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Abstract

We view Dolbeault—-Morse—Novikov cohomology H,f “4(X) as the cohomology of the
sheaf QI; of n-holomorphic p-forms and give several bimeromorphic invariants.
Analogue’ to Dolbeault cohomology, we establish the Leray—Hirsch theorem and the
blow-up formula for Dolbeault—-Morse—Novikov cohomology. At last, we consider the
relations between Morse—Novikov cohomology and Dolbeault—-Morse—Novikov coho-
mology, moreover, investigate stabilities of their dimensions under the deformations of
complex structures. In some aspects, Morse—Novikov and Dolbeault-Morse—Novikov
cohomology behave similarly with de Rham and Dolbeault cohomology.
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1 Introduction

Let X be a smooth manifold and 6 a real closed 1-form on X. Set A” (X) the space of
real smooth p-forms and define dg : A?(X) — APH1(X) as dga = do + 6 A « for
a € AP (X). Clearly, dg o dg = 0, so we have a complex

..HAP*I(X)LAP(X)ﬂAPH(X)---H-u

3

whose cohomology Hep (X) = HP(A*(X), dg) is called the pth Morse—Novikov coho-
mology. For a complex closed 1-form 6 on X, denote Hep (X,C) = HP (AZ(X), dy),
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where AZ(X) = A*(X) ®r C. If 6 is real, HQP(X, C) = HGP(X) ®r C. Simi-
larly, we can define Morse—Novikov cohomology with compact support Héf (X) and
HJ (X, 0).

This cohomology was originally defined by Lichnerowicz ([13]) and Sullivan [24]
in the context of Poisson geometry and infinitesimal computations in topology, respec-
tively. It is well used to study the locally conformally Kéhlerian (l.c.K.) and locally
conformally symplectic (I.c.s.) structures [2—4,10,12,26]. Hj(X) can be viewed as the
cohomology of a flat bundle (weight line bundle) or a local constant sheaf of R-modules
with finite rank, referring to [14,16,17,24,29]. As we know, the two viewpoints are
equivalent, whereas the latter is much more convenient, seeing [14].

In his seminal paper [16], Novikov introduced a generalization of the classical
Morse theory to the case of circle-valued Morse functions. Pajitnov [21] observed the
relation of the circle-valued Morse theory to the homology with local coefficients and
perturbed de Rham differential, see also [22], pp. 414—416.

For smooth manifolds, the Mayer—Vietoris sequence and Poincaré duality theo-
rem were generalized on Morse—-Novikov cohomology by Haller and Rybicki [10].
Leon, Lépez, Marrero and Padrén [12] proved that a compact Riemannian manifold
X endowed with a parallel one-form 6 has trivial Morse—Novikov cohomology. By
Atiyah—Singer index theorem, Bande and Kotschick [4] found that the Euler charac-
teristic of Morse—Novikov cohomology coincides with the usual Euler characteristic.
In [14], we proved several Kiinneth formulas and theorems of Leray—Hirsch type.

For complex manifolds, Vaisman [26] studied the classical operators twisted with a
closed one-form on l.c.K. manifolds. In [14], we gave two explicit formulas of blow-
ups of complex manifolds for Morse-Novikov cohomology. As we know, de Rham
cohomology is closely related to Dolbeault cohomology on complex manifolds, such
as Hodge decomposition theorem, hard Lefschetz theorem, Hodge’s index theorem,
etc. Inspired by these, it is necessary to study Dolbeault—-Morse—Novikov cohomology,
which is a generalization of Dolbeault cohomology. Recently, Ornea, Verbitsky, and
Vuletescu [20] showed that, for a locally conformally Kéhler manifold X with proper
potential, H;,;* (X) = 0 holds for all @ € C but a discrete countable subset, where 7
is the (0, 1)-part of Lee form 6 of X.

Ornea, Verbitsky, and Vuletescu [19] proved that the blow-up of an 1.c.K. manifold
along a submanifold is l.c.K. if and only if the submanifold is globally conformally
equivalent to a Kihler submanifold. Thus, it is necessary to consider the variance of
the Morse—Novikov [14] and Dolbeault—-Morse—Novikov cohomology under blowing

up.
Theorem 1.1 Let 7 : X — X be the blow-up of a connected complex manifold X
along a connected complex submanifold Z and ig : E = 7 Y(Z) — X the inclusion

of the exceptional divisor E into X. Suppose that n is a 3-closed (0, 1)-form on X and
n = w*n. Then, for any p, q,

r—2

¥ 4 Z(iE)* o (h'U) o (|g)*

i=0
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gives an isomorphism

r—2
—1—i,g—1—i - g,
HPM )@ H), T T (@S> HP(X), e
i=0

where r = codimcZ and h is defined in (4).

For n = 0, Rao et al. [23] first proved there exists an isomorphism (1) on a compact
complex manifold X. It seems difficult to write it out explicitly using their method. In
[15], we write out an isomorphism explicitly on any (possibly noncompact) base with
a different way.

Deformations of complex structures play a significant role in studying Kéhlerian,
balanced, strongly Gauduchon and 99-manifolds. For l.c.K. geometry, we have known
the facts that a deformation of a l.c.K. manifold is generally not 1.c.K. [5] and the
class of compact 1.c.K. manifolds with potential is stable under small deformations
[18]. These results inspire us to investigate behaviors of Dolbeault—-Morse—Novikov
cohomology under deformations.

Lemma 1.2 Let f : X — Y be a proper surjective submersion of connected smooth
manifolds and 0 a real (resp. complex) closed 1-form on X. Then, for any k, the higher
direct image R* SRy o (resp. ka*@X’(,) is a local system of R (resp. C)-modules
with finite rank.

Using above lemma and the relation between Morse—Novikov and Dolbeault—
Morse—Novikov cohomologies, we get the theorem of stability of n-hodge numbers
under the deformation.

Theorem 1.3 Let f : X — Y be afamily of complex manifolds and 6 a complex closed

I-form on X. Assume by (X,,0|x,) = Zp+q:k hil’:o (X,) for some k and some point

0 € Y, where n is the (0, 1)-part of 6. Then, for any t near o, hf;";] (X;) = hi"z (Xo),
where n is the (0, 1)-part of 0 and p + q = k.

In this article, we investigate the Dolbeault—-Morse—Novikov cohomology via the
theory of sheaves. In Sect. 2 and 3, we recall the Morse-Novikov cohomology and
define the Dolbeault—-Morse—Novikov cohomology, respectively. In Sect. 4, we study

the properties of the sheat Oy ; of n-holomorphic functions and show that H,f ’O(X ),
H,f "CO(X ), H,? P (X) and H,?Cp (X) are all bimeromorphic invariants. In particular, we
prove Leray—Hirsch theorem and Theorem 1.1. In Sect. 5, Lemma 1.2 and Theorem

1.3 are proved.

2 Morse-Novikov Cohomology

We first recall the weight 6-sheaf, refering to [14]. Let Alg( be the sheaf of germs
of real smooth k-forms and Ry, Cy be constant sheaves with coefficient R, C on
X, respectively. Set Alj(’(c = A’; ®r, Cx. Define dy : “4];(,@ — A’;’(é as dpar =
dao +0 Ao, fora € .A’;HC.
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496 L. Meng

Definition 2.1 The kernel of dy : ‘A())(,(C — A}(’C is called a weight 6-sheaf, denoted
by QX,Q'

Locally, 0 = du for a smooth complex-valued function u, sodg = e™ od o e" and
Cx ¢ = Ce™. Hence, the weight §-sheaf Cy 4 is a local system of C-modules with
rank 1. We have a resolution of soft sheaves of Cy ,
dg

d d,
1 4 6 n
'AX,(C e X,C 0,

i 0
0 Cx.o Ax ¢
where i is the natural inclusion. Thus,
Hy (X,C) = H*(X,Cyxy), Hy . (X,C)=HI(X,Cyy).

For dg-closed o € A7 (X), denote by [a]g (resp. [a]o,) the class in Hj (X, C) (resp.
Hy (X, C)).

Assume X is also oriented. Let D’)’(‘ be the sheaf of germs of real k-currents and
D « = D ®g, Cy. Similarly, define dy : D o — Dyt asdgT =dT +0 AT
forT € D§ c- We have another resolution

do do dg

i /0 /1 n
0 QX,G DX,(C DX,(C DX,(C 0 ’

of soft sheaves of Cy o, where i is the natural inclusion. By [6], p. 213 (6.3) (6.4) and p.
217 (7.8), the natural morphism A;(,(C — D;,cc of resolutions induces isomorphisms

Hj (X,C)>H*(DE(X), dg), Hy (X, (C)—BH*(D(C”C(X), dp).

Fordg-closed T € D(’é" (X), denote by [T ]g (resp. [T ]g, ) the class in H) (X, C) (resp.
H; (X, 0)).

Lemma 2.2 ([14]) Let X be a connected smooth manifold and 6 a complex closed
1-form on X.

(1) Cx g = Cy ifand only if 0 is exact. More precisely, if 0 = du for u € A%(X),
then h +— e" - h gives an isomorphism Cy ,—Cy of sheaves.

(2) If wisaclosed 1-formon X, then Cy y ®c, Cx |, =Cx g .

(3) Suppose f : Y — X is a smooth map between connected smooth manifolds.
Then, inverse image sheaffflgx’g =Cy f+

Proof (1) If Cy , = Cy, Hg(X) = HO(X,QXQQ) = C. By [10], Example 1.6, 6 is
exact. Inversely, if 0 = du, C X0 = Ce™", which implies the conclusion.

(2) Locally,0 = du and u = dv. Then,Cy y = Ce™,Cy , =Ce " andCy 4, =
Ce 7", locally. Clearly, the products of functions give anisomorphism Cy , ®g
@x,u e Qx,eﬂr

(3) Locally,0 =du,Cy y = Ce ™ andCy sy = Ce~/"" The pullbacks of functions
give an isomorphism f~'Cy y>Cy 1«5 . O
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Let X be a smooth manifold and 6, i complex closed 1-forms on X. The wedge
product o A B defines a cup product

U: HJ(X,C) x HI(X,C) —> H;’jj(x, C).
Similarly, we can define cup products between Hé” (X,C) or Héf X, C) and
Hl(X,C)or HY (X, C).
Let f : X — Y be a smooth map between connected smooth manifolds and 6 a
complex closed 1-formon Y. Set & = f*0 and r = dimX — dimY.

(i) Define pullback f* : Hy (Y,C) — Hai"(X, C) as [ag — [f*alz. If f is proper,
we can also define f* : HO*,L‘(Y’ C) — Hg"c(X, C) in the same way.

(ii) If X and Y are oriented, define pushout f : Hg"c(X, C) — H;;’(Y, C) as
[Tlo.c — [f*T]é’C. Moreover, if f is proper, f : Hgi"(X, C) — H;”(Y, Q) is
defined well similarly.

Let f : X — Y be a proper smooth map between connected oriented smooth mani-
folds. If p is a closed 1-forms on Y and 6 = f*0, we have the projection formula

felo U f1) = fi(o) Ut

foro € Hg‘(X, C) or HgC(X, C)andt € Hy(Y,C) or Hj (Y, C). We get it easily
by fu(T A f*B) = fuT A B, where T € D™*(X) and B € A*(Y).

Recall that a complex manifold X is called p-Kdhlerian, if it admits a closed strictly
positive (p, p)-form €2 [1, Definition 1.1, 1.2]. For any p-dimensional connected
complex submanifold Z of a p-Kéhler manifold X, 2|7 is a volume form on Z. We
have

Proposition2.3 Ler f : X — Y be a proper surjective holomorphic map between
connected complex manifolds, and 6 a complex closed 1-form on Y. Set r =
dimcX —dimcY and 6 = f*6. Assume that X is r-Kdhlerian. Then, for any p,
f*HY(Y,C) — Hé"(X,(C) is injective and fy Hép(X,(C) — Hg"z’(Y,(C) is
surjective. They also hold for the cases of compact supports.

Proof Let Q2 be a strictly positive closed (r, 7)-form on X. Then ¢ = f,Q is a closed
current of degree 0, hence a constant. By Sard’s theorem, the set U of regular values
of fisnonempty. Forany y € U, X, = f ~1(y) is a r-dimensional compact complex
submanifold, so ¢ = va Q|x, > Oon U. By the projection formula, f,([$2]U f*7) =

c¢-1,where [Q] € H”(X,C)andt € HY(Y,C) or Hé’)c(Y, C). It is easily to deduce
the conclusion. O

Clearly, any complex manifold is 0-Kéhlerian and any Kéhler manifold X is p-
Kéhlerian for every p < dimc X, so we get

Corollary2.4 Let f : X — Y be a proper surjective holomorphic map between
connected complex manifolds with the same dimensions. Let 6 be a complex closed
I-formonY and 0 = f*0. Then, for any p, f* : Hép(Y, C) — H; (X, C) is injective
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and fy : H; (X,0) — HQP(Y, C) is surjective. They also hold for the cases of compact
SUPPOTIS.

Corollary 2.5 Let f : X — Y be a proper surjective holomorphic map between
connected complex manifolds and 0 a complex closed 1-form on Y. Set r =
dimcX —dimcY and 6 = f*0. Assume that X is a Kéihler manifold. Then, for any
p, e Hé”(Y, C) —» Hép(X, C) is injective and f; : H;(X, C) — Hep_zr(Y, C)is
surjective. They also hold for the cases of compact supports.

3 Dolbeault-Morse-Novikov Cohomology

Let X be a n-dimensional complex manifold and 1 a 3-closed (0, I)-form on X.
Suppose A”9(X) is the space of smooth (p, g)-forms on X. Define 9, : A”9(X) —
AP4+1(X) as follows:

E_),,otzéot—l—n/\oz,

for every o € AP4(X). Clearly, Z_),, ) 5,7 = 0, so we have a complex

..HAP.WI(X)LAP,q(X)iAP»qH(X)...H...'

We call its cohomology H,f Xy = HI(AP*(X), 5,,) Dolbeault—Morse—Novikov
cohomology. Similarly, we can define Dolbeault—Morse—Novikov cohomology with
compact support HY' ! (X).1f n = 0, HY*? (X) is the classical Dolbeault cohomology
HP-1(X). Suppose A‘;q is the sheaf of germs of smooth (p, g)-forms on X. We

naturally get a morphism 9, : AY? — Af(’qH of sheaves.

Definition 3.1 We call the kernel of 3, : A2 — A% a weight n-sheaf of holomor-
phic p-forms, denoted by Qf(,n' In particular, Oy, := Q())(,n is called a weight n-sheaf
of holomorphic functions.

Locally, by Grothendieck—Poincaré lemma, = du for a smooth complex-valued
function u, and then, 3, = ™" o d o ¢". Hence, locally, QI;( y = e_“Qg’(, where

Qf( is the sheaf of germs of holomorphic p-forms. So Oy, is a locally free sheaf of
Ox-modules with rank 1 and

Q. = Q% ®ox Ox,y- (2)

Moreover, we have a soft resolution of Q';( 0

i ) b )
p i p,0 n p.q n U
0 Qf A AR
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Similarly, we can define E_),, on the sheaf D;f’q of germs of (p, g)-currents and have
a soft resolution

i , d d d ,
0 oy, — pP? 2 ppt 2 "> D" 0.
So
) a9\ ~ s ~ p
HY(D'"*(X), 0,) = H"Y(X) = HI(X, Qy )
and

HYDD*(X), 9y) = Hyd (X) = HI (X, QF ).

Similarly with Morse-Novikov cohomology, we can define pullback f*, pushout
fx«, cup product U and have projection formulas on Dolbeault—-Morse—Novikov coho-
mology. Moreover, by the similar proofs of Proposition 2.3, Corollaries 2.4 and 2.5,
we have

Proposition3.2 Let f : X — Y be a proper surjetive holomorphic map between
complex manifolds and n a d-closed (0, 1)-formson Y. Setr = dimc X —dimcY and
n = f*n. Assume that X is a r-Kdiihler manifold. Then, for any p, q, f* : H,f’q(Y) —
H;f’q(X) is injective and f : H;"D’q (X)) — H,‘,D_r’q_r(Y) is surjective. They also hold
for the cases of compact supports.

Corollary 3.3 Let f : X — Y beaproper surjetive holomorphic map between complex
manifolds with the same dimensions. Let ) be a d-closed (0, 1)-forms on Y and n =
f*n. Then, forany p, q, * : H,‘,”’q(Y) — H;'"’q (X) is injective and f : Hff’q(X) —

H,f “U(Y) is surjective. They also hold for the cases of compact supports.

Corollary 3.4 Let f : X — Y beaproper surjetive holomorphic map between complex
manifolds and n a 3-closed (0, 1)-formsonY. Setr = dimcX —dimcY andn = f*n.
If X is a Kdhler manifold. Then, for any p, q, f* : H,‘;’q ) —> Hff’q (X) is injective

and f : Hg”q(X) — H,f_r’q_r(Y) is surjective. They also hold for the cases of
compact SUpports.

Remark 3.5 On de Rham and Dolbeault cohomologies, several particular cases were
proved in [28].

4 Dolbeault-Morse-Novikov Cohomology Via Sheaf Theory

4.1 Weight n-Sheaf

First, we give several properties of weight n-sheaves of holomorphic functions.

Lemma 4.1 Let X be a complex manifold and 6 a complex closed 1-form on X. Assume
0 = ¢ + n, where ¢ and n are the (0, 1)-forms on X. Then
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500 L. Meng

(1) OX,n = OX ®QX QXVQ;
(2) Ox .y, Ox ¢ and Cy o are subsheaves of.A(;(y(C. Moreover, Ox nNOx ¢ = Cy p,
where Ox  is the sheaf of complex conjugation of Ox  in A())(,C'

Proof Locally, 6 = du, { = i, n = du, hence, QXﬂ =Ce™, Oxy =" 0y
and Ox ; = e7" - Ox. Clearly, Ox , N Ox ; = Cy g4 and the products of functions
give an isomorphism Ox ®c, Cy y — Ox .y - |

Lemma4.2 Let X be a complex manifold and n a 3-closed (0, 1)-form on X.
(1) Suppose n is d-exact, i.e., there exists u € A?C(X), such that 1 = du . Then

Ox‘n—>0x,hl—>h-eu

is an isomorphism of sheaves of Ox-modules.

(2) Suppose ¢ is a d-closed (0, 1)-form on X. Then Ox.: ®oy Ox.np = Ox ¢ 49
Thus, (Ox )" = Ox,_y, where (Ox )" = Homo, (Ox,y, Ox) is the dual of
Ox p of Ox-modules.

3) If f : Y — X is a holomorphic map of complex manifolds, then

f*Ox .y = Oy, s+,

where f*Ox , = f_lox,,, ® r-10y Oy is the inverse image sheaf of Oy-modules.

Proof We can get (1), (2) immediately with the similar proof of Lemma 2.2.
(3) For any presheaf G, denote by G * the sheaf associated to G. Define presheaves
Fand RonY as

FU)= tim Ox,(W)
W2 f(U)

and

RU) = lim Ox(W).
W25(U)

forany opensubset U of Y. Then F* = f10x ,,,RT = f~!Ox and (FRRrOy)* =
[ Ox .

Define (U) : F(U) ®rw) Oy (U) = Oy pp(U) as [M ® g — g - (f*D|v,
for every open subset U of Y, where [/] is the class of the n-holomorphic function A
under the direct limit. We get a morphism ¢ : 7 ® g Oy — Oy r+; of presheaves,
and moreover, induce a morphism ¢ : f*Ox , — Oy, s+, of sheaves.

We claim that ¢ is an isomorphism. Actually, for any y € Y, choose a open ball
V near f(y), such that n = du on V for some u € A%(V). The elements of Fy =
(Ox.n) r(y) and (Oy, p+,)y can be written as [ pe™"] and [qe’f*”] respectively, where
p, g are holomorphic functions near f(y), y respectively, where [a] denote the the
class of a under direct limit. At the stalk over y, (p;([pe_”] Rlg) =1g-f*p e ST,
which is isomorphic. We complete the proof. O
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Remark 4.3 If n is the (0, 1)-part of a closed 1-form, Lemma 4.2(3) can be proved
simply by Lemma 4.1(1).

For a complex closed 1-form 6 on a complex manifold X, we write 6 = z+n,
where ¢ and 5 are both (0, 1)-forms. Let Bg: =0d+4+ ¢A. Thendg = 85 + 9y, 8? =0,

5% =0, and ag: 5,7 + 5,7 85 = 0. Locally, 6 = du, for a smooth complex-valued function

u. Then, n = du, { = du and 0z = e " odoe", locally. By the holomorphic de Rham
resolution of C, there exists a resolution of Cy 4

i 3 % 9%

0 Cx o Ox .y Q. ., 0.

So we can compute Morse—Novikov cohomology by the hypercohomology Hé’ (X,0)
= HP(X, Q%) If X satisfies that H"(X) =0forany p > 1,q > 0, then

HJ(X,C) = HP(T'(X, Q% ), 8;)-
In this case, ng (X,C) =0for p > dimcX.

4.2 Kiinneth Formula and Serre’s Duality

If F and G are sheaves of Ox and Oy-modules on complex manifolds X and Y,
respectively. The cartesian product sheaf of F and G is defined as

FXRG=priF @0y, P9,

where pry and pr; are projections from X x ¥ onto X, Y, respectively. Assume that ¢
and n are d-closed forms on complex manifolds X and Y respectively. By the formula
(2) and Lemma 4.2(3),

prTQI;,; = pr;kgl;( QOx v OXXY,P’T!

and
5l =priQl ® O 5
pry Y.n — pry Y Oxxy XXY,pr2n7

hence Qfm X Ql{ﬂn = (Q‘; X Q;’,) ®0y.y Oxxv,0, Where w = pri¢ + prin. So

k ok
Qxuy.o = Lxxy ®0x,y Oxxv,0

@ Q{;(&Qg' ®OX><Y OXXY,LU
ptq=k

p q
@ Qf Qi .
p+q=k

3
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If X or Y is compact, by (3) and [6], Chap. IX, (5.23) (5.24), we have an isomor-
phism

P HX) &cHI(Y) = HE (X x ¥)
p+q=k,r+s=I

for any k, [. We call it Kiinneth formula for Dolbeault-Morse-Novikov cohomology.
Let X be a connected compact complex manifold of dimension n and 1 a 9-closed
(0, 1)-form on X. By Lemma 4.1, (2) and Serre duality theorem,

U: HP9(X) x H", 7" (X) - C
is a nondegenerate pair, for 0 < p, g < n.

4.3 Bimeromorphic Invariants

We give several bimeromorphic invariants by Dolbeault—-Morse—Novikov cohomol-
ogy.

Proposition 4.4 Let f : X --» Y be a bimeromorphic map of complex manifolds and
nx, Ny 0-closed (0, 1)-forms on X, Y, respectively. Assume that there exist nowhere
dense analytic subsets E C X and F C Y, such that f : X — E — Y — F is
biholomorphic and f*(nyly—r) = nx|x—g. Then, for any p,

0, ~ 170, 0, ~ 170,
(1) Hp(X) = HpP(Y) and Hpo(X) = Hyylo(Y);

nx.,c

,0 ~ .0 .0 ~ .0
(2) Hpy(X) = HY(Y) and HY, o(X) = H) (V).
Proof We choose two proper modifications g : Z — X and h : Z — Y such that

there is nowhere dense analytic subset Sin Z, E C g(S)and F C h(S),g: Z—S —
X—g(8),h: Z—S — Y—h(S)arebiholomorphic and fg|z_s = h|z_s. Obviously,

& nx —h*'ny)lz—s = g ((nx|x—£ — [ (yly—r)|x—gcs)) = 0.
By the continuity, g*nx = h*ny. Hence, we need only to prove the propostion for the
case that f is a proper modification and f*ny = nx. By [9], page 215, we assume
E = f~Y(F), codimy F > 2 and codimy E = 1.
(1) By Lemma 4.2(3) and [25], Proposition 1.13, 2.14,
Ovy, q=0;
R1£.Ox ,y = R1£.0x Qp, Oy ny =
0, otherwise.
Consider Leray spectral sequences,

Ef‘q = H[J(Y, qu*OX,r)x) = Hp+q = H[H‘Q(X’ OXJ)X)
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and

EPT = HE (Y, R f,Ox yy) = HPT = HIY(X, Ox ).

Then Eé”q = 0 for g > 0. Hence Eé)‘o = HP. We get (1).
2)SetU =X—-—E, V=Y —Fandjy:U — X, jy:V — Y are inclusions.
We have a commutative diagram

HOY, Qp )4> HO(X, Qk )
yi Ju
fl)*
0 0
H (V,sz;n ) —— H(U, Q% )

By the continuity, the restriction j;; is injective. By the second Riemann continuation
theorem ([8], p. 133), j;; is isomorphic. Since f|y is biholomorphic, j;; is surjective,
and then, an isomorphism. So f* is an isomorphism.

Consider the commutative diagram

e

0 0
H (x,szf;(,n ) ——=H)(Y, QY ) -
0 lsz” L po Ylsz
HOX, Q) ——= H( YW)

The two vertical maps are inclusions, hence are both injective. We have proven that
£ HY ) — p)go(X) is an isomorphism. By the projection formula, f, f* = i

on H; n 0(Y) So the map at the bottom is an isomorphism. Then the map at the top
is injective. By the pl‘O]eCtIOIl formula again, fi f* = id on H,fy,c(Y), hence f; is
isomorphic on H 0x.C (X ). O

Remark 4.5 HGl (X, C) and Hg"é_l (X, C) are also bimeromorphic invariants, referring
to [14], Corollary 4.8.

4.4 Leray-Hirsch Theorem

Now, we establish the Leray—Hirsch theorem for the Dolbeault—-Morse—Novikov coho-
mology.

Theorem 4.6 Letw : E — X be a holomorphic fiber bundle over a connected complex
manifold X whose general fiber F is compact and n a d-closed (0, 1)-form on X.
Assume there exist classes ey, ..., e, of pure degrees in H**(E), such that, for every
x € X, their restrictions e\|g,, ..., er|g, freely linearly generate H**(E,). Then,
*(e) U e gives isomorphisms of bigraded vector spaces
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H*(X) ®c spancier, ..., e} H " (E),
where 1] = w*n.

I_’roof If X is a Stein manifold, the theorem holds. Actually, since H 0.1 (X)=0,nis
d-exact. By (2) and Lemma 4.2(1), we may assume 1 = 0. It is exactly [15], Theorem
1.2.

Go back to the general case. Let 71, ..., #, be forms of pure degrees in A**(E),
such that ¢; = [#;] for 1 <i < r.Set L** = spanc{ty, ..., }, which is a bigraded
vector spaces and isomorphic to spang{eq, ..., e,}. For any open set U in X, set

B = P AW ecL”

k+l=p,u+v=q

and dp = 5,7 ® 1. For any p, (BP*(U), dp) is a complex, whose cohomology is

p.q
DPA(U) = (H,T**(U) ®c spangler, ..., e,})
= @ H"(U) ®c (spancier. ..., e D"
k+l=p,u+v=q

Clearly, the morphism 7*(e) A e : BP*(U) — CP-*(U) := AP*(Ey) of complexes
induces a morphism on the cohomological level

7*(e)Ue: DP9(U) — EP4(U) := H,g’*q(EU),

denoted by ®;;. We need to prove @y is an isomorphism.
Given p, for any open subsets U, V in X, there is a commutative diagram of
complexes

14
(Y .pY) Phav—PUny

0 ——> BP*(UUV) ——> BPU)®BP* (V) —= Bre(UNV)—>0,

ln*(o)/\o \L(n*(o)/\-.n*(o)/\o) \Ln*(o)Ao
Gy iy

U iV
Junv —Junv

0—=cruuv) 5% crewyacrev) Y creuny) —=0

where p, j are restrictions and the differentials of complexes in the first, second rows

are all dp, 0, respectively. The two rows are both exact sequences of complexes.
Therefore, we have a commutative diagram of long exact sequences

.. —> pPa~lwny) —— pP9wuv) —> DP4W)® DP4 (V) —> DPAUNV) —> ...

l‘?umv \L‘Puuv \L@’U"Dv) l‘bumv

e Ep,qfl(ymv) — EP9wuv) —> EPAU)® EP9(V) —> EPIUUV) —> ...,
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If &y, ®y and Pyny are isomorphisms, then Pyyy is an isomorphism by five
Lemma (seeing [11], p. 6). We claim that:

(*) For open subsets U1, LU € X i @U N--NU;, is an isomorphism for any
l<k=<sandl <ij <---<ix <s,then® p vy 1sanlsom0rphlsm

We prove this conclusion by induction. For r = 1, the conclusion holds clearly.
Suppose it holds for s. For s + 1, set U] = Uy, ...,US/_l = U;—, U, = Ug U
Us+1. Then d>U,_/I NNl = dDUil”“'”Ufk is isomorphic for any 1 < ij < -+ <
ix < s — 1. Moreover, q)Ui/lﬂ-nUi/k,l“U? is also isomorphic forany 1 < i; < --- <
ik—1 = s — 1, since Py, n..nv;,_ nU;» Puy Uy, Uy a0d P nnu;, | 00U
are isomorphic. By inductive hypothesis, CDU.;:rll U = Dy, Ul is an isomorphism.
We proved (). -

For a disjoint union U = | Uy of open subsets Uy in X, @ is exactly the direct
product

]_[ Dy, ]_[ DP9(Uy) — ]—[ HP(Ey,).

If @y, are all isomorphic, then ®y; is also an isomorphism.

Let U be a basis for topology of X such that every U € U is Stein and let Uj be the
collection of the finite unions of open sets in U/.

For any finite intersection V of open sets in U5, ®y is an isomorphism. Actually,
V = i_, Ui, where U; = U;’ yUijand Ujj € U. Then V = |J;cp U], where
A={J=01 - jdN < j1 =r1,..0,s 15]s§rs}andUJ—U1]1 mUSjS
For any Ji,...,J; € A, Uy, N---N Uy, is a Stein manifold, so CDUJlm...mUh is
isomorphic. By (x), ®y = ®UJEA v, is an isomorphism.

By [7], p. 16, Prop. II, X = V; U---U YV}, where V; is a countable disjoint union of

opensetsinj. Forany 1 <ij < --- <ix <1, V;; N---NV,, is a disjoint union of
the finite intersection of open sets in U/;. Hence, d>v,.] NNV, is isomorphic, so is Py
by (). We complete the proof. O

In particular, we can calculate the Dolbeault—-Morse—Novikov cohomology of pro-
jectivized bundles.

Corollary 4.7 Let m : P(E) — X be the projectivization of a holomorphic vector

bundle E on a connected complex manifold X. Assume 1 is a 3-closed (0, 1)-form on

X and h = [0 (Op(g)(—1)] is in H'(P(E)), where Op(g)(—1) is the universal

line bundle on IP(E) and © (Opgy(—1)) is the Chern curvature of a hermitian metric

on Op(g)(—1). Then 7t*(e) U e gives an isomorphism of graded vector spaces
H*(X) ®c spanc(l,....h""}> H™*(P(E)),

where rankcE = r and 1 = ™.

4.5 A Blow-Up Formula

We have the following lemma by definition.
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Lemma 4.8 [15, Proposition 3.1] Let X be a complex manifold and Z, U closed,
open complex submanifolds of X, respectively. Assume i : Z — X, j : U — X,
i":ZNU — Uandj : ZNU — Z are inclusions. Then i\, j™ = j*i, on D**(Z).

Letw : X — X be the blow-up of a connected complex manifold X along a
connected complex submanifold Z. We know 7| : E = 7~ 1(Z) — Z is the
projectivization £ = P(Nz,x) of the normal bundle Nz,x. Set

h= [2'—9(05(—1))] 4)
T

in H (,-’1 o1 (E), where ® (Of (—1)) is the curvature of the Chern connection of a hermitian
metric of the universal line bundle Og(—1) on E.

Theorem 4.9 With the above notations, letip : E — X be the inclusion and r =
codimcZ. Suppose that 1 is a 9-closed (0, 1)-form on X and 7 = 7*n. Then, for any

P9,

r—2
T+ Y (ig)x o (h'U) o (m|p)* )
i=0
gives an isomorphism
r—2
. p=l—iq=1-i ~ gPd Y
HP(X) @ @ H (2)>HP(X).
i=0

Proof For a Stein manifold X, we may assume 1 = 0 with the same reason with the
proof of Theorem 4.6, so the theorem holds by [15], Theorem 1.3.
For the general complex manifold X, set

r—2
s . —1—i,qg—1-i
f’l’yq:AQ‘]@@lz*A; Lq ’7
i=0

for any p, g. Define 3 : FP* — FP*+las (a, Bo, ..., Br—2) = (3yat, 3y, Bos - - - »
5,”2;3,_2). For any p, (FP°, d)isa complex of sheaves. Let t = ﬁ@((’)g(—l)) €
AUL(E). For any open subset U in X, define F7-4(U) — D'P4(U) as

) + XI5 pni)s © W pngA) o (Tlgag)'s ZNU #10
oy =
(™, ZNU =@,

where U = N ) andipng - ENU — U is the inclusion. Clearly, 5,70(pU = (oné.
Hence, ¢y induces a morphism of vector spaces

r—2
oy HPM WY e @ HN T T Znu) > HP ().
i=0
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We need to prove that ®x is an isomorphism.

For open sets V C U, denote by p‘lf : FP9(U) — FP4(V) the restriction of the
sheaf F7-9 and j‘l,] : D'Pd (ﬁ) — D'Pd (\7) the restriction of currents. By Lemma 4.8,
j‘l,J oYy = @y o p‘lf . Given p, for any open subsets U, V in X, there is a commutative
diagram of complexes

UV uuv U 4
(og=" Py unv ~Punv

P,
0——=FPUUV) 5 FPeoU)@Fr (V) = FrUnV) —=0.

\LWUUV l((ﬂz/ﬁwv) \L«JUnv
VUV UUV

~ ~ s ~ ~ ~ o~
0—>Dpre@uy) L Tpre( @y @ Dre (V) PPN Ty — =0

U v
Junv ~Junv
e

The two rows are both exact sequences of complexes. For convenience, denote

r—2
LPW) = 1MW)y e @ HL Tz ).
i=0

Therefore, we have a commutative diagram of long exact sequences

e LP-‘I*‘(umv) — P dWwuv) —= LP9Ww)g LP4(V) —— LPAUNnV) —> LIMHI(UU V) ——— ...

\L‘Pumv l‘l’uuv l(q’u»‘bv) l‘i’umv l‘i’uuv

e 11%""’](0 N ——= a1l @ o) —— 1l enl! V) —— ul I TnT) ——> uﬁ”"’“(ﬁu V) —— ...

Following the steps in the proof of Theorem 4.6, we proved that ® x is an isomorphism.
O

5 Stability of 0-Betti and n-Hodge Numbers

For a compact smooth manifold X and a real (resp. complex) closed 1-form 6 on
X, b (X, 0) ::dimRHQk(X) [resp. dim@Hé‘ (X, ©)] is called k-th 0-betti number of
X. Similarly, for a compact complex manifold X and a d-closed (0, 1)-form 1 on X,
hi 1 (X) = dimc HY'? (X) is called (p, ¢)-th n-hodge number of X.

Lemma5.1 Let f : X — Y be a proper surjective submersion of connected smooth
manifolds and 0 a real (resp. complex) closed 1-form on X. Then, for any k, the higher
direct image ka*KX,G (resp. ka*@x,e) is a local system of R (resp. C)-modules
with finite rank.

In particular,

v > be(Xy,0]x,)

is a constant function, where Xy, = f~Y(y) foranyy € Y.
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Proof We may assume Y is an open ball and only prove the real case.

Let o be the center of Y. By Ehresmann’s trivialization theorem, there exists a
diffeomorphism T : X, x Y — X, suchthat prp = f o T, where pr is the projection
from X, x Y to Y. By Lemma 2.2(3),

ka*KX,@ ;ka*(T*BXOxY,T*O)

~ pk (©)

=R"(pr2)«Ry vy 1+0-
Set pry the projection from X, x Y to X,. By Kiinneth formula, pr{ : H Ix,) —
HY(X,xY)isan isomorphism, where we use the fact that H(Y) =Rand H'(Y) = 0.
So, T*6 can be written as pr{6, + du for a closed 1-form 6, on X, and a smooth
function u# on X,, x Y. Consider the cartesian diagram

|7

{pt},

pr2
X, xY —2 =

Xo

PXo

where {pt} is a single-point space and pyx,, py are constant map. Evidently, pr, and
Dx, are proper. By Lemma 2.2 and [11], p. 316, Corollary 1.5,

Rk(prz)*KxoxY,T*e ng(pVZ)*BXoXY’P’I*OO
=R (pra)«(pri 'Ry, 4,)
zp;IRk(pXo)*(Rxo,ea)
=Ry, «y ®r Heko (Xo).

(N

Combined (6) and (7), R¥ J«Ryx ¢ 1s constant on the open ball Y. Moreover, the stalk
(R*fiRy o)y = H* (X, Ry 4lx,) = H9’<|Xv(xy). We complete the proof. o

Let X be a compact complex manifold and 6 = ¢ + 1 a complex closed 1-form on
X, where ¢ and n are both (0, 1)-forms. For the double complex (A**(X), 82, s
the associated simple complex is (.A(}":(X ), dp), which has a natural filtration

FPALX) = @ A X).

r>p,r+s=k

We get a spectral sequence (E;*,d,, H*), where E{"! = H"(X) and H* =
Hé‘(X, C). If 6 = 0, this is Frolicher spectral sequence. Clearly, for p < 0, or
p>n,orq <0,0orqg > n, EP"" = 0. So, for given p, g, if r is enough large,

EP"=ElS = = ERT = FPHT(X,C)/FPT HI T (X, ©).
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: : P-q : P
Since dlmq;ErJrl < dimcE; " for any r,

b(X.0)= > EL'< > E[M= > hX).

p+q=k p+q=k pHq=k

The degeneration of this spectral sequence at E; on compact locally conformally
Kéhler manifold is proved in some conditions in [20].

We say that f : X — Y is a family of complex manifolds, if f is a proper surjective
holomorphic submersion.

Theorem 5.2 Let f : X — Y be afamily of complex manifolds and 6 a complex closed
1-form on X. Assume by (X,,0x,) = Zp+q=k hgl’z (X,) for some k and some point
o € Y, where n is the (0, 1)-part of 6. Then, for any t near o, hf;"g (X)) = hf;“g (X,),
where 1 is the (0, 1)-part of 0 and p 4+ q = k.

Proof Let Q le y =8 ; /f *Q%, be the sheaf of the relative holomorphic 1-forms and
Qf(/Y = A’ Qk/y. Set i; : X; — X the inclusion. Then, i;"Qf(/Y = Qf(t, seeing
[27], p. 234-235. For the locally free sheaf Qf{/y ®oy Ox,y, we have

oS p _ sxP k _ p
I (QX/Y ®oy Ox.n) =1, QX/y R0y, I Oxn= Qx,,mx,-

By the semi-continuity theorem, hﬁ;l’z (X;) < h;’l’z (X,) for any ¢ near o. Thus,
t o

nlx,
ptq=k ptq=k

bi(Xo,0lx,) = Y Wl (Xo) = Y R (X)) = bi(Xiilx,).

By Lemma 5.1, hgl’g (X)) = hsl’g (X,) forany p + g = k. O

By Hodge decomposition of complex manifolds in Fujiki class C, we get the fol-
lowing corollary immediately.

Corollary 5.3 Let f : X — Y be afamily of complex manifolds and 6 a complex closed

1-form on X. Assume, for a point o € Y, X, is in the Fujiki class C and 0|x, = O.

Then, for any t near o, hf;l';’ (Xy) = h?1(X,), for any p, q, where n is the (0, 1)-part
t

of 6.
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