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Abstract

The purpose of this paper is to establish sufficient conditions for closed range estimates
on (0, g)-forms, for some fixed g, 1 < g <n — 1, for E_)b in both L2 and L2-Sobolev
spaces in embedded, not necessarily pseudoconvex CR manifolds of hypersurface
type. The condition, named weak Y (q), is both more general than previously estab-
lished sufficient conditions and easier to check. Applications of our estimates include
estimates for the Szeg0 projection as well as an argument that the harmonic forms have
the same regularity as the complex Green operator. We use a microlocal argument and
carefully construct a norm that is well suited for a microlocal decomposition of form.
We do not require that the CR manifold is the boundary of a domain. Finally, we
provide an example that demonstrates that weak Y (g) is an easier condition to verify
than earlier, less general conditions.
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1 Introduction

In this paper, we show that the tangential Cauchy—Riemann operator has closed range
on (0, ¢)-forms, forafixed q,1 < g < n—1,in L? and L?-Sobolev spaces on a general
class of embedded CR manifolds of hypersurface type that satisfy a general geometric
condition called weak Y (¢q). We work on a smooth CR submanifold M C C”" that may
be neither pseudoconvex nor the boundary of a domain. The weak Y (¢) condition, first
written down by Harrington and Raich [10] and applied to boundaries of domains in
Stein manifolds, is the most general known condition that ensures closed range of the
tangential Cauchy—Riemann operator on (0, g)-forms. We also provide an example
that shows that the generality provided by the definition makes it easier to verify than
previous and more restrictive conditions. Additionally, we show that for any Sobolev
level, there is a weight such that the (weighted) complex Green operator (inverse to
the weighted Kohn Laplacian) is continuous and the harmonic forms in this weighted
space are elements of the prescribed Sobolev space.

This paper generalizes both [9] and [10] in the following ways. We do not require our
CR manifold to be the boundary of a domain. In effect, we translate the d-techniques
of [10] to the microlocal setting. In [9], they prove results akin to our main results,
but the “weak Y (q)” condition they define is more restrictive than the weak Y (g)
condition here. Additionally, we use a reengineered elliptic regularization argument
to show that (weighted) harmonic (0, g)-forms are smooth, a fact not mentioned in
[9,10]. Additionally, we are careful to monitor the regularized operators and the fact
that they preserve orthogonality with the space of (weighted) harmonic forms, a fact
that has not been observed before (in part because we prove smoothness of harmonic
forms early in regularization process).

Throughout this paper, we will consider M C CV being a 2n — 1 real dimension,
C°°, compact, orientable CR manifold, N > n of hypersurface type. This last condition
means that the CR dimension of M is n — 1 so that the complex tangent bundle splits
into a complex subbundle of dimension n — 1, the conjugate subbundle, and one totally
real direction. An appropriate restriction of the d-complex to M yields the d;-complex.

The 9),-operator was introduced by Kohn and Rossi [15] to study the boundary
values of holomorphic functions on domains in C", and it was soon realized that the
dp-complex was deeply intertwined with the geometry and potential theory of such
domains and their boundaries. The story of the L2-theory of the 9,-operator begins with
Shaw [19] and Boas and Shaw [2] (in the top degree) on boundaries of pseudoconvex
domains in C" and with Kohn [13] on the boundaries of pseudoconvex domains in
Stein manifolds. Nicoara [16] established closed range for 9 (at all form levels) on
smooth, embedded, compact, orientable CR manifolds of hypersurface dimension in
the case that n > 3 and Baracco [1] established the n = 2 case. Thus, from the point
of view closed range, the pseudoconvex case is completely understood.

Harrington and Raich [9] began an investigation of the dj-problem on nonpseu-
doconvex CR manifolds of hypersurface type. Specifically, they fixed a level g,
1 < ¢ < n—2,and sought a general condition that sufficed to prove closed range of 9,
on (0, ¢)-forms (and in L-Sobolev spaces in suitably weighted spaces). They worked
on CR manifolds of hypersurface type, and our results generalize theirs by showing
that the conclusions they draw are still true with a weaker hypothesis, namely, the
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weak Y (¢) condition from [10]. The analysis in [10] is loosely based on the ideas of
Shaw and does not use a microlocal argument, but rather 9-methods. This requires the
CR manifold to be the boundary of a domain, a hypothesis that we relax. The name
weak Y (¢) stems from the fact that it is a weakening of the classical Y (¢) condition, a
geometric condition that is equivalent to the complex Green operator satisfying 1/2-
estimates on (0, g)-forms. The complex Green operator, when it exists, is the name
for the (relative) inverse to [, in L%’ 4 (M) and denoted by G .

Our methods involve a microlocal argument in the spirit of [9,16,17] and a recently
reengineered elliptic regularization that not only allows for a weighted complex Green
operator to solve the d,-problem in a given L2-Sobolev space, but also shows that the
weighted L2-harmonic forms reside in that Sobolev space [7,14]. This last fact is not
clear from the elliptic regularization methods used in [9,16]. For a discussion of the
weak Y (¢) condition and its related, nonsymmetrized version, weak Z(g), please see
[6,8—11] and for discussion on the elliptic regularization method, [7,14].

The outline of the argument is as follows: we start by proving a basic identity that
is well suited to the geometry of M. The problem with basic identities for 9, is that
the Levi form appears with in a term that also contains the derivative in the totally
real direction. The microlocal argument is used to control this term—specifically, we
construct a norm based on a microlocal decomposition of our form which allows us
to use a version of the sharp Garding’s inequality and eliminate the 7 from the inner
product term. This allows us to prove a basic estimate (Proposition 4.1) from the basic
identity and the main results are due to careful applications of the basic estimate.

The outline of the paper is the following. We conclude this section with statements
of our main theorems. In Sect. 2, we define our notation. In Sect. 3, we give some
computations in local coordinates and the microlocal decomposition. In Sect. 4, we
prove the basic estimate, Proposition 4.1. In Sect. 5, we prove the Theorem 1.2. Many
of the consequences of Theorem 1.2 use identical proofs to [9, Theorem 1.2], once
we have completed the elliptic regularization argument, established the continuity of
G, on Hg’ q (M), and proved the regularity of the weighted harmonic forms. In Sect.
6, we outline how to pass from Theorem 1.2 to Theorem 1.1. We conclude the paper
in Sect. 7 with an example.

Theorem 1.1 Let M**~! be an embedded C™, compact, orientable CR manifold of

hypersurface type that satisfies weak Y (q) for some fixed q, 1 < q < n — 2. Then the

following hold:

(1) The operators 9y, - L%’q(M) — L%,q+l(M) and p L%,q_l(M) - L(z),q(M)
have closed range;

(2) The operators 9;; : L
have closed range; o o

(3) The Kohn Laplacian O, := 00;; + 9 0p has closed range on L% q(M);

(4) The complex Green operator G exists and is continuous on L(z)! p (M);

(5) The canonical solution operators, Q;Gq : L%yq(M) — L%)qfl(M) and Gqég :
L(z)’q+1 M) — L%’q(M) are continuous;

(6) The canonical solution operators, 5qu : L%yq(M) — L(2),q+1(M) and Gqéb :

g,q (M) — Lqu(M) and 3} : Laq(M) N L%,q_l(M)

L(2),q71 (M) — L(z)’q (M) are continuous;
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(7) The space of the harmonic forms Ho 4 (M), defined to be the (0,q)-forms annihi-
lated by 0 and 0}, is finite dimensional;
®) Ifg=qorq+1landa € L(Z)ﬁ, then there exists u € L(z)’(;_l so that

Wt = o

and |[ullo < Cllallo for some constant C independent of a;
(9) The Szego projections Sq = 1 —3,0pG4 and Sq—1 = I — 3G 40, are continuous
on L%, q (M).

In fact, Theorem 1.1 follows immediately from Theorem 1.2 using standard techniques
and the fact that the constructed norm ||| -|||; is equivalent to the unweighted norm || - ||o.
We denote the L2 space with respect to |||-|||, by L2(M, ||| l;). Additionally, we use the
(equivalent) norm ||[|A*-]||, on H®(M) because with it, we can obtain better constants
and denote the H* (M) with respect to this measurement by H*(M, |||-|ll;) -

Theorem 1.2 Let M*"~! be a C* compact, orientable, weakly Y (q) CR manifold of
hypersurface type embedded in C¥, N > n, and 1 < g < n—2. Foreachs > 0 there
exists Ty > 0 so that the following hold:

i. Theoperatorsdy : L ¢ M- )—>L3 g+1 (M, I-1ll,) and 3 = L oq V(M)
— L2 (M -1, have closed range. Additionally, for any s > 0 ift > T,

then a,, Hy (M) = H oy (M) and 0 2 H (M 1) —
Hy (M, |- ||| )have closed range.

ii. The operators 35, : Lg, (M. III) = L§ (M, I-lll,) and 3,
(M M-l — L2 0.q— 1M 11l have closed range. Additionally, ift > T,
then 3;,, Hy (M) — H (M) and 0y, = Hy (M1l —
Héq (M- ||| ) have closed range.
iii. The Kohn Laplacian Uy ; := ababﬁl+ab,15b has closed range on L%‘q M, -,
and if t > Ty, Oy ; also has closed range on Hos’q(M, -111,)-

iv. The space of (weighted) harmonic forms HI (M), defined to be the (0, q)-forms
annihilated by 3}, and 8h .» 18 finite dimensional.

v. The complex Green operator Gy exists and is continuous on L%’q(M, M-111,)
and also on Hy (M., |||-Ill,) if t = T.

vi. The canonical solution operators for p, 5;;th; : %’q(M, -l —
LG, (M, I-ll;) and C_}q,;é,’;, : 0q+1(M -l = LG, (M, NI-ll,) are con-
tinuo_us. Additionally, aj)th’, : ’q(M, M-l — H(;,qq(M’ I-1Il;) and
quta,j’, : H&‘H_I(M, M- — Hg,q(M, U|~I||t)_are continuous if t > Tj.

vii. The canonical solution operators for 9y, Ggy : L%ﬁq(M, M-, —

LG oy (ML) and Gy iy Oq (M) = LG, (M 1N, are con-
tinuous. Additionally, Bqu,t : ’q(M, M- — HS,qH(M, l-Ill;) and

Ggidp : Hy (M) — Hy (M l-[I|,) are continuous if t = T.
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vili. The Szego projections Sy, = 1 — E_),ftéqu,, and Sy_1; = I — 5,’fth,,5b
are continuous on L(z)q(M, -, and L(Z) q_l(M, I-ll,), respectively. Addi-
tionally, if t > T then S, ; and Sq—1; are continuous on ng(M, -ll;) and
Héﬁq_l(M, l-Ill;), respectively.

2 Definitions and Notation
2.1 CR Manifolds

Definition 2.1 Let M a smooth manifold of real dimensional 2n — 1. M is called a CR
manifold of hypersurface type if M is equipped with a subbundle of the complexified
tangent bundle CT (M) denoted by L satisfying:

() dimc Ly =n — 1 where L, is the fiber over x € M.
(i) Ly NLy = {0} where L, is the complex conjugate of L.
(iii) If L, L' € L, then [L, L'] := LL' — L'Lisin L.

LL is called the CR structure of M. Since M is embedded in CV, we define TZ1 ’O(M ) =
TZ1 0 (CNYNT,(M)® C (under the natural inclusion). Since the complex dimension of
the CR structure is n — 1 forall z € M, we canset L = T'0(M) = (., %M,
and this defines a CR structure on M called the induced CR structure on M.

For this paper, we consider only smooth, orientable CR manifolds of hypersurface
type embedded in a complex space C", though our techniques should generalize to
Stein manifolds, a topic that we do not pursue here to notational simplicity and clarity.
Let TP 9 (M) denote the space of exterior algebra generated by T LOM) and TO 1 (M).
Let AP 9(M) denote the bundle of (p, g)-forms on 779 (M), thatis, AP-9 (M) consists
of skew-symmetric multilinear maps of 779 (M) into C. Because we are in C", our
calculations do not depend on p, and we therefore set p = 0 for the remainder of the
manuscript.

2.2 5,, on Embedded Manifolds

Since M C C¥ for some N > n, and our CR structure is the induced one, it is natural
to use the induced metric on CT (M), denoted by (-, -} for each x € M. The metric
(-, )x 18 comPatible with the induced CR structure in the sense that the vector spaces
Txl 0 and Txo’ are orthogonal. We use the inner product on A%4 (M) given by

(0. ¥)0 = / (0. )5 AV
M

where dV is the volume element on M. The involution condition (iii) in Definition
2.1 means that d), can be defined as the restriction of the de Rham exterior derivative
d to A%9(M).

The Hermitian inner product above gives rise to an L?-norm || - ||o, and we also
denote the closure of 3, in this norm by 9, (by an abuse of notation). In this way,

@ Springer



Closed Range Estimates for 3, on CR Manifolds of Hypersurface Type 371

A L(z)) q(M ) —> L%’ o+ 1 (M) is a well-defined, closed, densely defined operator, and
we define Z_)If : L%,q—i—l(M) — L(Z)’q(M) to be its L2 adjoint. The Kohn Laplacian
Op - Lqu(M) — L%’q(M) is defined as

Op = 5;;(% + 5b5;
2.3 The Levi Form

From the CR structure on M, there is a local orthonormal basis L, ..., L, of the
(1, 0)-vector fields in a neighborhood U of a point x € M. Let wy, ..., w,—1 be
the dual basis of (1, 0)-forms so that (@;, Ly) = 6. This means Li,...,Ly_;is
an orthonormal basis of 7%!1(U) with dual basis @1, ..., @,—1 in U. Finally, there
is a vector T, taken purely imaginary, so that {L1, ..., L,—1, Li,....Ly_1, T}is an
orthonormal basis of 7 (U). Since M is oriented, there exists a globally defined 1-form
y that annihilates 71-°(M) & 7% (M) and is normalized so that (y, T) = —1.

Definition 2.2 The Levi form at a point x € M is the Hermitian form given by
(dyx, LAL')forany L, L’ € T'%(U), and U is a neighborhood of x € M.

Cartan’s formula implies that for any L, L’ € T"O(M ), we have
(dy.LAL)=—{y,[L, L]). (2.1)
In local coordinates, forany 1 < j, k <n — 1,
[L;, Li] = cjxT mod T"O(U) & T (U)

sothat (dy, Lj A L) = cjx. We will call [cj¢]
toL{,....,L,_1,T.

Let 1, ..., uy—1 be the eigenvalues of [cjk] such that 1 < pupy < ... < Uy—1.
The CR structure is called (strictly) pseudoconvex in some point p € M if the matrix
[c ik ( p)] is positive (definite) semidefinite. If the CR structure is (strictly) pseudocon-
vex in every point, then it is called (strictly) pseudoconvex.

Now, we introduce the main geometric condition for our CR manifolds, given by
Harrington and Raich in [10].

1<jk<n—1 the Levi matrix with respect

Definition 2.3 For 1 < g < n — 1 we say M satisfies Z(g)-weakly if there exists a

real Y e T!11(M) satisfying

(A) 161> = (i0 AB)(Y) > 0foralld € ALO(M).

B) w1 +p2+ -+ pg —i{dyx, Y) > 0 where u1, ..., uy—1 are the eigenvalues
of the Levi form at x in increasing order.

(C) w(Y) # g where w is the (1, 1)-form associated to the induced metric on
CT(M).

We say that M satisfies weak Y (q) if M satisfies both Z(g)-weakly and Z(n —q — 1)-
weakly.
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372 J. Coacalle, A. Raich

For example, it is easy to see that if M is pseudoconvex, then M satisfies weak
Z(q) forany 1 < g <n — 1 with T = 0. Please see [6,10,11] for a discussion of the
weak Z(q) property. The symmetric hypotheses on form levels ong andn — 1 — ¢
are necessary due a Hodge-* operator [3,18].

Remark 2.4 1If M is a CR manifold satisfying Y (¢) weakly, then Y corresponding to
weak Z(g), which we denote by Y,, may be unrelated to the Y that corresponds to
weak Z(n — g — 1) (similarly denoted by Y;,—1—¢).

Given a function ¢ defined near M, we define the two form
o 1 - - 1
0% = §<3b3b§0 - Bbabso) + zv«p)dy

where v is the real part of the complex normal to M. When we work locally, we often
associate ®¥ with the matrix @‘fk = (0%, L; A Li). We know that for such ¢

1, - _ - _
(5 (080 - d09). L A L) = (0%, L A L]
which means ©/7> = 99|z|? = —iw [9, Proposition 3.1].

3 Local Coordinates and Pseudodifferential Operators
3.1 Pseudodifferential Operators

We follow the setup from [17]. By the compactness of M, there exists a finite cover
{U“}u’ so each U, has a special boundary system and can be parameterized by a
hypersurface in C" (U, may be shrunk as necessary).

Let& = (&1, ..., &an—2, &n—1) = (&', &2,—1) be the coordinates in Fourier space so
that £’ is the dual variable to the variables in the maximal complex tangent space and
&, —1 is dual to the totally real part of 7' (M), i.e., the “bad” direction 7. Define

1
cr= {Eiézn—12§|5/| and ISIZI}; C-={e:-seCr};
e ={e: -3l =tz el Ut i < 1.

C™ and C™ are disjoint, but both intersect co nontrivially. Next, let ¥+, ¥~ and wo
be smooth functions on the unit sphere so that

+ 3 / + . ! L.
V(&) = 1 when &, > 2 |€'| and suppy™ C & : &y > 3 & ¢
Y€)= YT (—8); yO&) satisfies y0(6)? = 1 — ¢ T (©)? — ¢y~ ()%

Extend ¥, ¥, and 1//0 homogeneously outside of the unit ball, i.e., if |§| > 1, then

@ Springer



Closed Range Estimates for 3, on CR Manifolds of Hypersurface Type 373

vrE =y E/IED, v E) =y (E/1ED, and ¥O&) = vO&/ 1E)).

Finally, extend ¢ *, ¥ ~, and ¢° smoothly inside the unit ball so that () + (¥ ~)% +
(I/f0)2 = l and ¥ and ¥~ are supported away from B(0, %). For a fixed constant
A > 0 to be chosen later, define for any ¢ > 0,

Y E) =y E/CA), Y (E) =¥ (E/@A), and yO&) = yO(E/(1A)).

Let \I/,+ , ¥, and \IJtO be the pseudodifferential operators of order zero with symbols
vt ¥, and ¢0, respectively. The equality (¥,7)? + (¢, )? + (¢¥0)? = 1 implies
that

(W) W+ (W) + ()W) =1,

Suppose ¥ and ¥ are cut-off functions so that v lsuppy = 1. If W and W are pseudodif-
ferential operators with symbols ¥ and ¥, respectively, then we say that ¥ dominates
v,

For each p, let vt and \IIO , be the operators \IJ;r , W, ,and \IJtO , respectively,

wrr Vi
defined on Uy, where C;, C, are Cg be the corresponding regions of £-space dual to
U,,. It follows that

(W )W (W ), 4+ (W) ) =T

Additionally, let lil;fy , and W 1+ be pseudodifferential operators that dominate \Il,j' ;
and ¥, ,,
are the supports of the symbols of \IJM ; and \IIM ;» respectively, then we can choose
{Uu}), ww, and 1//W so that the following result holds [16].

respectively (where \Iﬁ and W, are defined on some U, ). If C?[ and C~lj

Lemma 3.1 (Lemma 4.3, [16]) Let M be a compact, orientable, embedded CR man-
ifold. There is a finite open covering { } of M so that if Uy, U, € {Uu} have
nonempty intersection, then there exits a dlﬁ‘eomorphlsm ¥ between U,, and U,,» with
Jacobian [Ty such that

1) "Ty (C;’) N Cl:, = ( and C;L, N Ty (C) = ¥ where ' Jo is the inverse of the
transpose of the Jacobian of ¥;

(i) let ’9\I/t+ﬂ, ﬂ\IJ uand ’9\110 be the transfer of‘-IJ, ws Vi and \If, w respectively,
via ¥, thenon {E &1 2 3 |§ ! and ] > (1 + s)tA},theprmczpalsymbolof
19\1',1 is identically equal to 1, on {E o1 < —%‘ |§/| and |&] > (1 + s)tA},
the principal symbol of ? W, isidentically equal to 1, and on {5 : —% |§’} <&y
< % |§" and |&] > (1 + s)tA}, the principal symbol of ﬂ\DSM is identically
equal to 1, where ¢ > 0 and can be very small

(iii) Let v \IJ,‘”'M, LAY/ v, be the transfer via ¥ of \Ilt M,

cipal symbol of 19 ' M is identically 1 on C: and the principal symbol of ﬂ\IJEM

. Tespectively. Then the prin-

is identically 1 on C;,;
. ~+ 5— _
@iv) Cu/ N CM, = 0.
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374 J. Coacalle, A. Raich

We will suppress the left superscript ¥ as it should be clear from the context which
pseudodifferential operator must be transferred. If P is any of the operators \Ilf wo Ve
or W .- then it is immediate that

1
DEO(P) = 5 4ux.6)

for || > 0, where g4 (x, §) is bounded independently of 7.

3.2 Norms

If ¢ is a real function defined on M, then define the weighted Hermitian inner for
(0, g)-forms f and g, denoted by (f, g)y by (f, &)y = (e_¢f, g)o. For example, if
f = ZJqu fr@” is a (0,q)-form supported on neighborhood U, where Z, = {J =
Gloendg) i 1< ji < o< < jglandw’ = wj; A-+- Awj,. The weighted L2-
norm on (0, g)-forms is || /15 := X ez, I1f11G where Lfs15 = [y, 1fs1>e~?dV,
and we denote the corresponding weighted L2 space by L%’ 4 (M, e=?).

We now construct a norm that is well adapted to the microlocal analysis. Let

{U,}, be a covering of M that admits the family of pseudodifferential operators

{\I/;,, v \Ilg’t} and a partition of unity {g‘# }M subordinate to the cover satisfy-
ing ), {i = 1. For each u let ¢, be a cut-off function that dominates ¢,, such that

supp E,L C Uy, and ¢T, ¢~ smooth functions defined on M. We define the global
inner product and norm as follows:

(f' Q)¢+ = (=Y [(Eﬂ\v;,tcuf“, Ew;f,,;ug“)

I

+ (Eu\yg,té‘ufus é:u‘l’g,,é“ug”>0

¢+

+ (Eu“p,zt{ufu» Eulp;,tgugu)qb_}
and

I = D0 [0 e+ 150 G f g + Wi 0|

n

where f#* and g/ are the forms f and g, respectively, expressed in the local coordinates
on Uy,. The superscript 1+ will often omitted. In the case that ¢T(2) = t|z|*> or —t|z)?
and ¢~ (2) = —t|z|2 or t|z|2, we denote the norm by |||-|||; and in general replace the
subscript with ¢ (e.g., we write ¢; for cy+ 4-).

For a form f on M, the Sobolev norm of order s is given by the following:

113 = S I8A S f 1
"w
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Closed Range Estimates for 3, on CR Manifolds of Hypersurface Type 375

where A is the pseudodifferential operator with symbol (1 + |& [%)1/2.In [16], Nicoara
shows that there exist constants cg+ 4- and Cg+ 4- so that

corg-IFIG < MFNGe 4o < Cor g1 15 3.1)

Additionally, there exists a invertible self-adjoint operator E4+ 4- so that (f, g)g =
(f, E¢,+,¢—g)¢+ - where Eg+ 4- is the inverse of

> (cu<w;,,>*éue—¢+<§w;,cu + (WY DI o+ cﬂ(wg,,)*iﬂe—ﬁw,;t;u)
I

and this operator is bounded in L?(M) independently of A > 1 (see Corollary 4.6 in
[16]).

33 5,, and its Adjoints

If f is a function on M, then in a local coordinates

n—1

Wf=) Lifd
j=1
and if f =) JeT, fr @’ is a (0, ¢)-form, then there exist functions m{< such that

n—1
o f = Z ZGéJl_ijj X + Z fjm;( ok

Jely,Kelyy j=1 Jel, Kelyq

where € {(J isequal to 0if {K'} # {j}UJ and is the sign of the permutation that reorders
jJ to K otherwise. We also define

fir=>_ e f (3.2)

Jel,

(in this case, I € Z,_1). Let I:j. be the adjoint of I:j in (, o, I:jfd) be the adjoint
of Ljin (, )s- Then on a small neighborhood U we will have E}f = —L; +o0; and
L;"ﬁ = —L;+ Lj¢ + o; where o; is smooth function on U. Because we will need

it later, we observe that there are smooth functions d!, and o so that

n—1

[L,,L:?] = cyT + L, L + Z(derg —d'Ly) + Lyoy. (3.3)
=1

We denote the L? adjoint of 9 in L%’ q (M, e=?) by 6_);: % For the remainder of the
paper, ¢ stands for either ¢+ or ¢~ and
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376 J. Coacalle, A. Raich

6" (@) =16~ ()] = ltllzI7,

though virtually all of our calculations hold for general ¢, up to the point when our
calculation require an analysis of the eigenvalues of the Levi form.

To keep track of the terms that arise in our integration by parts, we use the follow-
ing shorthand for forms f supported in a neighborhood U, (recognizing that these
operators depend on our choice of neighborhoods {U,, }):

n—1 n—1
Vil = 2 2L fra’s vif= 3 Y Lifsa:

Jely j=1 JeZ, j=1
_ 2 n—1 - _ n—1 _ )
IVy flig = Z Z (kakaj, Ljf]>¢ = Z (bk./ka’ Ljf>¢
Jel, j.k=1 jk=1
n—1 _ _ n—1 . )
Ve flg= > > (bka;f’¢f,, LZ’¢fJ)¢ =3 (HEyy, LZ’¢f)¢
Jel, j.k=1 jk=1

where T =i Z;'_kl:] bi-/ik A Ljisareal (1, 1) vector defined on U, initially satis-
fying (A) in Definition 2.3. Again, if f =) ez, f7 @’ is defined locally, then

n—1
r= Y Y Lipe+ Y pmhe!

1€l 1,Jely j=1 1€l 1,J€ely
n—1
= > Y Lifud'+ > fimye
1€l 1 j=1 1€, 1,Jely

and

n—1
lf= Y Y L’ + Y iy

1€, 1 j=1 1€, 1.J€L,

Note that a consequence of the compactness of M and the boundedness of ¢, the
domains of d; and 5;’¢ are equal. Also we have 5Z’¢ = 0} — [0}, ¢]. Let 52} be

the adjoint of d), with respect to the inner product (-, -);. We also define the weighted
Kohn Laplacian [J;, by Oy ; := 8;,8;’, + 8,;“’[8;, where

Dom((0, ) := {q> € Lg,q(M) : ¢ € Dom(d,) N Dom(d; ),
I € Dom(dy ), and dj; ,¢ € Dom(dp)} .

@ Springer



Closed Range Estimates for 3, on CR Manifolds of Hypersurface Type 377

The computations proving Lemmas 4.8 and 4.9 and equation (4.4) in [16] can be
applied here with only a change of notation, so we have the following two results,

recorded here as Lemmas 3.2 and 3.3. The consequence is that 8;; , acts like 8 o

(denoted just by 5; "+) for forms whose support is basically C* and ab o (denoted
just by 5;: ') on forms whose support is basically C~.

Lemma 3.2 On smooth (0,q)-forms,
0, = 0f — Zgﬂ e +Z§M e lor o]

+y (;M [w,t,cu, B it b+ W 8 [ L
%

*

& [ 0] G+ G G [5G 6| G+ B

where the error term E 4 is a sum of order zero terms and “lower order” terms. Also,
the symbol of E 4 is supported in C,, for each p.

We use the following energy forms in our calculations:

Qv (f.8) = (0 f. %g), + (35,1 05,8),
On+(f-8) = (@ 3b8) s + (5,71 575) |
05.0(f.8) = (O f. 38, + (95 f. 38),
On-(f.8) = (@ 3bg),- + (5,7 1.57g)

The space of weighted harmonic forms H{ is defined by

= {f € Dom(dy) N Dom(3}) : 0y f =0, 9y, f = 0}
= {f € Dom(3;) NDom(3;) : Qp((f, f) = 0}.

We have the following relationship between the energy forms. See [9, Lemma 3.4]
or [16, Lemma 4.9].

Lemma 3.3 If f is a smooth (0,q)-form on M, then there exist constants K, K;, and
K’ with K > 1 so that

K Qo (fo )+ Ke Y NEu PO f2 Nl + KA + O F1% )
= Z I:Qb,Jr(Eu\IJ;[g/LfM’ g;/.\p,ttgufu)
i
Qh,O(Euq’g,t{ufu’ Eu\pg,té‘ufu) + Qb,—(é:u‘l’,f,,;“uf”, guw;,zé‘u.fu)]
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K and K’ do not depend on t, ¢~ or ¢+.

4 The Basic Estimate

In this section, we compile the technical pieces that will allows us to establish a basic
estimate the ground level L? estimates for Theorem 1.2 in Sect. 5.

Proposition 4.1 Ler M**~!  CN be a smooth, compact, orientable CR manifold of
hypersurface type that satisfies weak Y (q) for some fixed 1 < q <n — 2. Set

otz ifery) <gq J o) — —tlz]* ifo(Tuo1—q) <n—1—¢q
PO=0 porpsa M P P Tl ey sa-1-4.
“.1)

There exist constants K and K; where K does not depend on t so that

tIFINZ < KQbi(f, )+ Kl FII%, (4.2)
for t sufficiently large.

The main work in establishing (4.2) is to prove the following:

PNANZ < K Qoo (fo 1)+ KINAIZ+ K Y > 0890 6 fille + KILF 12
HoJeL,
4.3)
In order to prove (4.3), we estimate a (0, g)-form f with support in neighborhood U
in a generic energy form Q4 (f, g) := @ f, él,g)(;J + (5Z’¢f, 5Z’¢g)¢. Throughout
the estimate, we will make use of three terms, Eq(f), El(f), and Ez(f) to collect
the error terms that we will bound later. We want Eo(f) = O(|| f ||425) and

n—1 n—1
EiH= > Z(i,/fj,au/fj’)(p and  Ex(f)= Y. Z(Zj"”fj,&“/f//)

J,Jel, j=1 J.J'ely, j=1 ¢

for some collection of smooth functions a; ;- and a;;/ that may change line to line.
Integration by parts (see, e.g., [17, Lemma 4.2]) shows that

Qb (f N =IVLLIG+ . }ile’;} ([E5% L] 100 10) ,

JJely Jk=1
J#k

+ 2 2 ([L L70) g0 1), 2Re (B2t + Er(h) + Eo(h).

Jel, jel
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Developing the commutator terms as in [17, Lemma 4.2] and using the fact that
L= —I:ijb + L ¢ + o, we have the equality

n—1

Ovo(f N =IViflz+ Y D ReleuTfin fur),

I€Ty_y j.k=1

n—1

+Re D > | ((LkLjd) fir, fur), (Zd,kLz¢f,1 fk1>
1€Zy_y jk=1 =1 )
+ E1(f) + Ea(f) + Eo(f).
Since
Re »° Z LeLjg fir, fur)y Z Z (LkLj¢ +L;Lid) fir. fir),
Iquljkl IsIt,ljkl
n—1 n—1
Re ) Z (deuw,z f“) =72 X (Z(dl,kL1¢+dk,Lz¢)f;1 sz)
1€y jk=1 Iqu|jkl =1
(4.4)
and
1 - 1
5 (Ll jé + L;Lig) + Z( (Li +di Lig) = ©F — Sv(@)c;i
it follows that
n—1
Ovp(fs ) =IViflz+ Y Y Re(cuTfir fir),
]EIq,1 Jj.k=1
n—1
1
+ > > ((@?k—5v(¢)c,-k>f,-1,fk,)
I1€Z,_y j.k=1 ¢
+ E1(f) + Ea(f) + Eo(f). 4.5)

On the other hand, integration by parts, expanding the commutator terms, and using
(4.4), we will have

o= [(b;,- Ly 1 Ly r), + ([0 L] .07 ), + (L3P @D Lt 1) ¢]
Jok=1
£ Y (L0r L),

jk=1
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n—1

i P 1
=Ivr /13- Y [(bk]c,-ﬂf, 1), (b“(@?k = 3v@)ei)f. f)J

jk=1

+E2(f) + E1(f) + Eo(f). (4.6)

Motivated by [10, p. 1725], we write ||Vif||<2/> = ( |VLf||¢ |Vyf||¢> + IIVTf||¢
and use (4.6) to obtain

n—1
g (f- 1) = (IVLFI3 = IV 1) +IVr fI3+ Y- 3 Re(euTfins fua),
€T, j.k=1
n—1
1
—(dy. OTF P+ D, D, ((@f-’k—sz)c,,k)fu,f“)
I€Ty_y j.k=1 ¢

1
—([©% 1) £, £y + (Ev«p)i dy. ") [, f>
¢
+ E1(f) + Ex(f) + Eo(f)
Since

d@fr fne= Y Z <aa—kf11 fk])

JEI IEIq 1]]( 1

where (6 1) is the identity matrix /,_1, we have
= 2
Qbp(f. f) = (||vif||§, - IIVYf||¢) + 1V £l

n—1 .
dy,T)4s;
X (o) )

1€,y j.k=1 ¢

n—1
FE B (5 ),

IEI |jk=l

Z Z <—v(¢>)<c/k——(dy qT jk)f;l fkl)

IEI|jkl

+ E1(f) + E2(f) + Eo(f).

Bounding the error terms E 1(f) and Ez( f) uses the same argument, and we de~mon-
strate the bound for Ej(f). Terms of the form Z;’;% (aj Ljg, h)¢ comprise E; for
various functions g and %, and we compute
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n—1 n—1 n—1
S(aiLigh)y =Y (6 —bfk)ijg,c'zkh>¢+ 3 (bfkijg,akh)¢. @7
=1 joe=1 Jode=1

To estimate the first terms, observe that for ¢ > 0, a small constant/large constant
argument shows that

n—1

> (05 = 6L g an), senZlH E(sjk—bf")ijgﬂ}0;(||h||§,>.
k=1 j=1

Jk=1

Stepping away from the integration (momentarily), suppose that at some point in
U, A is a unitary matrix that diagonalizes the Hermitian matrix B = (b/¥) of T
such that B = A*AA, where A = diag{r1,...,Ay—1} and Ay, -+, Ay are the
eigenvalues of B. Consider [L ;&1 as a column vector with components (L j&lk. Then
since (1 — 2;)% < (1 — A;) forall j,

T _ 2
|6 - )| = [11d - BI[Lsg]]* = )2l - )

[+l

2
_ s
[A [ng]]j' SD IRV AT D LM LgLig.

< YIS =2

Returning to the integration, we now observe,

n—1
ZHZ(M—b’ )L,gH < IVz8l2 — Vv glly-
k=1 j=1

For the second term in (4.7), a similar small constant/large constant argument shows

n—1

n—
> (@ BILE | < 01 (113 +eZ | Zb’”L

J.k=1

and linear algebra (as above) helps to establish

Z H Zbk/L* ¢hH (b’gflzj’d’h, I:Z’d’h)¢ = VI3,
k=1 j=1

Summarizing the above, for ¢ sufficiently small and f supported in a small neigh-
borhood, we have

1

e dy, )8
Oo(f- = Y Y Re((cjk—%> Tfir. fk1>
jk=1 ¢

IGIq 1
i(©%,7)81
+ Z Z (( >j) fjl,f/d)
1€y j.k=1 1 ¢

@ Springer



382 J. Coacalle, A. Raich

n—1 1 i (dy, Y)$;
-y ¥ (5v<¢)((cjk—%>) ij,fk1)¢+0<||f||3>>

I1€Z, j.k=1

(4.8)

To handle the T terms, we recall the following results. The first is a well-known
multilinear algebra result that appears (among other places) in Straube [20]:

Lemma4.2 Let B = (bfk)1</ k<n—1 be a Hermitian matrix and 1 < g <n — 1. The
following are equivalent:

. -1 _

i. Ifu € A%, then YKkeT, > k=1 bjkujkukk = M Ju| %

ii. The sum of any q eigenvalues of B is at least M.

iil. Z:l Z;“kl:l bjktjtlf > M for any orthonormal vectors {t*} <;<, C cr L,

The next two results are consequences of the sharp Garding Inequality and appear as
[17, Lemma 4.6, Lemma 4.7].

Lemma4.3 Let f a (0,q)-form supported on U so that up to a smooth term f is sup-
ported inC™, and let [h jk] a Hermitian matrix such that the sum of any q eigenvalues
is > 0. Then

Re{ Z ”2‘: (hjkajl,fk1)¢}

I€Z,  j.k=1

> 1ARe Y Z hifir fir)y — OF13) — O, NETL £ 1),

IEIq 1 Jj.k=1

Lemma4.4 Let f a (0,q)-form supported on U so that up to a smooth term f is
supported in C~, and let [h jk] a Hermitian matrix such that the sum of any n-1-q
eigenvalues is > 0. Then

ZZ (hjj =) f1 1)y = D Z (hje(=T) fjr. fur),

Jel, j=1 I€Z, j.k=1
n—1
>tARe ZZ iifi fJ Z Z hik fir fkl
JelZ, j=1 1€, 1 j.k=1

—O(IfI2) — O, (IEF2F1Ip).

Now, we are ready to estimate Qp 1 (-, -) and Qp (-, -).

Proposition 4.5 Let f € Dom 3, N Dom 5; be a (0, q)-form supported in U and let
¢ be as in (4.1). Then there exists a constant C so that

0+ (EW £.EWF S ) + CIEW Fl g + O/IETY Fllg) = 1By 1TV g
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Proof By (4.8), the fact that the Fourier transform of E\II;’ f is supported in CT up to
smooth term, and Proposition 4.3, we have

3 5 nl i(dy, TV s\ - 3
Oy + QW f,0WF ) =14 Y ZRe((cjk—W)cwrfﬂ,wrfk,)
¢+

1T, j k=1
n—1 e )i )
+ 3 > 9% —u TV i W] fua
1Ty jk=1 q o
Yy) ik - -
-y Z (v<¢+>(<c,k—< 7. Ta)?) >)w,+f,-,,w,*fk,)
1€T,4-1 jk=1 q ot

— 0(TW; FI50) — 0 (I WY fllp)

By choosing A > supzeM% ’

~ ~ ~ 2 ~~ 2 ~ 2
Qb+ QW f, 2V} )+ CUTYT Fllye + O Fllg) = 1By 109, 11y
for some constants C and By+ where By+ satisfies |q — a)(Tq)| > By+ on M. O

In order to estimate the terms Qp — 03 v f, E\II,_ f) we have to modify the analysis
slightly from the Qj 4 case. Similarly to (4.5), we have

n—1 n—1
Obo(f+ 1) =IVisa fllg+ D Y (cikThirs fu)y = D (ciiTf f)y
1T, j.k=1 j=1

n—1
1
+ 3> ((@j-’k —zv(¢>c,~k>f,-1,fk1)

1€T,_ j.k=1 ¢

n—1
1
-y ((@j’j — V@i S f)
j=1 ¢
— 0c(IVzus 12 = IV £12) — O (¥ £113)
= 01(1£13) = OUIf113)- 4.9)
Analogously to (4.6), we have
n—1

P _ - - 1
Ve filg = |:(bk’ka»L.ff) ,(entr ) (b"f(@‘fk = 5v@)eif, f)J

jk=1

—0c(IVEus F12 = IV £13) = OV £115) — O1(I1f13) = O(Iflig). (4.10)
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It now follows from (4.9) and (4.10) that

n—1 n—1
Obo(f )= Y D Re(cuTfir, fur), —Re | Y ciTf. f| —OUfIG)
1T, j.k=1 j=1 ®
+Re (i (dy. O)Tf, g+ (i (0%, 7) f. f)

n—1

n—1
2 X (Ohsin fu), — (o e%r

[€T, 1 j.k=1 j=1
1 n—1
- Z (—v<¢)c,kf,1 fk1> + 5v<¢)2c,~,~f,f
IEIq 1]/( 1 j=1
- (—v(¢>)z {dy, 1) 1, f) (4.11)
If we set
_ i{dy, ) . i@ r
hijCjk—(Sjkm, and hi)k =®;¢k—5]kH
then we can rewrite (4.11) by
n—1 n—1
Qb¢(f. f) = —Re Zh,,Tf fl+ 2 3 Re(hRT s fu)
IEIq 1 J.k=1
n—1 n—1
o DA B N (G )
j=1 1€Z,_1 j.k=1
n—1
+ —v(¢)2h,,f - Z( v<¢)h]kfﬂ,fk,>
IEIq 1 j.k=1
—0(||f||¢)

Since the sum of g eigenvalues of the matrix IriM g His equaltosumof (n—1—q)
eigenvalues of the matrix H, we may now proceed as in the proof of (4.5) to obtain
the following proposition.

Proposition 4.6 Ler f € Dom 8, N Dom 5; be a (0, q)-form supported in U and let
¢ be as in (4.1). Then there exists a constant C so that

Qs (EW7 1,897 f) + CIEYT fll4 + O/IET) Fllg) = 1By 1EW] f -

@ Springer



Closed Range Estimates for 3, on CR Manifolds of Hypersurface Type 385

In contrast with the estimates in Lemmas (4.5) and (4.6) for forms supported on
C* and C~ up to smooth terms, we have better estimates for forms supported on C°
up to smooth terms. The next lemma can be proved like using the same process done
in Lemma 4.17 and Lemma 4.18 on [16].

Lemma 4.7 Let f be a(0,q)-form supported in U, for some p such that up to smooth
term, f is supported in 52 There exist positive constants C > 1 and T independent
of t for which

COe(f Ef) +TIfIG = /1 (4.12)

The other term appearing in our main estimate, O (||g:(179 . ||(2)), can be handled with
[17, Proposition 4.11].

Proposition 4.8 For any € > 0, there exists Cc; > 0 so that

IEWc@al < €Qp (g, @) + Cesllpll?).

We are finally ready to proof Proposition 4.1.

Proof of the Proposition 4.1 We only need to set the value of the constant K, K’, and
K; in Lemma 3.3 according to the Propositions 4.5 and 4.6. From the definition of
Il-]ll;, the estimate (4.3) follows.

The passage from (4.3) to the basic estimate (4.2) follows immediately from Lemma
4.7 and Proposition 4.8. O

5 The Proof of Theorem 1.2

Now that we have the tools of Sect. 4, we can prove strong closed range estimates using
many of the arguments of [9]. We do, however, use a substantially different elliptic
regularization to pay particular attention to the regularity of the weighted harmonic
forms, the relationship of the harmonic forms with the regularized operators, and an
especially detailed look at the induction base case.

Lemma 5.1 (Lemma 5.1, [9]) Let M be a smooth, embedded CR manifold of hyper-
surface type that satisfies Y (q) weakly. If t > 0 is suitably large and the functions
o+, ¢~ are as in (4.1), then

() H is finite dimensional;
(ii) There exists C that does not depend on ¢ and ¢~ so that for all (0, q)-forms
u € Dom(dp) N Dom(dy) satisfying u L H? (with respect to (-, -);) we have

lullf < € Qp.s(u, w. (5.1)

By [5, Theorem 1.1.2], 8 @ Lg (M, lI-ll) — LG, (M, IIIll,) and 85, :
L%,q(M ||| ) — L2 O.q— 1 (M, [lI]ll;) have closed range. Consequently, their adjoints
W oq (M) = L M) and 5{{, : OqH(M M-y —

L%)q(M, IlI-1ll;) have closed range as well [5, Theorem 1.1.1].
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5.1 Continuity of the Green operator G, ;

The complex Green operator G ; is the inverse to L], ; on ’Hi (M) (and is defined
to be 0 on 'H, ;(M)). Recall the following well-known lemma. See, e.g., [4,16].

Lemma5.2 Let H be a Hilbert space equipped with the inner product (-, -), corre-
sponding norm || - ||, and a positive definite Hermitian form Q defined on a dense
subset D C H satisfying

lell?> < CO(p. 9) (5.2)

for all ¢ € D. Furthermore, D and Q are such that D is a Hilbert space under the
inner product Q (-, -). Then there exists a unique self-adjoint injective operator F with
Dom(F) C D satisfying

forall g € Dom(F) and ¢ € D. F is called the Friedrich’s representative.

In order to use the result above, we prove a density result on lth (M).

Lemma 5.3 (Dom(éb) N Dom(E_)l;“) NLEHIM), Qp (-, ~)1/2) is a Hilbert space (for
(0, ¢)-forms), and Dom(dp) N Dom(ég‘) NLHI (M) is dense in ~H.

Proof Suppose {uy} C Dom(dp) N Dom(ég) N +H7 (M) is a Cauchy sequence
with respect to the norm Qp (-, -)1/ 2 Then dpu, and 5;:’”4@ are Cauchy sequences
in L(Z),q_H(M, lI-ll;) and L%,q—l(M’ IlI-1ll;), respectively, so they converge to v; €
L%’{HI(M, IIlll,) and vy € L%ﬁq_l(M, II-ll,), respectively. By (5.1), this means
{ue} is a Cauchy sequence in L(z)’q(M, lll-lll;), and hence converges to some u €
L%’q(M, lI-lll,). Thus u € Dom(d,) N Dom(d;), dpu = vy, and ég’tu = v since 9
and 5;’1 are closed operators. Since 0 = (u¢, w), forallw € ’th and |||lug — ulll, — 0,
u € LH] (M). Thus u € Dom(d;,) N Dom(d;) NL+H] .

Next, suppose u € i’H;’ (M) is nonzero and u; € Dom(3p) N Dom(éjf) satisfies
Uy — uon L%’q(M, lI-ll,)- Let v = (I — H)u,, with H! the orthogonal projection
onto H; . The forms v, € H] (M) N Dom(dp) N Dom((’_),;"). Since u # 0, it cannot
be the case that v, = 0 for every £. Since |||ug|||l2 = ”|th1/£[|||[2 + |||vg|||,2, and the
forms thw and vy are orthogonal, H,qug and vy both converge in L(z)’q(M, M-1ll2)-
Let a = limy_ o0 H ug, v = limy_, o0 v¢, and since H uy = uy — v, 0 = u — v €
lH? (M). However, a € H? since H? is closed, forcing o = 0. Thus, [[lu — velll, <
llee — uelll; + |Hthug H|t — 0. Consequently Dom(éb)ﬂDom(ég)ﬂJ—H? (M) is dense
in YHI (M). u]
We now can establish the existence and L2-continuity of the complex Green operator

G, using the following well-known result (we adapt the presentation and argument
in [16, Corollary 5.5]).

Corollary 5.4 Let M be a smooth compact, orientable embedded CR manifold of hyper-
surface type that satisfies weak Y (q). Ift > 0 is suitable large, ¢, ¢~ are as in (4.1),
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ando € J-H?, then there exists a unique ¢; € LH? N Dom(3dp) N Dom(é,’f) such that

b1 (91, ) = (o, ¢),,  forall ¢ € Dom(dp) N Dom(3;).

We define the Green operator G, to be the operator that maps o into ¢;. Gy, is
a bounded operator, and if additionally « is closed, then u, = 0, ,G4 o satisfies

pu; = a. We define Gy,: to be identically 0 on ’H?.

5.2 Smoothness of Harmonic Forms

Here we will prove that ’H;’ C Hg’ 4 (M, |I|-lll,) for ¢ sufficiently large. We adapt the
arguments of [7,14]. See also [12,16].
Fix s > 1. For forms f, g € Hol,q(M, Il-111,), set

OpY(f.8) = Qbi(f.8) +8Qa,(f. &)+ (f.2)

where Qg (-, -) is the Hermitian inner product associated to the de Rham exterior
derivative dy. i.e., Qg (it, v) = (dpu, dpv), + (d;; . dy ,v) ,and 8, v > 0. Also note
, ),

that ngf(f, &) = 0vi(f, &) +Vv(f,g),for f, g € Dom(dy) N Dom(d;). Then

1 5
llell? < =0y (@, 9).

forall ¢ € H(}’q(M, II-lll,) if § > 0 and all ¢ € Dom(d,) N Dom(d;}’) if § = 0. By the
Lemma 5.2 there exist self-adjoint operators (for 0 < § < land0 < v < 1) Di"; :
Dom (1)) — L3 (M, [lIlll,), with inverses GyY L3 (M, Il — Dom((1)})
satisfying

21
| == on? (5.3)
t v

8,v
[CHE

forall ¢ € L§ (M, [I-]ll;) and all § € [0, 1].
Our goal is to prove

0 0
1G9l s = Killpllgs + CosllGg ol (54

In fact, (5.4) is the main tool that we need to prove that Hf (M) C Hosyq(M, -1,
for ¢ sufficiently large. Given (5.4), the argument for regularity of the harmonic forms
follows nearly verbatim from [12, Proposition 5.2], from equation (5.20) onwards.
Equation (5.4) plays the role of [12, (5.20)].

We now prove (5.4). The operator Dab’; is elliptic when 6 > 0 which means that
Gyt s HY (ML 1M — Hy B2 (M 1),
Ifg € H ,(M, []ll;), then

1G3Y0l%, = IATGE Y2 < €/ || A°GE 2| 2.
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Since Gg”';w € HS?(M , I1ll;), the basic estimate yields

so 2 _ K s 5 5 sw 2
[[a*Ggielly = —0p (A Gale, A Gyie) + CosllGgielyy. (5.5)
A careful integration by parts shows that

(et s
= (A3, 0G0, NGy o)+ (B A° Gl (LA, Bp] + AS[[A%, 81, A*])GY Vo)
)

+(A, 351G 0, (IA°, 5]+ AT 1A, 3], A])GY o) + (106, ATIGY 0, 3 A° Gy ).

We next apply the same sequence of integration by parts and commutators to the other
terms in Q b‘r(Ang’;w, A‘Gz’}(p). Using a small constant/large constant argument
and the fact that Z_);f ;= 5,;* + t Py where Py is a (pseudo)differential operator of order

0, we can absorb terms to obtain

01 (A Gyle A Gye) = C A%l + €

AsGﬁ,v 2 8,v 2
VRAZ , + Ct,x”Gq,t@”qu
5

where C does not depend ¢, s, §, or v, and C; does not depend on ¢, §, or v. By (5.5),
for ¢ sufficiently large

8,v 2 2 §,v 2
GG el = Killellgs + CoslGgi@ll -

By induction, we can reduce the H s=1_norm to an L2-norm, and by (5.3), we observe

G o’ < Kol +C 2
1G9l s = Killelys + Crswllelp,

uniformly in § > 0. Then there exists a sequence {Gg’f "o} converging weakly to an
element u,, in Hg’q (M, II|Il;) when §; — 0, and satisfying both

luvllps < Kellllgs + Crsollello and Jluyllgs < Killgllgs + Crsllullo-
5.7

Since Hg)q(M, l]-]ll;) embeds compactly in Hg:q (M, II1l;), it follows that Gg’j;uw —

u, strongly in Hg/q(M, l-ll;) for 0 < s’ < s. Also, observe that the next conclusion
is not automatic in the s = 1 case.
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13655 oll; + 1135, G5l < 057 (Gole. Gyle)

= (¢.Gyl0) =gl Gy iell, < Colligll?.
(5.8)

a Sk,v ax S,V : 2
end, moreover, G ;¢ and 8, G, ;" ¢ are Cauchy sequences in L~. Indeed, assum-
ing 8 < §; we have

2

- 8.’ - 6.’
|Gt — Gy (G0 = 5,G4i"

< O (Gl - Gq V. Gy ”so Gyi'o)
= (0. G0 = Gyll'e) = 0G0, Gl o) + 004G 0. G e)
< (w, Gl — Gq, w) — OG0, GY o) + 07 (G 9. G )
(oo cie) - (6 ) + (i),
< llelll |G2"0 — 6./} o|,-

Since 9p and 5;, are closed operators it follows that u, € Dom(d) N Dom(é,j),
E_)bGs"’vgo — Opu, and 5Z‘IG8k Yo — abz“v in L%, This means G Sk o con-
verges strongly to u, in the Qb z( )1/2-norm. Thus, we will have, for any v €
,q(M, Il-lll;), by (5.3),
01 (GY"e = G lo.v)| = |0} (G0 v) = 8¢ (Gl . dpv).
—6k (db,z ak V‘P db; ) (p, v),

= | (63" @iy + dbd;‘,t)v)t

< 8&Cu,s llelll; V2.

It now follows that Gg”‘;go = u,, and by (5.7), (5.4) now follows.

5.3 Regularity of the Green Operator and the Canonical Solutions

In this section we assume ¢ is sufficiently large and the weighted harmonic (0, g)-
forms, if they exist, are elements of H& q (M) # {0}. We use an elliptic regularization
argument. The operator G ; : L(z)’q(M, -l — L%yq(M, -1 N J‘H? (M). Con-
sequently, the regularity result for G, , must be on LHI (M) N Hg (M) fors > 0.

Continuity on all of HS (M) then follows because we already establlshed that har-
monic forms are elements of HS q (M).

The quadratic form QW( ,0) = Qq,(,)(-, -) is an inner product on H&yq(M). By
(5.1),
lull? < € Qi (u, u) < CQY ,(u, ) (5.9)
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forallu € Hol’q(M) NLHI(M).If f € L%’q(M), then

|CF. )] < ILFI gl < NI, €205, (g, 8)

forall g € J‘H? (M) N Hol’q(M). This means the mapping g — (f, g), is a bounded
conjugate linear functional on ~H] (M) N H(}’ q(M ). By the Riesz Representation
Theorem, there exists an element Gg’,f € J‘H? (M) N Hol,q (M) such that (f, g), =
Q) (G3, f.g) forall g € “H] (M) N Hy ,(M). Moreover, by (5.9)

Mezir|l; = @G Ghun = (£.63.5), < 1L NIGS £,

where C is independent of §. Consequently,
llescr|], = cmrm, (5.10)
Since Qi,z(" -) satisfies Qi,[(f, f) =94 |||A1f|||t2 for every f € Hol,q(M), the
bilinear form Qi , (-, ) is elliptic on H(} (M). This means that ¢ € ng q(M ) implies
G‘S L9 € HHZ(M) (before, we only knew that Gq @ e tHI(M) N Holyq (M)).
Let(p € HY (M) then

2 2 2
16 @l = 18°GY ellg = €1 |[A°GS 0| (5.11)

We apply the basic estimate to Gg,ﬂﬂ € H&ZZ(M ) and observe

K 2
H<7Qmmw%%Amaw+GﬂW%me (5.12)

[
Using the argument of (5.6), we can establish

Qb (A'GE 0. N GE 19) < Q) (A°G L0, A°GS L0)

<Cllaell; + ¢

’ASG‘s

[ +coaa onl,.

(5.13)

where C is independent of ¢, s, 6, and v and Cj is independent of ¢, §, and v.
Plugging (5.13) into (5.12) and choosing ¢ sufficiently large to absorb terms, we
have

2 2
|asGio| < Killol + Crsl G 0l

s (5.14)

since H‘ ASGY lfpw < oo. Plugging (5.14) into (5.11), it follows that
’ t

5 2
1G5 @l < Killole + CrillGY 9l
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Using (5.10) and induction, we estimate

2
1GS ol < Kill@lgs + Cosllollg. (5.15)

With (5.15) in hand, we now turn to sending 6 — O, in a similar manner to [9].
Ifp e Hqu(M), then {Gf,,fw 0<d< 1} is bounded in Hg’q (M), so there exists
8 — Oandu € Hg’q(M) so that Gg‘;,w — 1 weakly in Hg’q(M). Since the inclusion
of H (M) in L%,q(M) is compact, we have ng’,go — i strongly in L%,q(M) and

i e YHI(M). Also
liil s < Kellels + Cesllold (5.16)

Also,

2
= 05.1(Gg 9. Ggu0)

= (¢.G}.0) =llell,

_ 2
sl +

5§,zG2,t¢

Gh.0|| = Cltel?.

and, as in the previous section, we can prove 51,G2’j,<p and ég’tGgﬂtp are Cauchy
sequences in Lg, ¢ M). Since 9, and d;, are closed operators we will have u €
Dom(d,) N Dom(d;), G5 ;¢ — dpit and 3}, G4 ;¢ — 9y it in L(z)’q(M), and

130> + 1135l =< € el (5.17)

Consequently if v € HS";Q(M), then lim Qi’fl(Gf]’f,(p, v) = Qp(i1, v). However,

Qi’ft(ng,;w, v) = (¢, v); = Qp,1(Gg,19, v). So by uniqueness G, ;¢ = i and (5.16)
we have
1G g0l < Kill@llZs + Crsllelld. (5.18)

and by (5.17)
185G o.i0l; + 115, Garoll; < Cillll? (5.19)

These two last equations prove the continuity of G, ; on Héy q (M) and as well as

3pGgq,r and 5;"th’, on L%’q(M).
The remainder of the proof of Theorem 1.2 follows from (by now) standard argu-
ments. See, e.g., the proof of [9, Theorem 1.2], and Sect. 6, in particular.

6 Proof of the Theorem 1.1

Since the L*(M, Il-ll;) and L*(M) are equivalent spaces, it is immediate that A -
L%’q_l(M) — L%’q(M) has c_losed range for ¢ = g or g + 1. Moreover, by [5,
Theorem 1.1.1], their adjoints 0 : L%Q(M) — L(z) 11—1(M)’ q = q or g + 1 have
closed range as well. Moreover, the dimension of the space of harmonic (0, g)-forms
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is independent of the weight and is therefore finite (see, e.g., [18, p.772] or [12]).
Standard arguments now establish the rest of Theorem 1.1.
7 Examples
In this section, we modify the main example of [10] and show how the flexibility of
choosing Y makes it easier to verify than the older weak Y (g) condition of [9].

Let M C C° be the boundary of a domain Q so that on neighborhood U of the
origin so that

MNU={z=(z1,...,25) € C° : Imz5 = P(z21, 22, 23, 24)}.
We set
p(z) = P(z1, 22,23, 24) —Imzs

where the polynomial

2 4 2 2
P(z1, 22,23, 24) = 2x1|z2|” — x1y7 + 12317 + |z4]".

Observe that
3 2 1y .3\ = = = = = = s
Ip = (|22| — V- 2lx1yl) dzi+2xz2di +23d% + Zadis — 5 dZs
and

30p = —3x1y7 dzi AdZ) + 22dz AdZp + 22 dza A dZ
+2x1dzo NdZp +dzz ANdz3 +dza A dZg.

We choose a basis for 71-9(M N U) by setting

L 9 +2'8P 9 1<ij<4
= — i——, <j<4
/ 0z; 0z; 025 !

In this basis, we can represent the Levi form by the 4 x 4 matrix

—3x1yf 22 00

s oy |z amoo|
(Cjk)—Lm(lLk/\L])—laal)QE/\gj)— 0 010 = (pjp)-
0 0 01

(7.1)
Since (c jx) has three positive eigenvalues whenever either z; # 0 or both x # 0 and
y # 0, it follows that Z(2) is satisfied on a dense subset of M N U.

Proposition 7.1 The CR manifold M satisfies weak Y (2) on M N U.
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Proof The construction of Y in the proof of [10, pp. 1747-1748] works here as well.
Moreover, since 3 > 0, it is immediate that we can use the same form Y for both the
weak Z(2) = Z(5 — 2 — 1) and weak Z(3) cases. O

Showing that the older weak Z (2) condition fails is quite difficult—showing that the
condition fails in all choices of coordinates amounts to solving a nonlinear problem.
Specifically, we know that the signature of the Levi form does not change, but the
eigenvalues certainly can. Computing eigenvalues after coordinate changes or changes
of metric is nonlinear and is already quite difficult in the 4 x 4 case. We also point out
that none of the weak Y (¢) conditions are invariant under the metric as an example
from [10] shows (no condition that depends on sums of eigenvalues is likely to be
invariant under changes of metric).
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