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Abstract Let (€2, g) be a compact, real-analytic Riemannian manifold with real-
analytic boundary 0€2. The harmonic extensions of the boundary Dirichlet-to-
Neumann eigenfunctions are called Steklov eigenfunctions. We show that the Steklov
eigenfunctions decay exponentially into the interior in terms of the Dirichlet-to-
Neumann eigenvalues and give a sharp rate of decay to first order at the boundary. The
proof uses the Poisson representation for the Steklov eigenfunctions combined with
sharp h-microlocal concentration estimates for the boundary Dirichlet-to-Neumann
eigenfunctions near the cosphere bundle S*3<2. These estimates follow from sharp
estimates on the concentration of the FBI transforms of solutions to analytic pseudod-
ifferential equations Pu = 0 near the characteristic set {o (P) = 0}.
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1 Introduction

Let (2, g) be an n-dimensional, compact C* Riemannian manifold with boundary
M and corresponding unit exterior normal v. By some abuse of notation, we also let v
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denote a smooth vector field extension and yy : CY(Q) — CO%M) be the boundary
restriction map. Let D : C°(M) — C°°(M) be the associated Dirichlet-to-Neumann
(DtN) operator defined by

Df = ymoou, (1.1)
where u solves the Dirichlet problem

Agu(x) =0, x € Q,
ulg) = f(q), g€ M. (1.2)

The operator D is an elliptic, first-order, self-adjoint pseudodifferential operator (see
for example [21, Section 7.11]) with an L2-normalized basis of eigenfunctions ¢ i J =
1, 2, .... Itis useful here to work in the semiclassical setting from the outset. Choosing
h~! € SpecD, the corresponding eigenfunction ¢, then satisfies the semiclassical
eigenfunction equation

hDop = ¢p.

The harmonic extension, u, € C*°(2), of a DtN eigenfunction ¢, is called a Steklov
eigenfunction.

There has been a substantial amount of recent work devoted to the study of the
asymptotic behavior of the DtN eigenvalues and both DtN and Steklov eigenfunctions,
including the asymptotics of eigenfunction nodal sets (see for example [1,3,4,6,15,
16,20,26-28] and references therein).

For large eigenvalues, Steklov eigenfunctions possess both high oscillation inher-
ited from the boundary DtN eigenfunctions and very sharp decay into the interior of
2. As a consequence, even though Steklov eigenfunctions decay rapidly, the oscil-
lation implies, in particular, that the nodal sets have intricate structure. It has been
conjectured [3] that the analogue of Yau’s conjecture [23,24] for nodal volumes holds
in the Steklov case. This was recently proved for real-analytic Riemann surfaces in
[15].

The question of decay of Steklov eigenfunctions into the interior of M when (M, g)
is real analytic was first raised by Hislop—Lutzer [6] where they conjecture that the
Steklov eigenfunctions decay into the interior as e ~4*90/" 1n the special case where
dim Q2 = 2 exponential decay with respect to d (x, d€2) was indeed proved in [15] and
the eigenfunction decay is a key feature in their main results on nodal length. However,
the analysis in [15] relies heavily on the assumption that the dimension equals two.

In Theorem 1, we prove an exponential decay result for Steklov eigenfunctions for
general real-analytic metrics in arbitrary dimension that is sharp to first order at the
boundary, 92 = M, and we bound the quadratic error in the decay rate in terms of
boundary curvature. In particular, we prove the conjecture due to Hislop—Lutzer [6].

One can heuristically view such exponential decay estimates for the Steklov eigen-
functions as describing the ‘tunnelling’ of the boundary DtN eigenfunctions on M into
the interior of the manifold €2. In the Schrédinger case P (h) = —h2A ¢tV —E,one
thinks of eigenfunctions as tunnelling from V < E into the forbidden region V > E.
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144 J. Galkowski, J. A. Toth

Since the interior eigenfunctions are harmonic, this decay is somewhat more subtle
in the case of Steklov eigenfunctions. The boundary data ¢, concentrate microlocally
on the cosphere bundle of the boundary, $*9€2, while the fact that —h2A gth =0
implies that #;, must concentrate at the zero section {(x,&) € T*Q;& = 0}. Thus,
we think of u, as tunnelling from boundary values with |£]|, = 1 to the interior where
& = 0. For this reason, it is reasonable to view the decay estimates in Theorem 1
as a natural analogue of the well-known Agmon-Lithner estimates (see for example
[7]) for Schrodinger eigenfunctions in classically forbidden regions. We note that the
assumption that (€2, g) is C* is necessary in Theorem 1 below because real-analyticity
allows for accuracy up to exponential errors in % in the pseudodifferential calculus,
whereas in the C* case, one can only work to O (h°°)-error. In particular, one can
only microlocalize modulo such errors. Since Steklov eigenfunctions decay exponen-
tially in /4 in the interior of €2, the usual C*° semiclassical calculus of operators is not
accurate enough to deal with these functions in a rigorous fashion. Similarly, our sub-
sequent more general results in Theorems 2 and 3 hinge on the microlocal exponential
weighted estimate in Proposition 2.5 which also requires real-analyticity to effectively
control error terms.

Theorem 1 Let ("', g) be a compact, real-analytic (C®) Riemannian manifold
with C® boundary 0Q and D : C*(02) — C*°(dRQ) be the associated DtN operator.
Then for all 5§ > 0 there exist 0 < g9 = 9(R", g, 8) such that for ¢;, € C®(02) with

(hD = Dgr =0, lenll2pq) =1,
the harmonic extension uj (x) satisfies the exponential decay estimate
0 un ()] < Cash™H37 exp (= d()/h). dig) <e0.  (13)
where Cy 5 > 0 is a constant independent of h. In (1.3),
d(x) = dya(x) + (Ca,g — 8)djo(x),

where dyq (x) is the Riemannian distance to the boundary and

31
Coe=—-+= inf "EN. 1.4
Q.g >t3 wetg Q(x", &) (1.4)

Here Q(x', ') is the symbol of the second fundamental form of the boundary 352.

Remark 1.1 The estimate (1.3) is only valid in a small collar neighborhood of €2 and
indeed, since Cq , may be negative, the rate function d(x) may cease to give expo-
nential decay outside a collar neighborhood of d€2. However, the maximum principle
for the Laplace equation on 2, = {x € Q | dyo(x) > ¢} together with Theorem 1
also implies that for any ¢ > 0, there exists C, ¢ > 0 so that

lup(x)| < Ce™/", dyq(x) > e.
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Pointwise Bounds for Steklov Eigenfunctions 145

Unfortunately, we lose control of the rate function outside a small collar neighborhood
of the boundary.

We will see by examining the case of Q@ = B(0, R) C R? that the rate of decay in
(1.3) is optimal to first order at the boundary. We do not expect to be able to obtain
the optimal second order estimate since we are forced to throw away some of the
oscillations in u when we apply the Cauchy—Schwarz inequality in (1.22), however,
the behavior with respect to Q is optimal as we will see from several examples.

We point out that the estimate in Theorem 1 holds without change if one takes the
@n to be L?-normalized Laplace eigenfunctions on the boundary. Indeed, the bound
in Theorem 1 can be adapted to the case of harmonic extensions of eigenfunctions of
general elliptic, analytic, self-adjoint i-pseudodifferential operators on M. However,
the bounds are somewhat cumbersome to state and we do not pursue this here.

It is worth noting that the proof of Theorem 1 is microlocal and thus the constant
Cq,¢ can be made to depend on the nearest point in <. In particular, let (x’, x,,41)
be Fermi normal coordinates in a collar neighborhood of 9€2 so that x,+1 = dyq(x).
Then the estimate (1.3) holds with d(x) replaced by

d(x) = Xp41 + (ag g (x) — O)x2,

where

3 |
ag,g(x') = ) + 3 pe];}*fafz op).

1.1 Examples of Steklov Eigenfunctions: Sharpness of d(x) to First Order
We now examine a few examples to illustrate the results of Theorem 1.
1.1.1 The Disk

Let 2 = B(0,R) C R2. Then the Steklov eigenvalues are precisely o = 0, %, % o
with corresponding Steklov eigenfunctions given by

1 : k
uf = ——— koK 5 (1.5)
2w RR" R
In particular, letting 4 = o ~! = k'R,
ut = 1 o[R10g(1=(R=r)/R)1/h ,i0/ I
P = — .
V27 R
Therefore, in this case
o )
[dya(x))/
d(x) = —Rlog(1 — dya(x)/R) = Zl R
j:
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146 J. Galkowski, J. A. Toth

This shows that to first order, the results of Theorem 1 are sharp. Moreover, notice
that the second fundamental form of d B(0, R) is given by R~! and thus, for the disk,
the optimal quadratic term is

1

7,40t Q(p)ldsa(0)F (1.6)

hence, modulo the % in (1.4), the constant Cg , sharp. In particular, as the curvature
of the boundary increases, the decay into the interior becomes more rapid.

The case of spheres in higher dimensions is nearly identical if we replace e*"? by
a spherical harmonic.

1.1.2 Cylinders

Let (M, g) be a real-analytic manifold of dimension n without boundary and Q =
(—1,1); x M, with metric dt> + g(x). Then

Ag =37+ Apy.
Let ¢ be an orthonormal basis for L?(M) with
(—Ay = A)gr = 0.
Then the Steklov eigenfunctions are given by

un(t.x) = cosh(kkt)w ), on e 1) = sinh(Agt)

cosh(iy) k i)

= Sinh(rg) X

with Steklov eigenvalues oy = Aj tanh(A;) and o',é = Ak coth(Ay) respectively. Notice
that for A; > 1,

cosh(x) = %e‘xl +0(e ™, sinh(x) = %e'xl + O0(e .
In particular, near |¢| = 1,
Jun (1, 0] = (D 4+ 0 gr ().
Then, notice that
or = (14 0(e™M)).
So, using Hormander’s L°° bounds (see e.g., [29, Chapter 7]) we have the estimate
lun(t, )| = (eI 4+ 0 |gu ()| < CU?e—“k“—"“.
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Pointwise Bounds for Steklov Eigenfunctions 147

Indeed, it is not hard to construct examples (e.g., where M is the sphere) so that this
estimate is sharp. The analysis is similar for vj,.
In particular, the best possible decay rate is given by

d(x) = dyo(x)

and we again see that the first-order term in Theorem 1 is sharp and that the quadratic
term is given by (1.6) since in this case the second fundamental form is O.

1.1.3 The Annulus

Now, consider B(0, 1)\ B(0, r9) C R2. Then a simple computation shows that the
Steklov eigenvalues are the roots, of

1 L+ | K
pk(a)zaz—ak( +r0>( +rgk)+—, k=0,1,...

ro I—ry o

with corresponding eigenfunctions

. k —
UE(r, 0) = Cppeti™ (rk i +Zr_k) . (1.7)

It is easy to show that the roots of p, (o) have

k
Ok,1 = k + O(krgk), Ok,2 = % + O(krgk)

ui — itk@ k+0(e—cv)’ u:l: — 1 r(l;,_—k ilke—i—O(e‘_Ck).

The case of u,, , is identical to that for the disk, so we focus on g, ,. Let h = o). 21 =

rok~' + O(e=%). Then,

1 .
lug, , (r, 0)] = Noir =0 loel1+r=ro)/rol/ k(4 0 (e=¢/ My,
V2rro

Therefore, in this case

d(x) = —rglog(1 + dyq(x)/ro) = Z L)i)]

j=1 ]V 0
This shows again that to first order, the results of Theorem 1 are sharp. Moreover,

notice that the second fundamental form of d€2 near 9 B(0, rp) is given by —r ! and
thus, near this boundary component, the optimal quadratic term is again given by (1.6).
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148 J. Galkowski, J. A. Toth

1.2 Microlocal Estimates

It is clear from the approximate Poisson formula for uj(x) (see (3.1) below) that
the exponential eigenfunction decay in the interior €2 is closely related to the precise
rate of h-microlocal exponential decay of the boundary DtN eigenfunctions ¢, off
the cosphere bundle $*9Q2 = {(y,n) € T*9Q; |n|l, = 1}. To derive the requisite
bounds, we prove weighted exponential #-microlocal estimates for the associated
wave packets 7 (h)g;, where T (h) : C*(0Q2) — C°(T*0Q) is a globally defined
FBI transform in the sense of [18]. Since these estimates seem of independent interest,
we prove them for a rather general class of analytic h-pseudodifferential operators.
An important consequence is the following exponential decay estimate for T (h)¢y, off
the characteristic variety when ¢, solves P (h)g), = O(e=/My.

We recall that an operator P (h) € Op;,(S%*) with principal symbol p(y, 1) is said
to have simple characteristics provided dp # 0 on the set { p = 0}. Moreover, p(y, 1)
is classically elliptic if |p(y, n)| = C’(n)¥ for || > C with constants C, C’ > 0. Let
Sg};lk denote the class of classical analytic symbols (see Sect. 2).

Theorem 2 Let (M", g) be a compact, closed, real-analytic manifold and P (h) €
Opp (S?l’j) be an analytic, h-pseudodifferential operator with real, classically elliptic
principal symbol p(x, &) having simple characteristics. Suppose that

P(h)gp = Op2(e™/M), Ngnll2 = 1.

Let T(h) : C®*(M) — C°°(T*M) be a globally defined FBI transform as in (2.8)

3n/4,n/4

associated with an h-ellptic symbol a € S, and consider the weight function

8- pP(x,§)
(&)

Then, provided § > 0 is a sufficiently small positive constant depending on (M, g),
it follows that for h € (0, ho(8)] with ho(8) > O sufficiently small,

V(x, §) =

e/ " T (Yol 2 (7+my = O(1). (1.8)

The main technical ingredient needed for the proof of Theorem 2 is given in Proposi-
tion 2.5; it is essentially the manifold analogue of the microlocal exponential weighted
estimates in R"” proved by Martinez [12,13] and Nakamura [14] (see also [22]). As a
direct application of Theorem 2, we prove the first-order exponential decay estimate
in Theorem 1 (1.3).

Remark 1.2 Although weaker than Theorem 2 (since no rate of decay is specified), we
point out that the following exponential decay estimate is an immediate consequence
of Theorem 2.

Corollary 1.3 For fixed eg > 0 consider the cutoff xg,(x, %) 1= x (%{)E)) Then, for

any @y, satisfying the assumptions in Theorem 2, there exists constant C(gg9) > 0 such
that for h < h(ep),
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Pointwise Bounds for Steklov Eigenfunctions 149

11 = xe) T (W nll 200y = Oe™ /M.

We also note that Corollary 1.3 also follows from a rather standard parametrix con-
struction for analytic h-pseudodifferential operators (see Sect. 2.2).

To prove Theorem 1 (1.4), one must estimate the constant Cgq,  in the rate function
d(x) = dyq(x) — Cq, gdgﬂ (x). Unfortunately, the weighted L? bound in Theorem 2
for T ¢j, does not quite suffice for this since one needs an additional geometric bound
for the constant § > 0. To achieve this, we must #-microlocally refine the bound in
Theorem 2. Global refinement of the decay estimate for 7 (k)¢ by specifying sharp
constant § > 0 in the Gaussian seems a rather intractable problem. However, with
Corollary 1.3 in hand, we see that away from the characteristic variety, T'(h)gpy, is
exponentially small. Consequently, instead of attempting to refine the global estimate
in Theorem 2, we h-microlocalize to a small neighborhood of the characteristic variety
p_l(O). In order to exploit the real-analyticity of (M, g) and P (h), we choose the
neighborhood of M in T*M to be the Grauert tube complexification M(TC D M,
which we assume throughout contains the characteristic variety, p_1 (0). In addition,
for the subsequent estimates, it will be important to choose a specific ~-microlocal
FBI transform Ty, (h) : C°(M) — C“(Mic) that is compatible with the complex
structure on Mic. In view of [10, Theorem 0.1], it is natural to choose T},,;(h) to be

the holomorphic continuation of the heat kernel on (M, g) at time t = }2—1
1.2.1 Motivating Example of FBI Transforms
Recall that the standard FBI transform on R” is given by
Toou(ay, o) = 273 (Th) ™ & / ey =g lax =y (y)qy,. (1.9)

We will introduce two globally defined FBI transforms below, T}, and Tge,. In the
case of R", these two FBI transforms agree and are given by (1.9). That is, on R”,

Thot(otx — l'Olg) = Tgeo(am Olg) = Tgrn (0, Olg).

Before formally stating our next result, we give some motivation. Consider the
simple example of the circle R/277Z with a flat metric g = dx?. That is, consider
the boundary for the examples in Sects. 1.1.1 and 1.1.3. The functions ¢, (x) = ex/h
appearing in (1.5) and (1.7) satisfy (A D, — 1), = 0. In this case, the complexification
is

C2rZ ={ax +iog; oy + 21 = oy} = TH(R/277Z).

We compute Ty, ¢ by extending ¢, smoothly to R as a solution of (A Dy — 1)¢y =0
or using the definition of Tj,; in (1.12). Then,

Thoton(ax — iag) = p V4™ 3 gl @ iae) /b =1/ g/ = @ = 1)?
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150 J. Galkowski, J. A. Toth

In particular, with (o) = %(oc;: — 1?2,

eVhol/h —1/4 jiox /B

Thoton = h

Thus, for any y < 1,

c= ||e e Thol‘Ph||L2(T*S1 <C. (1.10)

We note that (1.10) is consistent with Theorem 2. However, it is useful to observe that
with the precise weight function ¥, = %(ag — 12 (withy = 1),

e # Thorgnloqresty = h™1. (L11)
Thus, with the optimal weight function ./, one has a polynomial gain of 2~/ in
the weighted L? mass. The computations for eigenfunctions on higher-dimensional
flat tori R" /Z" are very similar.

To state the ~-microlocal refinement of Tgeorem 2, we let M be a compact, closed,
real-analytic manifold of dimension m and M denote a Grauert tube complex thicken-
ing of M with M a totally real submanifold. By Bruhat-Whitney, M can be identified
with ME = {(ay,0¢) € T*M; /2p(ay, 0¢) < 7} where /2p = |ogl, is the
exhaustion function using the complex geodesic exponential map « : M C M with
k(o) = eXPy, (iag).

Remark 1.4 We use the notation « rather than (x, §) because it is useful to think of
« € M at some times and & € T*M at other times where we identify M as a subset
of T*M

By possibly rescaling the semiclassical parameter # we assume without loss of
generality that the characteristic manifold

p~10) c ME.

Now, let ¢"2¢/2 have Schwartz kernel E (x,y,h) and EC(a, v, h) denote the holo-
morphic continuation of E(x, y, k) to Mic in the outgoing x-variables. It is proved in
[10] Theorem 0.1 (see also Sect. 2) that the operator given by

Thot (W u(@) = h*"/“e*ﬂ(“)/ EC(a, y, hu(y)dy (1.12)
M

is an L2-normalized, h-microlocal FBI transform defined for o € M.

Theorem 3 Under the same assumptions as in Theorem 2 and with T = Tj; is as in
(1.12), there exists ¢ > 0 small enough so that with y < 1/2,
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Pointwise Bounds for Steklov Eigenfunctions 151

1

Va0P2/hT h = 0O(1 = —
lle hot (M on |l 2 (D), ao 2|dp|§x

pl<eh) = (1.13)

where g is the Sasaki metric on T M (see for example [2, Chapter 9]).
Moreover, there exists Yy, € COO(M;C) with

Yot (@) = p*(@)(ao(@) + O(p(@))).
where ay is given in (1.13) such that for ¢ > 0 sufficiently small,
eV /™ Thor (MY pn | 2 (1 pl <2y = Oh~). (1.14)

We note that the example of the Laplace eigenfunctions on the circle (see (1.10)
and (1.11) above), shows that the upper bound in Theorem 3 (1.14) is sharp.

Remark 1.5 We use (1.13) instead of (1.14) in the proof of Theorem 1. Using (1.14)
results in better estimates as soon as d(x) 3> chlogh~!, but for simplicity and since
the function d (x) that we obtain is still not sharp, we do not state these estimates here.

1.3 Sketch of the Proof of Theorem 1

Let P : C*®(9Q2) — C°°(2) be the Poisson operator for the boundary value problem
in (1.2), so that u,(x) = Pep(x). The first step in the proof of Theorem 1 amounts
to understanding the microlocal structure of the Poisson operator, P following the
analysis in [19].

1.3.1 Microlocal Analysis of the Poisson Operator

In view of [19, Section 3] and the fact that ¢, is microlocally supported away from
the zero section one can write

wp (x) = Py (x) = U(h)gp(x) + O(e~ /M), (1.15)
where U(h) : C®(0Q) — C*°(Q) is a semiclassical, complex-phase h-Fourier
integral operator supported near diagonal. In terms of Fermi coordinates (x,,+1, x’) in

a collar neighborhood U = {(x/, x,+1); Xp41 > 0} of 02 = {x,41 = 0}, U(h) has
Schwartz kernel

n

K (x, y/, h) = (27Th)7n/ ei(x/fy',é’)/h e*\l’(xn+1,x’,5')/h
a(-xv y/7§/7h)X(xl_y/)d§/~ (]16)
Here,

xp (O EN +i (0018 0. E))
218/ |y

W (xpp1, %', &) = X118 |0 + + O 1E 1)
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152 J. Galkowski, J. A. Toth

satisfies a complex eikonal equation (3.3) and a(x, y’, &', h) is a semiclassical analytic
symbol as in (2.3). Note that the error is exponentially decreasing since we work in
the analytic setting.

In the Euclidean case, we note that one can derive the semiclassical Poisson formula
(1.15) in an elementary fashion directly from the potential layer formulas using residue
computations. For the benefit of the reader, we outline the argument here. Let 2 C R”
be a bounded Euclidean domain with real-analytic boundary 2. Let G(z,7') €
D'(R" x R") be the free Green’s functions with A, G(z,z') = 8(z — z/). From
Green’s formula and the DtN eigenfunction condition, one gets

up(z) =h=! /m G(z,)en(z)do (7)) — /m N(z,Z)on(Z)do (). (1.17)

with N(z,2') = 8,:)G(z,7), (z,2) € R x 9Q. Writing G(z, 7) and N(z, 2)
as Fourier integrals and rescaling the frequency variables £ — h~'£ one rewrites
(1.18) in the form

un(z) = Q)= " h / LB (E P 4 i0) 7 oi()do ()dE
R+l JoQ

+iQuh)” "t Dp / e ETEE (), £) (617 4 i0) T on (2)do (2)dE.
Rt JoQ (1 18)

Let x € C3°(R) with x = 1 near the origin and supp x C [—e&o, go]. We note that
by making a change a change of contour & +— & 4 i§& in (1.18) with 0 < § < 1 one
can insert a spatial cutoff x (|z—z’|) in both integrals modulo an O (e~ €/ error. Next,
we introduce convenient coordinates in a tubular neighborhood Uy of the boundary.
Given a local C® parameterization of the boundary ¢ : U — 92 with U C R”" open,
we write locally

z=q(x") + xpp1v(x’) and 2" = q(y")

By choosing gy > 0 sufficiently small, we can assume that z and z’ lie in the same
local coordinate chart. In terms of these new coordinates, one can rewrite the phase
function

(z—2,8) =(q(x") —q(¥), &) + xpp1 (v(x), &)
= (x'—y,dq" (X', Y)E) + xpp1 (v(x), &).

We make the affine change of variables in (1.18) given by & — (%', n,+1) where
NMn+1 = <U()C/), S)’ 77/ = dqt(-x/v y/)g
Then, for x = (x/, x,11) € Uygq, using the fact that the DtN eigenfunctions are

h-microlocally O(e ¢/ h) near the zero section " = 0 (see Proposition 4.6), one can
write
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Pointwise Bounds for Steklov Eigenfunctions 153

up(x) + 0 (e C®/M
= (2nh)_(”+1)h/
\

n'|>e

/ Y g by )y (x = 3 )i
Q2

(yHdy'dnp41dn’, (1.19)

where b(x, y', 1) = (1 + l.77n+1)(772+1 + 102 +i0) " la’, y).

For ' # 0, a residue computation gives [, e”‘"“”"“/h(nﬁﬂ + In'lx +
. Xt lx/
i0) My = T

i0)" ',y = mwe ¥+l l/ 1 Substitution of these integral formulas in (1.19) gives
modulo O (e~ €®/hy error,

and similarily, fp e™mime1/hy, 2+ In'le +

up(x) = (Znh)_"f / e"(x/—y/vfl'>/he—xn+1Iﬂ/\x/h|,7’|x—1a(x” )
In'|>¢e JOQ2
x (L+iln'l; Hea(yHdy'dn'.
This is consistent with the general formula in (1.16).
1.3.2 Microlocal Lift of the Poisson Representation (1.15)
Given the representation of uj, in (1.15) in terms of semiclassical, complex-phase /-
Fourier integral operator U (h) : C*(0Q2) — C*°(R), the key idea in the proof of
Theorem 1 is to lift (1.15) to the cotangent bundle of the boundary 7*9<2 and then
apply the weighted estimate in Theorem 2 to give the first-order approximation for
the Steklov decay rate function d(x) in Theorem 1 (1.3). The quadratic term in d(x)
is then bounded from above to prove Theorem 1 (1.4) using the refined ~-microlocal
weighted estimates in Theorem 3.

Roughly speaking, we do this as follows: Viewing x € €2 as parameters, we consider
the family of functions K , € C°°(92) with

Ken(y') = K(x,y', h).
Then, (1.15) can be written in the form
un(x) = (K i @) 1200 + 0 /M). (1.20)

To lift (1.20) we let T'(h) : C*®(02) — C°(T*92) be an FBI transform in the
sense of Sjostrand [18] and S(h) : C®°(T*9R) — C*(IN) be a left-parametrix with

S(h)T (h) = I + R(h),
and R(h) exponentially small in the sense that

10200 R(x, )| = Ou,p(e™“/").
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154 J. Galkowski, J. A. Toth

Given the weight function ¢ € C*°(T*9€2) in Theorem 2, one can write
un(x) = (V" S(h) Ko /T (h)gn) 1275y + O™/, (1.21)
Using the bound
I " T (W gnll 2o my = O(1)
in Theorem 2 and applying Cauchy—Schwarz in (1.21) one gets
up()] = O e V" S K il 12 ra0) + Oe™ /™). (1.22)

Finally, a direct analysis of the first term on the RHS of (1.22) using the method of
analytic stationary phase yields the bounds (1.3) and (1.4) in Theorem 1. We refer to
Sect. 3 for a detailed proof of Theorem 1 using the weighted bounds in Theorems 2
and 3.

Remark 1.6 Both Theorems 2 and 3 have other applications to eigenfunction bounds,
including the problem of obtaining geometric rates of decay for eigenfunctions in sub-
domains of configuration space M that correspond to classically forbidden regions that
are geometrically more refined than the classical Agmon-Lithner estimates. Specific
examples include (but are not limited to) joint eigenfunctions for quantum completely
integrable (QCI) eigenfunctions. We hope to return to this elsewhere.

1.4 Outline of the Paper

In Sect. 2 we discuss the eigenfunction mass microlocalization results for the eigen-
functions ¢;. The long range exponential decay estimates are proved in Proposition
2.3 and the short-range exponential weighted estimates near the characteristic variety
(and inside the Grauert tube Méc) are proved in Proposition 2.5. These estimates are
combined to prove Theorem 2 in Sect. 2.6. The h-microlocally refined weighted esti-
mates for T, (h)@p along with the proof of Theorem 3 are taken up in Sect. 2.7. In
Sect. 3, the exponential weighted estimates in Sects. 2.6 and 2.7 are used to prove the
decay estimates in Theorem 1 for the Steklov eigenfunctions. In Sect. 4, we prove the
necessary h-microlocal exponential decay estimates for the Steklov eigenfunctions
near the zero section of 7*9<2. This is necessary since the semiclassical DN opera-
tor hD : C®(9Q2) — C*°(9) fails to be an h-analytic pseudodifferential operator
microlocally near the zero section.

2 Eigenfunction Mass Microlocalization

Let M be a compact, closed, real-analytic manifold of dimension m and M denote a
Grauert tube complex thickening of M with M a totally real submanifold. By Bruhat-
Whitney, M can be identified with M;C = {(ax, ) € T*M; J/plax, ag) < T} where
V2p = |agl, is the exhaustion function M(TC, where we identify M with M;C using
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the complexified geodesic exponential map « : Mic — M with k (a) = expy, .cliog)

Viewed on M , the function ,/p(a) = —Lrc(a, @), which satisfies homogeneous

2v2
Monge—Ampere and its level sets exhaust the complex thickening M (see Remark 2.6
and [5] for further details).
The example of the round sphere To illustrate these basic complex analytic entities,
we consider the case of the n-dimensional round sphere

M = {(x1, ..., Xp+1) € R xlz + .- +x,21+1 =1} c R"L.
The complexification of M is the quadric

M={G1. o zap) €CM g4 gp = 1)
={(x, &) e R x2 — g2 =1, (x,£) =0). (2.1)

The Riemannian exponential map written in terms of affine ambient coordinates on
R+ g

exp, (£) = cos([£ )x + (sin |s|>é—|,

where & € Ty M, so & € R**! is orthogonal to x. The complexification of exp, (§) is
then given by

expxqc(ié) = (cosh |&])x + i(sinh |§|)é—|.

The distance function r(x, y) = 2sin™! (@) complexifies to

.1V (z — UJ)2

rc(z, w) =2sin” " | —————
2

and the associated exhaustion function on the complexification is

—1 _ 1 o -
——rc(z,7) = —= sinh ' ([Imz]), ze M.

22 V2
Pulling rc(z, 7) back to T*S? via the complexified exponential map gives
JP() = expy ¢ ( - ch(z, Z)) _ L
© 23/2 V2

In terms of local coordinates & = (o, cg) € T*S?, this just gives Jpla) = %ﬁ|a5|g.

Of course, the multiplicative factor of #7 above is just a computationally convenient
normalization that we choose to adopt here.
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By possibly rescaling the semiclassical parameter 4 we assume without loss of
generality that the characteristic manifold

p~10) c ME.

We will also have to consider a complexification of 7*M of the form

— 1
T*M = {a; Imay| <7, Imag| < E(ag, )} 2.2)

where C > 1 is a sufficiently large constant and T*M C T*M is then a totally real
submanifold. o

We recall that a complex m-dimensional submanifold, A, of 7*M is said to be
I-Lagrangian if it is Lagrangian with respect to

Imw =Im (do, Adag),

where w = do, A dag is the complex symplectic form on T*M.

Let U C T*M be open. Following [18], we say that a € Sfl"’lk(U) provided a ~
h™™(ap + hay + ...) in the sense that

l —_ —
0020 (reya = Opy 1, (Ne™ D (x,8) e U,

a—h™" Z hjaj‘ = 0(1)8—(5)/C1h’ (2.3)
0<j<(§)/Coh

lajl < CoCY jUE,  (x,6)eU.

We sometimes write SZ'I';lk = SZ;;lk(T*M ).

Following [19], we also define the notion of a homogeneous analytic symbol of
order k and write a € Sﬁa provided that there exist holomorphic functions a; on a
fixed complex conic neighborhood of T* M\ {0} homogeneous of degree & in & so that

there exists Co > 0 so that

A

and for every C; > 0 large enough, there exists C» > 0 so that

<Ccy/tjl, j=0 (2.4)

a(e, &)= Y a0, O] < Ce G g = 1 25)

0=<j<IEl/Cy
We say that an operator A (h) is a semiclassical analytic pseudodifferential operator

of order m, k if its kernel can be written as A(x, y; h) = Ki(x, y; h) + Ri(x, y; h)
where for all «, 3,
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X

10298 Ry (x, y; h)| < Cape™ " cop >0,

and

Ki(x,y; h) =

Fx—y.8) _
S | e ate g = e

where x € C°(R) is 1 near O and a € Sf};lk. We say A is h-elliptic if |ag(x, )| >
ch™™(£)* where ag is from (2.3). Recall also that A is classically elliptic if there is
C > Osothatif || > C, |ag(x, &) > C~1h—™|g|k.

We say that an operator, B is a homogeneous analytic pseudodifferential operator of
order k if its kernel can be written as B(x, y) = Kz (x, y) + Ra(x, y) where Ry (x, y)
is real analytic and

1
2m)"

Kx(x.y) = f I b(x, E)x (Jx — yDde

for some b € S;l‘ 4-and x € CZ°(R) is 1 near 0. We say B is elliptic if there exists ¢ > 0
so that bx > c|&|F on |£] > 1 where by is from (2.4) and (2.5). For more details on
the calculus of analytic pseudodifferential operators, we refer the reader to [17].

As in [18], given an h-elliptic, semiclassical analytic symbol a € Sflr;/ o/ 4(M X
(0, hol), we consider an intrinsic FBI transform 7 (k) : C®°(M) — C*°(T*M) of the
form

Tu(a; h) = / ei‘p(""y)/ha(a, v, h)x (ax, y)u(y)dy (2.6)
M

with @ = (ax, og) € T*M in the notation of [18].

Remark 2.1 The normalization a € Sg;zl/ hn/4 appears so that T is L? bounded with
uniform bounds as 7 — 0 [18].
The phase function is required to satisfy ¢ (e, aty) = 0, 9yp(a, ay) = —ag and

Im (37¢) (@, ) ~ [{az)| 1d.

Given T'(h) : C*(M) — C°°(T*M) it follows by an analytic stationary phase
argument [18] that one can construct an operator S(h) : C*°(T*M) — C°°(M) of
the form

Sv(x; h) = / e XD (ko hyv(a) da 2.7)
T*M

3n/4,n/4
cla

withb € S such S(h) is a left-parametrix for 7 (%) in the sense that

S(MT(h) =1d+R(h), 8% R(x,y.h) = Oaple” /™).
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We use two invariantly defined FBI transforms. The first transform T, (h) :
C®(M) — C°°(T*M) is defined using only the Riemannian structure of (M, g)
and has phase function

1
pla, y) = iexpy! (o) - ag — or(a, ¥){ote). (2.8)

Here, r (-, -) is geodesic distance and x (e, ¥) = xo(r(ax, y)) where xo : R — [0, 1]
is an even cutoff with supp xo C [—inj(M, g),inj(M, g)] and xo(r) = 1 when
Ir| < Yinj(M, g).

The transform T, (/) will be used to derive ~h-microlocal exponential decay outside
the Grauert tube Mic and far from the characteristic variety p~1(0). We will refer to
the corresponding estimates as long-range.

To estimate 2-microlocal eigenfunction mass inside the Grauert tube M containing
p~1(0) we use instead another FBI-transform Tj,,;(h) which is defined in terms of
the holomorphic continuation of the heat operator e’2¢ at time t = h/2. We refer to
the corresponding estimates as short-range.

Before continuing, we briefly recall here some background on the operator 7}, (h) :
C®M)— C °°(M;C) and refer the reader to [10] for further details.

2.1 Complexified Heat Operator on Closed, Compact Manifolds

Consider the heat operator of (M, g) defined at time /2 by
Ej = e?%¢ - C®°(M) — C®(M).

By a result of Zelditch [25, Section 11.1], the maximal geometric tube radius Tpyax
agrees with the maximal analytic tube radius in the sense that for all 0 < T < Tmax,
all the eigenfunctions ¢; extend holomorphically to M;C (see also [10, Prop. 2.1]). In
particular, the kernel E(-, -; #) admits a holomorphic extension to M. ;C X M§ for all
0 <7 < tmax and & € (0, 1), [10, Prop. 2.4]. We denote the complexification by
Eg:(~, -). To recall asymptotics for E;(l: we note that the squared geodesic distance on
M

r2(~,~):M><M—>]R

holomorphically continues in both variables to M; x M, in a straightforward fashion.
More precisely,0 < T < Tpax. there exists a connected open neighborhood A € M. (TC X
Mic of the diagonal A C M x M to which r2(-, -) can be holomorphically extended
[10, Corollary 1.24]. We denote the holomorphic extension by ré(~, -). Moreover,
one can easily recover the exhaustion function Pg (az) from rc; indeed, pg(a;) =
—ré(az, a;) forall a; € Mic.

To analyze the asymptotic behavior of EE (otz, y) with (az, y) € Mic x M, we split
the kernel into two pieces where
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(i) the point (7,,a;, y) € M x M is close to the diagonal in terms of inj and the
Grauert tube radius t,

(ii) the point (m,,a;, y) € M x M is relatively far from the diagonal in terms of inj
and t.

To control the behavior of the complexified heat kernel for a pair of points
(m,0z,¥) € M x M that are relatively close or far from the diagonal, we need
the following result [10].

Proposition 2.2 There exist 0 < 19 < Tmax and positive constants 3, 8y, ho and C,
depending only on vy > 0, such that for 0 < v < 19,0 < § < 8o and (a;,y) €
M;C X M, the following is true:

(i) Whenr(mpya;,y) <8 andh € (0, ho],

ré(a:,,\’)

Bz, y) =€ 7 a (g, y;h) + 0 P/M), 2.9)
Here, a®(a., y; h) is the polyhomogeneous sum

a®(@z yih) = Q)Y ag (e ik, (2.10)
0<k<D/h

where the a;”’s denote the analytic continuation of the coefficients appearing in
the formal solution of the heat equation on (M, g)
(i1) There exists C > 0 so that when r (myo;, y) > % and h € (0, 1),

C _82
‘Eh (az,y)‘ <Ce @, 2.11)

where C is a positive constant depending only on (M, g).

From now on, we always carry out our analysis in the complex Grauert tubes M;C
with 0 < 7 < 719, where in view of Proposition 2.2, we have good control of the
complexified heat kernel, Ef(~, y) fory e M.

For (o;, y) € M;C x M with r(Re z, y) < € with & > 0 small, one can show that
the function y — —Re ré (o, y) attains a non-degenerate maximum at y = Rez.
The corresponding strictly plurisubharmonic weight is the square of the exhaustion
function given by

1 _
2p(@) = —Rerg (e, Rez) = — (s, ) = leglg,
where
o, = expax(—iag).
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Using this observation and the expansion in Proposition 2.2 it is proved in [10,
Theorem 0.1] that the operator Ty (h) : C®°(M) — C °°(M§C) given by

Thotgn(e) = h™"/* f el @ 2@V C oy h)y
M

(x. Ven(Ndy, « € M7 (2.12)
is also an FBI transform in the sense of (2.6) with amplitude a € Sg;éz’o and phase
function

2
(Telaz, y)
ol y) =i( E5=+o@). (2.13)

In (2.12) the multiplicative factor 2"/ is added to ensure L?-normalization so
that
I Thorenll L2MC) X 1. The fact that the transform 7},,; is compatible with the complex

structure of the Grauert tube M;C will be used a crucial way in the proof of the i-
microlocal, short-range weighted L? bounds in Proposition 2.5.

Since P (h) has simple characteristics and is classically elliptic p~!(0) is a compact,
real-analytic hypersurface and by assumption, p~1(0) ¢ M ;C.

2.2 Long-Range Estimates

Let p(«, h) ~ Z?io Dj (a)h’ € §™ be the full symbol of P (h) and assume that it lies

in S?l’;” (W) where W is a neighborhood of (xq, &y). Here, & is allowed to be a point at
infinity in which case a neighborhood means a conic neighborhood of & near infinity.
We say p is elliptic at (xg, &) if |po| > ¢ (€)™ > 0 in a neighborhood of (xg, &y)-

Proposition 2.3 Suppose that P(h) is a semiclassical pseudodifferential operator
analytic in a neighborhood of (xg, &) and elliptic at (xo, &y). Suppose that

P(hygn = 0™, llgnll2 = 1.

Then, for any FBI transform T (h), there exists ¢ > 0 and W a neighborhood of (xo, &o)
so that

IT (el 20wy = O™/ ™).

Proof Let x1 € Cg°(T*M) so that x; = 1 near (xo, &) and p is elliptic and analytic

onsuppyi.Let T (h) be an FBI transform with symbol r € Sslna/ 414 and phase function
¢. An application of analytic stationary phase [18] gives
X1(@T () P(Wpn = x1(@)Tp(h)gp + O (e /M), 2.14)
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where
Ty (h)gn (@) = / N Mo,y ) x (Jox — yDen(»)dy,
M
with

Ch™!
~ . 3n/4—j,n/4+m—j
by h) =Y pi(y.a. —dyp(a, y)h!, pj e S Im/Hm=d
j=0

po(y,a,n) = ro(er, ) po(y, ). (2.15)
Here, ry is the principal symbol of r from (2.3). Since
—dyp(a, y) = ag (1 + O(Jax — y]))

and |y — y| < 8 < 1 onsupp x(ax — y) it follows that po(y, —dy¢) is h-elliptic
near « = (xg, &). In particular,

1
rok §)" < 1po(y, —dygp(a, y)| < Clag)™,  anear (xo,&0).  (2.16)

Then, from (2.14) and the eigenfunction equation P (h)¢; = O (e=¢/ h), it follows
that

lx1 To (W@ (@)l 2 = O (e~ Cle)/ My, (2.17)

We claim that (2.17) is independent of FBI transform; in particular,

11 Teeo @il 2 = O™/, (2.18)
Since x1(@)b(w, y, h) is h-elliptic near (xo, &p, x0), [18, Proposition 6.2] proves the

estimate. We review the proof here for the reader’s convenience. The operator given
by

i -
Au(x) = h="2 f / exp [Z (e x) = ol y))} b(@, y)x1(@)
x (e = yDx (lox — xPu(y)dyda
is an h-pseudodifferential operator with elliptic symbol near (xo, §). So, for any
a(a, x), supported near (xg, &y, x9), we can find a classical analytic symbol, b defined

near (xq, &9, xg) so that

Ab(a, e’y = a(a, x)e'?/"
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modulo exponential errors. In particular, for W a small enough neighborhood of

(x0, &0).

a(a, x)e#! " = / b(B, 1) * DI K (o, B)dB,
Bew

where
K p) =" [[exp] 1 (vta ) - 66 9) | e 0.

By an application of analytic stationary phase,

K(a, B) = e ®@P/e(a, By )y (ax — Bo)x (loel e — Bel)
+ On(e=/My max{lae |, 1B 1),

2 1,00
where Im.CD(a, B) > |la — !43| ,andc € ;.
In particular, we can write

x2()Tgeo = K x1(a)Tp + R(h)
where K is tempered in £,
10200 R(x, y, )| = Ogp(e™“/M), C >0,
and x; = 1 on suppx». Henceforward, we write x» € x1 to denote this. Thus,

X2 Teeotn = K x1 Topn + 0(e=C/"y = 0(e= /1),

2.3 Short-Range Estimates
Let xin € CS°(ME; [0, 1]) and Fin € CP(ME; [0, 1]) be a cutoff with Fin 3 Xin-
To deal with the short-range case, using analytic stationary phase one constructs

an h-pseudodifferential intertwining operator Q(h) € Opy (S%-°°(T*M)) that is h-
microlocally analytic on the Grauert tube M(TC C T*M and satisfies

Xin Thot (W P(W)@h = Xin QW) Thot (W pn + O (™) | Xin Thot (Wgnll 12 + O (e~ /™).
(2.19)

To construct Q (k) in (2.19), using (2.14) we write

Thot (W) P (W), = Tp(h)gn + O (e~ /M),
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whereh € S/ (T* M) is given by (2.15). Then, the symbol g (o, a*; h) ~_ o+

Z?io qj(a, a*)hJ of Q(h) is determined by solving the equations
qj(av da‘ﬂ(aa )’)) = ﬁ/()” «, _dy(P(Oh )’))s .] = 07 17 27 3’
po(y, a,n) = ro(y, o) po(y, n), (2.20)

where o* is the dual coordinate to « and p; are determined as in (2.15). To solve for
the g; in (2.20), we first consider the complexified equations

g5 (@ dep®(e. ) = pT (v, —dyp"(, y)); j=0,1,2,3,... (221

Let MC be a complex extension of MC. Here, © denotes holomorphic continuation
to (&, y) € ME x ME with |ay — y| < g9 and ME = {a; /p(a) < 7} is identified
with the complex thickening M. Since

3, € = —8,0° + O(Jax — y]) = @ + O(lax — y)),
e 0C = oty — y + O(Jax — y1?), (2.22)

it follows that near o, = 'y, det 8)2,%(,0 # 0 and so by the holomorphic implicit
function theorem, dg, ¢ (o, y) = w defines y = ,B;C (o0, w) with ,B;C holomorphic in a

neighborhood of o, = y. Hence, restricting to real points (¢, y) € Méc X M with
|y — y| < &0, we can write

q/ (av a*) = p~j (IBX (av a;)v _dy¢(av /3/\” ((X, ag)))
= pj(Bx(a, ag),ﬂg(a, (x;));j =0,1,2,.., (2.23)

where By and f are locally C*.
Since py = po, for the principal symbols one gets

qo(a, o) = po(B (e, o), Pe (e, o). (2.24)

It will be useful to introduce the principal symbol of conjugated operator e¥/" Q (h)
e ¥/" given by

ql (@, a*) = qola, a* + idy P (@)). (2.25)

Now, a;%wyzw = —1d, and since 32r(ct, y)ly=a, = 21d, 32¢|y—y, = iId.
Therefore, using also that

oy (e, y) = oy — y + O(lax — y[?).
It follows from (2.22) that,

Bela,af) = oy —af + O(ef D). Bele.af) = az +iaf + O(laf[*).  (2.26)
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for (a, y) € M;C x M with r(ay, y) < &p. As an example, we note that in the R”
case with standard phase function ¢(c, y) = (ay — y)ag + %|ax — y|2, one has
Bx = ay —ag‘ and B = ag +ia§.

Given the intrinsic complex structure on the Grauert tube M*, we denote the associ-
ated Cauchy—Riemann operators by 9 : COO(M?) — QI'O(M(TC) andd : C*® (Méc) —
Q0.1 (M;C). Moreover, given local coordinates «, in a chart U C M, the correspond-
ing complex coordinates in UC C M;C will be denoted by «; := exp, (—iaz), a; =
expy, (fog).

Given a smooth one-form 6 € QI(M;C) one can write it in local (o, otg)-
coordinates in the form

0 = alda, + (x;dag
and in terms of complex coordinates (o, o;) as
0 =alda; +a;*da;.

Consequently, in terms of the Cauchy—Riemann operators, o} = ¢ (9)(«) and a;* =
o (d)(«). Here, o denotes the principal symbol of a pseudodifferential operator.
Given a weight function ¥ € C °°(M;C) and the strictly plurisubharmonic weight

2 —_—
plag, o) = %, we consider the associated submanifold A C ME given by

A ={(a. 209 (@) +i(d —d)p()), a € ME}. (2.27)

As we shall see below, the manifold A will play an important role in our main
exponential weighted estimate in Proposition 2.5.

For future reference, we note that in terms of the local complex coordinates (¢, &)
in a geodesic normal coordinate chart U,

Aly = {(0z, dz; 0f = 2ide, ¥ — ida,p)(@), &;F =ida p(@)), a € ME)
(2.28)

2.4 Complex Geometry of A

We first recall some basic complex symplectic geometry: Let X be a complex n-
dimensional manifold with complex cotangent bundle 7*X. Viewing X as a real-
analytic manifold, we let 7*Xg denote the real 4n-dimensional cotangent bundle.
There is a natural identification [9] of T*Xg with T*X given as follows. Let v €
T X (a complex tangent vector) and (z,¢) € T*X (a complex covector). Then, the
identification ¢ : T*X — T*Xp is given by

1z, ¢(v) = (z,§()); &(v) =Rel(v).
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In terms of local coordinates (Rez,Imz) : X — R and the corresponding dual
coordinates (&, n) € T&ez Im 2) X R

tRez,Imz; &, n) =(2,8), ¢=&+in.

Let I C T*X be I-Lagrangian with respect to the complex symplectic form Q =
dz AN d¢. Then, for any contractible coordinate chart U, we recall that [9, Lemma
3.1] using the identification ¢, one can locally characterize I" as the graph of complex
differential; that is,

Cly ={(z,2i9. f), ze€ U}, (2.29)

with f € C*°(U; R) and 29, f = (Re; + i 9mz) f-

We claim that A C T*(M;C) in (2.27) can be naturally identified with an /-
Lagrangian with respect to the canonical complex symplectic form. More precisely,
consider

A := A — i graph(dp) C/AZC/.
To see that A is indeed / -Lagrangian, we note that since d = 3 + 9, one can write
2009 +i(d —d)p =2id(y — p) +idp
and so,
A ={(a,2i0() — p)(@)), @ € M{).

Consequently, in view of (2.29), A is indeed /-Lagrangian. Moreover, since p is
strictly plurisubharmonic with 3dp > 0, it follows that with ||y || c2 sufficiently small,
A is also R-symplectic.

We note that clearly one can write the Toeplitz multiplier go| o on the RHS of Propo-
sition 2.5 as qo| 3 where go(a, @*) = go(a, @ +idyp()) and A is the I-Lagrangian
above. However, we find working with go (from (2.24)) and A (from (2.27)) compu-
tationally simpler and so we continue to work throughout with these instead.

Remark 2.4 Here we call gg a Toeplitz multiplier in reference to the corresponding
Toeplitz operator Spo1qoThor (see e.g., [29, Chapter 13.4]).

The following /#-microlocal manifold version of the microlocal Agmon estimates
in R" [13,14] is central to the proofs of Theorems 1, 2.

Proposition 2.5 Let A C ME be as in (2.27). Then, for any P(h) € Oph(SSl’:o) there
exists § > 0 so that for ¥ € SO(1) with ||| c1 < &,

(Xin€”" " Thot () P (W) @n, €/ " Thor () gh) 12
= (xin€”"" ol p Thot(Wen, € " Thor (W) gp) 12
+ O Xine”" " Thot(Wn 32 + O™ /™).
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Proof The operator Qy, (h) := Xine‘/f/h Q(h)e_‘/’/h has Schwartz kernel

Oy (a, B, h) = Qrh)~ 2" li%1+ ei(a—ﬂﬂ*)/he—"?(a*)/hei[llf(ﬂl)—llf(ﬁ)]/hxl.n(a)
E—>
q(a,a®; h)da*. (2.30)
By Taylor expansion,

V(@) =¥ (B) = (¥, B), a — )

with V| < ||[{]|c1 < 8. Since g(a, a*, h) is analytic, for § > 0 small it follows by
Stokes formula one can make the contour deformation

a* = o +iv(a, B)

in (2.30). Boundary terms as |@*| — oo vanish and one gets that oV e Opy, (So(l))
with symbol

o
q" (0%, 1) ~ Y xin(@)q (o, @™ + idgY)h/.
j=0
and principal symbol
gy (. @) = qoler, @ + idy ¥ (@),

where ¢ is defined in (2.24).
In view of (2.19) it follows that

(Xine” " Thor (W) P (W) @n, """ Thot (W) 1) 12
= (Xin Q¥ () [e" " Tt (W)@, """ Thot (W) 12
+ O Xine?" " Thor (W gnll72 + O (e /). (2.31)

Next, in analogy with [13], we observe that with Daz = }*éaz’
hDy, (6‘”/ " Thor (h)(Ph)
= / hDs, (6[_ré("‘f’y)/“‘”(“‘”dz)_p(“)]/ha(az, Yo ) x (e, y))soh (y)dy
M

= (= 90 W@ + 10 p(@) /" Tt (W1 + OO
= —i00. Y (@) " " T (h)gy + O (™M, (232)

where we have written
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Pointwise Bounds for Steklov Eigenfunctions 167

The last line in (2.32) follows since ré(~, y) and a(-, y, h) are holomorphic and
the exponential error arises from differentiation of the cutoff x («y, y). In particular,
when r(ay, y) > g9 > 0, there exists C(gg) > 0 so that

Re [ —rd (e, ¥)/2 + (o, d2) — p(@)]< —C(9) <O0.

Similarly, taking complex conjugates, one gets that
hDu, (VT Tt (D)) = 10, 9(@) €9 T (g + O(e=CC). (2.33)

Taylor expansion of the principal symbol qg/ of Qv (h) around o * = —i 5% ¥ and
af = ia%x} gives

a (@, &) = go(a, & + ida (@)
= ooy, a3 & = 10 (Y — p)+ide. W, &y =—i0. (Y —p)+ida. V)
+ rion, o) (@ + 00, 9) + ra(e, o) (0 — i00,9)
= qo(az, dz; o =200, — 100, p, &;" =i0a,p)
+ rion, o) (@ +i00,9) + ra(e, o) (0 — i00, %)

= qo(@)|aen + r1(a, ) (@ +ida,¥) + rale, &) (of — i0a, V)
(2.34)

Since r1, € S§°(1), it then follows from (2.31)—(2.34), L2-boundedness of pseu-
dodifferential operators, and that [Opy, (S™), Opp(S™2)] € hOpp(S™T"2) (see for
example [29, Chapters 4,9]) that

(Xin Qy (1) [ " Thor (W1, " " Tt (W) ) 2
= (xine""" q0(@)acr Thot (W n, "' Thor(h)gn) 2
+ (Xinr1 (2, RD)[hDe, + i, Wl " Thot (W pn, €' Thot (W1 12
+ (Xine"! " Thot (). r2(ct, hD)[h Da, + i3, V1e¥! " Thor (h)g) 12
+ O | %ine"" " Thor (W) enl7 ».-
= (xine"""qo(@)laca Thot (MW @n, €' Thot (W) pn) 2
+ O | Xine""" Thot ()7 ».- (2.35)

This finishes the proof of the Proposition. O
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2.5 Microlocal Eigenfunction Decay Estimates
2.5.1 Estimation of the Multiplier qo|a
In order to prove Theorem 2 we give an invariant characterization of the Toeplitz
multiplier go| .

In terms of the local coordinates («, ;) the Toeplitz multiplier in Proposition 2.5
is

q oz, oz, i0e, 2Y — p), (05, p).
To give this in invariant meaning, we note that function gg € C ‘”(T*Mic) and
(az, dz, 100, 2Y — p), i0a,p)

are local coordinates for the point

¢ =idy. QY — p)(@)da, + iz p(a) da, € T*ME.
=2idy(a) +i(d — d)p(a) € T*ME.

Consequently, the Toeplitz multiplier equals

gl (@, 109 () — i3 (@) = qo(e, i(d — D) (@) + idyr (@)
= qo(e, 20y (@) + (3 — 0)p(@) = qola@), o€ ME, (2.36)

in view of the definition of A in (2.27), where
qola (@) = qole, 2009 (@) — i (9 — 0)p(a)). (2.37)

Here, 3,9 : C® (M;C) — QI(M(TC) are the intrinsic Cauchy—Riemann operators.

The p portion, idp — idp, of the argument on the RHS of (2.37) can be readily
computed. Given the strictly plurisubharmonic weight function p (o) = %|oz§ |§x, we
recall that [5, p. 568],

i(0—93)p =w, (2.38)

where w = ) j ozgjdaxj is the canonical one-form. Since both sides are invariant, one
can easily verify the identity (2.38) by computing in geodesic normal coordinates at
the center of the coordinate chart.

It follows from (2.38) that

aFQidy —i(d —d)p) = oF(2idY) + g

_ 2.39
o idY —i(d — 3)p) = of idV). (239)
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From (2.39) one gets

gla@) = po( Buer of Qidy)) . Pl @ 2idy) )
= po(es + 00V, ag + 03V, (2:40)

where in the last equality we have used (2.26).

Remark 2.6 We recall that p is a Kahler potential for the intrinsic Kahler form £2, on
the Grauert tube corresponding to the complex structure J, induced by complexified
Riemannian exponential map of the metric g; that is,

ddp = Q.

The corresponding exhaustion function +/2p(a) = |agl, satisfies homogeneous
Monge—Ampere,

82
det (—ﬁ) =0.
daz; doz;
We refer to [5,11] for further details.
From Proposition 2.5 and (2.40) we get the following useful estimate.

Proposition 2.7 Under the same assumptions as in Proposition 2.5,

(Xin€” " Tt () P (W)@, € " Thor (W) 12
= (xine""" p(a + O3V Thot Wi, €' " Thot (W) p1) 12
+ O Tine”" Thor (Wi 172 + O™,

2.6 Microlocal Concentration of the Eigenfunctions: Proof of Theorem 2

In this section, we prove the global weighted decay estimate in Theorem 2.

Proof We first prove the weighted estimate in (1.8) A-microlocally on support of
Xin € Cgo(M(,C) and for the A-microlocal FBI transform Tj,,; (h).

Ixine?"" Thot (M @nll 2731y = O (D). (2.41)

The transform 7j,,; () is only defined on the Grauert tube M(Tc, which is generally
a proper, bounded subset of 7*M. We then need to prove that the weighted bound
in (2.41) still holds for T'(h) = T, (h), after possibly shrinking § > 0 somewhat
(independently of /).

In the following, we let P(h) € Opp(
and ¢j, be an exponential quasimode with

SO,k

1a) D€ as in the statement of Theorem 2

P(h)gy = O(e™/M).
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170 J. Galkowski, J. A. Toth

2.6.1 h-Microlocal Bounds for Tpoi(h)en

5 2
Recall ¢ = 2(§>2k.

For § > 0 small,

1
mﬁ(ax, ag) < Re p?(a + 0(19 %)) < C(8) p*(ax, ). (2.42)

To see that (2.42) holds, we split into two cases:

Case (i) {o; |p(a)| < 1} (near the characteristic variety). Here, we make a Taylor
expansion to get

PHa+ 013 v ) = p*(@) + 0)12pdepl?® = p*(@) + O p*(a)).
(2.43)

Consequently, near p = 0 it follows from (2.43) that for § > 0 small,
Re p*(a + 0(10.¥])) = cp*(a).

Case (ii) {o; |p()| £ 1} (far field). Here we use the fact that ¢ € $9(1) and |0p?| =
7 )21 and just make the first-order Taylor expansion

P2+ 0(3a¥]) = p2(@) + O(8(ag)* ).

Since p?(a) = (aS)Zk in this range, (2.42) is also satisfied in this case,

provided one chooses § > 0 small.

Since P(h) € Oph(SO’OO) implies that also P%(h) € Oph(SO’OO), and so Proposi-

cla cla
tion 2.7 applies just as well with the latter. We note that by (2.42), there is a constant
C > 0 such that

1
5p2(a> < Re p?|a(@) < Cp*(@), € supp xin

and so, by an application of Proposition 2.7 with the globally defined weight function
Y in the statement of Theorem 2, it follows that

(Xin€"” " Thot (h) P2 (W) gn, ¥ " Thot () 12
= (Xine" " P21 A Thot (W)@, €V " Thor (W) n) 2
+ O | Xine"" " Thor (W @nll7 > + O e /M)
> (Xine""" P> Thot (W @i, €/ " Thor (W) n) 2
+ O | xine" " Thor (W enll7 > + O™/, (2.44)
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In the last line of (2.44) we have used the long-range estimate (2.3) yet again to
write

17ine"" " Thot (D @nl122 = 1| Xine " " Tuot @132 + O(e~/M).

To bound the LHS in (2.44) note that A (h) := Spe(h) (ag )k Thoi(h) € Opy, (So’k).

cla

Hence, A_;(h)P(h) € Oph(SO’O) and since P(h) is classically elliptic with

cla

1P (henll2 + llgnll 2 = O1), Ax(h)gy € L% In particular,

<Xin€thhoz () P*()pn, "' Thor (h)wl)

= <Xin€‘/’/h (Otg)fk Thot (W) P2 (h) gy, V'™ (Ols)k Thot (h)§0h>

= (1ine " oot W) A () P (W1 € Tt () Arc)pn) + O (=)
= 0(e M,

since by assumption P(h)g;, = O;2(e~C/").

Thus, from (2.44) one gets that for § small enough and C = C(§) > 0,

(xin€”" P> Thot (WY on, € Thor (W) pn) 12
= Os(W) || xine""" Thor (W @nl|7 2 + O (e /™). (2.45)

We note that for any N > 0,

Sup I/f(a) = O(h)’
p*@)<Nh

so that ¥ @/ = O(1) when p%(«) < Nh. It then follows from (2.45) that

(xine”"[p* + O Thot (W @n. "' Thot (W@n) 12(( 2= Ny
= 05| xinThot M@n N2 o<y + O™/ = 0). (2.46)

Choosing N = N(§) > 0 large enough to absorb the O (k) term on the LHS of
(2.46) (which is independent of N > 0), it follows that

xine”" " Thot (W n |l 2 (( 25wy = O (D). (2.47)
Clearly, since i ~ p? near p = 0 it also follows that
||Xin€WhThol(h)<ﬂh||L2({p251v/1}) = 0(1)

which finishes the proof of (2.41).
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2.6.2 Weighted Bounds in Terms of Ty (h)

Since Tje;(h) is only h-microlocally defined, we need to show that essentially the
same weighted bound holds for the globally defined FBI transform Tg,,(h). More
precisely, in this section we show that with 9 < 1 sufficiently small (but independent
of h) the analogue of (2.41) holds for the globally defined FBI transform. That is

I Xin €V " Toeo(Mgnll 2 = O(1). (2.48)

Given (2.48), the global result in Theorem 2 follows (after possibly shrinking § > 0
further) since we have already established the long range bound in (2.18).
To prove (2.48), we write

Xinesow/theu(h)(ph
= Xin€™ """ Tgeo (1) Spot (1) Thot (W) pn + O (e~ /™)
= Xin€"" " Tyeo (W) Spot () Xin Thot g1 + O (e~ /")
= Xin€™" " Tgeo () Spot (e V" Fine? ! " Tho (Wypn + O(e™C/"). (2.49)
Note in the second line we us that Ty, S50 is pseudolocal modulo exponential
errors. Then, by an application of analytic stationary phase, after possibly shrinking

8 > 0, the Schwartz kernel of the operator Xi,,es‘“/’/thm(h)Shol (h)e_'/’/h can be
written in the form

e @B e, By hyx (ax — Be)x (I | lae — Be )+ On (e /)y max{lae, 181}V,

where,
Im ®(a, B) = —eop” (@) + p*(B) + lo — BI,
c € SZ’I’C?. To estimate ® («, 8) when « and B are near p~'(0), we note that by Taylor

expansion of p?(«) around @ = S one gets that

Im ®(a, B) > —eop*(@) + p*(B) + Co(p(@) — p(B))?,

with some Co > 0. Writing x = p(«) and y = p(p) it therefore suffices to consider
the function

fx,y) = —e0x? +y? + Colx — )% (x,y) € R%.

An application of max/min shows that f(x, y) > 0 provided &g (Cg) > (0 is chosen
sufficiently small and consequently, it follows that for small &g > 0,

Im ®(a, B) > 0.
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Then, from (2.49) and an application of the Schur‘s lemma, it follows that for g > 0
sufficiently small,

1€V Tgeo () Shor (M ™V M| 2, 12 = O(1)

and so,

eov/hp

I xine veo (W @nll 2 = O || Fine? " Thor(W)gnll 12 + O™y = 0(1).

Consequently, the ~-microlocal bound (2.48) follows.
After possibly shrinking g9 > 0 further, we know that by the long range bound in
(2.18),

||e601///h(1 — Xin)Tgeo(h)(ph”L2—>L2 =0(),

and so, Theorem 2 follows. O

2.7 Refinement of the Weight Function: Proof of Theorem 3

Proof We first turn to the proof of (1.13). Since the results of Theorem 3 are h-
microlocal and, moreover, away from a neighborhood of {p = 0} we know that any
FBI transform applied to ¢, is exponentially small we work in a small neighborhood
of {p = 0}. In particular, this implies that for x € C°(R) with x = 1 near 0, and for
fixed arbitrarily small &y > 0, there exists ¢ = c(g9) > 0 so that

Shotx (65 P2 /2D Thot (Mg = @1 + O12(e=/M).

Thus, we work exclusively with Ty, (/) here and start by reexamining the proof of
(2.47). The key estimate is (2.44) where we use that (P (h))2<ph =0 ot (e~¢/My (here

H, k'is the semiclassical Sobolev space or order —k; see for example [29, Chapter
14]). Notice that in order to conclude that e¥/ k Thot (h) @ is well controlled, we must
have good control of the O (h) error term appearing in the right hand side of (2.44).
In particular, we must have control of eV M Thor (h) o strictly away from {p = 0}.
The long range estimates tell us that we have some exponential decay, however, we
do not have any useful control over the constant. Therefore, in order to complete the
arguments leading to (2.47), we must choose ¥ so that

Y =0on p2 > 2g, pz(,B(a, ag‘(2i8zﬁ))) > cp2 with ¢ > 0 when p2 <e.
(2.50)

O

Lemma 2.8 For all 9 > 0,0 < y < 1/2, there exists yrg € C®°(My) so that
I¥ollct < o, suppyo C {Ipl < do},
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1-2
Re p?(B(ar o Qity)) = —5 .

and in a neighborhood of p = 0,

2ldpl%

where g is the Sasaki metric on T M (see e.g., [2, Chapter 9]).

Proof Motivated by the construction of the weight in Theorem 2, we let x € C2°(R)
with x = lon [—1, 1], suppx C [-2,2],0 < x <1, x'(x) < 0onx > 0, and make
the ansatz

Yo = x (8~ pHap*. (2.51)

Note that throughout this proof, all O(-) statements are uniform in §.
By (2.206),

Belet.af) = oy —af + O(laf P, Bela. of) = o + iaf + O(af]?).

We work in geodesic normal coordinates centered at oy (i.e., o; = eXPy, (—iag)) so
that 39 = 5 (30, V0 + i 8a, Vo) (derx — idatg). Therefore,

orf (2 990) = B, Y0 + i 9o, V0.

Now,

o =2pdpa(x (™' pH)+ 87 p*x 7 p?) + pPx (87! p?) da.
In particular, then
P2 (Blar, o 2id0))) = p* — 2p(Ba, P — 9 P) (B, Y0 + 180 Y0) + O(|390[%)
=2 (1= 4ldpl2 a6~ pD) + 57 p2x 67 o)

+ 0~ vl

Therefore, choosing

y
= Qape
ldplg,

proves the lemma since x’(x) < 0 onx > 0 implies

L—4ldpls a(x ™' p?) + 87" p>x 67 p?) = 1 =2y (x (5~ p?)
+87 P26 ) = 1 =2y
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and
p Hovol> = p~HOE2p® + pH) = 0(p).

]

Using ¥ from Lemma 2.8 in the analysis leading to (2.47) proves (1.13).

Next, we prove the bound in Theorem 3 (1.14). The fact that (P(h))2<ph =
o ot (e=¢/") is a weaker condition than P(h)g, = 02 (e=¢/") and indeed, the
example of ¢™*/ on S' shows that the weight g is not quite optimal. To remedy this,
and obtain (2.41) we need to work directly with P(h)g, = Oj2 (e=¢/™). Unlike p?,
p does not have a fixed sign, so we need to work separately on p > 0 and p < O.
Therefore, we construct slightly different weights on p > 0 and p < 0. Since the
weighted estimate naturally localizes to each region, we consider first the case p > 0
and then easily adapt the argument to the case p < 0.

Lemma 2.9 For all §9 > 0, there exists Yy € C®(M;) with |[Y1llc1 < o,
supp¥+ C {|p| < do} so that
Re p(B(a, af (2i3Y1))) = p* onp >0
and in a neighborhood of p = 0,
2

p 3
= + 0(p”),
2|dPI§S

(=

where g5 is the Sasaki metric on T M.

Proof First, let x € C°(R) with x = 1 on [—1, 1], suppx C [-2,2],and x'(x) <0
on x > 0. Then fix § > 0 to be chosen small enough later and let

Yy = x ' p)aop® + a1p?), ai € CO(My).

Note that throughout this proof, all O(-) statements are uniform in §.
Computing as in the proof of Lemma 2.8,

Brlet, af (209)) = oty — (o, Y + 100, Y0) + O(1d Y [?),
Be (o, f idY) = at + i (3, Y- + i Y0) + O(1d[?).

For convenience, let
0, = Ou, + 100z, Oq, = 0o, —i0a,-
Then,

da, ¥+ = X6 p)Qaopda, p + ar13p*da, p + p*da.ao
+0(p*) + 81X (67 p)(3a.p)aop® + O(p*))
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Then, Taylor expansion of p o B(«, ag‘ (2i014)) around o gives

P(Ba, af (2i0Y1)))
1= 21dpl3 (87" x' (™ praop + x (8~' p)(ao + 3par))

= p _ ~
—<3azp,x(5 1p)pa&zao>+E

where

1E| <872p3 X' ¢ 'mIP + IpIx*( " p)
+ P2 P+ 87 P 6T p)l = O(p).

Grouping terms by homogeneity in p, we have then

p(Bla, af (2i3Y4)))

1= 2ldp|% x (! p)ag
= p ~
— p(ldp2, I pay + 67 %' prag] - (aazp, X(B_lp)i’azao)) +E

Now, let N > 0 to be chosen large enough independently of § later

1
ay = ————, a; = —N.
VT 2l
Then, notice that on p > 0, x’ (8! p) < 0, so, since x > 0,

Re p(Bla, o it +)
> p[1= %@ )+ p (21aplEx 6™ IN = (d.p, 267 P)og.a0)) + O ()]

Therefore, on {X(8_1p) > %} N{p > 0},
Re p(B(a, of idy)) = p | p(ldpl2N

_<3az[7, X(8_1p)8&zao>) + 0(17)] > P2

v =

for N large enough. On the other hand, on suppx (8~ p) N {x (6! p) < 31N {p > 0O},

. 1 1
Re p(B(a, @ (2idy1))) > p [5 + 0(17)} =3P
if § > 0 is chosen small enough.
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This completes the proof of the lemma since
Wyl < C8%, |9y | < C8.

O

Remark 2.10 Ttis possible to construct 4 satisfying the following: For every N > 0,
My > 0, and o > 0, there exists ¥ € C*°(M;) with ||+ |1 < o, and suppyy C
{Ipl = 8o} so that

1
Re p(Ble, af Qidyr1)) = - p™ + 1Mo, onp =0,

and in a neighborhood of p =0,

N-1
1
2
= E ip-— ChMyp, = —.
1//+ j_o a]p op ag 2|dp|2T

Moreover, forany j < N — 1 and § > 0, there exist b € C°°(M;) with ||b|c1 < 8 so
that if a; is replaced by a; + b, then

inf Re p(B(«, a§(2i8w+))) < 0.
0<p<do

This allows one to improve the higher order terms in ¥,/ in Theorem 3 so that they
are sharp for ¢/*/ modulo p" for any N.

Since we want to localize to p > 0, we insert a smooth cutoff x that approximates
the indicator function 1y ¢,(p). However, in order to estimate error terms in the
weighted L? bounds corresponding to Proposition 2.5, we must ensure that v, =
O (h) on supp 0 x4+ so that, in particular,

||e¢+/hTh()l (h)(ﬂh ”Lz(supp 0X+) = 0(1)7

where suppd x4 C {0 < p < h'2} U {p > &).
To construct x4, welet x; € C*°(R) with suppy; C (1, co) with x; = 1 on (2, 00)
and let

Xt = x(eg P~ p),
and x4+ = )Z(ealpz/Z))"(l(h’]/zp) where ¥ € C°(R) has ¥ = 1 on suppy and
X1 € C®(R) with x; = 1 on suppy; and suppx1 C (1, 00). Then suppy+ C {0 <
p < 2¢&p} so that ;. = O(h) on suppd x.

We will need the following
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Lemma 2.11 Under the same assumptions as in Proposition 2.5,

(x4 " Thor (W) P (W)@, "+ " Ty (W) 1) 12
= (x+e"*'"(p 0 B A Thot (W@, €/ " Thor (W) 12
+ O 3" Thor (W) gnll7 2

+ O ) g M Thot (Menl oy <cniyy + 0" (2.52)

Proof We follow very closely the argument in the proof of Proposition 2.5. The only
difference here occurs in the integration by parts arguments with respect to d,,, and 5,11
in (2.32) and (2.33), precisely when the cutoff y is differentiated in the amplitude
since it is a singular semiclassical symbol with x4 € S?/Z(l) [29, Chapter 4] i.e.,

10, X+ < Coph ™92,
Specifically, one needs to estimate a term of the form
(he. ) (@ D)LY Thot (Wpn), €/ Tior ()
= (18, G (e KD T (), € Thor ()
+ (100, 00 (@AD" Trur sl ¥ " Thorh)g) v € S°1). (2.53)

Since x4+ € S?/z(l), it is in a singular symbol class. However, because it is a

multiplier depending only the spatial coordinates « € Mic, it can be effectively com-
posed with the standard h-pseudodifferential operators r(a, hDy) € Opy,(S°(1)). In
particular, symbols compose with 2~7//2-loss in the j™ term of the asymptotic expan-
sion, L2-boundedness and sharp Gérding still hold, as does h-pseudolocality. More
precisely, for any R(h) € Opn(S°(1)) and spatial cutoff x4 = x4(a, h) € S?/z(l),

X+R(M) = x4+ R(W X+ + Oh™) 2, 2.

Since the cutoff x10y, x € S? /2(1), and depends only on the spatial «-variables, it
follows that for second term on the RHS of (2.53),

(110600 (@ hDL" Tt (Wpn1, €/ Tios ()
= O(W) | %" " Thor (Wil 12

As for the first term on the RHS of (2.53), hxdq, (x1) € h_% S?/z(l) since there is

aloss of h!/2

coming from differentiation of the y;-term. Thus,
(280 00 (@ BDLH Tyt (W@, €/ Thr ()

= O D) x4 " Thot (Mol 2 ety
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Since P(h)gp = Oj2 (e=¢/My, it follows from Lemma 2.3 that for & small enough
and N > 0,

(x+e”"(p o B) A Thot (W n. €+ " Thor (h)n) 12
= O 34" " Thot (W1 17 »
+ O )17 M Thor (N@nlI7 > o< ey + O™ (2.54)

In analogy with the arguments used to prove (2.47), we substitute the lower bound
(poB)la = p?on p > 0 from Lemma 2.9 in (2.54). Then, since Y4 = O(h) when
p2 = O(h) (so that e¥+/" = O(1) on the latter set), it follows that

(X" (eNh + O Thot (W@, €+ Thot (WY1 12 p= Nni/2)
= O )%+ Thot Men 172 0< p< i)
+OMN s = 20 Thot W@n 17 iy
+0(e "y = 0h'?). (2.55)
In (2.55) we have also used that e¥+©/" = O (1) forall o € supp(f+—x+)N{p >
Ch'/?} since by construction ¥4 = O(h) on the latter set (see also Figure 1).

Choosing N > 0 large enough to absorb the O(h) term on the LHS of (2.55) it
follows that

Ix+e"+/ " Thor (W nll 2 = O(h™14). (2.56)

The analysis on the set p < 0 follows in the same way as above, except one uses
the reflected cutoff function x_(p) = x4 (—p), and the ansatz for the corresponding
weight function is

Y = x(=8""p)p*ao+aip), p<0,a;€C®M,);j=0,1. (257

|
2vh ) € p

Fig. 1 We show the various cutoffs used in the proof of Theorem 3

0 g
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so that
~Re p(B(e, af 2idy-)) = p*  p=0.

That finishes the proof of Theorem 3 (1.14). O

3 Exponential Decay of the Harmonic Extensions of Boundary
Eigenfunctions: Proof of Theorem 1

Proof Recall that M := 9 with Q the domain of the Steklov problem. Given
the FBI transform T'(h) : C®°(M) — C°(T*M) we construct a left-parametrix
S(h) : C®(T*M) — C°°(M) and then given ¢ € S™(1) we define the anti-Wick
h-pseudodifferential quantization by

gi = S(hqT (h).

Let P : C®°(M) — C°°(2) be the Poisson operator and x € Cy°(T*M; [0, 1])
be a cutoff supported near the zero section, with x (x’, §") = 1 for {0 < |&'| < ¢} and
x(x',&") = 0 for |&'| > 2¢. Here, ¢ > 0 is some arbitrarily small but fixed constant.
Then, one can write

up(x) = Pon (1, x) = P — x5 )on (x) + Pxji" on(x). 3.1

Here, x = (x,+1, x’) denote Fermi coordinates in a neighborhood of the boundary
with Q = {x,,11 > 0} and M = {x,,+-1 = 0}. We show in Sect. 4.2 that for X;Z’I”(ph (the
piece supported near the zero section), one has the apriori bound

X nll 2 = O /M) (3.2)

for some C > 0.
It follows from [19] that P(1 — X;fw)guh (x) (the piece h-microlocally supported
away from the zero section) has Schwartz kernel of the form

K(x,y', h) = Qrh)™ / VGt =0 EN (Vg )y (6 — y) dE

n

+0(e” M,

with ¢ € So(l) supported away from |£’| = 0 and in s%0

cla

(I&'] > 2¢), W solving

@

Xn+1

W2 4 r(x, 90 W) =0, WO0,x,&)=x"&), Im¥>0 (33
with r(a, x, §’) the symbol of the Laplacian induced on {x,;| = a}. In particular,

F(ngt, X' &) = 1812 + 2x,01 (X, E) + O(x211),
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where Q(x’, &) is the symbol of the second fundamental form. It follows by Taylor
expansion in x, that

‘IJ = l‘-III (xn—l-l» x/, E/) + (-x/v $/> )
where

xp (O EN +i (00180 E))
21¢' |,

U (g1, X', E) = xpq11E | +

+ 0(x73,+1 |El|x/)
is homogeneous of degree 1 in &’. The near-diagonal cutoff y (x” — y’) appears above
since K (x, y’, h) is the part of the Poisson operator arising z-microlocally from the

complement of the zero section.
Consequently, from (3.1) and (3.2) we have

up(x) = (27Th)_”/ / ol W1 X EN=(Y . E N/ h c(x,y & h)
nJM
x@ =) en(y)dy'ds' + 0™, (3.4)
Next we make an analytic resolution of the identity and write
Id = S(W)T (h) + O(e~ /M),
where T'(h) : C®°(M) — C*°(T*M) is an FBI transform with phase function ¢ (not
to be confused with the Steklov eigenfunction ¢p,) and S(h) : C°(T*M — C*(M)is
a left-parametrix. Notice that by Theorem 2 or Corollary 1.3 together with the analysis
in Sect. 4.2 for x; € C.(R) with x; = 1 on [—1, 1], and suppy; C [—2, 2], for any
e >0,
(1 = x1(e ™ (ogrla, — T (h) = Op2(e™/M).
Let x1.¢(2) = x1(¢ 7' (lag'la,, — 1)). Then,

on = S x1.£(@)T (W)gn + 02

and substitution in the integral formula for u;, gives
up(x) = Qeh)™" / Knx () S x1.6(@) T (Wen(y)dy' + 0(e=/")  (3.5)
M
with

Kn.(y) = / ! Y Cnt1 X ENV=ONEN e (v E Ry (x — y) dE .
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One can then rewrite the formula (3.5) in the form
wp(x) = Qrh) " (x1.6@)S(h) Knx, T(W@n) 20ary + 0™ /M). (3.6)

Thus, x1.(@)S(h)' Kj () equals

Q)" / / 9@+ (o 8~ £ 1/
M n

e,y E L ) x(ay — yNa(y, ax, ) x (X" — ¥ x1.6 () dy'd&’

with @ = (@, ag') € T*M and ¢ € S®0(1€'] > 2¢), a € S/*"*. Next, we apply

analytic stationary phase in the (y’, £’) variables. We can do for x4 small since
Y (g1, X' 0') = (x',0') + Ocos (xpg1). Writing

Dx, £ e, y) = —pla, y) +W(x, &) — (', &)

for the total phase and computing in geodesic normal coordinates centered at oy, the
critical point equations are

Jer® =x" =y +ide¥1(x', &) =0,
ay/CD = —8y/(p(a’ y/) _ ‘i;/ = as/ — él + O(IQX/ — y/|) =0.

It follows that, denoting the complex critical points by .., 1., we have, using the fact
that 11 is homogeneous of degree 1

(¥ — e ) = —i (9 W1 (', £, &) = =i (x, ED).

Therefore,

CD()C, Sc/" o, yé) = _‘P(O(v )’é),
ye=x"+idaVle—g, & =z + O(lay — y).

Here, we implicitly analytically continue ¢(c, y’). In particular, notice that since
on the support of the integrand, ||og|, — l| < l,and &) = oz + O(lay — y.|), we
have that [|£/|; — 1| < 1 and hence the fact that the amplitude is not analytic in &’
near £ = 0, does not cause issues in the analytic stationary phase argument.

Consequently, the (27t/7)~" factor in front of (3.5) gets killed upon application of
analytic stationary phase in (y’, n’) and we get the bound

Ix1,6(@)S(h) Ky p(a)| S h3n/4etmet@yetean/hy, @)y (ay —yb).  (3.7)
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Substitution of (3.7) together with the weighted L estimate ||e¥/" T (h) gy, | 12 =0(1)
with ¢ = yp?, y < % (see Theorem 3 (1.13) ) in (3.6) gives, by Cauchy—Schwarz,

un ()] < [e™" 1@ S K x, /0T ()i p2pry | + O™ /M)
< h—3n/4||g—1/f(06)/helmw(aayé(x,a))/h||L2(T*M day T O(E_C/h). (3.8)
Now, recall that we may work with 73, and Sp,; since for some ¢ > 0,
-1.2 _ —c/h
Snot X (€™ p ) Thoton = ¢n + Op2(e” ™).
In this case the analytic continuation, of —g is given by
i(p(@) + r&(@, y))/2.

Computing in normal geodesic coordinates centered at ., observe that

rz(ax’ y) ={ox —y,0x —y)
Therefore,

2ig(a, yL(x, @) = (o +ioe — Yl o +ice — yl) + leg|?

= loty — Re y,|* — Im y/|* + 2i oy — Re y., Im y)
+2i <ozx/ -y, ot,g/)

Now, by Taylor expansion in &’,

(9 W1 ler—gr, o) = Wi (x, o) + X1 O(IE] — g [*)
= Wy (x, agr) + Xnp1 Oy — Yo%)
= Wy (x, dg) + X110 ((layy — Re y.|* + [Im y. %))

s0,
- 1
Im (@, y((x, @) = =5 (jot = Re (A1 + Oc (1))
— Iy (1 + Oc= (xa41)) — Wi (x, g
Written out explicitly, the last line in (3.8) says that for y < 1/2,

liep ()]

< h,3n/4(‘/ eZImm/he*N’(O‘)/h dot)l/z
T*M

< h4n/4(/ o1ty —Re 37— [Im 37 2)(1+ Oos (1)) +2Re Wi (g ) 429 @)1/ da)lﬂ
T*M
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< h—3n/4(/ oLty —Re 3/ —11m 37 ) (14020 (141 +2Re Wi (x4 2 @)/ da)l/z

- T*M

< h‘3"/4(/ /w/ o~ 1ery —Re /2~ [lm 37 2) (1400 (xy1))+2Re Wy (x.re) -+ (r— D21/

- s=1Jo  Jm

12

dax/drdw)
Now, recall that Imy,. = O(x,41) and 9y, = O(x,+1) and hence applying the
method of steepest descent, in the «,/, r variables, the critical point of the phase

occurs at

2(ay — Re y)(I — dq, Re y.) + (@ — Re y)? O (xpt1)

—2(Im y/)3,,Im y. = O(x; ) 3.9)
2(ax — Rey.)(—=3,Re y,) + (e — Re y)* O (xyp1) — 2(Im y/)d,Im y,
+28,Re Wy (x, rw) + 2y (r — 1) = O(x;, ) (3.10)

Using (3.9), we have that at the stationary point
oy —Rey. = (Imy))dy, Imy, + O(x;, ).
Putting this into (3.10) gives
20,Re W (x, rw) + 2y (r — 1) = 2(Im y.)9,Im y.(x, oy, ro) + O(xs_H).
Now,

20, Imy. =0, 20,Re¥(x,rw)=a(x,w)
a(x, ) = 2xp41 + 32,05 O, 0) + 32, 0(x, 0) + O(x]) )

So, the critical point occurs at

a(x, w)
2y

Noting that Im y. = x,41 + O(x,% 1) and evaluating the exponential at this point
yields

12
2 ’ -1 3
(o)l S B/ ( / Qo —1>/2+0<xn+1>>/”da))
S’l*

< h—n/2+1/4e—(xn+1—xg+l(—infwés,,,l Q(x’,w)+)/_'+1)/2+0(x3+1))/h.

The same argument works for derivatives with each differentiation creating a power
of k1. o
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Remark 3.1 We note that the first order bound with d(x) = dyqo(x) + 0(d§52 (x)) in
Theorem 1 (1.3) follows from the weighted L2-bound in Theorem 2 by essentially the
same argument as above. The proof in that case is slightly simpler since one need only
keep track of the analytic stationary phase computations to O (x,% 1) error (rather than

CARN

4 Microlocal Estimates Near the Zero Section

While the Dirichlet-to-Neumann map is a homogeneous analytic pseudodifferential
operator, it is not well behaved as a semiclassical analytic pseudodifferential operator
near the zero section. In particular, when semiclassically rescaled, the full symbol of
a homogeneous pseudodifferential operator, a, typically has singularities of the form

|0gatx, £/ )| ~ Cah™", & < 1.

Apriori, this singular & dependence may result in the transport of semiclassical
analytic wavefront sets away from the zero section under the action of a (homogeneous)
pseudodifferential operator. The purpose of this section is to show that no such transport
occurs and then to use this information to estimate Steklov eigenfunctions near the
zero section.

4.1 Cauchy Estimates and the Euclidean FBI Transform

For0 < h < h, let

_L

iy _yl2
Tou(x, &b o) :=/eﬂ<x 185 () dy.
Let also
~ 1y _ Ly
S;v(x) = 2‘”(nh)‘3”/2/eﬁ(y M5 (y, mdyda.

Then forallu € S(R"), u = S; Tu.
Define

T/

é =y, —l—ﬂ —rZ
it = [T ey uay.

The next proposition is very similar to [8, Proposition 2.1]. The difference is that we
do not require u > 1. Instead, we keep track of the dependence of various estimates
on (L = Q.

Proposition 4.1 Suppose that a has tempered growthin (x, y, &) and0 < puo < pu <
1. Then suppose that for W a neighborhood of (xq, &),
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sup |Thu| < Ce_‘s/i’.
w

Then there is a neighborhood V of (xo, &o)

. 1 ~
sup |T/ u| < Ce—leﬂ(#Osﬂl ﬁ)/h.
v a,p,h

Proof Sketch In order to prove the lemma, one writes 7/ .u = T’ .S;Tru. Then,
a,u,h a,u i hh

one can easily estimate the kernel of 7’ ,;S 7 using a simple change of variables. O
a,pu,

The next proposition is similar to [8, Proposition 2.2], except that we obtain a
quantitative estimate on distances to the zero section.

Proposition 4.2 Fix xg € M, ¢ > 0. Let X be a neighborhood of xo in M. Suppose
that |lul|pex) < Ch=N. Then the following are equivalent:
o thereexist C,c > 0, ho > 0 and an e-independent neighborhood, W, of x¢ so that
forevery) < h < h < hy,

ITrux, £,h)] < Ce™Mullpox), x €W, & >e, (4.1)

e there exists C1 > 0, ho > 0 and an e-independent neighborhood, W, of xo and
constant c1 > 0 so that for 0 < h < hy

sup lu| < Cre |l Lo x) (4.2)

RexeW, |Imx|<c

e there exists C > 0, hy > 0 and an e-independent neighborhood, W, of xq so that
for0 < h < hy

|(hD)*u(x)| < Cllull)C* (el + &), x e W. (4.3)

Proof Sketch The fact that (4.2) implies (4.3) follows from basic Cauchy estimates,
while that (4.3) implies (4.2) follows from writing out the Taylor formula with remain-
der.

The equivalence of (4.2) and (4.1) follows from writing down a resolution of the
identity in terms of the FBI transform and deforming the contour into the complex
domain. O

The next estimate proves that the application of an analytic homogeneous pseu-
dodifferential operator preserves estimates of the form (4.3). Roughly speaking, we
show that the Sobolev mapping properties of such an operator behave like the Sobolev
mapping properties of multiplication by an #-independent analytic function. Through-
out the proof of the next proposition, we will use the following elementary estimates
without comment

s\ s\It+s
(1+;) 5e55(1+;) , 1,5>0 (4.4)

(ne) | < ol < |al*!, o e N 4.5)
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Proposition 4.3 Let P be a homogeneous analytic pseudodifferential operator of
order k. Suppose that u satisfies (4.3) in a neighborhood, U of xo with some constant
C. Then there exists a neighborhood, W of xq so that Pu satisfies

|(hDYP Pu(x)| < k¥ CIEH (e - n1BDPI, x e W

Proof Let x € C.(R) with x = 1 on [—1, 1] and suppx C [—2, 2]. Then for any
6 > 0, the kernel of P is given by K;(x, y) + Rs(x, y) where R;s is real analytic and

Ks(x,y) = Qm)™" / Y E) p(x, y, E)x((38) 7 x — y|dé

with p € Sf,..
The kernel of 3,’? P is given by af K + Bf Rs. Since R;s is analytic,

VafRa<x,y>u<y>dy < 18R, 9l llull 2 < CF Bllul 2,

so we need only consider a}? Ks.
Observe that

o Kot y) = o [0S ol () -y

B+p"=p
Deforming the contour in & to
X —
> E+iR—
lx — vl

for some R > 0, we can, modulo an analytic error, replace the kernel by

@y [ S o (s v “.6)
BHE'=H

Let 8)’? P be the operator with kernel as in (4.6). Then, let ¢ € C2°(M) have support
on a neighborhood, W of xg so that W C U and d(W, 0U) > 2§ with U as in the
statement of the proposition. By [29, Theorem 4.23] there exists N > 0 a constant
(independent of &, B, P) so that

ol Pulz < > IGEP €TI0 p) e, DYl 2 lluel s o)
B+p"=p

< >0 DT 10 EF & T Pl lul s

B'+B"=p la|=Nn
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CIBl=j+lal

I |,B|

=€ 2 (Bl = J)'J'

j=1l|a|<Nn
x (1Bl = j + DI C*F (e 4 h(k + j))kHi

B g el

2339 -
- — DIBl=ij
1 iz (BL= DG
(1Bl = j + la)PIm A T e - ik + )"
_ 18I
1w df Pull 2 < CPIH B 11 ne) P! <h + %) hIPIE
Z ch\ﬁ\*]”rlﬁtle\alﬂm —j+ |a|)|a\ck+1

0<j<Ipl
le|<Nn

< P (18| + &)P pIBI=K
|B| 4+ n gives the desired estimates using Sobolev embeddings. The
. O

Relabeling |B| = i
result follows from taking ¥ = 1 on a slightly smaller neighborhood W/ c W

Let x € C°(R) with suppy C [—1, 1], € > 0, and define
m—slx—y? . 1
2h x (& nhv(y, mdydn.

St (x) = 2_”(nh)_3”/2/
Then for for all ¢ > 0,

Proposition 4.4 Let x € C°(R) with suppy C [—1,1].

€] > 26, and 0 < h < h,
|T; Spu(x, &) < Ce 2 |lull;2

Proof The kernel of T} S} is given by

-2 n(n,h)—3n/2 // e%((x—w,é)+ﬁ w yn)) ((x w) +7 (w y)) ( InDdw

h
h?

In particular, letting
T;Sjo(x, §) = 27" (xh) " 2h"h " / / bx. €.y, mv(y, ndydn,

b G = 5 un—6)°

where
[ N 2
Llx—y.E+un)- S
/M+V+l(lu1 E)))
+1 dw

b(x,§,y,n) =
1|n|)/
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Shifting contours shows that

1 2
_ — = (un—§)
Ib(x, &y, m| < x (e~ nl)e 2040k .

On suppx(8’1|n|), In] < e and |un| < e. Therefore, taking |£| > 2e proves the
lemma. =

Our next proposition is the key proposition for this section and shows that homo-
geneous analytic pseudodifferential operators do not transport semiclassical analytic
wavefront sets away from the zero section.

We say that u is compactly microlocalized if there exists x € C2°(R) so that for
some global FBI transform f,

(1 — x(aglg, ) Tu = O(e™/M.

Proposition 4.5 Let M be a compact, real-analytic manifold, and P be a homoge-
neous analytic pseudodifferential operator. Let T be a global FBI transform on M with
left-parametrix S. Let x0, x1 € C2°(R) have xo = lon[—1, 11withsuppyo C [—2, 2]
and 1 = 1 on[—N, N] with suppx; C [-2N,2N]. Then, for ¢ > 0 small enough
and N > 0 large enough, and u compactly microlocalized, there exists ¢ > 0 so that

(1 — x1(e Mg laNT QS x0(e g lo ) Tu = Ocoo (/™).
Proof Notice that
Sxo(e™ g la, ) Tu

is microlocally vanishing for |£€| > 2¢. Therefore, for ¥ with small enough support
so that the Euclidean FBI transforms are well-defined,

¥ Sxo(e ™ og o, ) T
= ¥ SiThSxo(e ag o, ) Tu
= YUSiTiSxo(e ™" ete la ) X (e |y ) T + O (=7
= Y Sux0(2e) M 1ENTh S xo(e ™ ot o, ) x (letg o ) Tt + O(e™/ ™)

Now, by Proposition 4.4, (4.1) holds for the image of Sy Xo((Zs)_l I£]). In particu-
lar, Lemma 4.3 applies and hence taking a partition of unity, 0S xo(e™! ot | oy NTu
satisfies (4.3) and hence, for any ¥ supported in a small enough region so that the
Euclidean FBI transform is well-defined,

U OSxo0(e ™ otg o, ) Tu

is microlocally vanishing on |&| > 2¢~! and since this is independent of the choice of
FBI transform, taking M large enough gives
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(= x1 gl NT Y QY Sxo(e ™ otz | ) Tu = Ocoo (e,

Taking a partition of unity then proves the lemma. O

4.2 Application to Eigenvalue Problems

Let Q be an (h-independent) homogeneous, elliptic, classical analytic pseudodiffer-
ential operator of order k£ > 0. Let ¢), denote a solution to

(h*Q — g = 0.

We are now in a position to analyze the behavior of ¢, near |£| = 0.

Notice that for any x € Cfo(Rd) with ¥ = 1 near 0, and suppyx C B(0, 1), (1 —
% (hD))h* Q is a semiclassical pseudodifferential operator whose symbol is analytic
in the interior of {¥ = 0}. Thus, since Q is elliptic,

o(h*(1 — 3D Q)| = clglf, gl =1

and hence by Proposition 2.3 for x € C°(R) with x = 1 on [-2, 2], forany § > 0,
there exists ¢ > 0 so that

(1 — x (6 qlax, ae))(1 — x (6 g la)) Tgeon = O(e™/M). (4.7)

In the next proposition, we estimate the eigenfunctions ¢y, near the zero section by
their norm in a small annulus around the zero section. In particular, this shows that
the cutoff (1 — x (87! |og o, )) can be removed from (4.7).

Proposition 4.6 Let ¢y, be a solution to

(h*Q = Dgn = 0,27, lgnll 2 = 1. (4.8)

Fore > 0, let x, = x (e~ lotg |, ). Then for ¢ > 0 small enough, there exists ¢ > 0
so that

Il xe Tgeu(ph ||L2 = O(e_c/h)-

Proof We first use the apriori estimate (4.7) together with Proposition 4.5 to decom-
pose the eigenfunction equation (4.8) into two (essentially) orthogonal pieces—one
supported near and one supported away from the zero section. We are then able to use
a simple Neumann series argument to obtain estimates near the zero section.
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Fix N > 0 to be chosen large enough later.

0!y = Tyeo(h* Q — 1) Sge0Toeown = Toeo(h* @ — 1) Sgeo(xe -+ (1= %)) Tgeoh
= Tgeo(h* Q — 1)Sgeo(Xe + (1 = xoiv ) Tgeown + O (e™/") 4.9)
= (Xon e Tgeoh* QSgeox2e — 1) xe Tgeo®n

+ (1= X228 ) Tgeo (HF Q = 1) Sgeo(l — Xp3v ) Toeon + O™/ h)(4 o

In (4.9), we used (4.7) to see that for any v with

suppy C {lo (@) (ax, ag)l < 1) N {|agle, > O},
U Teeopn = O(e™/M).

In (4.10), we choose N large enough so that Proposition 4.5 implies
(1 = xave) Tgeoh® @ Sgeo x2e, xa2ne Tgeoh* QSgeo(l = xoone) = O(e™/™).

In order to invert (x,n 8Tgeohk OSgeox2: — 1) by Neumann series, we obtain esti-
mates on ), ngeohk OSgeoX2¢- Since Sgeo X2¢ Tgeo 1s the anti-Wick quantization of
X2e, it is a pseudodifferential operator with symbol x2. (o),

ISgeox2e Teeoll 212 < 14+ O(h),  1(BV)XSgeox2e Tgeoll 12— 12 < CX 4 O(h).
Therefore, || Q|| gx_, ;2 < C implies
I Tgeoh® OSgeox2e Tgeoll 2 12 < (Ce* + O(h)).

In particular,

o
(Xave Tgeoh* QSgeoxae — D71 == > (tave Tgeoh* OSgeorae)’.  (4.11)
k=0

Hence, applying (4.11) on the left of (4.10)
Xe Tgeo®h + (1= xoan ) Tgeo(h* Q = 1) Sgeo(1 = 23w Tgeopn = O(e™ /™)
and, multiplying by x./2 on the left, we have
Xe/2Tgeopn = O (e /™).
O
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