhiy — drhij) ©)
+lij(k1_( kiyco. R a9 iy
2g 8 80)")( z(gO)Jl + /(gO)zl l(gO)l/)
1 ..
258118](1(3,'/’1]'1 + djhi — Orhij)
+ 005" ) 0y ") + 0y ") - 0™

k
_ <Az _ %tr(A)z) @ — m)lzl ™" + 0™,

which implies that A;; = 0 and thus, h = O¢ ") As hij = v]; + 005"+
14
ij
and elliptic regularity imply that h;; € Cllf‘n (R™ \ Bg), so that V80h = O@r™").
Elliptic regularity for weighted Holder spaces ([25, Theorem 4.21] again) implies that
veokp — o=tk for all k € N. o

with v/, € W%f (R™ \ Bg) and an harmonic remainder term, Sobolev embedding
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Lemma 2.9 Let p € [2, 00), T € Rand afixed ALE metric be given. Let h be a section
in a Riemannian vector bundle with connection. If h € L* with Vh € er_fl we have
|Vh|? € LY and the weighted interpolation inequality

e, = (|

ot ||Vh||L¢+l) Il o

Proof By density, we may assume that / is compactly supported. To avoid differen-
tiability issues at 0, we introduce the quantity |h|s = ((h, h) + 8)1/2. Recall that p is
the weight function on the manifold. Then we compute

[ 1wnerotan < [ on vmvnptan
M M

=- f (h, AR)[VARP ™ p%dp + f (h, VI)(V[V RIS ) pdp
M M

+ [ IV o
M

2p=2 2p—4
5/ |BIIV?|| V5" p“dM+C/ RIIVAPV2RIIVA[ ™ p¥dpe
M M
+C [ IR

where we used that |V p| is bounded in the last step. By letting § — 0, we obtain

[M VAP o%sp < C /M IRV R VAP 2 pdp + C /M IIIVAP~ 0oy,

By the Young inequality,

|h|IV2R||VRI*P~2 < €|VRI*P + C(e)|h|P|V?h|?,
k|| Vhlp~ [VRI*P™2 < €|VAI*P + C(€)|h|P|VhIPp~P.

Therefore,
/ VAP 0%dps < 2Ce / VAP p%dpt + C - C(e) / (1P 19217 pdu
M M M

+c. c<e>/ [P |V h|P 0% Pdpe.
M

Let us choose € < % Then we obtain, by subtracting the first term on the right-hand
side and by dividing by a constant

/ |Vh|*P p*dp < Cf |h|P1V2h|P pdp + C/ |h|P|VRh|P p* Pdp.
M M M
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Taking the p-th root yields, with a new constant C:

1 1 1
(f IVhIZ”p“dM>pSC</ |h|P|V2h|Pp“du)"+C</ |h|"|Vh|f’p“*Pdu>’
M M M
1
< C il {(/ |h|”|V2h|”p°‘d,u)p
M
1
P
+</ Ihl”IVhI"p"‘_”dM> }
M

Inserting « = —t p — n yields the desired inequality. O

Remark 2.10 The proof of the above theorem also applies to &1 € ker;2(L,) with the
only difference that the first equality in (7) is replaced by the formula 0 = divg h —
%Vgotrgoh but which admits the same asymptotic expansion. This formula in turn
holds because # is a TT-tensor due to Proposition 2.5. Therefore we can conclude that
h = Oco(r ") if h € ker 2 (Lgy).

Theorem 2.11 Let (M, go) be an ALE Ricci-flat metric and F as above. Then there
exists an L? N L™®-neighbourhood U of go in the space of metrics and a finite-
dimensional real-analytic submanifold Z C U with TgyZ = ker;2(Lg,) such that
UNF is an analytic subset of Z. In particular if go is integrable, we have U N F = Z.

Proof Let ® : g — —2Ric(g) + Ly (g,40)(g) and By2n7 (g0, €) be the e-ball with
respect to the L> N L>-norm induced by go and centred at go. By Theorem 2.7, we
can choose € > 0 be so small that any g € F N B2~ (g0, €) satisfies the condition
g — 80 = Oso(r ") sothat ||g — g0||H§ < ooforany k € Nand § > —n + 1.

Suppose now in addition that k > n/2 4+ 2 and § < —n/2 and let V be a Hé‘-
neighbourhood of go with V C Bj2n1 (g0, €1). Then the map ®, considered as a
map @ : H§(SZT*M) OV — H§:22(S2T*M) is areal-analytic map between Hilbert
manifolds. If § is nonexceptional, the differential d®gy, = Ly, : Hg‘(SZT*M) —
H ;‘__22 (S2T*M) is Fredholm. By [20, Lemma 13.6], there exists (possibly after passing
to a smaller neighbourhood) a finite-dimensional real-analytic submanifold W C V
with gg € W and Tg W = keng (Lg,) such that V N o 10)c Wisa real-analytic
subset.

By the proof of Theorem 2.7, we can choose an L? N L*-neighbourhood Ugy C
Bi2n10(80, €) of go so small that U,, N F C V (provided that V is small enough).
Then the set Z = Uy, N W fulfils the desired properties because Ty  Z = Tg )W =
ker ! (Lgy) = ker;2(Lg,) due to the asymptotics of elements in ker;2(Lg,) shown in
Proposition 2.7 and Remark 2.10. O

Proposition 2.12 Let (M", go) be an ALE Ricci-flat manifold and letk > n/2+ 1 and
8 € (—n+ 1, —n /2] nonexceptional. Then there exists a H g‘ -neighbourhood Z/Ié‘ of 8o
in the space of metrics such that the set

Gk =g U 1 8" (T ()}, — T(g0)) =)
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is a smooth manifold. Moreover, for any g € UX, there exists a unique diffeomorphism
@ which is Hg‘_:‘ll -close to the identity such that p*g € g{;.

Proof LetU be a H § -neighbourhood of gq in the space of metrics such that the map
Vi HY(S*T*M) DU — Hy~|(TM), given by V(9)' = V(g, g0)' = " (T (g)}; —
F(go)ﬁ j) is well-defined. Linearization at go yields the map F : Hak (S2T*M) —
H(é{__ll(TM), defined by F(h) = (divgoh)tI — %Vgotrgoh. To prove the theorem, it
suffices to prove that F' is surjective and that the decomposition
Hf(S*T*M) = ker F & £ (g0)(Hy,| (T M))

holds (here, Zx (go) denotes the Lie-Derivative of gg along X). In fact, a calculation
shows that F' o £ (go) = Ag, +Ric(go)(-) = Ag, since g is Ricci-flat. Since the map
Ag, HS”‘_:'II (A'M) > H ;‘__11 (A' M) is an isomorphism, it follows that F is surjective

and ker F N .2 (g0)(Hy, | (T M)) = {0}. To show that

Hf(S*T*M) C kerp2(F) & £ (g0) (HyH (T M),

let h € HY(S*T*M) and X € Hy[| (T M) the unique solution of F(h) = Ag X =
F(Zx(g0)). Then h = (h — £%x(g0)) + Lx(go) is the desired decomposition. By

surjectivity of F', g§ is a manifold. The second assertion follows because the map

@ : G5 x Hyf | (Diff(M)) — M§ = M0 H(S’T*M), (g, 9) —~ ¢*g,
is alocal diffeomorphism around go due to the implicit function theorem and the above
decomposition. O

Remark 2.13 The construction in Proposition 2.12 is similar to the slice provided
by Ebin’s slice theorem [15] in the compact case. The set F is similar to the local
premoduli space of Einstein metrics defined in [20, Definition 2.8]. In contrast to
the compact case, the elements in F close to go can all be homothetic. In fact, this
holds for the Eguchi—-Hanson metric, see [28]. More generally, any four-dimensional
ALE hyperkéhler manifold (M, g) admits a three-dimensional subspace of homothetic
metrics in F: see [34, p. 52-53].

2.3 ALE Ricci-Flat Kadhler Spaces

Lemma 2.14 (85—Lemma for ALE manifolds) Let (M, g, J) be an ALE Kdihler man-
ifold, § + 2 < —n/2 + 2 nonexceptional, k > 1 and o € H;‘(Ap'qM). Suppose
that

e o = df for some B € H;‘j:]l (AP=L4M) and da = 0 or

o o = dp for some B € HyH (AP47' M) and o = 0.

Then there exists a formy € H;‘:{;(Ap_l*q_lM) such that o = 3dy. Moreover, we
can choose y to satisfy the estimate ||y || yir2 < C - ||Ol||Hg< for some C > 0.
542
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Proof This follows along the lines of Lemma 5.50 in [4], except that we have to replace
the standard Sobolev spaces by weighted ones to capture the ALE condition. Letd = 9
ord =9dand A = Ay = Aj. Consider A as an operator A : H;‘izz(A*M) —
H;‘ (A*M). Because of the assumption on §, it is Fredholm and we have the L2

orthogonal decomposition
Hf (A*M) = ker2(A) @ A(HS 5 (A*M)

for§ € [-n+1, —n/2) [17, Theorem 8.4.1]. Moreover, Fredholm properties of elliptic
operators on ALE manifolds (see e.g. [27, Sect. 10]) imply that A is a Fredholm map
of index zero on these spaces. Thus, we can define the Green’s operator G which is
zero on ker; 2 (A) and the inverse of A on ker; 2 (A)™. This defines a continuous linear
operator G : Hg‘(A*M) — H;‘LZ(A*M). By Hodge theory and because d + d* :

Hé‘_tll (A*M) — H(g" (A*M) is also Fredholm,

d(H{H (A M) ® d* (H [ (A*M)) = AH S (A*M)).

and it is straightforward to see that G is self-adjoint and commutes with  and d*. As
in Ballmann’s book, one shows that y = —G93*0*Ga does the job in both cases. The
estimate on y follows from construction. For o € H§ (APIM) withd < —n + 1, we
gety € Hg‘,ﬁ(AP"f M) for any 8 > —n + 1. But as in [17, Theorem 8.4.4], the fact
that @ = 99y allows us to deduce y € H;‘IZZ(AI’"]M). O

Let (M, g, J) be a Kihler manifold. An infinitesimal complex deforn_lation is an
endomorphism / : TM — T M that anticommutes with J and satisfies 9/ = 0 and

9*I = 0. By therelation / J+J I = 0, I canbe viewed as a section of A% T MRT1O0M.

Theorem 2.15 Let (M", g, J) be an ALE Kiihler manifold with a holomorphic volume
Jorm, k > n/2+ 1,8 < —n/2 nonexceptional and I € H;‘(AO’IM ® TOM) such
that 91 = 0 and 3*1 = 0. Then there exists a smooth family of complex structures
J(t) with J(0) = J such that J(t) — J € H;(T*M ®TM)and J'(0) = I.

Proof The proof follows along the lines of Tian’s proof by the power series approach

[33]: We write J (1) = J (1 — I(t))(1 + 1(t))~", where I(t) € HY(A“'M ® T'OM)
and 7 (¢) has to solve the equation

- 1
al(t) + E[I(t), I1(t)]=0,

where [., .] denotes the Frolicher—Nijenhuis bracket. If we write 7 (¢) as a formal power
series I(t) = Zkz 1 I t*, the coefficients have to solve the equation

N—-1

_ 1
By + 5 ];[Ik, In—1]1=0,
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inductively for all N > 2. As A™OM is trivial, there is a natural identification of
the bundles A®'M ® T1.0M = A"~1!'M by using the holomorphic volume form
and we now think of the [ as being (n — 1, 1)-forms. Initially, we have chosen
I € Hg‘ (A"'M ® T"OM), given by I = 2I;J. By the multiplication property of
weighted Sobolev spaces [13, p. 538], [11, I1] € Hé‘:ll(A”’]’zM). Using d/; = 0and
9*I, = 0, one can now show that d[1;, I;] = 0 and [I;, I;] is -exact. The 39-lemma

now implies the existence of a Y € Hg‘j_rll (A"=21 M) such that

_ 1
doy = ——[1, I1],
4 2[1 1

and so, I = 0y € Hg‘(A”_UM ) does the job. Inductively, we get a solution of the
equation

i | N
00y = 3 ];[lk, In—k],

by the 89-lemma since the right-hand side is d-closed and d-exact (which in turn is true
because 9l = Ofor 1 <k < N—1). Now we canchoose Iy = 0y € Hg‘(A”’]’lM).

Let us prove the convergence of the above series: Let D be the constant in the
estimate of the 39-lemma and D5 be the constant such that

e Y illgr-1 = Do llpll g 191 g -

Then one can easily show by induction that

1 N-1
1Nl g < C(N) - [EDl 'Dz} 11 0™

for N > 1, where C(N) is the sequence defined by C(1) = 1 and C(N) =
Z:V;ll C@i)-C(N —i)for N > 1. By defining D := 2/(Dy - D) and s =
3D1- Dy -l - 1, we get

o0 ] e’} ) 1 1
1@l <D Millgpt' <D-) C@)-s'=D- (5 -V3 —s> :
i=l1 i=l1

if s < 1/4 which shows that the series converges. Thus /(¢) € Hé‘ (A" 11M) and
Jt)—J = =271+ 1)~ e H (A VIMy = HE A "M@ T M), O

The proof of the above theorem provides an analytic immersion ® : H ;‘ (A*'M ®
T'OM) Nker;2(A) D U — HJ(T*M ® T M) whose image is a smooth manifold
of complex structures which we denote by J(Sk and whose tangent map at J is just the
1njection.
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Proposition 2.16 Let (M, go, Jo) be an ALE Calabi—Yau manifold, § < 2 — n nonex-
ceptional and ._75]‘ be as above. Then there exists a H (é‘ -neighbourhood U of J and a
smooth map P : Jak nNU — M’g which associates to each J € J(Sk N U sufficiently
close to Jy a metric g(J) which is H§-close to go and Kdhler with respect to J.
Moreover, we can choose the map ® such that

1
d®,, (I)(X,Y) = 58U X, JoY) + go(JoX, IY)).

Proof We adapt the strategy of Kodaira and Spencer [19, Sect. 6]. Let J; be a fam-
ily in jgk and define J;-hermitian forms w; by I'Itl’la)o(X, Y) = %(wo(X, Y) +
wo(J; X, J;Y)). Let d;, 9; the associated Dolbeaut operators and 9, ét* their formal
adjoints with respect to the metric g;(X, Y) := w;(X, J;Y). We now define a forth-
order linear differential operator E; : H gc (Atp My > H ;‘__f (A{7 “I M) by

It is straightforward to see that E; is formally self-adjoint and strongly elliptic. More-
over, o € keng (E;) if and only if 9;a = 0, d;« = 0 and 9,9, = 0, i.e. dae = 0 and
879 a = 0 hold simultaneously. If § is nonexceptional, E; is Fredholm which allows
us to define for each 7 its Greens operator G, : Hy 4 (A" M) — HF(AM). As
in [19, Proposition 7], one now shows that

ker,2(d) N HE (AP M) = 8,8, (HE2(AP 7 M) @ ker 2 (En) 0 HE (AP M)
is an L2(g;) orthogonal decomposition. The dimension of ker;2(E;) N Hg‘ (A,I’IM )
is constant for small # which implies that G, depends smoothly on . The proof of this
fact is exactly as in [19, Proposition §].

Now observe that E;w; € H;:f(A,l’lM) if w; and J; are H(é‘—close to wq and Jy,
respectively. This allows us to define

=y — Gt Ejor + atétut =1~ G,E,)l_[,l’la)o + atétuls

where u; € Hé‘j_rzz(M ) is a smooth family of functions such that uy = 0 which will be

defined later. Clearly,
d)l = wr — G[E[Ll)t € ker Et'
As wy is Hg‘-close to wgy, V8@, € Hg‘:ll (g1), since wq is go-parallel. Therefore,

V&, = O(r~* 1) and V82w, = O(r—*?) for any @ < —§. Thus, if we choose
the nonexceptional value § so that § < —n + 2, integration by parts implies that

- - -2 - -
||8lwl||22(gt) + || 81('0[ ||L2(gt) S (Elwtv a)l)Lz(gt) = 0
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Therefore, o; and hence also @y is closed. Differentiating at + = 0 yields
(1)6 ={1- GoEo)w6 — Go(E(/)a)()) + 3050146 = 606 — Go(E(/)a)()) + 3050146.

Because daw; = 0, we have d&)(/) = 0 and since J(’) is an infinitesimal complex defor-
mation, Eqw;, = 0 and dw(, = 0 which implies that

Go(Ejwo) € ker 2(Eg)* Nkerp2(d) N HE (Ay' M) = d0do(HL3 (M)).
Letnow v € Hakizz(M) so that dpdgv = Go(E(’)a)o). Then define u; € H;‘IZZ(M) by
Uy ;= 1v.

By this choice, @&, = «y, and the assertion for d® s, (J)) = g, follows immediately.
Finally, g,(X,Y) := @;(X, J;Y) is a Riemannian metric for ¢ small enough and it is
Kihler with respect to J;. O

Remark 2.17 Let J; is asmooth family of complex structures in \75" NUand g; = D (J;).
Then the construction in the proof above shows that I = Jjand h = g, are related by

h(JX,Y) = —%(g(X, IY)+g(IX,Y)).

Before we state the next theorem, recall the notation gj; we used in Proposition 2.12.

Theorem 2.18 Let (M", go, Jo) be an ALE Calabi—Yau manifoldand § € (1—n,2—n)
nonexceptional. Then for any h € Ker;2(Lg,), there exists a smooth family g(t) of
Ricci-flat metrics in Q(]s‘ with g(0) = goand g, = h. Eachmetric g(t) is ALE and Kdhler
with respect to some complex structure J (t) which is H g‘-close to Jo. In particular, go
is integrable.

Proof We proceed similarly as in [3, Chapter 12], except the fact that we use weighted
Sobolev spaces. Given a complex structure J close to Jo and a J-(1, 1)-form @ which
is H ;‘ -close to wp, we seek a Ricci-flat metric in the cohomology class [w] € ’HIJ’l (M).
As the first Chern class vanishes, there exists a function f,, € H § (M) such that i3d f,,
is the Ricci form of w. If ® € [w] and ® — w € Hé‘ (Ai’lM), the 33-lemma implies
that there isa u € Hg‘j:zz(M) such that @ = w + i - 99u. Ricci-flatness of @ is now
equivalent to the condition

=: Cal(w, u).

(w+i9du)"
Jo =log —— ——
[0

Let jsk be as above and A ; the Dolbeaut Laplacian of J and the metric g(J). Then
all the (L%)—cohomologies Hljla (M) = kerLg (AN L§(A1’1M) are isomorphic for
J e jak if we choose j{sk is small enough: We have H%(M) = H?’g (M) EBHIJ’,](S (M)
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H(}’% (M). The left-hand side is independent of J and the metric g(J) is provided by
Proposition 2.16. The spaces on the right-hand side are kernels of J-dependent elliptic
operators whose dimension depends upper-semicontinuously on J. However the sum
of the dimensions is constant and so the dimensions must be constant as well.

Thus, there is a natural projection pry : ker;2(Ay,) — ker;2(A;) which is an
isomorphism. We now want to apply the implicit function theorem to the map

G : Jf x Hy sy < HEFS () — HE (M)

(J,k,u) = Cal(w(J) + prj(K), u) = fo)+priw)>

where w(J)(X,Y) := g(J)(JX,Y) and g(J) is the metric constructed in Propo-
sition 2.16. We have G(Jp,0,0) = 0 and the differential restricted to the third
component is just given by A : Hg‘:zz(M) — Hg‘(M) (cf. [3, p. 328]), which is
an isomorphism. Therefore we find a map W such that G(J, «, ¥(J, k)) = 0.

Let now h € kerj2(Lg)) and let h = hy + hy its decomposition into a Jy-
hermitian and a Jy-anti-hermitian part. We want to show that % is tangent to a family
of Ricci-flat metrics. We have seen in Theorem 2.7 together with Remark 2.10 that

h € Hg‘(SZT*M) for all § > 1 — n and we can define I € Hé‘(T*M ® TM) and

k € HE(A} (M) by

g8(X, 1Y) = —ha(X, JoY), k(X,Y)=hpg(JoX,Y). 8)

It is easily seen that I is a symmetric endomorphism satisfying I Jy + Jo/ = 0 and
thus can be viewed as I € Hg‘(AO'lM ® T19M). Moreover, because hy is a TT-

tensor, 9/ = 0 and 8*1 = 0. In addition x € ’Hlj(’)l (M). The proof of this facts is
as in [20]. Let J(r) = ©(¢ - I) be a family of complex structures tangent to I and
@) = P(J (1)) be the associated family of Kéhler forms. We consider the family
o) = o)+ pript - k) + iddW(J (1), 1 - «) and the associated family of Ricci-
flat metrics g(1)(X,Y) = w(t)(X, J(1)Y). It is straightforward that g’(0) = h. By
Proposition 2.12, there exist diffeomorphisms ¢; with @9 = id such that g(t) =
rg) e gé‘. We obtain g’ (0) = h + #x go for some X € Hf:ll(TM). Since A is a
TT-tensor due to Lemma 2.5, h € Ty, Qg. On the other hand, g’(0) € Ty, g§ as well
which implies that g’(0) = & due to the decomposition in Proposition 2.12.

By Theorem 2.11, the set of stationary solutions of the Ricci—-DeTurck flow F
close to go is an analytic set contained in a finite-dimensional manifold Z with
Ty Z = ker;2(Lg,). The above construction provides asmoothmap & : ker;2(Lg,) D
U — F C Z whose tangent map is the identity. Therefore, there exists a L> N L>-

neighbourhood U of g¢ in the space of metrics such that F NU = ZNU. O

Let h € C®(S?T*M) and hy, h, its hermitian and anti-hermitian part, respec-
tively. The hermitian and anti-hermitian part are preserved by Lg,. Let I = I (ha) and
k = k(hg) be defined as in (8). Then we have the relations I(L(ha)) = Ac(I(ha))
andk(L(hg)) = Ag(k(hg)), where Ac and A g are the complex Laplacian and the
Hodge Laplacian acting on C*°(A%'M @ T1-0M) and C*® (AIJE)l M), respectively. For
details see [20] and [3, Chap. 12]. As a consequence, we get
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Theorem 2.19 (Koiso) If (M, go, Jo) isan ALE Ricci-flat Kiihler manifold, it is linearly
stable.

3 Ricci Flow

Our main result of this section is the following

Theorem 3.1 Let (M", go) be an ALE Ricci-flat manifold. Assume it is linearly sta-
ble and integrable. Then for every € > 0, there exists a § > 0 such that the
following holds: For any metric § € Bp2np(80,9), there is a complete Ricci—
DeTurck flow (M", g(t)):>0 starting from g converging to an ALE Ricci-flat metric

800 € Br2nr(80, €).
3.1 An Expansion of the Ricci Flow

Let us fix an ALE Ricci-flat manifold (M", g¢) once and for all. Recall the definition
of the Ricci flow

{ 9, = —2Ric(g(z)) on M x (0, +00),
8(0) = go +h,

where £ is a symmetric 2-tensor on M (denoted by h € S2T*M) such that g0)isa
metric. The Ricci—-DeTurck flow is given by

{ 08 = —2Ric(g(t)) + Ly (e(r),50) (&) on M x (0, 4+00),
g(0) =go+h,

where V (g(1), go) is a vector field defined locally by V¥ = g(r)"/ (r(g(r)){fj —r(go)jfj)
and globally by

. 1
go(V(g(®), go), ) == —divgpgo + Evg(’)trg(z)go. 9

Following [31, Lemma 2.1], the Ricci—DeTurck flow can be written in coordinates as

2
dgij = g’V gii — g gi,Rm(g0) juip — & gjpRM(g0)ikip

1
+g*PgP (Evfogpavfogqb + Vagogjpvqgogib)

b oJ oJ
_ga gpq (Vgogjpvzfogiq - ngogpavgogiq - Vfgogpavbgogjq> .

For our purposes, we calculate a different expansion: Let g and g two Riemannian
metrics on a given manifold and 4 := g — g. Then a careful computation shows that
in local coordinates,
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. - - g,2 .2 8.2
2(Ric(8)ij — Rie(@)i) = —(Lgh)ij + & (V" hjo + ViThiv = Vi “huy)
B 0 ) g,2 2,2
+ (" = g“)NVE hj, + ij hiv — Viy hij — Vi‘ huw)

_ _ _ B 1 - _
+ gtV grd (vghpivghqj — VShuiVEhg + Evfhu,,vj’th>
_ 1 _ _ — _
+ g"v (_vﬁhvp + Evghuv> gpq(vlghqj + V(JS‘)hqi - Vghij)7

where gV, gV are the inverse matrices of g,,, gy, respectively. For a calculation,
see for instance [5, p. 15]. Furthermore, if a background metric g is fixed and if
V = V(g, go) is defined as above, then we have the expansion

Vg 80" = V(& g0)* =288 (Y hji + Viha = Vihij)
— hpg8"' g (T (@) — T(g0)}))
1_.. _ _ _ _
+ 58"’ " — " Vi + Vhit — Vi hij)
) 5 5
+ 586" = &V hji+ Vihis = Vihij)
+ l( ij —ij)( Kkl —kl)(v§h_ —i—V‘éh- _ Vg'h--)
3 8 878 8 i i jhil 1 Nij

— hpg(g”" — &P (T(@); — T(20)}))-
Thus for V = V(g, go) and V = V (g, go), we have
Ly gij — Ly 8ij = Lv8ij + Lvhij — ZLy8ij
= VIV + ViV + VEVEh + VEVE R + VEVR Ry — L5 8i).
Now if g is a Ricci-flat metric that additionally satisfies V = 0, we can write the
Ricci—DeTurck flow as an evolution of the difference h(¢) := g(¢) — g for which we

get

0:h = 0;g = —2Ric(g) + 2Ric; + fv(g,go)g — fv(g’go)g

) Vs (0)
=Lzh —Dg/p(hyr(g)fr(go))g-i- F*V8hxVEh 4+ VE(G x h x VEh),

where (h, T'(3) — T'(g0))* = hp,8" gqf(r(g){.fj — T'(g0)};) and * denotes a linear
combination of tensor products and contractions with respect to the metric g. The
tensors F and G depend on g~! and I"(go).

3.2 Short-Time Estimates and an Extension Criterion

In this subsection we recall the short-time estimates of C*¥-norms and an extension
criterion for the Ricci—-DeTurck flow. In addition, we prove some new Shi-type esti-
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mates for L2-type Sobolev norms. For the sake of simplicity, all covariant derivatives
and norms in this subsection are taken with respect to gg.

Lemma 3.2 (A priori short-time C*-estimates) Let (M, go) be a complete Ricci-flat
manifold of bounded curvature. Then there exist constants € > 0 and T > 1 such that
if g(0) is a metric satisfying

lg(0) — goll L <€,

there exists a Ricci—-DeTurck flow (g(t)):c[o,7] with initial metric g(0) which satisfies
the estimates

[V e — g0 < Clk, ™2 1g0) — gollz . VE€No, 1€ (0,71,

Moreover, (g(t)):e[0,r) is the unique Ricci-DeTurck flow starting at g(0) which satis-

fies
lg(t) — goll 1 < C(0.7) 1g(0) — goll 1o -

In particular, this implies the following: if (g(t)):e[0,00) is a Ricci—-DeTurck flow and
such that it is in Bp~(go, €) for all time, then there exist constants such that

Hvk(g(t) . go)HLoo <Che, VkeN, 1ell,o0).

Proof The same statement is given in [6, Proposition 2.8] for the case of negative
Einstein metrics. The proof is standard and translates easily to the present situation.
For more details, see e.g. [5, Sect. 3.7]. O

Lemma 3.3 (A priori short-time L2-estimate) Let (M, g0) be an ALE Ricci-flat man-
ifold. Then there exists an € = €(n, go) > 0 with the following property: Suppose
that ((t))ie[0,T,4,) s a Ricci-DeTurck flow such that h(t) = g(t) — go satisfies

lh(@)|lLe < € forallt € [0, Thyax) and ||h(0)| ;2 < 00. Then |h(t)|;2 < oo for all
t € (0, Tyay) and there exists a constant C = C(n, go) such that

1)l 2 < e 1ROl 2, Yt € (0, Tnax).

Proof By (10), we can rewrite the Ricci—-DeTurck flow with gauge go in the schematic
form

h=Ah+Rmxh+FxVhVh+V(G*h*Vh). (11)

For each R > 0, let ng : [0, c0) be a function such that ng(r) = 1 for r < R,
nr(r) = 0forr > 2R and |Vngr| < 2/R.For x € M, let ¢ x(y) = nr(d(x,y)).

@ Springer



2850 A. Deruelle, K. Kroncke

Then¢r x» = lon Br(x),¢pr.x = 0on M\ Bogp(x) and [Ver x| < 2/R. For notational
convenience, we write ¢ = ¢r , in the following. By (11), we obtain

3 / Ih|*p*dp <2 f (Ah, $*h)dp + C||Rm|| oo / > p*dp
M M M
+C||h||Loof IVh|2¢2dM+/ (V(G % h % Vh), h)p>du
M M
5_2/ |Vh|2¢2d,u+C/ VARVl ddu
M M
+Clg0) / (hP$%du + Cllhl o f IVhP$%du
M M
<(=2+ Ce +C8) f IVA*¢*dp + C(go) / Ih|2p>du
M M

C
+5/ |h?|V|*du
M

2C
C(g0) + ) / |hPdp
( SR ) J o)

for an appropriate choice of §. Define

A(t. R) = sup / Ih(0) 20, dpe.

xeM JM

As (M, go) is ALE, there exists a constant N = N(n) such that each ball on M of
radius 2R can be covered by N balls of radius R. Thus, by integration in time,

2C !
f |h(t) 2% du < / |h(0>|2¢§,xdu+<0(go>+—2> / / |h(s)|*dp ds
M SR Bog(x)

2C !
/|h(0>| ¢Rxdu+N(c<go>+8R2)fo A(s. R)ds.
Consequently,
2C !
AGR) < AOR)+ N (Clgo) + -5 /A(s,mds
0

and by the Gronwall inequality,

A(t,R) < A0, R C 2¢
(t, R) < A, )-exp( <(go)+8R2>>

The assertion follows from letting R — oo. O
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Lemma 3.4 (A priori short-time H k_estimates) Let (M, go) be an ALE Ricci-flat man-
ifold. Then there exists an € = €(n, go) > 0 with the following property: Suppose that
(8(1))t€[0,Tpar) B8 a Ricci—-DeTurck flow such that h(t) = g(t) — go satisfies

Ih()llpe <€, Vtel0, Thay).

Then for each T € (0, Tay) and k € N there exist constants Cy = Ci(n, go, T') such
that if |h(t)||;2 < K forallt € [0, T], we get

IV 2 < Cr- 1742 K, Vie(0,T].

Inparticular, if (8(1))te[0, T,y ) IS a Ricci flow satisfying ||h(t) || < € and |h(t)|| ;2 <
K aslong ast € [0, Tynax), then there exist constants Cy = Cy(n, go) such that

IVER(O) |2 < Ch- K, VkeN Vi e[l, Tuaw).

Proof The proof follows from a delicate argument involving a sequence of cutoff
functions. By differentiating (11), we get

8 ViR =VE AR + VE(Rm * h) + VF(F x Vh % Vh) + V(G % h x Vi)
k
=AVFh + Z VIRm x V¥ 'h + Z VI F 5 vty vhtly

=0 0=y, 13k
l1+Db+13=k

+V Z VG % V2R VBT

0<ly,b,l3<k
li+Db+l3=k

Let ¢ be a cutoff function as in the proof of Lemma 3.3. Then
3 / IVER2¢%dp 52/ (AV*h, VER)¢?du
M M

k
+CZ||V1Rm||Loe/ IV IRIIV hip?du
1=0 M

+ > (VIF 5 VR 5 VBT VERy¢2dp
M

0<h,bx,13<k
h+h+i=k

+/ \Y Yo VNG VRRx VI | ViR ) ¢Pdu.
M

0<ly,bp,13<k
h+lh+i3=k
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Let us consider each of these terms separately. Then we get

2/ (AV*R, ViR ¢? dp < —2f |Vk+1h|2</>2d,u+2f VKR | VER V| d
M M M

1
< (—2+6>/ |Vk+1hI2¢2du+—/ VRV de
M S Jm

and
k k
CvalRanoof |vk—lh||vkh|¢2dusCZ/ VP62 dpr.
1=0 M 1=0 "M

In the estimates of the higher order terms, we use the property || VXA | 0 < Crt*/%€,

which follows from Lemma 3.2. It also implies |[VXF|z~ < C - t7%/?2 and
IVEG||p < C-1t7%/% fort € (0, T] and k € N.
Z /(Vl‘F*Vlz“h*Vl3+1h,th)¢2du
0<ly.l.lz<k*M
li+Db+l3=k
0O<I<i<k M
<C-t Y / |Vk_iF||V’+1h||Vi_l+1h|¢2d,u+Ct_1f IVER[2p% dp
o<i<i<k’M M

k
<Ce) / IV h2g? dp + Cr ! / IVERP¢* d
=0 M M
k
Zc.c / VR ARG 4 € / V' d.
M =1 M

For the last term, we first perform integration by parts:

/ <v Z VIG x V2R« VB |, vkh>¢2 dp
M

0=y, 13k
L+l +13=k

<- > (VUG % V2R« VBT, VEH iy e? du
M

0=y, 13k
I+ +13=k

+C Y /|vllG||V’2h||v13“h||vkh||V¢|¢du
M

0<li,l2,l3<k
h+h+i=k

@ Springer



Stability of ALE Ricci-Flat Manifolds Under Ricci Flow 2853

The first of these terms is estimated by

— Z / (VIG « V2R« VB Vi e dp
M

0=l 13k
li+h+l3=k

= _/ (G xh* VI V- g2 du
M

k
-y > / (VG % V2R % VBT, VFH nye? du
M

=1 0<l,h<k
L +lh=k—I1+1

< (Cllhll > + 8)/ IV R 27 dp
M

k
C
F5X X [ VGRIVERRIARS d

=1 0<l1,lh<k
L+h=k—I+1
where we used the Peter—Paul inequality ab < §a” + %bz. For the second of these

terms, we estimate

c > VG| |IV2R|| VBT R [ VER| | V6 du
M

0=l 13k
li+h+13=k

:c/ |GIIRIIV* R VERIIV @I due
M

k
+Cy Y /M IV GIIVERIIV A VERI [V lp du

I=1 0<ly,lh<k
L+h=k—I+1

scnhan/ |Vk+1h|2¢2du+0/ VR PV du
M M

k

+C > f VOGP VRV R ¢? A,
M

=1 0<l1,l,<k
Li+lh=k—1+1

where we again used the Peter—Paul inequality. Summing up, we get

/ <v Z VUG« VRR VBT |, th> d*du
M 0<ly, b, l3<k
L+h+1l3=k

< (54 C 1Al 1) /M VAP dy + € /M V4RI VP du
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k
+Cy > VLG 2| VE2R 12|V ¢ du
=1 0<l1,h<k
Li+l=k—I1+1

<@+ Ce>/ VK R 2p2du + c/ IVERI2 VoI dp
M M

k

c 7k+Hf 11122
— t V'h du.
+8§ M| [“¢p”du

=1

Assuming that €, § > 0 are small enough, we therefore get
oy / IVERP¢* du < — / IV h P2 + Ck/ IVERP VP dpe
M M M
k
+ Ck/ h2¢* dp + C Y e H! / IVER12p2 dpe.
M = M

In the following, let x € M and ¢; : M — [0, 1], 0 <[ < k a sequence of cutoff
functions with the following properties:

o =1 on B(x,(k+1—0DR),
¢ =0 on M\ B(x,(k+2—-0DR),
Vil <2/R.

Obviously, we get¢p; < ¢y—1forl <l <kand,if R > 2,|V¢| < ¢y—1forl <[ <k.
We now define a function Fj : [0, T] — R as

k
R = YAt [ vnPe} d
M

=0

where A; are some positive constants we will choose later. Then we can compute
k k
L SVl LR TR SR MR
1=1 M 1=0 M
k k
<1t f VIR ?¢? du — ZA,:’/ VI R 27 du
I=1 M 1=0 M
k
+ G [ g} au
1=0 M

k k 1
+> 0 A fM|V’h|2|V¢z|2du+ZCIAZZF‘fM|V’h|2¢>%du
=0 =0 i=1
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k
< [IAI — A1+ ClAI + ZCiA,} T / Vg du
M

=1 i=l

k
+Co- Ao [ WPIVOP dut Y Coa' [ hPgdan.
M 1=0 M

Note that we used the properties ¢; < ¢;—1 and |V¢;| < ¢;—1 in the above estimate.
Now if we choose Ay, Ax—1, ... Ag inductively such that

k
A1 = 1A+ CAt + ) CiA,

i=l

forall ¢+ € [0, T'], then
0 F < Clgo.k, T) / IhP03 du < Clgo, k, T) / P dp.
M M

so that we get Fi (1) < C(8o, k, T) - sup,¢(o. 1) fM |h|?>du forallz € [0, T]. The result
now follows from letting R — oo. O

We conclude this section with some very general result due to [29] giving a criteria
for ensuring infinite time existence.

Theorem 3.5 (Criteria for infinite time existence) Let (M", go) be a complete Rie-
mannian manifold such that |Rm(go)||~ =: ko < 400. Then there exists a positive
constant § = 8(n, ko) such that the following holds. Let 0 < B < 8 < §. Then every
metric g(0) B-close to gy has a §-maximal solution g(t),(0,T (¢(0y)) with T (g(0)) pos-
itive and ||g(t) — gollL~ < S forallt € [0, T(g(0))). The solution is 6-maximal in the
following sense. Either T (g(0)) = +oo and ||g(t) — gollL < § for any nonnegative
time t or we can extend (g(t)); to a solution on M" x [0, T (g(0)) + t), for some
positive T = t(n, ko) and ||g(T((0))) — gollL~ = 6.

3.3 A Local Decomposition of the Space of Metrics

In order to prove convergence of a Ricci—-DeTurck flow g(¢) to a Ricci-flat metric g,
we have to construct a family go(#) of Ricci-flat reference metrics. For the proof of the
main theorem, it is necessary to construct go(¢) in such a way that 9, go = o((g — go)z).
This section is devoted to this construction. For this purpose, let F again be given by

F={geM|—-2Ric(g) + Ly (g.008 =0}

If go satisfies the integrability condition, then there exists an L> N L>°-neighbourhood
U of go in the space of metrics such that

F:=UNF (12)
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is a manifold and for all g € F, the equations Ric(g) = 0 and 2V (g,80)8 = 0 hold
individually by Proposition 2.6. Linearization of these two conditions shows that the
tangent space T, F is given by the kernel of the map

Lggoh = Lgh — L1 ()-T(20)) &

where (h, T'(g) — '(go))* = gikgljhkl(r‘(g)fj — F(go)fj) and L is the Lichnerowicz
Laplacian of g.

The next lemma ensures that the kernels ker L(’g‘j’ P all have the same dimension
when g is an ALE Ricci-flat metric sufficiently close to gp:

Lemma3.6 Let (M", go) be a linearly stable ALE Ricci-flat manifold which is inte-
grable. Furthermore, let F be as in (12). Then there exists an L> N L*®-neighbourhood
U of go in the space of metrics such that dimker;» L , = dimker;2 Lg, for all

8:80
geF.

Proof First, we claim that elements in the kernel of L ¢, have decay rate —(n — 1).
This follows along the lines of the proof of Theorem 2.7 and we are able to establish
(6)if h € ker;2 Ly o,. To improve the decay, we use the special algebraic structure
of the operator L, 4, by considering the divergence and the trace with respect to g of
Ly goh:

0 = divg(Lg goh)
= Ag(divgh) — V8(divg((h, T'(g) — I'(g0)))) — Ag((h, T'(g) — I'(g0))),
0 = Agtrgh — 2divy ((h, T'(g) — T'(g0))),

which implies the following relation:

Vétrgh

Ag (divgh - —(h.T(g) - F(go))) =0.

Since the vector field divgh — a8 — (h, T'(g) — ['(g0)) goes to 0 at infinity, the

maximum principle ensures that

Vétrgh

divgh — —(h,T'(g) —T'(g0)) = 0.

An asymptotic expansion of this equation analogous to (7) shows that h = O(r—"— 1),
In particular, the previous claim implies that

ker;2(Lg g,) = kerLg(Lg,gO) = keng((Lg,go),
where § € (—n + 1, —n/2] is a nonexceptional weight and k can be any natural
number.

Now, Lgy = Lygg.g is Fredholm as a map from HY(S2T*M) to Hy 3 (S>T*M)
with Fredholm index 0. The same holds for L, with g € F in a sufficiently small
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neighbourhood of go. Observe that L, o, — L, is a bounded operator as a map from
HE(S2T*M) to H 73 (S>T*M), with arbitrarily small norm operator. Therefore, by
the openness of the set of Fredholm operators with respect to the operator norm, L o,
has the same index as L, ¢,, which is 0. Therefore we get

0 = dim(ker;2(Lg 4,)) — dim(ker; > (L;go))
= indyg (Lgo.g0)
= ind 1 (Ly o)

= dim(kerHlé« (Lg,go)) - dim(keI'ch (L;go))'

m}

Now we claim that if ¢/ is small enough, every metric g € U/ can be decomposed
uniquely as g = g+ h where g € Fandh € Lz, ¢ (CgO(S2T*M)) (where the closure
is taken with respect to L> N L™°). Indeed, this follows from the implicit function
theorem applied to the map

@ F X Loy (CE(SPT*M)) — M

@ h) = g+h—Y (he(@)p2e ()

i=1

where {e{(2), ...en(g)} is an L2(g) orthonormal basis of ker;» (Lz,go) which can be
chosen to depend smoothly on g by Lemma 3.6. ~

Let now (g(%))¢(0,7) be a Ricci—DeTurck flow in U and (go(¢))s¢j0,7) € F be the
family of Ricci-flat metrics such that

8(t) — 80(t) € Lgy(1), 40 (CS(S2T*M)).

Writing h (1) = g(t)—goand ho(t) = go(t)—go, wesee thath(t)—ho(t) = g(t)—go(?)
admits the expansion

dth — Lgo(l).go(h — ho)
= R[h — ho]
=FxV(h—hg)*V(h—hy)+ V(G *x (h — hg) * V(h — hp)),

where the connection is now with respect to go(z).

Before stating the next lemma, we need to recall the Hardy inequality for Rieman-
nian manifolds with nonnegative Ricci curvature and positive asymptotic volume ratio
due to Minerbe [26, Theorem 2.23]:

Theorem 3.7 (Minerbe) Let (M™, g) be a Riemannian manifold with nonnegative Ricci
curvature and Euclidean volume growth, i.e.

Vol, B, (x,
AVR(g) = lim leBsr) g

r—+o00 rh

)
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for some (and hence all) x € M. Then

fM ro2lglPdug < C(n, AVR(g)) /M IVE|2dp, Yo € CSO(M),

where ry(y) = d(x, y).

The next lemma controls the time derivative of /g in the C¥ topology in terms of
the L? norm of the gradient of 1 — hy.

Lemma 3.8 Let U be an L? N L*°-neighbourhood of go such that the above decompo-
sition holds. Let (g(t)):c[o0,1) be a Ricci-DeTurck flow in U and let go(t), h(t), ho(t)
be defined as above fort € [0, T). Then we have the following estimate that holds for
te(0,7T):

2

9 <CkHVgo(f)h_h ‘ .
19:hollcrgyry) = C (k) ( 0) L2(20(1)

Proof Let {ei(t),...e,(t)} be a family of Lz(dugo(t))—orthonormal bases of
ker; > (LZO(Z)»(%)' Note that d;¢; (t) depends linearly on 9;/o(?). We can write

h(t) = ho(t) = k(t) = Y _(k(t), ei ()12 - € (¢)

i=1

for some k(f0) € Lgy(1).20 (C§°(SzT*M)) =: N. Note that by this condition on k (%),
we have (k(f9), e¢;(t0));2 = Oforall i € {1, ...m}. Therefore, differentiating at time
to yields

m m m
W =hy+k =Y (K. e)p2-ei— ) (koeppa-ei— Y (kxhy e e
i=1 i=1 i=1

m m
=hy+ky —> (h—ho.€))2-ei — Y ((h—ho)*hj, ei)p2 - e;
i=1 i=1

=: hy + kiy + A(h — ho, hg),

where A depends linearly on both entries. Let us split this expression into A = A # +
Ay according to the decomposition Ty ) F @ N. If we also split i’ = h/f- + hy, we

get
!/ 7 ~ ~ —
<h/}~_> _ ldTgo(to)]: +Az(h —ho,.) O . (hé) .
)y, An(h — ho,.) idy k
By inverting, we conclude that
. - ~ -1
hiy = (ldTgo(fo)]: + Az(h — ho, .)) h/}~_
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Note that the orthogonal projection IT : Tgo(to)f — ker;2 (L ) is an isomor-

*
80(70),80
phism. Because 0,4 = Lg(1),¢o(h — ho) + R[h — ho] and by elliptic regularity,

||h6(t)HCk(go(t)) =C| (h/(t))ﬁ“Lz(gU(’))

=C H(R[h — hol)

.
ker;» (Lgoﬂo)vgo) L2(go(1))

m
< C Y |(F % VO (h — ho) % VO (h — ho)
i=1
+ VEO(G % (h — ho) % V& (h — ho)). €1) 12 (g
2

< c| v —n
( 0) L2(g0(1))

m
+ Y UG (= ho) % VEO (= ho), rVEDe;) 1240 1yl
i=1

2

5CHV£’00)h—h ’ .
G =B 2 o

We used the Hardy inequality (Theorem 3.7) and the fact that r V&@¢; is bounded
by elliptic regularity in the last step. O

Before proving Theorem 3.1, we start by recalling a result by Devyver [14, Defini-
tion 6] adapted to our context:

Theorem 3.9 (Strong positivity of L) Let (M", go) be an ALE Ricci-flat space that
is linearly stable. Then the restriction of —Lg, to the orthogonal of ker2(Lg,) is
strongly positive, i.e. there exists some positive og, € (0, 1] such that

Qg (—=Agyh, h)p2

< (=Lgoh, ) j2(gy) Vh € Lgy(C(ST*M)).

(go) (go

Sketch of proof The proof is as in [14] with some minor modifications we point
out here. Write —Lg) = —Ag, + Ry — R_ where Ry and R_ correspond to the
positive (resp. nonpositive) eigenvalues of Rm(go)*. Let H = —Agz + Ry and
A L>(S?T*M) — L*(S>T*M) be defined by A = H~'/2R_H~'/2. The operator
Ais compact [12, Corollary 1.3] Because — L, is nonnegative, all eigenvalues of A lie
in [0, 1]. It can be shown that H /> maps ker;2(Lg,) isomorphically to ker;2(1 — A).
As A is a compact operator, we get the condition

(A, h) 24 < (1= €) ||h||iz(g0) Vh € H'2(CS(S?T* M) Nker;2(Lgy)b),

for some € > 0 which in turn is equivalent to

(R_h,h)p2ggy < (1 — €)(Hh, B)2gy, Vh € CE(S2T*M) Nkerp2(Lg,)" .

(g0) (go)

O
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Theorem 3.10 Let (M", go) be a linearly stable ALE Ricci-flat manifold which is
integrable. Furthermore, let F be as in (12). Then there exists a constant o, > 0
such that

(=Lg,goh, h)p2g) = gy “Vgh“iZ(g)

for all g € Fand h € Lgo(,),gO(Cgo(SzT*M)) provided that F is chosen small
enough.

Proof By Theorem 3.9, there exists a constant g > 0 such that

(—Lgoh, M) 2gy) = a0 | VE°h| L2(g0)

for any compactly supported & € kerj2(L go)l. Now by Taylor expansion, with k =
8 — 80

(—Lg,goh, I’Z)LZ(g)
ld
= (=Lgyh, h) 124y —/0 a(Lgon,gohvh)LZ(g0+zk)df

1
> vaoh”iz(go) -l-/ [(VgO»zh*k+vg0h*vgok+h*vgo,2k)*h
0
+ Rm xh*hxk]dugydt

1
= ||Vg0h||i2 + / [VEh % h % V8% + V8h % V& x k
0

(g0)
+ Rm xh* h xk]dpgydt
> ao [ VR| G2 = C V2R 22y, 1Kl L0y

-C “Vgoh”Lz(gO) ”h * Vgok“Lz(go)

Z o va"h”iz —C| Vgoh“iz(go) K0T o0 g0)

(g0)
forsomeo € (0, 1). Tojustify the last inequality, we use elliptic regularity and Sobolev

embedding as in the proof of Theorem 2.7 to obtain

8
||rV OkHLoc(gO) = ||k||céya(g0) = C ”k”ng(go)

< CIkll Loy < C 1K IR g -

witho =1 — % and p > n. This can be combined with the Hardy inequality (3.7) to
obtain

[ VK] 2 = |70

L%(go) ”rvg()k” L (g0) = ¢ vaoh”u(go) ”k”([ioo(go) )
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which yields the estimate of the theorem for /2 € ker;2 (L gO)J-, provided that [|k | 7.0c ()
is small enough. To pass to /& € kerj > (L; gO)L, we note that an isomorphism between
ker;2(Lgy)* and kerLz(L;gO)l is given by @y 1 h > h — Y, (h, €i(g) 2y - €i(8)

where the tensors e; (g) are an orthonormal basis of ker; > (L; go)' At first, we have

VED (h) = VER — Y (h, ei(2))12(g) - VEei(g),

1
from which we conclude, using integration by parts
2 2
[VE@e [ 12y = [VE RN 1) = 20, € p2(g) (Agei I 2y
+ (1 €)7o ) (Ageis ) 12 () (13)

< C[|[V¥h[fa < C V]

(€3] (go)

The first inequality here can be proven as follows: Because ¢; = O(r "1y asr — oo
(cf. Theorem 2.7), we have

r_lh‘

(h,ei)pa(g) < . lreillp2 = C I Vgh||L2(g)

L2(
due to the Hardy inequality The same argument also yields
(Agei, )2 < C | VER| 12y -

because Age; = O~ Yasr — oo (cf. Theorem 2.7 again). This justifies the first
inequality from above. For the second inequality, we write

Véh = VE8h 4+ (T'(go) — I'(g)) * h,

and (I'(go) — I'(g)) = O(r™"), see Theorem 2.7. Again by the Hardy inequality,

[V¥h 520y = € (1908 o) + 10750 = T@) %A1 ,))

2
<c <||vg0h||§2(go) )

2
L2(g0)) =C vaoh”Lz(go) ’

Here, we use the smallness of || g — gol| 159 (go) tO COMpare the corresponding L2%-norms.
To finish the proof, it remains to show that the inequality

(=Lg g Pg(h), g(M)p2(g) = C - (—Lggoh. h)2(y)
holds for some constant C > 0. We compute

(_Lg,go q)g (/’l), cI)g(h))Lz(g)
= (—Lggohs M 20) + Y (B €i) 120 (—Lg go€is 1) 12(g)

1
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> (=Lg.golts M) 2(g) — Z‘S/ ” Vgh”Lz(g) HLg,gOei Ln/2(g) 721l p2nm2(q)

1
2
> (—Lggh. M) 2 —§ vahHLZ(g)
> (1 = C)(—Lg goh, h)LZ(g),

where we also used the Sobolev inequality and elliptic regularity. O

3.4 Existence for all Time and Convergence

Proposition 3.11 Let (M, go) be a linearly stable ALE Ricci-flat manifold which satis-
fies the integrability condition. Then there exists an € > 0 with the following property:
If (g())ieq0,1] is a Ricci—-DeTurck flow and T a time such that ||g(t) — gollj~ < €
forallt € [0, T], then there exists a constant such that the evolution inequality

2

d
S = ol + C [ VOB —ho)| |, <
dt L=(go(1))

L2(go(1)

holds.

Proof We know that
0rh — Lgyr),g0(h — ho) = R[h — ho],
where

Rl — hol = F V& (h — hg) % V8O (h — h)
+V&8O(G % (h — ho) * VD (h — hy)).

Thanks to Theorem 3.10 and Lemma 3.8,
2
at ”h - hO”LZ(go(I))
= 2(Lgy(1),30(h — ho), h — ho) 12401y + (RIA — hol, b — ho) 1240 1)

4G = 0. o) gy + [ (= o) = o) x Do (g
M
2

_ go(t) g, _
< ~2ag HV r hO)’LRgo(z))

2

€ N0 = o)y | V5 )|
+Ci( 0l oo (g (1) ( 0) L2(g0(1)

+ ||3th0||L2(g0(z)) Ih — h0||L2(g0(;))
2

< (F2ag +C ) vao(t) (h = hO)‘ L2(g0(t)
0

which proves the desired estimate. O
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Proof of Theorem 3.1 Let € > 0 be so small that Proposition 3.11 holds, provided
that [|Alpx(g,) < €. By Lemma 3.2, we can find §; > 0 so small that the above
e-bound holds as long as h € Bj2q1(0,81). Now let 52 > 0 be so small that
h(1) € Bj2q10(0,681) if h(0) € By2qp(0, 82) where §2 = 82(e) will be chosen
below. Suppose that T, > 1 is the first time where A (r) leaves B2, (0, €). By
Lemma 3.8, Proposition 3.11 and elliptic regularity,

Tmax
180 (Tmax) | 12 (g) + 1h0(Tmax) | o0 (ge) < € /1 12001l 2go ) A
2
dt

TMIHX
<C
- /1 L2(g0(1))

< ClIh() = ho(Ml 32y = CIAMDIIZs ) < € - (D™

VOO () — ho(1))

Furthermore by Proposition 3.11,
”h(Tmax) - hO(Tmax)”Lz(gO) < ”h(l) - hO(l)”LZ(gO) =< C- 51-

Again by Proposition 3.11, Lemma 3.2 and interpolation,

”h(Tmax) - h()(Tmax)||L°°(g0)
1—
<C vao(h(Tmax) - hO(Tmax))“Looa(go) N (Tnax) — hO(Tmax)”(zz

< C- e h(1) = ho(D§5,,, < C - €' 76D,

(g0)

witha = 5.
By the triangle inequality,

1A (Tma) |12 (g) + 1 (Tmax) I poo(ey) < € - (61)* +C 81+ C - €7 (81)* < €/2,

provided that §; > 0 was chosen small enough. We now have proven that such a 7,
can not exist and that 4(t) € U forall T > 0.
Moreover, because

o0 * oz ?
deho(t dt <C vao’hz—h t dr
/1 19:ho (Dl 259y AT = /1 (D) = ho®) L2(go (1))

< ClIh(1) = ho(DI75 ) < °.

and since

‘at [ V40O i) = ko)

2
< C|lh(t) — ho(t)||2 <
Lz(g()(t)) = C ” ( ) 0( )”H3(go) = C
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by Lemma 3.4, we get

lim sup 1o (1)l g = lim sup H V8O (h (1) — ho(t))’

t—>—+00

Lz(go(t))

and ho(t) converges in L? to some limit ho(o0). Due to elliptic regularity, (ho(t));=0
converges to hg(oco) as t goes to +0o with respect to all Sobolev norms. We are
going to show now that (g(#)),>0 converges to go + h(00) =: goo as t goes to +00
with respect to all WXP-norms with p > 2. For this purpose, it suffices to show that
(h(t) — ho(t))s>0 converges to 0 as ¢ goes to +o0o with respect to all these norms. At
first, by the Euclidean Sobolev inequality,

_ 80 —
A h0||L%(g0)5c||v (h h0)|}L2(g0)—>o, ast — 400,

which implies that lim,_, ;oo # — g = 0 in L? for all p € (2, co) by interpolation
and due to smallness in L? N L>. Moreover, for j € N arbitrary, by interpolation
inequalities,

H VEO»f(h — ho) ‘

LP(g0)
< C ” VgO m(h h()) ||L°°( 0) ”h hO”LP(g()) — C ”h hO”LP(g ) 0’

Jp

as t — 4oo with o = prps and m € N so large that « < 1. Due to Sobolev
embedding, convergence also holds for p = oo. O

4 Nash-Moser Iteration at Infinity

In this section, we prove a decay of the L°° norm of the difference between an immortal
solution to the Ricci—-DeTurck flow with gauge an ALE Ricci-flat metric go and the
metric g itself. More precisely, one has the following theorem:

Theorem 4.1 Let (M", go) be a complete Riemannian manifold endowed with a Ricci-
flat metric with quadratic curvature decay at infinity, i.e.

Ric(go) =0, [Rm(go)lg, x €M, AVR(go) >0,

C
)< —H5—r0,
I+ d2,(x0, %)

for some positive constant C and some point xo € M. Let (M", g(t));>0 be animmortal
solution to the Ricci—DeTurck flow with respect to the background metric gy such that

sup g () — gollLom) < €
t>0
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for some positive universal €. Then, for any positive time t, and radius r < /1,

C(n, go, €)
sup  [g(1) — ol < —=5—
P(x0,t,7/2) r

P(xo,7,7) := (M \ Bg,(x0,7)) x (t —r?, 1.

1g(t) — gol3, (v, )i, (y)ds.,
P(xq,t,r)

In particular, if sup;~q 1§ () — gollp2(ary < C < +00, then

sup;>o [18(1) — 8ollL2(m
llg(t) _g()”LOO(M\BgO(xO,ﬁ)) < C(n, 8o, €) = x ( )7 t>0.

Remark 4.2 Notice that P (xo, t, r) is the parabolic neighbourhood of a point at infinity
on the manifold M.

Before starting the proof of this theorem, we remark that by combining Theo-
rems 3.1 and 4.1 leads to Theorem 1.1.

Proof of Theorem 4.1 Recall that (g(¢));>0 (or similarly i (r) := g(t) — go) satisfies
the following partial differential equation:

dh = g~' % VE2h 4 Rm(go) s h + g~ % g~ x VEOR % VSR,
g e veoly = giijjO’zh.

In particular,

lhlZ, < g7t x VEOR R — 287 (VEh, VEOh) + R(go)|hly, + c(n)|hlgy | VSR,
g (V&R V&) = gifvfohvf.“h, R(go) := c(n, €)|Rm(go)|g,-

Since ||h(t) || m) < € for any positive time ¢:

lh, < g7 x VSRR — [VEORL + R(g0)|hl3,.

if € < e(n). Define u := |h|§0 and multiply the previous differential inequality by
puP~! for some real p > 2 to get:

duP = puP~'o,u
< pul g7 V& 2y — puP VSRS + pR(go)u”
< g 1w vE02yP — poml(vEoy Pl vy — pup_llvgohﬁo + pR(go)u?.

Take any smooth space-time cutoff function v and multiply the previous differential
inequality by ¥2u” and integrate by parts as follows:
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t/
/t;rz /M w2ul’ [_g—l % V80,2, P 4 pg_l(vgoup_l, VE0u) + pup_1|vg0h|§0] dMgOdS
(14)

t/
< / / PP + pR(go)Y u P d g ds (15)
t—r2JM

forany t' € (t —r?, t].
Now, by integrating by parts once and using the pointwise Young inequality:

—/ YruP g x VE2uPdpg,
M
- /M VE (¢ ul ) VEuP dpuy,
= [ ), ) - ¢ (T T P dp
M
+/ g WP VEY, YV uP)d g, ds
M
+fM divg, (g™ (W uP VEuP)dpg,ds
1 80 Py|2
= 5 [ VO dig,
M
e f OP 2,122 + =1 [V hl gy [ 950ul g g,
M
1
> 5 fM |Vg0(1ﬂup)|§0d,bbgo - C/M IVgolﬁ|§0u2pdugo
P 2 2p—1 2 2p—1,2 2
——/M (w22 195002, + e~ g2 1980w, ) g,

2

for some universal positive constant ¢, and where we used the smallness of
l72(£)]| oo (m) for all time ¢. Going back to (14) and (15), one gets by absorbing terms

appropriately:
1 t t'
5 f / [V (Yru) |3 dpgyds < / / —¥7uPdgu? + pR(go) Y uPdpg,ds
2 t—r2 JM t—r2JM
t/
+c/ /|Vg01/f|§0u2pdugods.
t—r2JIM
Finally, by integrating by parts with respect to time:
t/
[ wridaraug + [ [ vean g ds
M t—r2JIM

l/
<2 f / PRV ditg, ds
t—r2JM
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l/
2 80.4/,12 2p
- C/Hz /M (™) + V5092 ) uPdpug, ds.

We need to control the integral involving the potential R(gop). By assumption, on
the quadratic curvature decay at infinity:

C
R0l oo M\ By (x0.r)) = T2 "> 0. (16)

Let 7,0 € (0, +00) such that t + o < r. Define momentarily,

2

P(xo,t,7,5):= M\ Bg,(x0,7 — 5) X (t—sz,t], 0<s? <r°<t.

Notice that 51 < s implies P (xg, t,r,s1) C P(xq,t,r, s2).
Now, choose two smooth functions ¢ : Ry — [0, 1] and n : R4 — [0, 1] such
that

supp(¢) C [r — (t +0),4+00), ¢ =1 in[r —1,400),
¢=0 in[0,r —(t4+0)], 0<¢ <c/o,

supp(n) C [t — (T +0)2, 4+00), n=1 in[t— 72, +00),
n=0 in(t—r’t—(t+0)’), 0<n <c/o>.

Define ¥ (y, s) := ¢ (dg,(x0, ¥))n(s), for (y,s) € M x (0, +00). Then

C
|VgOW|g0 5 ) |asw| 5 ;

C
o

for some uniform positive constant c.
In particular, thanks to claim (16) applied to this cutoff function i previously
defined, one has:

t/
/M W22 (1) dpagy + /_ /M V0 () ditg, ds

p 1 ) (/ 2 ) / 2
“¢ . uPdp,, |, t e —r-tl,
([1 +r—(+0)? o? P(xo,t,r,7+0) ?

which implies in particular that

sup f WP y?) () dpug,
t1JM

t'e(t—r2,

< c( P 5+ %) (/ u2pdug0> . a7
[1+r—(t+o0)] o P(x0,t,r,T+0)
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Now, by Holder inequality, for s > 0,

n—2 2
/ (WP (5)dug, < ( / (x/m!’)f—"ws)dugo) ( / (WMP)Z(S)dMgO) .
M M M

Therefore, to sum it up, if «;, := 1 + 2/n, by using (17) in the third line,

2p\ %"
f (u p) dpg,ds
P(xq,t,r,7)

< / (YuP )" djugyds
P(xq,t,r,0)

t 1=2 2
= / (/ (w”p)"znzd/’“go) (/ (W“p)zd:“m) ds
t—r2 M M

2
<c(n, go) sup (/ (wup)zdﬂg()) / |V (Y5, g,
M Mx(t—r2,t]

se(t—r2,1]

< c(n, go) ( b + i)% (/ uz”dugo)% ~
M+r—(t+0)]? o2 P(xg.t,r,T+0)

Define the following sequences:

i
pi = aiw o = 2—1—1'(},/4), T_1:=3r/4, v :=3r/4— ZGJ', i>0.
j=0

Then, lim; 400 7; = r/2 and, for any i > 0,

2
Nl Lrivt (p(xo.t,r m))
1

< |c(n, go) Lﬁ-i ! 1Nl i (P xg.tor i 1)) s
B 1+[r—ua* o 0.1 Ti 1

i.e.

o
) - pi 1 2
el Zoe (P (x.t.r /2 = Tizo (C(”) (1 Iy P—— a?)) Nl 22 p (a7, 30 1)

since P(xo,t,r,r/2) = P(xp,t,r/2). It remains to estimate the previous infinite
product:

1
pi 1\7 1

) ———+—=| =< -,

=0 (1 +Ir —wl? " aﬁ) - C(n)r2+”
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i.e.

1
sup u’ < c(n, go)z—Jm/ uzdugods. (18)
P(xo,t,r/2) r P(xo,t,r,3r/4)

To get a bound depending on the L! norm of u, one can proceed as in [23] (the
so-called Li-Schoen’s trick) by iterating (18) appropriately. O
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