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Abstract
In this paper, C*-estimates are obtained for the Henkin solution operator of the
Cauchy—Riemann system

u=¢

on a class of certain smoothly bounded, convex domains of infinite type in C", where
¢ is a d-closed (0, g)-differential form. It is proved that the Henkin solution of the
d-equation admits a suitable Holder gain.
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Infinite-type domains
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1 Introduction

Letz = (z1, ..., z2,) be the standard coordinates in the complex Euclidean space C",
where z; = xj +ix,yj,forx; € R, j =1,...,nand i = /—1. We define the
following Wirtinger derivatives
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a 1/ 0 .0 .
— = — 4+ forj=1,...,n,
BZ‘/ 2 3)6.,' 8x,,+j

and their duals are dz; = dx; — idx,4 ;.

Let 2 C C" be a bounded domain with smooth boundary 2. Let C (£2) denote the
class of continuous functions on €2 which endowed with the compact-open topology.
We set

9o ttan
DY = ———
axyt .. 0xy"
where o = (a1, ..., a2,) € (NU {0})2” is a multi-index of length 2n. We also define

C*(Q) to be the set of those functions u : €2 — C such that for each & € (N U {0})%"
with || < k, the derivative D%u exists and belongs to C(£2).
Let ¢ be a (0, g)-differential form on Q. Write ¢ as

@)=Y ¢s@)dz’,

I/1=q

where J = (j1, ..., jy)isamulti-index of length | J| = q,anddZJ =dz;N-- -/\deq.
The Cauchy—Riemann complex 8 on (0, ¢)-differential forms is defined by

dp = Z dpy Adz7,
IJ1=q

where ¢; € cl(Q) for all |J| = ¢q, and

Thus d¢ is a (0, ¢ + 1)-differential form on . For a given (0, ¢)-differential form ¢
with coefficients in C(€2), the Cauchy—Riemann equation is the problem of looking
for a (0, ¢ — 1)-differential form u with coefficients in C () so that

ou = ¢.

Researchers have been interested in the interaction between the functional-regularity
properties of u and the geometric properties on 5. In particular, the study of C*-
regularity has been an attractive topic in the area of partial differential equations in
several complex variables. The interaction also provides many significant tools to
studying of complex geometry.

In this purpose, there are two variously main methods to studying the d-problem.
The first one is called to be the Hilbert L>-method introduced by Kohn. The Kohn
methods are based on abstract L>-technique in the theory of pseudo-differential oper-
ators developed by Hormander. Ones of the main results are obtained from Kohn
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methods are sub-elliptic estimates. We refer the reader to Chapter 1 to Chapter 10 of
the monograph [6] by Chen and Shaw. However, these methods do not allow us to
estimate solutions for the 5—problem in other norms, such as supremum norm, Holder
norms, and C k_norms. In 1968-1969, Henkin and Ramirez introduced another method
to solving the d-equations with supremum norm estimates on strongly pseudoconvex
domains. All information about Henkin—Ramirez methods as well as their applications
can be found in the bedside book in several complex variables [25] by Range. The
main purpose of the present paper is to provide the CX-regularity for the 9-equation
by the Henkin—Ramirez method.

Definition 1.1 Let 2 be an open subset of R?" with smooth boundary.
(1) For each u € CK(R), the C*¥-norm of u is defined as

lulleregy = Y sup [D*u(x)|.

ala|=k *E2

(2) Forg =0,1,.. (0 q)(Q) is the class of (0, g)-differential forms with coeffi-

cients belonging to (Ck(Q), ||.||C1<(Q)). For each ¢ = Zm:q pydzy € C(O,q)(Q)’
we define

lelcs o) = ”Z leslick@)-
=4

(3) Let f be an increasing, positive function such thatt lirJP f(t) = +o0. A function
—> 100

u is called to belong A,{(Q) if u € CK(Q) and

el g g = Mlcrigy + D xs;ggﬂf(lx—yr )ID*u(x) — D*u(y)| < +00.
xX#y

o:la|=k

4) Forqg =0,1,..., A](céj;)(Q) is the class of (0, g)-differential forms with coeffi-
; f f _ - k f
cients belong to (Aj (£2), ”'”A;{(Q))' For each ¢ = Z|J|=q pydzy € A(O,q)(Q)’

we define

Iellats qu: 21t )
q

It is clear that if f(r) = t%, for 0 < a < 1, the space A;: (), A]E(’)f(;)(Q) coincide
to the classical Holder spaces of order k + « for functions and for (0, g)-differential
forms, respectively.

In 1974, Siu [31] obtained uniform estimates for the derivatives in the d-problem
when Q is a strictly pseudoconvex domain in C" with C¥ -boundary b2 for N > 4. In
particular, let ¢ € C é‘o’ 1 (2) bea d-closed differential form fork < N — 4, he proved

that the Henkin—Ramirez solution u = ’];q) € Af{l/z (2) and
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”u”Afcl/z(Q) = C”‘pncﬁ)‘l)(g)

uniformly.

In 1980, Saito [28], Lieb and Range [21] established sharper and better estimates
which are improvements of Siu’s result above. Furthermore, in the later paper, the
authors used a continuation result of Seeley [29] to modify the Henkin—Ramirez solu-
tion.

In 1987, Ryczaj [27] considered the d-equation for a certain class of non-strictly
pseudoconvex domains in C":

n
Q= z=(z1,...,z,,)e(C”:p(z)=Z|zk|2m"—1<0 .
k=1

The result obtained is that: fork > 1and0 < 6 < m thereis aconstant Cx g > 0

such that if ¢ € Cf‘o q)(Q) is continuous on b2 and d¢ = 0, the Henkin—-Ramirez

6
solution u = T,¢ € Al(‘(’)’,qfl)(Q) and

u <C .
l ”A](((,)Tz—I)(Q) = k,@”ﬁollcfovq)(g)

More generally, let € C C" be a bounded convex domain with smooth boundary of
finite type m in the sense of Catlin [3]. Assume that ¢ € Cfo, q)(Q) is a d-closed
differential form. In [1], Alexandre has constructed a special integral solution of

. . 1/m =
Henkin—Ramirez type u € A](C(’f q_l)(Q) such that

Nl jim o < Cill@llcr (&)
A(O{qfl)(Q) C(OJD(Q)

In particular, the author obtains new estimates for the normal derivatives of the defining
function and link them to the e-extremal basis constructed by McNeal [20] on convex
domains of finite type in the sense of Catlin.

Naturally, a question to ask is: when €2 no longer satisfies the finite-type condition,
does the C*-regularity hold? When n = 2 and k = 0, there are few papers relating
to this question. In particular, in [32], the author obtained the sup-norm estimate of
Henkin—Ramirez operators on smoothly bounded convex domains of the form

Q® ={zeC:|zl+¢¥(n* —1<0),

where v is a real function satisfying some conditions. Notice that Q°° is infinite type
in any sense. In [24], Range proved that there is no solution u of the 8 equation on Q>
which belongs to A« (2%°), for any 0 < o < 1. One of interesting models is when
Y(t) =exp(—1/t%) for0 <t < 1and 0 < o < 1/2, this is the case of infinite type
at 0. Then, in 2013, Khanh [17] has proved new Holder estimates for Henkin—Ramirez
solutions on these domains. However, until now, we do not have any positive result for
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2062 L.K.Ha

this problem when n > 3 or k > 1. The main result of this paper provides a suitable
answer in a certain class of convex domains of infinite type in some sense.

Theorem 1.2 (Main theorem) Let Q2 C C" be a smoothly bounded, admissibly decou-
pled, convex domain with n > 2. Assume that Q2 admits the F-type at all boundary
points for some function F (see Definition 2.2). Fork > 0and 1 < q < n — 1, let
(NS Cé‘qu)(Q) be a d-closed differential form on <.

(1) If n = 2, there exists a function u € A,{(Q) so that du = ¢ and
el ot @ = Crlloles, |

where

—1

d *
f(dl):</ F (l)dt)
0 t

(2) Ifn > 3, there exists a (0, g — 1)-differential formu € A](cé_];_l) (Q) so that du = ¢
and '

ull ks < Ci.s k ,
Il i @y = CrsallOlcs, @)

for every 0 < s < n — 3 and where

d n—s—2 * -1
f(dl):(/ (—1Int) JF (’)dt) .
0

t

Here F* is the inverse function of F.

The structure of this paper is as follows. Section 2 deals with preliminary results
relating to the notion of a domain admitting an F-type. Section 3 is concerned with
some certain examples to illustrate the notion of F-type. In Sect. 4, the formula of
higher derivatives of Henkin—Ramirez solution is provided. The proof of Main Theo-
rem is given in Sect. 5.

2 Preliminaries
Let 2 be a bounded convex domain in C" (n > 2) with smooth boundary b<2. Let p

be a defining function for 2 so that 2 = {z € C" : p(z) < 0} and bQ2 = {z € C" :
p(z) =0}, Vp # 0 on b<2. The convexity means

2n 32,0

> (O)aia; =0 on b,

= 8xi8x]'

i,j=1
f - B2 with 5" ;2 (¢) = 0 on b2
orevery a = (ay,...,azy,) € wit] ijlajgj(g)_ on bQ2.
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Let us define, for ¢ € b2 and z € Q:
n dp
D@ = (pt =) =) GO =), @0
J

The convexity of €2 implies

n 8
Re Za—fj(c)@j—zp >0

j=1

and so @ (¢, z) # 0 as well, forall ¢ € bQ and z € Q.
Moreover, as a consequence of the definition, we also have:

Lemma 2.1 There are positive constants §, ¢ such that for all boundary points { €
b2 N B(P, §), the followings are satisfied:

(1) @(¢,.) is holomorphic in z € B(¢, §);
2) D(5,¢) =0, and d,P .= #0;
3) p(z) > 0forall zwith ®(¢,z) =0and0 < |z —¢]| < c.
By multiplying p and @ by suitable non-zero functions of ¢, one may assume more
@ 19p) =1, and 8p(¢) = d:P|.=.

It is well known that there are some pseudoconvex domains not admitting any holo-
morphic support function @ (-, -), even of finite type. This phenomenon was established
by Kohn and Nirenberg in [18]. Thus, as a first step, we should study any new ideas
that would help to increase our understanding the d-equations on convex domains of
infinite type.

We recall a geometric condition which plays an important role in our analysis.

Definition 2.2 (see [12] or [10,11] for the case n = 2) The function F: [0, c0) —
[0, o0) is called a type in C" if the following conditions are satisfied:

(1) F is smooth and increasing;
(2) F(0)=0;
(3) Forallk € {0,...,n — 2},

d
/ (—1In F(r2))"_k_1dr < 00,
0

for some small d > 0;

F(r)
“) .
The function F with the properties above is supposed to be given throughout this
paper. Then, a (bounded convex, smooth) domain €2 in C" is said to be admitting an
F-type at the boundary point P € b2 if there are positive constants ¢, ¢’ such that for
all¢ € bQ N B(P, ¢) we have

is non-decreasing.

" 82,0 2 2
> _ - + F(lz — ,
p(@) 2 ]?:1 YT (Olzk — &kl (Iz =21
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2064 L.K.Ha

forall z € B(¢, ¢) with @(¢, z) = 0.

Here and in what follows, the notations < and = denote inequalities up to a positive
constant, and ~ means the combination of < and =>.
For each z € @, let P € b<2 so that dist(z, b2) = |z — P|. We may assume that

a
‘8;“0 @) =1for¢c e b2N B(z,c).Fork =1,...,n — 1, we define
n

ap 0 dp 0
Lk = — = — - =
agk 8§n 8§n a{k
and choose L, be the unit normal vector field of type (0, 1) on b2 N B(z, ¢).

Definition 2.3 Q is called to be an admissibly decoupled domain if

sy
Li\ — )| S 6ij — =),
‘ (3Cj Tog;0¢; ©

forall¢ € b2N B(z,c)and 1 <i, j < n, where §;; is the Kronecker delta.

It is mentioned that in case n = 2, or in case domains whose the Levi form of the
boundary has at most one degenerate eigenvalue at all boundary points, the appearance

of Y 4, % (¢)|zk — ¢k |? and the admissibly decoupled condition are not necessary.

In the proof of the Main Theorem, we shall apply Stoke’s Theorem, so we need a
continuation of @ (¢, z) inside €2, that is

B(L,2) =P, 2) — p(L),

where z, ¢ € Q. The following is the main contribution in our analysis:

Lemma 2.4 Let 2 C C" be a smoothly bounded, convex domain admitting an F-type
at P € bS2. Then there is a positive constant ¢ such that the support function ® (¢, )
satisfies the following estimate:

n 32
2. 2 0@+ I @@ D+ Y ——— @)z — &l® + F(lz = 7). (2.2)
oy 9%k9Ck

forevery e bQN B(P,c),andz € Q, |z —¢| <c.

Proof This Lemma was first proved by Range in [23,24] for F () = t"™ and by the
present author for F-type functions in [12]. We recall the proof here for convenience.
Let 8, ¢ and p(z), (¢, 7) be as above, and let (w’, w,) = (wy, ..., w,_1, wy,). For
any ¢ € bQ N B(P, 5), we define the holomorphic map V; : z = w = (w', w,) =
(z' = ¢', @(¢, 2)). The Jacobian matrix of ¥, at ¢ is unitary since (4) in Lemma 2.1.
Hence, the inverse map 1//{ I exists and can be assumed that its Jacobian matrix is
uniformly bounded. As an immediate result, |V (z) — ¥:(Z)| ~ |z — Z| for all
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2, Z € B(g,c). We define p, (w', w,) = p(wg_l(w’, wy)); then p, is a defining
function for ¥ (2 N B(¢, ¢)).

By the property (3) in Lemma 2.1 and the F-type condition, after shrinking ¢
enough, for some d small, we obtain

pe(w',0) >0 for0 < |w'|<d,

n—1

pew',0) 2 ) arlwil* + F(lw'*) for0 < [w'] <d, 23)
k=1
2p
where a; = YR (¢). Therefore, by Taylor’s theorem, for any |w| < d, we have
kOSk

ap
pe (W', wy) = pr(w',0) + 2 Re (aT{(w’, 0).wn> +o(lwn|)
n

n—1
= 2Rew, + ) arlwel* + F((w'?) + AF (') + o(1)wal.
k=1
2.4)

where the last inequality follows from 9, 0, (0) = dw, and o(1) — 0 when |w| — 0.
Here, the convergence is uniform in ¢-variables, since the fact that o(1) in our case
only depends on the modulus of continuity of the first-order partial derivatives of
pe(w', wy). So, let 0 < d* < d be so small such that o(1)|w,| < |Re w,| + | Im w,,]|
for every |w| < d*. Hence, the above inequality implies that

n—1
—2Rew, + [Rew,| > pe (W', wy) — [Imw,| + Y alwel* + F(lw'*) + A+ F(jw'*)
k=1

for |w| < d*. This implies

n—1
|Rew, | 2 pr(w', wy) — [Imwy| + Y axlwe* + A F(lw'|*) for [w| < d*.
k=1

The last step is to convert p; (w) to p(z). To do this, we choose ¢* < ¢ so small such
that ¥ (B(¢, ¢*)) C B(0, d*). Then, using the Taylor’s formula and the fact that F is
smooth, we have

F(w'®) = F(lwl®) + 0(1) - [wy|?,

SO we obtain

n—1 2
d°p 2 2
Re & (¢, > — — | Im @ (¢, = — A-F — .
[Re®(£,2)| 2 —p(2) — [Im P (¢ Z)|+k§:l a;ka;k(g)'“ Zkl” + (¢ —zI9)
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2066 L.K.Ha

Replace the left-hand side by C|®]|, for C > 0 large enough, the following holds

2

— P+ F 2.
8(3; Olek —zel"+ F(lz—¢|9)

12D 2 1p@]+Im@ (L, 2)| + Z

This completes the proof. O
Remark 2.5 This proof also implies that

n

p() = p(g) — 2ReZ —(:)(ck —2 Y.

k=1

B 2
o agk(f)lé“k wl +F(z—¢)

for |¢ — z| < c¢. Then we have

Gl>+ F(lz — ¢

|¢@ZN>Hm¢@ZN+p@)_M@+§:Maf

for [¢ — z| < cand p(z) < p(4).
Moreover, it is not difficult to show that:

Corollary 2.6 Let 2 C C" be a smoothly bounded, convex domain admitting an F-type
at all boundary points. The following inequality holds

82
5| 1

D, 2) |~ p@)—p@+I1¢ —zjl?

Jorlzl +1¢]l < L | —z| < cand p(z) < p(&).

3 Examples

In this section, we provide some examples to illustrate the notion of F-type. Firstly,
we begin with some convex domains of finite type in the sense of Range (see [23,24]).

3.1 Domain of Finite Type

Example 3.1 ([25, p. 195]) Let Q C C? be a bounded strictly convex domain with its
smooth, strictly plurisubharmonic defining function p. For every P € bS2, there exist
positive constants ¢’, ¢ and C such that for all ¢ € Q N B(P, ¢’) we have

Red(,2) 2 p() —p(D)+ ) Oz — &l + Clg —2I,

P
oy 9k 98k
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where [ — z| < c.
Hence, when ¢ € bQ2 N B(P,c'),z € {|¢ — z| < c}and (¢, z) = 0, we have

p(2) Z Flz =P,
with F(t) = t. So Q is of F-type.
Example 3.2 ([24, Corollary 5.4]) Let us consider the following complex ellipsoid
n
Q={G1....20) €C":pR) = Y _|z;I*™ =1 <0} (mjeN).
j=l1
Then there exist constants ¢, C > 0 such that

" 82,0 5 5
Re®(,7) > - +) _ —al>+cCle =z,
$,2) 2 p)—p) 2 a;kagk(o'm‘ S| ¢ —z|

for; € Q,z € Qwith [ —z| < c,andm = max{m;}. Thus €2 is a convex domain
admitting an F-type, with F(t) = t".

Example 3.3 ([22, Proposition 1]) Let Q@ € C? be a convex domain with real-analytic
boundary, i.e., p is a real-analytic function. Then, there exist constants ¢, C > 0 and
a positive integer m such that

Re d(¢,2) 2 p(§) — p(z) + Clg — z*™,

for ¢ € Q,z € Q with [¢ — z| < c. Therefore  is a domain admitting an F-type,
with F(¢) = ™.

Example 3.4 Assume that ©2 denote a bounded domain of the type

Q= z:(zl,...,zn)e(cn:p(z):ij(|zj|2)—l <0,
j=1

where all functions p; are assumed to be real-analytic in [0, a;] such that

(1) pj() =0, p(1) +2tp}(t) = 0for0 < 1 < aj;
@) p(0) = p;(0) = 0and pj(a;) > 1.

In [2], Bruna and del Castillo obtained that there exists a positive integer m such that

(Olze — el* + 1 — 2™,

n 32,0
Re®(5,2) 2 p(§) — p(2) + =
ed((,2) 2 p&) =z ,;Bg“kag“k

for¢,z € Q (see [2, Formula (7)]),
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and

ap 92p
Li| — )| <4 = 2, p.534
‘ (89)‘ N Jaé_] 3 (&) (see[2, p.534]).

Therefore €2 is a smoothly bounded, admissibly decoupled, convex domain admitting
an F-type, with F(t) = ™.

3.2 Domains of Infinite Type

In this subsection, we consider a large class of certain convex domains of infinite type
in C".

Example 3.5

" 1
oo . n ., — — —
Q _{z_(zl,...,zn)e(C .p(z)—kE=1exp<1 Izklz"‘k) 1<0},

where 0 < oy < ——. We are going to prove that Q* is a domain admitting

2n—1)

1 1
F-type with F(t) = exp <1 — F)’O <s < 20— 1)

When n = 2,1in [32], Verdera proved that Q°° is a convex domain admitting F-type
1
with F(t) = exp <1 — —) for0 <s < 1/2.

1 1
Lemma3.6 Let0 < s < X and g : [0, 1] — R be defined by g(t) = exp <1 - —).

tS

There exists a constant n = n(s) > 0, and the following inequality holds:

d
g(Ic +v») —g(l¢1*) — 2Re (£(|¢|2>v> > g(jv), (3.1)

where £, v € C, 2]+ |[v] < n.

Proof We may assume that {, v # 0, and then write { = rexp(if), v = Rexp(iB)
and v;’l = pexp(iy). Let us fix r, R and 6. Then, let B vary; the left-hand side of
(3.1) equals to

F(y)=g(r*(1+ u? +2ucosy)) — g(r?) —2¢' r*)r*ucos y.
Since r is fixed,
F'(y) =2r*usiny (g (r?) — g/ (r*(1 + p* + 21 cos ).
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Because 0 <t < 1, g/(f) > 0 and there is 0 < t < 1 such that g”(¢) > 0 for all
0 < t < 7. Therefore, without loss of generality, it may be assumed that r < /T
which satisfies

g'(t) = inf g'(1).
t<t<l

Notice that F'(y) = 0 if and only if y = 0, or cosy = —u/2. We consider y in
two cases.

(1) If u < 2,thencosy > —1, and so F attains its absolute minimum value at y with
cosy = —u/2. Atsuch y,

F(m) =g (rHR* > ¢ (R*/HR>.
(2) If u > 2, F attains its absolute minimum value at y = &, and
F(r) = g(r> + R(R = 2r)) — g(r?) + 2rRg ().

Now let R vary, F (i) is a function of R. Firstly, if 2r < R < 4r, F (1) attains its
absolute minimum at R = 2r. Then at this R,

F(r) =4g' (r>)r? = ¢ (NR®)NR* (N = 1/16 for instance).

Secondly, if R > 4r,then R —2r > R/2. Hence, at such R, and for R2/l6 <t<
R?/2 we have

F(r)>g (r + 7) —g(r?) +2rRg' (%)
R2

> g ( 2+ ) —g(r?)

R2
(7> (%)

— RZ/t
T g ().

~

v

8

Finally, if T > R?/2, g'(t) > g'(R?/16). Since F is minimized at y = 7, taking
the infimum over 0 < y < 2w, we have

,Jnf F(y) = ¢ (NR)NR?, forr,R < /.
<y=im

Note that g” () > Oforall0 < ¢t < 7,s0 g(t) < 1g'(¢) for 0 < ¢t < 7. Applying
this to the above inequality, the desired estimate is obtained.

In case n = 2, Lemma 3.6 is all that we need to prove the main theorem. However,
in case n > 3, we need more sharp right-hand side.
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2070 L.K.Ha

Lemma 3.7 Let «, g and n be defined as in Lemma 3.6. Then we have

2y _ 2y _ 98 .2 >>3_2 2
g(¢ +vl?) —g(<19) 2Re<a§(|§|)v YY) g(cPP +g(vP), (3.2)

where £, v € C, [C] + [v] < n.

Proof By Taylor’s series expansion, the left-hand side of (3.2) agrees with Taylor
polynomial

TG v = ) L(i) (i)ﬁguuz)v“ﬁﬂ
a+ﬁ22a!,3! ag an

Firstly, if « + B = 2, by an elementary calculus, we deduce that

2

92 92
g(¢Hvf* +Re (8—€2g<|§|2)v2> > ——=g(lePv (3.3)

9ca 0¢0¢

Secondly, when || 4+ |8] > 3, we consider |v| < a|¢]| for some 0 < a < 1. Then,
(3.3) implies that

2

=g(IcHvf?

T(.7) >
(¢ Z)Nagag

for |v| < a|¢| and for a sufficiently small a.
Otherwise, if |v| > a|z], then

2
(v >

a;a;gq“ vl

Thus, it follows from Lemma 3.6 that

2

—g(lcH)vl.

T, v) >
(¢ U)Nagag

Hence, gathering results, we obtain the desired inequality. O

1
Corollary 3.8 For ¢ € bQ2*°, there are constants ¢ > 0 and 0 < s < ﬂ such
n—

1
Gl +exp (1 ic —zlh) ’

for|z—¢| <candz € (T;(Qm))c—the complex tangent space to bQ*® at ¢.

that we have

p() 2 Z
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Proof Firstly, we have

p(z) =p() —2Re @ (¢, 2) + (p(2) = p({) +2Re P(L, 2))

= p(t) ~2Re D z)+2nj{ex (1—L)—ex (1_L)
TSNP ) T

d 1
—2Re [@ (exp (1 - W)) Sk — Zk):“ . (3.4)

Secondly, it follows from (3.2) that

1Sk — 2kl

292 1
+ _ 1o —— )l — &l
; 8505 {exP< |Ck|2sk>} e

(for 0 < s := max(sg) < 1/2(n — 1))

" 1
p(z) 2 p(&) —2Re®(¢,2) + ZeXp <1 - —)
k=1

1
2 p(¢) —2Re Dz, z>+Z ©lek — &l +exp(1 T |25>.

e ag

Finally, for some small ¢ > 0, if { € bQ*° N B(P, c¢) we have

1
> = =,
pR) 2 §:8§k8k(c>m &l +exp< |§—z|25>

for all z € B(¢, ¢) with @(¢, z) = 0. That means Q2 is a domain admitting F-type

1 1
with F(f) =exp|(1— =), 0 <s < ———. O
ts 2(n —1)

Next we compute the integral

d S *
/ (—In z)"—H—Ft @ 4
0

1 1
for0 <d < 1,where F(t) = exp|1——),0 <« < ——. Since F*(t) =
1 2(n—1)

———, we have
t(1 —1Int)a
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d [To*
/(—lnt)”*S*Z—Ft (t)dz
0

400 -1 n—2—s
_ / (y—D dy
1

—Ind yi
+oo n—s—2
= f v [ Y (n T 2) YT (=17 | dy
1-Ind =0 J
y—>+00
_s—2 .
_ ni (—1)/ (n—S—z) ynfsflfj,ﬁ
— s —1—j— J
Jj=0 T y=1-Ind
Since 0 <a¢ < ——,
2(n—1)
n—s (—=1)/ (n -85 — 2> yn_s_l_j_i -0
— g5 —1—j— J '
Jj=0 J 2a y——+00

Immediately we have

d S *
/ (—In z)"—H—Ft @ 4
0

n—s—2 P
oL —1)/ 1 n—s—2 .
= (1 —Ind)"* " ( ( . )l—lnd i,
( ) > : i) )

o n—s—l-j-g

This gives
(14 |Ind|)2a+1+s—n

n—s—2 (—1)j+1 n—s—2 —j
> 1( ; )(1+|lnd|)/

n—s—1—j—5

fd) =

’

where f is defined in Main Theorem. Therefore, as a consequence of Main Theorem,
we have

Corollary 3.9 Let ¢ € Cfo q)(QOO) be a d-closed differential form on Q°° with k > 0
and1 <g <n-—1

(1) If n =2, there exists a function u € A,{(Q"O) so that du = ¢ and
”u”A]{(Qoo) S Ck ”(p”C(kO,l)(QOO)’
where

fd) = (i — 1) (1 + |Ind)z=—".
20
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(2) If n > 3, there exists a (0,q — 1)-differential form u € A% (Q%) so that
4 0.g—1)

ou = ¢ and
||u||A](c(3,f41—l)(ro) < Cisn ”(pncfovq)(gzooy
forevery 0 < s <n — 3 and where
(1 + Ind|yzatits=n

2 (=it n—s—2 -
> — 1( ; )(l+llnd|)

n—s ~ 3

fd) =

Example 3.10 By the same arguments above with some minor modifications, it is not
difficult to show that

- 1
Q=1z2=(z1,...,2) €C": p(z) =2 ex (——)—1<0 ,
’ { 1 ' /; P\ Tl TGz

1
where ;. > 2,is a convex domain admitting F-type with F(12) = 2 exp <_ tInz[ )’
n

o = maxy .
4 Higher Derivatives of Henkin-Ramirez Solution on Convex Domains
Asmentioned in Sect. 1, we briefly recall the construction of Henkin—Ramirez solution

operators for the d-equation in €.
For1 < j <n,and XA € [0, 1] we define

ap
1 a—g_]_({) ~
w](é"z)z 5({,1) On{(gaz):@(g’z)#OL
Pl =8 -7, 9% =1¢ -z
wQ(§ z)=m for¢ #z
I @9z, 2) '

®j (.2, 1) = (1 = V). 2) + 2ol (Z. 2).

Assume that there exists a small §o > 0 such that for all |§] < o, domains {z :
p_(z) < 8} are convex. Let G be an open neighborhood of 2 such that the closure
G C{z:p() <dp},andweset K = G \ Q.
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Sincew = (wy, ..., wy,)iswell definedon K x Q2 x [0, 1],forg =0,1,...,n—1,
we set

K,(,z,\) =K_1(¢,z,A) =0, and
Kq(é" 27)\')

= (—1)4 (n ; 1) det(w, 3. w, ..., d.w, ég,xw, . ..,5;7Aw) AdZL A AdE,

g —times (n—q—1)—times
where E_)g,)\ = 5; + d,.. Notice that
01 Kq(C 2, 4) = (=178, Ky-1(¢, 2, 1)

The following lemma is a multi-dimensional version of the Cauchy—Pompeiu formula
in one complex variable.

Lemma 4.1 (Bochner—Martinelli—KoEpelman formula) ([26, Lemma 2.4]) Let B,
(¢,2) = K4(¢£,2,0). Forg € C(lo,q)(Q) and z € 2, we have

(_l)n(n—l)/Z

@(z) = a2 (/mﬂi) AN By(¢,2) —/Qa<ﬂ(§)/\3q(§,z)

—5z/9§0(§)/\3q—1(§,z)>. 4.1

The Henkin-Ramirez solution operator for the 3-problem is given in the following
lemma.

Lemma 4.2 [26, Sect.2] For ¢ € C(o,q)(S_Z), 1 <q <n,and z € Q2 define

(_1)n(n—l)/2
o (/})QX[O)I]QD(C) ANKq-1(8,2,4) — /Qw(s“) A Bq—l(C7Z)> :

Then, if ¢ € C(lo q)(Q) is 3-closed, then

Ty9(2) =

T p=9

on Q.

In order to apply Stoke’s theorem to 7, ¢, we must modify 7, as I. Lieb and R.M.
Range have done in [21]. To do so, we need a Seeley type operator (see [29] for
details). We denote by Cf (W) the space of C k(W)-functions from W — C with
compact support.

Lemma 4.3 (Seeley extension) If €2 C RN is an open set with smooth boundary and
G is a neighborhood of 2. Then there exists a linear operator E : co9(Q) > C?(G),
such that
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2075
(1) Eulg = u; B
() fork=0,1,...,ifu € CX(Q), then Eu € C¥(G);
) fork =0,1, ..., there exists a constant Cy. so that

|Eullcrigy < Crllullcrq)-

Let 9 = Y, @7dz! be a (0, g)-differential form on Q. We also write E¢ =

> E @1dz" as the extension of ¢. Then the Henkin—Ramirez solution operator for
the d-equation is extended to G as follows.

Definition4.4 For1 <g <n,¢ € C(o,q)(Q), and z € 2, we define

(_l)n(nfl)/Z
Sq9(2) = W [/ng[o’l] W) NKg—1(8,2,2) — /S;Ql)(f) A By-1(¢,2)

- / E(ﬂ({)/\Kq_](;, <5 )‘)_52/ E¢(§)AKq—2(§s Zv)‘)il'
K x{1} K x[0,1]

Lemma 4.5 [27, Lemma 3.2] If ¢ € C{, (), d¢ = 0on Q, then

3S,0(2) = ¢(2)
for z € Q. In this case, we have

(_l)n(nfl)/Z _
Sq9(2) = — 55— </ 0Ep() NKg-1(L,2,2) —/ Ep(5) A Bg—1(8, Z)) .
Q2mi) K x[0,1] G

Proof Firstly, since

(_1)11(11—1)/2 . © N
- A _ , 2,
Qmi)" </Kx[o,1] PN Kgr6 2.0

+0, / Ep(Q) A Kyoa(¢, 2, A))
K x[0,1]

Sq9(z) = 7;1@(1) -

and 517;1<p = ¢, and (9)2 = 0, we obtain

_ (_1)11(1171)/2 B
0:S0(2) = ¢(z) — o 0z /KX“} Ep(C)NKy-1(¢, 2, M)

-0
= ¢(2).
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Secondly, since 3.(Ep() A Ky 2(,2,A) =—Ep@) A 5;,,\1(4_1({, z, A) we have

/K o AEQ(0) A Kg1(8, 2, A) — 51[ E@Q) AKy—2(C, 2, 1)

K x[0,1]
= / 5E§0(§) A qul(é" 2, )") +/ E(D(é‘) A éé’,)‘.qul(Cv 2, }")
K x[0,1] K x[0,1]

= / I a(E@(Q) AKg1(¢,2,1))
K x[0,1]

= f Ep ANKy-1(¢,z,2) (by Stoke’s Theorem).
b(K x[0,1])
The fact b(K x [0, 1]) = (bG x [0, 1)) U (K x {1} \ (b2 x [0, 1]) \ (K x {0}) implies

/ éEfﬂ(E)/\Kq—l(i,z,k)—éz/ Ep@)NKy2(8,2,2)
K x[0.1]

K x[0,1]

:/ E(p/\Kq—l(g,Z,)»)'F/ EoNKg-1(¢,2,2)
bGx[0,1] K x{1}

=0 since E¢=0 on bG

_/ E(p/\Kq*I(é" Zv)")_/ E(p/\qul(gv s )\‘)
b2x[0,1] K x{0}

Hence the desired identity follows immediately. O

The second integral over / E@(¢) A By—1(g, z) is not significant in our analysis
G

since this operator is bounded from Cé‘o q)(Q) into AI({(’)"; )(Q) forall0 < f(¢t) < t.
The problematic subject is the first integral

To(z) = /K . IEQ() A Kg1(L, 2, M),

since K contains the boundary bh<2.
Next, we will write down the operator 7 ¢ into a linear combination of simple terms.
The definition of K, implies that K, 1 is a linear combination of the terms

A (1 =)/ det(w”, 8,00, ..., 80", (@ —®)dr, 80, ..., 00"y AdCI A - AdE,
— —
(g—1)—times (n—q—1)—times

fori+j=n—-1,p=0,1,and
A1 = 1) det(@?, 3.0, ..., 30", 3,0, ..., dr0") AdET A - AdE,

(g—1)—times (n—q)—times

fori+j=n—-1,p=0,1.
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Then, taking the wedge product by d E¢ and integrating over A € [0, 1], the second
integrals involving terms of second terms equal to zero. Hence, 7 ¢(z) is a linear
combination of the terms

/ E_)E(p det(a)o, a)l, éza)o R éza)l, 5§a)0 e, égwl) Adey A - AdE,.
K

From the definition of @, we have

n 2

0P d a
T =Y 0@ )+ )

g oy 06i0¢; ¢

and so

foke) _8_,0
a_é_l(;’ é-) - aé_] (g)s fOI' all; € K.

Since Vp # 0 on b2, for each ¢y € bS2, there exists an index v, such that

0D
T

(%0, o) # 0.

The compactness of K implies that there are a finite covering {U; };f‘:l of Kanda > 0
such that for every j there is v; with

oP
aé‘v_/

>a onU; x Uj.

Let {x; };’;1 C C*°(K) be a partition of unity of K with corresponding to the finite
covering {Uj}’;‘zl, SO

m
ij =1 onK.
j=1

Since

det(a)o, éza)o, R E_);a)o, a)l, 52601, el E_);a)])

s—times (n—s—2)—times
_ det(P%, 9, P°, ..., 3, P°, P, 3, P, ..., 8, P
(@92, )t (@ (¢, 2)) !
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forall 0 <s <n — 2, itis sufficient to estimate for every j and J,0 < s <n — 2,

det(P®, 9. PO, ..., 8, P° P!, 9, P, ... 8, P
(@0, ) (@ (g, )t

/\dgl/\/\dgi‘l s

Dt [ 1000,
l 4.2)

where JEQ(¢) = Y| j=y 11 $7(¢)d¢7,and 2 < || < k+ 1 due to Lemma 5.1. Since
s =00onQand ¢; € C*-1(G), x;¢; € C*~1(U;) and x;¢; =0on U; N Q.

0P

—| > aonU x U. We try to express the long
%

integral (4.2) explicitly. Since €2 is admissibly decoupled, it is enough to consider the

following integrals, foreachz e U and2 < |¢| <k +1,0<s <n —2,

For convenience, we assume

= __0dp 32/) a2p
Go—z20) L)L ). — P
D“f X(©)ps ©) 2T gt i TR dc.
z U (‘DO(§, Z))S'H(Q)(é‘, Z))”_S_l

Lemma 4.6 (Converting derivative lemma) Assume

‘35
9ty

>a onU x U, whereU is a member in the above {Uj}Tzl-

Then for each z € U and 2 < |a| < k + 1, the integral

- __0dp 3%p 3%p
(Co=20) 7~ (O) =) .. ————=(0)
Dot/ X (O () 0 98 ileile) _ 08n—5—108n—s—1 de
“Ju (@02, )y (@ (g, 7))
is a linear combination of the following terms
N; (&, ¥ ()
D’ s de, 4.3
R e e G 43)
where
n—s—1 2
9°p )
—(¢) {2,....n—s5—1},
jl:[l 95,07, ¢) ifvé n—s
V() = n—s—1 52
8_,0 ap_ ifve{2,....,n—s—1},
GIq] o €598
Jj#v
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and0 < |B| < |a|—2, k() is a smooth, boundedfunctionlm =0,1,2,and N;(¢,2)’s
are products of j-factors of the form (§; — z;) or (zj — ¢;) with

IN; (¢, 2)] 1
= ; » Jorel = = (m+gq).
|z —¢|P 2 — ¢ [25Fa+1 Jor (le| —|B]) = ( q)
Proof This lemma is proved in [27, Proposition 3.1]. O
Since
ap 32,0
—_— <
0z, @3 92,07, (2)

forall |z|] < 1,
3%p 9%p

< — e
Wf(g)l ~ 8(18@ (g) 8§n—s—28§n—s—2

). 4.4

5 Proof of the Main Theorem

In case F(r) = ", we use the Hardy-Littlewood Lemma to obtain standard Holder
estimates. However, since the F-type function F' in this paper is more general, we
must apply the following result which was proved in [17].

Lemma 5.1 (General Hardy-Littlewood lemma) Let 2 be a smoothly bounded domain
in RN and let p be a defining function of Q. Let G : Rt — RT be an increasing
d
G(t
) is decreasing andf %dt < oo ford > 0 small enough.

0
Ifu e CY(Q) such that

function such that

G(lp)D

v <
VRIS =56

for every x € L,

then
Flx =y Hlu) —u@y)| < oo

1Gu \
uniformly in x,y € Q, x # y, and where f(d_l) = <f Tdt> .
0

Let U C G be a member of {U}, where {U} is defined in the previous section.

Lemma5.2 Ifve CA-1(U), v=00n QN U, then

/' DPoc) V(2)
U |

7 — é-|2s+[7+1(5(§’ Z))n—s—l-ﬁ-m

G(lp(2)))
lo(2)]

S vllk-1,u

)
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wherem =0,1,2, (k—1—1|8]) — (p+m) > =2, |B| <k — 1, and for smallt > 0

Gt = VF*(1), ifn=2,
Tl (=2 JFR), ifn>3, forO<s<n-—3.

Proof Since v(¢) = 0 for ¢ € U N Q, by Mean Value Theorem, we have

IDPo(@)| < vlierule — 2K zeunQ.

This implies
V(&)
D? ~
‘ v(¢) Iz — §|2S+P+1((p(§, Z))n—s—H—m
< ol V()
~ LU 25t == 1=1BD (B (¢, 7))o —1+m
S vllk-1,u )

¢ — 22 M| B (g, 2o 2mM
withM =3-m=1,2,3.

Therefore, it is sufficient to show that

l @) 0
knw 16— 2P EMB(E M

F*(lp(@)) e
AL ifn=2,
f, |'O(Z)| n—s—2 *
(= lnI,O(Z)l)| ( )|\/F (Ip@)D) Cifn>3, for0O<s<n-—3
o(z

Since the second estimate (n = 2) is proved similarly and simpler than the first one,
we omit its proof here. This means we must show that

— de < , (5.1
v T = P (g, M o @] G

/' a¢9l (=Inlp@ D" *VF(p@)D
K

ifn>3,for0<s<n-3,and M =1,2,3.
Recalling that (4.4) holds on K N U, by Corollary 2.6 we have

n—s—2 n—s—2
1

_Y©
B )2

<
~ l_[ P(§)—p(z)+|é“j—z,|2N H

B @i+ |;, —5F

where p(¢) > Osince ¢ € K NU, —p(z) = |p(z)| sincez € QN U.
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Hence, all of integrals of the form (5.1) are bounded from above by

d¢
h :_/ ~ n—s—2 ’
KU1B (@, 0P 1e =P ] T de@I+16 =2

d¢
12 =/ ~ n—s—2 ’
KOUIB(E, )Ple =222 [T " de@l + 12 =2

I = / — f_i_z . (5.2)
KB ol =P B[] de@l+16 =2

Moreover, since €2 is bounded and p is smooth, I(B (¢,2)| < |¢ — z|. This gives that
L, Iz <.

Next, in order to estimate /1, we localize the domain 2N U by the so-called the Henkin
coordinates see ([14, p. 608]).

Lemma 5.3 (Henkin coordinates) There is a neighborhood W of bS2 such thatifz €¢ W
and

dp
9n

(z) #0,

then the function (x1, ..., X2,—2, ¥, t) form a set of real coordinates in some neigh-
borhood of z, where

Y@ =Im & (¢, 2),
1(¢) = p(&),
x2j =1Im(g; —z;), x2j-1(6) =Re(¢; —z;), j=1,....,n—1

Applying the Henkin coordinates to 11, with (x, y, 1) = (x1, ..., X2p—2, Y, 1), We
obtain
L < / dxdydt
[¢

)
IO (vt o @1+ FO PRI T (o@) 45, +3))

</‘ dx’
~ - s n—s—2 2 2
W= (@) + FAPPH T U@+, +3)

</‘ dx’dx”
~ "o . n—s—2
iz (p@)]+ P PP T lo@1 442, +53)

(where x' = (x1, ..., X2p-25-4) € R*™5 74 " = (x3,-25-3, ..., X2p—2) € R¥T?)
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< /‘ dx/ / dx//
~ , n—s—2 p 12 7125 +1
x| <c 1_['=1 (p )l +x§;71 +x§j) [x"|<c (@I + F(x"1#)|x"|

J
// dxzj—1dxa; / dx”
(e (p@I+x2_ +x3) | Juwrize (0@1+ F(x" )P+

-2

n—s
< I1
j=1

Notice that

¢ rdr
—— < (—1 .
/0 ol S nle@D

Therefore, using polar coordinates for each (x2;_1, x2;), we get

dx//
I S (=Infp(z)h =2 f :
w<e (1P F(x"|2))x" |25+

Using the spherical coordinates r = |x”| in R**2, we obtain immediately the follow-
ing estimate

dr

I < —1 (n7s72)/c—.
15 (Zlnle@D o (p@]+ F(2)

Now, the last integral is estimated inspired by the techniques by Khanh in [17]. We
split it into two parts

¢ dr / Frle@D dr ¢ dr
B Y L [ o
/0 lp@I+F@?)  Jo lp()| + F(rd) ) yreqpan 1p(@)]+ F(r?)
easy part diff. part
F*(lp(x)D

It is clear that the “easy part” is bounded from above by
For the “diff. part”, if r > /F*(|p(z)]), then

lp(2)]

FG?) _ FIF*(p@D) _ 1o
2T @D 1P p@DI

(since F is increasing).

Then we have

F(rz) - r2
o)~ F*(lp)])
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Therefore,

1 dr 1 1 dr
/W o)+ F(r?) = lo(2)] /m 14+ r2/F*(lp(2)])
_VFFpQD [* _dy 7 JFIp@D
N lo(2)] o l4+y2 4 e

Combining all results, we have

F*
IS (~Inlppe2 X 0eED, (5:3)
lp(2)]
Therefore the proof of the lemma is complete. O

Proposition 5.4 Let ¢ € Cé‘o q)(Q) be a d-closed differential form with k > 1. Then,

(1) ifn =2, we have

S k, < k )
I q(p”A(o',i,—l)(Q) ~ ”QD”C(O,({)(Q)

where

-1

d *
([ )
0

t

(2) ifn > 3, we have

ISgell \x.r < llell ek ,
q® AL @) Plick (@)

0.9)

where

d n—s—2 /Tx -1
0

t

Proof Let U be the open set in Lemma 5.2. We show that the assertions (1) and (2)
hold on 2 N U. Therefore, by the estimates in Lemma 5.2, it suffices to check that
VF*(1) and (— In )"~ ~2/F*(1) satisfy all conditions in General Hardy—Littlewood
Lemma for r > 0 small. When n = 2, the proof is more easy than the case n > 3. The
fact (—In7)*~5=2/F*(1) is decreasing is trivial. Moreover,

d ((—m F(z2))"—s—2z>

dr F(12)
(I EF@) 2 (2 — s — DIPF (1) ) 22
— @) ( mF ) + F(t°) —2t°F'(t )) .
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F(t
Since % is increasing, t F'(¢t) > F(t). Therefore, for small ¢ > 0,

i((—lnF(tz))”_S_2t> 0
dr F2) =

and so

(=In)"S"2/F (@)

t

is also decreasing. Finally, we show that

/C (—In0)"*"2J/F*(1)
dt < o0
0

t

Letr = F(yz), we have

/c (_ In t)n7s72 /F*(t) dr
0

t

F*(c) d (—1In F(yZ))n—s—l
= - y— dy
0 dy n—s—1

_ 2yyn—s—1\ [VF¥(©) F*(c) n—s—
:_y((lnFU)) ) _+A C%ana) hU

n—s—1

y=0

Since (— In(F(¢%))" =5~ ! is decreasing when 0 < r < §, for 0 < § < ¢ small enough,
we have

n k)
(—In F(?)" 'y < / (—In F(2)"\dr < / (—In F(2)"™dr < oo,
0 0

uniformly in 0 < 5 < §. Hence, / F*(t)(— lnt)"_s_1 < oo, forall0 <t < /F*(5),
and lin%) 1(—=In F(t*))"*~! = 0. These imply
t—

/C (—In)" =2 /F*(7)
dr < o0
0

t

On @\ U, the proof the these estimates are trivial. Indeed, for every small § > 0, since
{z : p(z) < 8} is convex, ®({,z) # 0on K x (Q\ U). Hence |®(¢,z)| > a > 0
on the compact set K x (€2\ U). Shrinking a > 0 if necessary, we can assume that
|t —z| >a > O0forall (¢,z) € K x (\ U). That means S, ¢(z) is not singular for
ze Q\U. O
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Remark 5.5 In the proof of Lemma 5.2, if we follow the same technique in [24] or
F*(t
[27], then we do certainly obtain t‘“<"_s_2)¥ for0<a<k1,0<s <n-—3.

Then we also need that ~*"*=5=2) F*(z) is increasing for some « since the general
Hardy-Littlewood lemma requires. However, this requirement holds if and only if
F(t) ~ t™, for some m € ZT. Then we obtain the results by R. M. Range in [24] or
by J. Ryczaj in [27].

Proposition 5.6 (1) If n = 2, we have ||S;¢ll , 0@ S ||<p||L?g_q)(Q), for any 9-

closed differential form ¢ € C(o,q)(Q), where

d *
rah= ([ )
0 t

2) If n = 3, forevery 0 < s < n — 3, we have ||Sq<p|| Of

-1

@) S ||<P||L(°(§iq)(s2>yf07
any d-closed differential form ¢ € C (o,q)(Q), where

d n—s—2 -1
—Int VF*(t
f(d_l)z( (zInn) ()dt)
0 t
Proof Since ¢ € C(o,q)(S_Z), we make use of them form of §;¢ given by the defini-
tion 4.4. Moreover,

Sq9(2) = Ty9(2)
(_l)n(n—l)/2

S UKX{”aEN)AKq_l(;,z, x)—/GEw(;)ABq_u;, z)]-

In both of cases, we always have ||’Tq§o|| ()f ”(p”Looq)(Q), see [12, Main

1 (&)
Theorem]. Hence it is enough to show that for q > | we have

S lleliege

o, )(Q)

d: / E@(Z) AN Ky-2(¢, 2, A)
K x[0,1] A% @)
0.,g—=1)

Moreover, this estimate is a consequence of the fact: for v € Co(U;) and z € U}, the
following estimate holds:

- __dp 82,0 82,0
D2/ U(é’) (go Z0)8§1 (§)3§2852 (é‘)~ - 8§n—s—182n—s—l (g)dg_
“Juink (@0(¢, )T (@ (£, )]
G(lp()D)
< Q) 5.4
S vllzee o) @) 5.4
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where

G(1) = vV F*(1), ifn=2,

(=Int)" " 2J/F*@t), ifn >3, for0<s <n—3.

Itis clear that by applying the same technique in the proof of Lemma 5.2 we can easily
obtain the estimate (5.4). Hence we have completed the proof of the proposition. O

Proof of Main Theorem

Let |a| = k, and let v and V be the coefficients of D*S,¢ and D*S, E¢, respec-
tively, where E¢ is the extension of ¢ on G by Lemma 4.3. For all z, w € , from
Proposition 5.6, we have

Flz—w™Hv@E) —vw)l < £z —wl™HIVE) = V)l < llell e

0.9’

This completes the proof of Main theorem. O
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