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Abstract

We introduce the Local Increasing Regularity Method (LIRM) which allows us to get
from local a priori estimates, on solutions « of a linear equation Du = w, global ones.
As an application we shall prove that if D is an elliptic linear differential operator of
order m with C* coefficients operating on the sections of a complex vector bundle
G = (H,n, M) over a compact Riemannian manifold M without boundary and
w € Li;(M)N (kerD*)*, then thereisau € W' (M) such that Du = w on M. Next
we investigate the case of a compact manifold with boundary by using the “Riemannian
double manifold.” In the last sections we study the more delicate case of a complete
but non-compact Riemannian manifold by the use of adapted weights.

Keywords Elliptic linear equation - Riemannian manifold - Sobolev estimates

Mathematics Subject Classification 35J58 - 58J05 - 58A14

1 Introduction

Let (M, g) be a complete Riemannian manifold and A := dd* + d*d be the Hodge
laplacian on it. Let A? (M) be the set of p-forms C* smooth on M, then we have
A : AP — AP. The Poisson equation Au = w for w € AP (M) was extensively
studied. Set L;7 the closure of A”(M) in the space L" (M) for the volume measure of

M. We define as usual the Sobolev spaces W;f’r (M) to be the set of p-forms on M in
L;,(M ) together with all its covariant derivatives up to order k.

Then L; estimates for the solutions of the Poisson equation are essentially equivalent
to the L;, Hodge decomposition:
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2566 E. Amar

Lh(M) =H, @dW," (M) & d*W [ (M).

Let us recall some results in the case M compact without boundary.
The basic work of CB Morrey [22] for @ € L>(M) has led to the L?> Hodge decom-
position:

L2(M) =Hp & dW,2 (M) © d*W 22 (M),

p+1
which is useful in Algebraic Geometry, see C. Voisin [28].
In 1995 Scott [25] proved a strong L Hodge decomposition:

Vr > 1, LN (M) =H, @dW," (M) ®d* W, (M).

p+1
Schwarz [24] proved the same result but in a compact Riemannian manifold with
boundary.
For the case of a complete non-compact Riemannian manifold, there are also classical
results.

In 1949, Kodaira [20] proved that the Lz-space of p-forms on (M, g) has the (weak)
orthogonal decomposition:

Ly, (M) =M, & dD,—1(M) & d*Dyp1 (M),

and in 1991 Gromov [15] proved a strong L? Hodge decomposition, under the hypoth-
esis that A has a spectral gap in Lf,:

L2(M) =Ho @ dW )2 (M) © d*W 22 (M).

There are also nice results by X-D. Li [21] who proved a strong L" Hodge decom-
position on complete non-compact Riemannian manifold. See the references list on
these questions therein.

Finally, by using the raising steps method, I proved in [5] that we have a non-classical
weighted L7, (M) Hodge decomposition in a complete non-compact Riemannian man-
ifold.

The aim of this work is to extend these results to the general case of a linear
elliptic operator D of order m in place of the Hodge Laplacian. If (M, g) is a compact
boundary-less Riemannian manifold, this was done in the L? case, for instance, by
Warner [29] and Donaldson [10]. See the references therein.

Here we shall study the equation Du = w for a general linear elliptic operator D
of order m acting on sections of G := (H, 7w, M), a complex C" vector bundle over
M of rank N with fiber H in the Riemannian manifold M.

Let M be a complete n-dimensional C" Riemannian manifold for some m € N,
and let G := (H, 7w, M) be a complex C™ vector bundle over M of rank N with fiber
H. By a trivializing coordinate system (Uy, ¢, x,) for G we mean a chart ¢ of M
with domain U, C M together with a trivializing map:

7 (Uy) = UyxH, g — ((2), xp(2)),

@ Springer



The LIR Method 2567

over U, for G. Given a section u of G, its local representation u, with respect to
Uy, @, Xy) is defined by uy := xpouogp™!.

Then given s € [0, m] and r € (1, 00), we denote by Wé’r(M ) the vector space of
all sections u of G such that Yu, € W*"(¢(U,), H) for each C" function v with
compact support in ¢(Uy,) C R" and each trivializing coordinate system (¢, Uy, xy)
for G, where sections coinciding almost everywhere have been identified and W*"
is the usual Sobolev space whose main properties are recalled in the Sect. 7.2 of
Appendix. In particular we have L; (M) = Wg’r (M).

By analogy with the bundle of p-forms on M, we shall call G-forms the measurable
sections of G.

The method we shall use is different from the previous ones. We shall provide a
way to go from local results to global ones by using the Local Increasing Regularity,
LIR for short, given by the fundamental elliptic estimates. We shall introduce a quite
general method, the LIR method, which allows us to get the generalization to L" of
the result of Warner [29] and Donaldson [10] done for L2,

Theorem 1.1 Let (M, g) be a C* smooth compact Riemannian manifold without
boundary. Let D : G — G be an elliptic linear differential operator of order
m with C* coefficients acting on the complex C™ vector bundle G over M. Let
w € Ly(M) N (kerD*)l with r > 2. Then there is a bounded linear operator
S:LgM)n (kerD*)*t — W (M) such that DS(w) = w on M. So, withu := Sw
we get Du=wandu € W5 (M).

By duality we get the range r < 2 as we did in [3], using an avatar of the Serre
duality [26].

To study the same problem when M has a smooth boundary d M, we shall use the
technique of the “Riemannian double.”

The “Riemannian double” I := I'(M) of M, obtained by gluing two copies of
(a slight extension of) M along oM, is a compact Riemannian manifold without
boundary. Moreover, by its very construction, it is always possible to assume that I"
contains an isometric copy M of the original domain M. See Guneysu and Pigola [16,
Appendix B].

We shall need:

Definition 1.2 We shall say that D has the weak maximum property, WMP, if, for any
smooth DG-harmonic 4, i.e., a G-form such that DA = 0 in M, smooth up to the
boundary d M, which is flat on M, i.e., zero on d M with all its derivatives, then 4 is
zeroin M.

This definition has to be linked to Definition [19, Introduction, p. 948]:

Definition 1.3 We shall say that an operator D has the Unique Continuation Property,
UCP, if Du=0onT and # = 0 in an open set O # @ of I" implies that u =0 in I'.

WMP is weaker than the UCP, because if D has the UCP and if £ is flat on oM,
then we can extend & by zero in M€ in I', which makes /4 still DG-harmonic, and
apply the UCP to get that & is zero in M.

The Hodge Laplacian in a Riemannian manifold has the UCP for p-forms by a
difficult result by Aronszajn et al. [6]. Then we get:
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2568 E. Amar

Theorem 1.4 Let M be a smooth compact Riemannian manifold with smooth boundary
OM. Let o € Lg(M). There is a form u € Wg'' (M), such that Du = o and
lul WL (M) < C||60||L;;(M), provided that the operator D has the WMP.

We shall use the same ideas as we did in [5] to go from the compact case to the
non-compact one.
First we have to define a m, e-admissible ball centered at x € M. Its radius R(x) must
be small enough to make that ball like its euclidean image. Precisely:

Definition 1.5 Let (M, g) be a Riemannian manifold and x € M. We shall say that the
geodesic ball B(x, R) is m, € admissible if there is a chart ¢ : (y1,...,y,) = R"
defined on it with

(1) (1 —e€)bij < gij < (1 +¢€)djin B(x, R) as bilinear forms,

@) Y sup ijmtn yeBr) [072i ()| < €.
[Bl<m—1

We naturally take € < 1 in order to have that the Riemannian metric in the admissible
ball be equivalent to the euclidean one in R”.

Of course, without any extra hypotheses on the Riemannian manifold M, we have
Vm e N, m > 2, Ve >0, Vx € M, taking g;;j(x) = §;; in a chart on B(x, R) and
the radius R small enough, the ball B(x, R) is m, € admissible.

Definition 1.6 Let x € M, we set R'(x) =sup {R > 0 :: B(x, R) is € admissible}.
We shall say that R.(x) := min (1, R'(x)) is the m, ¢ admissible radius at x.

Our admissible radius is bigger than the harmonic radius rg(1 + €, m — 1, 0)
defined in the Hebey’s book [17, p. 4], because we do not require the coordinates to
be harmonic. I was strongly inspired by this book.

When comparing non-compact M to the compact case treated above, we have four
important issues:

(0) we have no longer, in general, a global solution u € L2G(M ) of Du = w for a

G-formw € L%; (M) verifying @ | kerD*. So we have to make this “threshold”
hypothesis, which depends on G.
In case the elliptic operator D is essentially self-adjoint, this amounts to ask
that its spectrum has a gap near 0, i.e., 36 > 0 such that D has no spectrum in
10, 8[. We shall note this hypothesis (THL2G). Moreover, because L%;(M )isa
Hilbert space, we have that the u € L2G(M ), Du = w with the smallest norm is
given linearly with respect to w. This means that the hypothesis (THL2G) gives a
bounded linear operator S : LzG(M ) — LzG (M) such that D(Sw) = w provided
that w L kerD*.

(1) The “ellipticity constant” may go to zero at infinity and we prevent this by asking
that D is uniformly elliptic in the sense of Definition 3.1.

To be sure that the constants in the local elliptic inequalities are uniform, we
make also the hypothesis that the coefficients of D are in C!'(M). These are the
hypotheses (UEAB) in Definition 6.3.

(i) The “admissible” radius may go to 0 at infinity, which is the case, for instance, if

the canonical volume measure dvg of (M, g) is finite and M is not compact.
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The LIR Method 2569

(i) If dvg is not finite, which is the case, for instance, if the “admissible” radius is
bounded below, then G-forms in Li; (M) are generally not in Lf; (M) for r < t.

We address these two last problems by the use of adapted weights on (M, g). These
weights are relative to a Vitali type covering Cc of “admissible balls”: the weights are
positive functions which vary slowly on the balls of the covering C.

To state our result in the case of a complete non-compact Riemannian manifold M
without boundary, we shall use the following definition:

-, 1 1k
Definition 1.7 We shall define the Sobolev exponents Sx(r) by —— := Pl

Se(r)
where 7 is the dimension of the manifold M.

Now we suppose we have an elliptic operator D with C! (M) smooth coefficients, of
order m, operating on the vector bundle G := (H, w, M) over M. We sett; := S;,,;(2).
We suppose that ;1 <r < ¢, and ;1 < 0.

We set the weights, with R(x) the admissible radius at the point x € M :

wi(x) = R(x)™1=1 and v, (x) := R(x)(ﬁ—l)-l—(H-Z)mr.

Now we can state the main result of this section, where we omit the subscript G to
ease the notation.

Theorem 1.8 Under hypotheses (THL2G) and (UEAB), we have provided that:
we LX(M)N L""(M, w;), o L kerD*,

that u := Sw verifies Du = o with the estimates:

et o,y = max (Nl s a0l 2qan) ) -
We also have with the same u:

||M||Wm»r(M,v,) = Cl||a)||L11(M,v,) + ¢2 max (||a)||Lz1,1(M’w[), ||a)||L2(M)).

Remark 1.9 If the admissible radius R(x) is uniformly bounded below, we can forget
the weights and we get the existence of a solution u of Du = w with:

el e ary < max (Il -1 agys loll 2 a)-
||u||W”'»’(M) = C1||(U||Lf1(M) + ¢2 max (||CU||L1171(M), ||a)||Lz(M)).
An advantage of this method is that it separates cleanly the geometry and the
analysis:

e The geometry controls the behavior of the admissible radius R(x) as a function of
x in M. For instance by Theorem 1.3 in Hebey [17], we have that the harmonic
radius ry (1 + €, m, 0) is bounded below if the Ricci curvature Rc verifies Vj <
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2570 E. Amar

m, H V/Re H < oo and the injectivity radius is bounded below. This implies that

the m, € admoiossible radius R(x) is also bounded below.

e The analysis gives the weights as function of R(x) to get the right estimates. For
instance if the admissible radius R(x) is bounded below, then we can forget the
weights and we get more “classical” estimates, as in Remark 1.9.

I'am indebted to Bachelot, Helffer, Métivier, and Sjostrand for clearing strongly my
knowledge on the local existence of solutions to system of elliptic equations needed
in the study of elliptic equations acting on vector bundles.

This work is presented in the following way.

o In the next section we state the LIR method in the general context of metric spaces.

e In Sect. 3 we apply it for the case of elliptic equations in a compact connected
Riemannian manifold without boundary.

e In Sect. 4 we study the case of elliptic equations in a compact connected Rieman-
nian manifold with a smooth boundary.

e In Sect. 5 we show that the LIR condition, which is a priori estimates, implies the
existence of a local solution with good estimates.

e In Sect. 6 we study the more delicate case of elliptic equations in a complete
non-compact connected Riemannian manifold without boundary.

e Finally in Appendix we have put technical results concerning the € admissible
balls, Vitali coverings, and Sobolev spaces.

If the general ideas under this work are quite simple and natural, unfortunately the
computations to make them work are a little bit technical.

2 The Local Increasing Regularity Method (LIRM)

Let X be a complete metric space with a positive o-finite measure . Let €2 be a
relatively compact domain in X . We shall denote £7 (2) the set of C? valued functions
on 2.

This means that w € EP(X) = w(x) = (01(x), ..., wp(x)). We put a punctual
normon w in E? () in the following way: forany x € €2, Ia)(x)l2 = le |a)j (x) |2.
We consider the Lebesgue space L;(SZ), ie.,

we L, (Q) = ol g ::/ lw(x)|" dp(x) < oo.
P Q

The space L7() is a Hilbert space with the scalar product (w,e') :=

Jo (X0 00130 ) dpe o).

We are interested in solutions of a linear equation Du = w, where D = D, is a
linear operator acting on E?. This means that D is a matrix whose entries are linear
operators on functions.

We shall make the following hypotheses.
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The LIR Method 2571

Let Q2 be a relatively compact connected domain in X. Let B := B(x, R) be a ball in

1 1
X and B! := B(x, R/2). Thereis a t > 0 with Pl such that:
r

(i) Local Increasing Regularity (LIR), we have

VxeQ, 3R >0:Vr>s, 3¢, >0, Vu € L"(B),

lull e gy = coiDullzr ) + lullzys)-

It may happen, in the case X is a manifold, that we have a better regularity locally:

(1’) Local Increasing Regularity (LIR) with Sobolev estimates: there is & > 0 such
that

VxeQ, 3R>0:Vr>s, 3¢, >0, Vu € L'(B),

lullwer gty < ci(lDullr gy + lullr 5))-

(i1) Global resolvability. There exists a threshold s € (1, co) such that we can solve
Dw = w globally in  with L® — L estimates. It may happen that there is a
constrain: let K be a subspace of L;',/ (R2), s’ the conjugate exponent of s, then
we can solve Dw = w if o L K. In case with no constrain, we set K = {0}.
This means:

Eng >0, Jw s.t. Dw = win 2 and ||IU||L;(Q) < chIa)IIL;(Q),
provided thatw L K.

It may happen, in the case X is a manifold, that we have a better regularity for
the global existence:

(ii”) Sobolev regularity: We can solve Dw = w globally in Q with L® — W**
estimates, i.e.,

dcg > 0, Jw s.t. Dw = win 2 and ||w||w§‘*“(9) < cg||a)||L§7(Q),
provided that w L K.

Then we have:

Theorem 2.1 Under the assumptions (i), (ii) above, there is a positive constant c ¢
1 1
such that forr > s, ifw € L;(Q), w L K thereisau € L’p(Q) with " = - -7,
r
such that Du = w and ”M”LIP(Q) < Cf”C()”L;(Q).
If moreover we have (i’) and (ii’ ) and the manifold X admits the Sobolev embedding

theorems, then u € W,‘f’r (2) with control of the norm.

Proof Let w € L;(Q), r > s. Because 2 is relatively compact and u is o -finite,
we have that w € L‘;(Q). The global resolvability, condition (ii), gives that there is a
ue L‘;(Q) such that Du = w, provided that w L K.
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2572 E. Amar

The LIR, condition (i), gives that for any x €  there is a ball B := B(x, R) and

1 1
a smaller ball B! := B(x, R/2) such that, with - = — — t (we often forget the
1 A

subscript p for simplicity),

lulln gy < CUIDullpsgy + llullssy)
= C(llwllpspy + llullpsgy) < CUllr gy + lullLscry),

because [|o| s (p) < lwllzr gy, since r > s and Qis compact.
Then applying again the LIR we get, with the smaller ball B> := B(x, R/4) and with
t := min(r, t1),

lullpn g2y < Cl@lpngry + lullpn ) < Ul + llullzss))-

o1
o If HWz=r =100 =r, and ”u”L’(Bl) 5 (”DM”Lr(B) + ||u||LY(B)) and with ; =
1

- =T,
r

lull g2y S M@llprry + Nullprg) S @llLr sy + lullLss)-

It remains to cover 2 by a finite set of balls B to be done, because

> Ml sy < lullprg and [lull sy < llollzs () by the threshold hypothesis.
BZ

e If7; < r, we still have:
||”||L12(BZ) < (||w||Lr(Bl) + llull g1 (Bl))-

Then applying again the LIR we get, with the smaller ball B3 := B(x, R/8) and with
t3 := min(r, 1p),

||M||Lf3(33) ,S (||CU||Lr(32) + ||’4||L12(32)) 5 (||0)||Lr(31) + ||14||Lt1 (31))
S (lollizrpy + llullpsesy)-

Henceift, > r we are done as above, if not we repeat the process. Because i = % —kt

after a finite number £k < 1 + %(%) of steps, we have f; > r and we get, with
BF .= B(x, R/2k) and another constant C, |lullpu gry < Cll@llrr gy + llulls(p))-
It remains to cover $ with a finite number of balls B¥(x) to prove the first part of the
theorem.

For the second part, the global resolvability, condition (ii), gives that there is a
global solution u € L%(£2) such that Du = w in 2 with llull s () < lowll s (q)- Now
if we have the LIR with Sobolev estimates, condition (i’), then
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The LIR Method 2573

VxeQ, IR>0:Vr>s, 3C >0, Yo € L' (B(x, R)),
lvllwer gty < CUDVILr gy + IVl (B)),

with, as usual, B := B(x, R) and B' := B(x, R/2).
So, because r > s, and Q2 is compact, w € L*(2) and we get

lullwesgry S (1Dullzsgy + lullpspy) S Ulwllr gy + lullpspy)-

The Sobolev embedding theorems, true by assumption here, give [ullpzp1) =<

. 1 1 o
C"u”me(Bl) with =3 -

So applying again the LIR condition in a ball B> := B(x, R/4), we get, with
t; ;= min(t, r),

||u||Wa-f1 (B2) ,S (||w||Lf1 (B) + ||M||Lf1 (Bl)) 5 (||w||L’(B) + ||M||L»V(B))‘

Now we proceed as above. If T > r = #; = r, then we apply again the LIR condition
to a smaller ball B3 := B(x, R/8), we get

lullwergsy S Nwllpr gy + lullprg2)) S Ulwllprepy + lullzsg))-

and we are done by covering €2 by a finite set of balls B> as above.
If T < r, then we iterate the process as in the previous part, adding the use of the
Sobolev embedding theorem to increase the exponent, up to the moment we reach r.
O

Remark 2.2 We notice that in fact the solution u in Theorem 2.1 is the same as the one
given by condition (ii). It is a case of “self improvement” of estimates.

3 Application to Elliptic PDE

Let (M, g) be a C* smooth connected compact Riemannian manifold without bound-
ary. We shall denote G := (H, w, M) a complex C* vector bundle over M of rank
N with fiber H. The fiber 7 ~!(x) ~ H is equipped with a scalar product varying
smoothly with x in M.

We can define punctually, for w, ¢ € Cgo(M ), two smooth sections of G over M,
a scalar product (w, ¢)(x) := (0 (x), ¢(x)) gy, where H, := 71 (x) is the fiber over
x € M. This gives a modulus: for x € M, || (x) := +/(w, ®)(x). By using the
canonical volume dv, on M we get a scalar product:

(@, 9) == / (. ) (¥)dvg (x),
M
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2574 E. Amar

for G-forms in LZG (M), i.e., such that

2 — 2
ol gy = /M lw|* (x)dvg(x) < 00.

The same way we define the spaces L{; (M) of G-forms w such that

el (M) :=/ lw]” (x)dvg (x) < o0.
G M

Let D : G — G be a linear differential operator of order m with C* coefficients.
There is a formal adjoint D* : G — G defined by the identity (D* f, g) = (f, Dg).

We shall use the definition of ellipticity given by Warner [29, Definition 6.28, p.
240] or by Donaldson [10, p. 17].

Let D : E — F be a differential operator of order m operating from the sections
of the vector bundle E to the ones of the vector bundle F' over M. Then at each point
x € M and for each cotangent vector § € T*M there is a linear map oz : E, — F,
which can be defined in the following way: choose a section s of E, and a function f on
M, vanishing at x and with df = & at x. Then we can define oz (s(x)) = D(f™s)(x).
We can check that this definition is independent of the choice of f,s. Now we can
state:

Definition 3.1 An operator D : E — F is elliptic if for each non-zero & € T M,., the
linear map o is an isomorphism from E, to Fy. We shall say that D is uniformly
elliptic if the isomorphism o and its inverse are bounded independently of the point
x € M for |&] = 1.

Then for s = 2, Warner [29, Exercise 21, p. 257] or also Donaldson [10, Theorem 4,
p- 16] proved:

Theorem 3.2 Let D be an operator of order m acting on sections of G := (H, w, M)
in the connected compact Riemannian manifold M without boundary. Suppose that D
is elliptic and with C*° smooth coefficients.

1. In L%; (M), kerD, kerD* are finite dimensional vector spaces.

2. We can solve the equation Du = w in L%;(M) if and only if w is orthogonal to
kerD*.

Moreover, because L%; (M) is a Hilbert space, we have that there is a bounded linear
operator S : L%; (M) — L2G (M) such that D(Sw) = w provided that @ L ker D*.

On the other hand, we have local interior regularity by Hérmander [18, Theorem
17.1.3, p. 6], in the case of functions. We quote it in the weakened form we need:

Theorem 3.3 (LIR) Let D be an operator of order m on C®°(M) in the complete
Riemannian manifold M. Suppose that D is elliptic and with C*° smooth coefficients.
Then, for any x € M there is a ball By := B(x, R) and a smaller ball B, relatively
compact in By, such that:

lwllwm.rpry <= CUDullpr g,y + lullprs,))-
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The LIR Method 2575

For the case of G-forms, we need to use Agmon et al. [2, Theorem 10.3]:

Theorem 3.4 Positive constants ry and K exist such that, if r < r; and the
Huj”[_, j = 1,..., N, are finite, then H”J'HH-r also is finite for j = 1,..., N,
J J

and

e, = K0 2o NF iy, + D Nuslo
j j

The constants ri, K| dependonn, N,t', A, b, p, k,, and [ and also on the modulus
of continuity of the leading coefficients in the l;;.

From this theorem we get quite easily what we want (in the case » = 2 and in
its global version, EEW. Warner [29, Theorem 6.29, p. 240] quotes it as Fundamental
Inequality):

Theorem 3.5 (LIR) Let D be an operator of order m on G in the complete Riemannian
manifold M. Suppose that D is elliptic and with C' (M) smooth coefficients. Then, for
any x € M there is a ball B := B(x, R) and, with the ball B! := B(x, R/2), we
have

"

lullymr gy < el Dullpr gy + 2R llulizr ))-

Moreover the constants are independent of the radius R of the ball B.

Proof Let x € M; we choose a chart (V, ¢(y)) so that g;;(x) = §;; and ¢(V) = B,
where B, = B.(0, R.) is a Euclidean ball centered at ¢(x) = 0 and g;; are the
components of the metric tensor w.r.t. ¢. We choose also the chart (V, ¢) to trivialize
the bundle G. So read in (V, ¢) we have that the sections of G are just C" valued
functions.

We denote by D, the operator D read in the map (V, ¢). This is still an elliptic
system operating on CV valued functions in B, in R". Let x € D(B,) suchthat x = 1
in B! := B.(0,R./2) € B,. Let u be a G-form in LI;(¢~'(B,)) such that Du is
also in Ly; ((p_l(Be)). Denote by u, the CN valued functions u read in (V, ¢). We
can apply the Agmon et al. Theorem 3.4 to xu, and we get, with the constant K
independent of the radius R, of B,,

@3.1)

lxu | wnr gy = K (” Dy(xuy)| L’(Be)) :

By T R.™| xug
We have that Dy(xuy) = xDy(uy) + upDyx + Ay, with Ay := Dy(xuy) —
x Dy (ty) — uyDyx. The point is that A, contains only derivatives of the j* com-
ponent of u, of order strictly less than in the j" component of Uy in Dyuy. So we
have

2]

L"(B,) S ”aX”oo”XuqJ” Wm—l,r(Be) S Rg_l ||Xu(p|| Wm—l,r(Be)'
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We can use the “Peter-Paul” inequality [14, Theorem 7.28, p. 173] (see also [29,
Theorem 6.18, (g) p. 232] for the case r = 2.)

Ve >0, 3C >0 ”X”<ﬂH Wn—lr(B,) = EH“‘«)H wmr gy T CE_mH”X“w‘ L7 (B.)'

We choose € = R,n and we get

R | xue | wm—lr(B,) = 0 x| wmr (B, T C ™" TIR™ | xuy| L7 (By)

Putting this in (3.1) we get

”X“w” wnr gy = K (||XD50”</)| Byt ’7||X”<ﬂ|| W (B,)

+Cn "R xug |

eyt ””waX | L’(Be)) :

But again H Dy x Hoo < R;™ so, choosing 1 small enough to get nK < 1/2, we have
with new constants still independent of R,:

1 —m
EHX”w I wmr (B = €1 | x Dy | LBy T 2R, | xug| L7 (B)"

Now x = lin Be1 and x < 1 gives, changing the constants suitably,

H“W” wm.r(gly = €I ” D(ﬂ“¢| B,y T cR™ ”“vi‘ L7 (Bo) (3.2)

It remains to go back to the manifold M to end the proof. O
We deduce the local elliptic inequalities:

Corollary 3.6 Let D be an operator of order m on G in the complete Riemannian
manifold M . Suppose that D is elliptic and with C' (M) smooth coefficients. Then, for
any x € M there is a ball B := B(x, R) and the smaller ball B! .= B(x, R/2), such
that, Yk € N, with D in C*TY(M) here, we get for any G-form u € Wg+k’r(B1) :

k
i (k41
”M”Wg;”rk,r(Bl) = § C]R ]m”DM”Wéc;—j,r(B) +Ck+1R s )m”M”L'G(B)
j=0

Moreover the constants are independent of the radius R of the ball B.

Proof As for Theorem 3.5, we choose a chart (V, ¢) trivializing the bundle G and so
that g;;(x) = §;; and ¢(V) = B where B is a Euclidean ball centered at ¢(x) = 0

and g;; are the components of the metric tensor w.r.t. ¢. We start with the Eq. (3.2) in

R"™ and we apply it to d;u, = guT‘f’ instead of u,. We get
J

|91 | wmr(gly = €1 | Dy (@juy)] et caR;™ |91 | L™ (B)"
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Now Dy (0juy) = 0 Dy(uy)+[Dy, 0luy, withasusual, [Dy, 9juy := Dy(djuy) —
9;Dy(uy).
So we get

"

|8 wmr(gly = €1 |19 Dyug L T €1 |1Dy, 8;1uy L TR |91y

L (B)*

So, because [Dy,, 9] is a differential operator of order m, we get

|9 | wmr(gly = €1 | Dyuy ”WI»’(B) +ct|ug | wmr gy T caR™ ”u‘/’”Wl-’(B)'

This is true forany j =1, ..., n SO

o | wm+lr(gly = €1 | Dyug ||W11r(3) +etfug| wmr () T cR™ HM‘PHWU(B)'

We always have hence, with other constants ¢,

”ufﬂ”WW(B) < Jlug| Wmr (B)

”u(p” Wm+l‘r(Bl) S C1 ” D(p”(p”wl‘r(B) + (Cl + CZR_m)||u(p| Wm.r (B)

= 1 || Dwu(p || ler(B) + C2R7m ||u§0 || wmr(B)’

because R < 1.
Now we use again Eq. (3.2) to get

"

H”fﬂ‘ wmr(gy = €1 ” Dytg||pr gy + 2R, }"fﬂ L7 (B)’

hence still with different constants from line to line

||”<ﬂ| wm+lr gty = €1 ” Dyuy le,r(B) + CZRe_m(” Dyuy ’L"(B) + R ”“w Lr(B))
<« Dw’“ﬂ”wlvr(m + 2R Dyug ra T 3R g Lr(B))
Now, proceeding by induction along the same lines, we get
k
g | wmkr (1) = jZOCjR_jm | Dyug | wh—irgy T crp1 Ry EFD™ luy, L7 (B)"
It remains to go back to the manifold M to end the proof. o

Remark 3.7 We stress here the dependence in R because we shall need it to study the
case of non-compact Riemannian manifolds.

Now we can prove

Theorem 3.8 Let (M, g) be a C*° smooth compact Riemannian manifold without
boundary. Let D : G — G be an elliptic linear differential operator of order m
with C®°(M) coefficients. Let € L;(M) N (ker D*)* with r > 2. Then there is a
ue WZ”(M) such that Du = w on M. Moreover u is given linearly w.r.t. to w.
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Proof Let w € L;(M) N (ker D*)* with r > 2. Because M is compact, we have

w € L2G (M). Theorem 3.2 gives us the Global Resolvability, condition (ii), with the
threshold s = 2, and with K := kerD*, i.e., provided that 1 K:

u:=Swe Lé(M) 2 Du=w, |ull, <Clol,.

The Theorem 3.5 of Agmon et al. gives us the Local Interior Regularity with the
Sobolev estimates for « = m.

So we can apply Theorem 2.1 and we use Remark 2.2 to have that u = Sw so u is
given linearly w.r.t. to w. The proof is complete. O

By duality we get the range r < 2. We shall proceed as we did in [3], using an
avatar of the Serre duality [26].

Letg € L’(; (M) Nker D+, because D* has the same elliptic properties than D, we
can solve D*v = g, with r’ < 2 and r’ conjugate to r in the following way.
We know by the previous part that

Vo € L;(M) N (kerD*)L, 3u € L, (M), Du = . (3.3)
Consider the linear form
Yo € L;(M), L(w) == (u, g),

where u is a solution of (3.3); in order for £(w) to be well defined, we need that if »’

is another solution of Du’ = w, then <u —u, g) = 0; hence we need that g must be

“orthogonal” to G-forms ¢ such that D¢ = 0, which is precisely our assumption.
Hence we have that £( f) is well defined and linear; moreover

ILOHT < Nl ran gl aay < cllollranligl -

So this linear form is continuous on w € L{; (M) N (kerD*)*. By the Hahn Banach
Theorem there is a form v € Lg(M ) such that

Vo € Lz(M) N (kerD*)L, L(w) = (0, v) = (u, g).

Butw = Du,sowehave (@, v) = (Du, v) = (u, D*v) = (u, g), foranyu € CZ’(M).
Hence we solved D*v = g in the sense of distributions with v € Lg (M). So we
proved:
Theorem 3.9 Foranyr, 1 <r <2,ifg € L';(M) N (kerD)* thereisav € L;(M)
such that D*v = g, vllrz ) < cllgllz -

Moreover the solution is in W' (M).

It remains to prove the “moreover” and for this we use the LIR Theorem 3.5: for
any x € M there is a ball B := B(x, R) and, with the ball B! .= B(x, R/2), we get

”””WZ’"(B‘ < C(”DM”L;;(B) + ||M||L’G(B))~
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We cover M with a finite number of balls B! to prove the theorem. O
Set HZ := kerD* N LZ(M).
Because D and D* have the same elliptic properties, we finally proved:

Theorem 3.10 Let (M, g) be a C*° smooth compact Riemannian manifold without
boundary. Let D : G — G be an elliptic linear differential operator of order m with
C! coefficients. Let w € L(M) N (Hé)J‘ with r > 1. Then there is au € Li;(M)
such that Du = w on M. Moreover the solution is in W™ (M).

Now we make the hypothesis that D has C*° smooth coefficients. Theorem 3.2
of Warner or Donaldson gives, on a compact manifold M without boundary, that
dimRHzG < 00.

We shall generalize here a well-known result valid for the Hodge Laplacian.

Lemma3.11 We have H2G C C®(M).

Proof Take x €¢ M, h € Hé. The fundamental inequalities, Corollary 3.6, give,
applied to D*, that there is a ball B := B(x, R) with the ball B! = B(x, R/2) such
that

Vk € N, [kl ymsrzcpry < cipr R™ETD™ | 2.

The Sobolev embedding theorems, valid in a these balls, give that, forany/ € N, h €
C!(B"). Then h € C*®(B").
Because the C* regularity is a local property, we get that h € C*°(M). O

Lemma 3.12 There is a linear projection from Li; (M) to 'H%;.
Proof We set

N
Yo e LG(M), Hw) =Y (v.ejle;.
j=1

where {e;} =1, n is an orthonormal basis for HZG. This is meaningful because v €
Ly, (M) can be integrated against e € Hé C C*°(M). Moreover we have v — H(v) €
L (M) N HJG- in the sense that Vi € HZ, (v — H(v), h) = 0; it suffices to test on
h := ex. We get

N

(v—H(@), er) = (v, ex) — <Z(v ejlej, €k> = (v, er) — (v, ex) = 0.
j=1

This ends the proof. O

Proposition 3.13 We have a direct decomposition:

L, (M) = H ® InD(WS' (M)).
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Proof Let v € Li;(M). Set h := H(v) € Hz, and w := v — h. We have that
Vk € HZ, (w, k) = (v— H(v), k) = 0. Hence we can solve Du = w with u €
Wé’r(M) N L% (M). So we get v = h + Du which means

LL,(M) = HE + ImD(WS" (M)).

The decomposition is direct because if w € Hé N ImD(Wé’r(M)), then w € C>®° (M)
and

a):Du=>VkE'H2, o Lk,

so choosing k = w € Hé we get (w, w) = 0; hence w = 0. The proof is complete. O

In the special case where D is the Hodge Laplacian, we already seen [4] that
we recover this way the strong L” Hodge decomposition without using Gaffney’s
inequalities.

4 Case of Compact Manifold with a Smooth Boundary

Let N be a C* smooth connected Riemannian manifold compact with a C* smooth
boundary d N. We want to show how the results in case of a compact boundary-less
manifold apply to this case.

First we know that a neighborhood V of N in N can be seen as dN x[0, §]
by [23, Theorem 5.9 p. 56] or by [9, Théoreme (28) p. 1-21]. This allows us to
“extend” slightly N : we have N = (N\V)U V >~ (N\V) U (AN %[0, §]). So we set
M := (N\V)U (0N x[0, 5 + €]).

Then M can be seen as a Riemannian manifold with boundary dM =~ 9N and such
that N C M.

Now a classical way to get rid of a “annoying boundary” of a manifold is to use its
“double.” For instance, Duff [12], Hormander [18, p. 257]. Here we copy the following
construction from Guneysu and Pigola [16, Appendix B].

The “Riemannian double” I" := I"'(M) of M, obtained by gluing two copies, M and
M>, of M along d M, is a compact Riemannian manifold without boundary. Moreover,
by its very construction, it is always possible to assume that I" contains an isometric
copy of the original manifold N. We shall also write N for its isometric copy to ease
notation.

We extend the operator D to M smoothly by extending smoothly its coefficients,
and because D is strictly elliptic, choosing € small enough, we get that the extension is
still an elliptic operator on M. Then we take a C*° function x with compact support on
M CTsuchthat0 < x <1; x=1onN; and we consider D := xD+ (1 —x)D>
where D; is the operator D on the copy M> of M. Then D = D on N and is elliptic
onl.

Now we shall use Definition 1.2 from the introduction; we recall it here for the
reader convenience.
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Definition 4.1 We shall say that D has the weak maximum property, WMP, if, for
any smooth DG-harmonic #, i.e., G-form such that Dh = 0 in M, smooth up to the
boundary d M, which is flat on M, i.e., zero on d M with all its derivatives, then 4 is
zeroin M.

Of course if there is a maximum principle for D, then WMP is true. This is the case
for smoothly bounded open sets in R” by a Theorem of Agmon [1] for functions and
by [2, Theorem 4.2, p. 59] in the case G = AP (M) of p-forms on M.

Because this maximum principle is not local, I do not know what happen on a
compact Riemannian manifold with smooth boundary for general elliptic operator,
even in the case G = AP (M).

Nevertheless the Hodge Laplacian in a Riemannian manifold has the UCP for p-forms
by a difficult result by Aronszajn et al. [6]; hence it has the WMP too.

The main lemma of this section is:

Lemma4.2 Let w € L;(N), then we can extend it to o' € L (') such that Vh €
Hg (), (a)’, h)r = 0 provided that the operator D has the WMP for the D-harmonic
G-forms.

Proof Recall that Hg(T") := kerD*N L2G (") is of finite dimension K and Hg(T") C
C*°(T") by Lemma 3.11.

Make an orthonormal basis {ey, . .., ex;} of Hg (I') with respect to L%;(F), by the
Gram-Schmidt procedure so (¢, ex). := [ ejexdv = 8.
Set Aj = (wlN,ej) = (a),ele), Jj=1,...,Kg; this makes sense since e; €

C®(") = ¢; € L*°(I'), because I' is compact.
We shall see that the system {exlr\n}k=1,...,k; 1 a free one. Suppose this is not the
case, then it will exist yi, ..., yk,, not all zero, such that Z/f:cl vierlr\y = 0 in
I'\N. But the function & := Z,szl yrer is in Hg (') and £ is zero in '\ N which is
non-void; hence % is flat on dN. Then & = 0 in I" by the WMP. But this is not possible
because e, make a basis for Hg (I'). So the system {e;1r\n }k=1.... K 15 a free one.
We set yjk := (exlr\w. ejlr\n) and hence we have that det{y;x} # 0. So we can
solve the linear system to get {/¢x} such that

K¢

Vi=1.....K¢. Y mledriv.ej) = 1. 4.1
k=1

We put o = Zf:cl ,leejlr\N and o = wly — a)//lr\N =w — ®”. From “4.1)
we get

K¢
vVj=1,...,Kg, (w/,ej>r = (a),ej)—(a)”,ej) =Aj— Zuk(eklr\N,ej> =0.
k=1

So the G-form o’ is orthogonal to Hg. Moreover a)l/ y = w and clearly " € L{;(T")
being a finite combination of ¢;1r\y, so " € L};(I") because o itself is in Li; (I).
The proof is complete. O
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Now let w € L;(N) and see N as a subset of I'; then extend w as o' to T by
Lemma 4.2.
By the results on the compact manifold ", because o’ 1L Hg ("), we get that there
exists ' € Wg”r ("), such that Du’ = o'; hence if u is the restriction of u’ to N we
getu € Wi (N), Du=win N.
Hence we proved

Theorem 4.3 Let N be a smooth compact Riemannian manifold with smooth boundary
ON. Let w € Lg(N). There is a G-form u € W' (N), such that Du = o and
||u||ng‘r(N) < c||a)||LrG(N), provided that the operator D has the WMP for the D-
harmonic G-forms.

Remark 4.4 1 had the hope that the WMP condition be also necessary, but this is not
the case as the Theorem 5.2 shows.

5 Relations with the Local Existence of Solutions

Let (M, g) be a C*™ smooth compact Riemannian manifold without boundary.
Let D : G — G be a linear differential operator of order m with C* coefficients.
As above we suppose that D is elliptic in the sense of Definition 3.1.

Let x € M and take a ball B := B(x, R). We suppose that w € L%;(B) and we
want to solve Du = w. For this we shall extend w as o’ € L2G (M) in the whole of M
with @' L Hg(M) := ker D* in order to apply Theorem 3.2.

Consider o := wl p the trivial extension of w to M. We have, with P}, the orthogonal
projection on Hg(M), h := Ppw. Set N := K¢ the finite dimension of Hg(M).
Take an orthonormal basis {eq, ..., ey} of Hg(M), and then we have

N
h = Z hjej.
j=1

If h = 0, we set ® = w and we are done. If not let the radius R of the ball B be small
enough to have

1
leillgll < —=, ..., llenlpll <

1
4N 4N’

This is possible because e; are in C®°(M) so if B is small enough we have
1
4N

N
We set w; :=1pc Zhjej. Then
Jj=1

H ejlp || < , and we have a finite number of such conditions.
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2

N 2 N
oy ||? := /3 > hjej| dv ng > hjej| dv <|hl?
j=1 j=1

and

1
—||A]l.
i

N N
1 1
lh =il < || |1se) | < ng < mnhnm =

j=1

Hence, because Pj has norm one,

1
lh = Proor || = N[ Puh = Pranll < lh — i = IRl

N
Now we set iy := h — Pyw;. Then k|| < L|l] and we have hy := Zh}e,-. So
j=1
we set wp 1= 1pe Z?’zl h}ej. We have in the same way:

1

1 1
llozll < Iaxll = 7 Nkl and Ay = Preon] < Zlimll = 35

171l
At the step k we get

1 1
2]l and [l I = ZllAl.

1
hi — P, < el < —
Ak — Progll _4|| Kl = 4kl

We set " := Zj‘;l w;. We get that the series converges in norm L?>(M) and Pyo” =
h.
Setting ' := w — @, we get that ' = w on B and P, (") = 0, which means that
o L Hg(M).

We can apply Theorem 3.2 to get Du’ = o’ withu’ € L%; (M) because o’ L Hg.
We set u := uiB in B to have Du = w in B.
So we proved:

Theorem 5.1 Let x in M. There is a Ro(x) > 0 such that for any 0 < R < Ry
ifw e L%;(B) with B := B(x, R) thereis au € LZG(B) such that Du = w and

”u”L2G(B) 5 ”w”Lé(B)‘
To get the Li; (B) case for r > 2, we proceed as in the proof of Theorem 2.1.

Theorem 5.2 Under the assumptions above, for any x € M and r > 2, there is a
1 1

positive constant ¢ ¢ such that, if o € L™ (B), thereisau € L' (B") with TELT T,
’ r

such that Du = w and IIuIILt(B1) < crllolprp-
Moreover we have u € Wi (B) with control of the norm.
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Proof Letr >2and w € LE;(B). Because B is relatively compact and dv is o -finite,
we have that w € LZG (B). Theorem 5.1 gives that there is a u € LzG(B) such that
Du = w. Now we proceed exactly as in the proof of Theorem 2.1, using the same
induction procedure. O

So we proved the local existence of solutions with estimates; this is an already
known theorem in R”, hence also locally in M (see for instance [11]). This means also
that the LIR condition is stronger than the local existence of solutions with estimates.
These solutions were the basis of Raising Steps Method, see [5].

6 The Non-compact Case

We shall use the same ideas as in [5] to go from the compact case to the non-compact
one.

In order to deal with G-forms in the non-compact case, we have to warranty that
the bundle G has trivializing charts defined on balls of the covering C..

Definition 6.1 We say that the bundle G := (H, 7, M) is compatible with the covering
Ccifthereisae > Osuchthat, foranyball B € Cc, the chart (B, ¢) is a trivializing map
of the bundle G. Precisely this means that G ~ ¢(B)xR" where N is the dimension
of H and the equivalence has bounds independent of B € C.

Example 6.2 The bundle of p-forms in a Riemannian manifold (M, g) is compatible.
To see this take aball B(x, R) € C,, and then we have that (1—€)§;; < gi; < (1+€)J;;
in B(x, R) as bilinear forms, so, because € < 1, the 1-forms dx;, j = 1,...,n are
“almost” orthonormal and hence linearly independent. This gives that the cotangent
bundle T*M is equivalent to T*R” over B, the constants depending only on €.

By tensorization we get the same for the bundle of p-forms.

From now on we shall always suppose that the bundle G := (H, w, M) is compat-
ible with the covering Ce.
In Sect. 7.1 we define a Vitali type covering C. by balls suited to our “admissible balls”
(see Definition 1.5). We use these notions now.

Definition 6.3 We shall say that the hypothesis (UEAB) is fulfilled for the operator D
if D has smooth C' (M) coefficients.
Moreover we ask that D be uniformly elliptic as in Definition 3.1.

We start with @ in L%; (M), by the (THL2p) hypothesis, provided that w | kerD*,
there is a G-form u € L2G(M) such that Du = w. Moreover, because L%; (M) is a
Hilbert space, u € L2G(M ), Du = o with the smallest norm, is given linearly with
respect to w. This means that we have a bounded linear operator S : L%; M) —

L2G (M) such that D(Sw) = w provided that @ L kerD*.
The local elliptic inequalities by Theorem 3.5 become uniform by the hypothesis
(UEAB):
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Corollary 6.4 Let D be an operator of order m acting on sections of G in the complete
Riemannian manifold M. Suppose that D verifies (UEAB). Then, for any By =
B(x, R) € Cc and B; := B(x, R/2), we have, with D with C' (M) coefficients:

lullymr gy < ctllDullpr s, + 2R lullrr s,)-

The hypotheses (UEAB) are precisely done to warranty that the constants c1, ca depend
onlyonn = dimrM, r and €.

With ¢ = S,,,(r), we get, by Lemma 7.7 from the Appendix,
”””L’G(B(x,R)) <CR™ ||M||WE;""(B(x,R))'

When there is no ambiguity we shall omit the subscript G, i.e., LZG(B) becomes
L%*(B), etc.

Lemma 6.5 We have, with B! := B(x, 2_IR) andty = 2, BY = B(x, R), the apriori
estimates:

1
1 —Jj+l1
RU+ )m||u||m(31) = § ch(l A )m”Dl/t”Ll—j(B/*j) +atillull2py
j=1

and

R(l+2)m ||u || wm-l (B[-H) S COR(1+2)m || Du ||Lt1 (B[)

l
+ D e RTIMIDU iy iy + el 2 m).
j=1

Proof From the LIR, Theorem 3.5, we have
VB € Ce, lullymapry < ctllD@)ll2p) + 2R lull 2(p)-
Now we shall use the local Sobolev embedding theorem, Lemma 7.7, to get
VB € Ce, llullpngry < CR™"[lullymap)
so we get
VB € Ce, llullpn (BYH = ctR™™ ||DM||L2(B) + C2R_2m||u||L2(B)
m

with 1 := =2 «= 11 := 5,(2).

n

e If 1 > r, then we get still by the LIR, Theorem 3.5:
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VB e Ce, ||”||W'"=’1(32) =<1 ||DM||L11(31) +C2R_m||u||y1(31)- (6.1)

Putting the estimate of ||ul| ;4 (B in (6.1) we get

Il yym.ry (B2) = cillDullpn BHY T oR™ (Cl ||DM||L2(B) + CZR_m||M||L2(B))
so, with suitable constants
lallyma g2y < et Dull o gty + c2R™™ | Dull2(gy + 3R> lull 2.

Putting the powers of R on the other side to isolate [lul|;2g), we get
R¥ lullymn g2y < 1t R*™ | Dull gy g1y + caR™ | Dull 1205y + c3llull 2.
We iterate, using again the local Sobolev embedding theorem, Lemma 7.7,
u e L(B?), lullpogey < cR™™ ullymn 52,
and hence
R3m||’4||Lf2(32) < ctR* || Dull 1 1) + 2R" I Dull 125y + c3llull L2(p)-

n ” % — 27m < 1 := 5, (2). The LIR gives again:
lwllymn g3y < ctllDull o g2y + 2R ull 1o 52
SO
R4m||u||wm-t2(33) =< CIR4m||DM||Lt2(32) + 02R3m||14||y2(32),

and hence

R4m||u||wmvf2(33) = CIR4m||Du||Lf2(B2)
+c2R*™ | Dul| 1 1y + 3R | Dull 20y + callull L2y

Iterating the same way we get

R(1+l)m||u||Lt1(Bl) < clleHDuHLq_] @3-y T CQR(I_I)m||DM||Lf(172>(B(172)) + -

+ClRm||Du||L2(B) + Cl+1||u||L2(B),
which gives, using the LIR,
||u||W’"v’l(B’+1) =< ||Du||Lf1(Bl) + CZR_m”u”LU(Bl)
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SO
R(l+2)m ”u”Wm 1 (BH»I) < C]R([+2>m ||Du||Lt1 (Bl) + C2R<l+1)m ”u”Lt[ (Bl
and

R(Hz)m”M”Wm-ft(BHl) = CIR(HZ)m”DM”LU(Bl) + C2le||DM||LI<1—1)(B<171))

+ C3R(l_l)m||DM||Lf(172> (BU-2y T F cR™ I Dullp2(py

+Cl+1||u||L2(B),

which proves the lemma. O

Lemma 6.6 We have forr <t, B := B(x, R),

11
VfeL (B), Ifllgrgy < R 7l fllps)-

1
Proof Because the measure du(x) := Tl(;lc)dm (x) is a probability measure, using
thatr < ¢, we have || fll () < Il fllL: () Which implies readily the lemma. O

Jjm
n

Corollary 6.7 LetVj € N, zl . Fixr > 2, we have, fortj_1 <r < 1,

1
2
I
(,l %)-‘r(l—&-l)m (I—j+Dm
R el prpry <Y cjR IDull -5 gi-iy + cretllull L2y
j=1

1_1
Proof By Lemma 6.6 we get lullprpry < R " llullp:pry so by Lemma 6.5 we have

R(H—l)m < R%*%
”u”LV(Bl) = ”M”Lt(Bl)

~|—
Sy

1
. 1_1
< R0 e, RETIDMIDU g gy + eyt R W ull 2 ).
j=1

Isolating [ull ;2 (p) We get

l
1 1
7= )+ U+FDm _
&) luellzr gty < D i RYTEO™M DUl i gieiy + crpallull 2.

j=1
Now we have a finite number of terms, so changing the values of the constants, we

get

!
L1 +(l+l)mr 1
R(tz ) ”L’(B’ Z RU—J+ )mr”D””Ll J(BI- 1)+Cl+1”””L2(B)
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which ends the proof of the corollary. O
We shall use the following weights, with ¢; := §;,,(2)i.e., % = % — % :
b1 <1 <1, v = ROolE 0D wj(x) = REFI=Dm
and we set
||w||t£:1ij .01 = /M lw ()| w (x)"~T dv(x).

Theorem 6.8 Under hypotheses (THL2G) and (UEAB), with the weights defined
above, we have, provided that « 1 kerD*, that there is a u := Sw linearly given
from w such that Du = w and

l
el .01y < Zlcf'”w“Lp 0! eIl oy
j:

Proof By hypothesis (THL2G) for w € Lé(M) with w L kerD* we set u := Sw €
LZ(M).

We have, with hypothesis (UEAB) and using the covering of M by the B, hence a
fortiori by the B/, j <1,

A—L)+a+1)
el ar oy < D &) " Null gy (6.2)
BeC,

Using that the overlap of the covering is bounded by T,

_j . f—j fn—j
> R o) < Tl

— : (6.3)
L= (Bl=iy — n-j -]
e, L= (M,w; )

with w/(X) = wj,l(x) = R(l+1—j)m’ and for any y, ”y”Sv(M,w,z) —
Sa Iy w01 dv(x).

. . f—j r/tl—j
Nowifr >#_1 >14_j, j <1 —1, we have ZjeNa’. < (ZjeNaj ’) , SO

r/t—j

(I+1—j)ymr r (I+1—jymt_; I—j
Z R ”w”L’(lfj)(Blfj) = Z R J”w”L’(lfj)(Bl—j)

BeC. BeCe
Using (6.3) we get
(+1—j)mr r r/t—; r
>R 1Ny giosy = TN,y
BeC, 7
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Grouping with (6.2) we deduce
l

r r/t_; r r
el g,y < D €T ||w||L,,7j(M’w,/g,j) + el a gy
j=1

Changing the constants, we take the r root to get, using the hypothesis (THL2G),

which says also that [[ul| 2y < cllollz2(pr),

1

bl gy < D eilleoll oy, Sy el
j=l1

The proof is complete. O
Lemma 6.9 Provided that € L*(M) N L (M, R(x)**), with

k+1 . .
aj = meﬁj, Bj = + Dmxt;,

we have
Vj <k, weL'i(M,RP), ”a)“L’j(M’Rﬁj) < Cmax(loll L, gewys Nollp2an)-

Proof Recall the Stein-Weiss interpolation Theorem [8, Theorem 5.5.1, p. 110]

(L* (o), LSl(vl))Q,t =L*(), 0 <6 < 1wherev := vg(lfg)/mvie/sl,

1 1-6 6
= +

S S0 S

We choose s = 2, vp = 1; 851 =t = Sim(2), s =1t; = Sjm(2), so .- =

tk
1_km 1 _1_ jm i .
5 T -~ This fixes 6:

1 1 1 jm 1 km

—=—=-—-—=(1-9 O|lz——)=>0=
st 2 n ( )+ (2 n)

| ~.

Replacing vo = w? = 1, v; = w)' = R(x)*FDm>% and using v := vg(l_e)/sovie/sl
we get

S xf s j ot
1k J J ]

= —X>==Xx>-=v=R(x)

(k+1)m><tk>< xi R(x) ijtJ
s1 k e k

So, because the function x+1 is decreasing, we get % < jjl for j <kso, R(x) <

1= R(x)% > R(x)#i w1thoz = mx jt;, B; = (j + Dmxt; and o; < B;.
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Using this we get
”w”Ltj(M,Rﬂf) = ”w”L’j(M’RO‘j)' (64)

By interpolation we have that w € L>(M) N L% (M, R*) = w € L' (M, R% ), with
||w||ij(M’Raj) = CmaX(”a)”Lfk(M,Rak), ||a)||Lz(M)).

Now using (6.4) we get

Vj <k e LM, RPD), N0l g0, < CmaxUlolw g goys 1]200)-

This proves the lemma. O

Corollary 6.10 LerVj € N, % = 1 — " With wy(x) = w1 (x) = R™, fixr > 2,

we have, provided that w € LZ(M) N L'~ (M, w'i”l), i1 < r < t, and that
o L kerD*, withu := Sw = Du = w,

el aragy < € max(Uoll o1, Neol2qan)-

Proof Clear. O

To get an estimate for ||u|| .5y we use again the LIR, Theorem 3.5:
”u” wml (Bl+l) S C1l ”D””L’I(B’) + C2R7m ||M ||Lr[(Bl).
Replacing [|u| ;4 g1y by the use of Corollary 6.7, we get

t=D)+a+2m

D ()
R<t[ r)+( * )m||u|lwm.r(Bl+l) < C1R<t[

lloll g (Bh

L) (+Dm
+C2R(” r) Nl g gty

SO

1 1

== )++2
”u”Wm,r(Bl-H) < C]R(’l ’) +2)m
1

+ > i RUTTED™wol| i iy + et lull p2s)-
j=1

LDy +2)m
R(tl r) ”w”L’/(Bl)

Now we cover the manifold M the same way as for the proof of Lemma 6.9 and

L)+ (I+2)mr (+1—j)ym

we prove, with v;(x) = R(x)(ﬁ and w;(x) = w;;(x) =R

/
lullwonr at.apy < etllzaqangy + D eillol iy gy i)+ ctllolizn.

j=1
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Using again Lemma 6.9, we end with
lielmr .apy < €1lllqar, + c2maxtoll oy g, o I0ll2n)-

So we proved, using the weights: v; (x) = R(x)(ﬁ_lH(Hz)mr

following result:

, wi(x) = R™MI-1 | the

Theorem 6.11 Under hypotheses (THL2G) and (UEAB), letVj e N, 1 =1 I
J

and fix r > 2 and | such that tj_y < r < t;. Provided that o 1 kerD* we get that
u := Sow = Du = w verifies

s <
Il oy < alloll iy )+ cxmaxtol i, o0l ).

Remark 6.12 We always ask thatz;_; < ootohaver < oo, becauset;—; <r < t;, and
this implies that2(/ —1)m < n. This condition in turn implies that (; —D+I+2)mr >

1
0. So, if the admissible radius R(x) is uniformly bounded below, we can forget the
weights and we get, with the same hypotheses,

gy < exllol gy + cxmax(ool s ol 2 )

7 Appendix

We shall use the following lemma.

Lemma 7.1 Let (M, g) be a Riemannian manifold; then with R(x) = Rc(x) = the €
admissible radius at x € M and d(x, y) the Riemannian distance on (M, g) we get

1
d(x,y) < 7 (R&)+ R(y)) = R(x) = 4R(y).

1
Proof Let x,y € M :: d(x,y) < Z(R(x) + R(y)) and suppose for instance
that R(x) > R(y). Then y € B(x, R(x)/2) and hence we have B(y, R(x)/4) C
3 3
B(x, ZR(x)). But by the definition of R(x), the ball B(x, ZR(x)) is admissible and

this implies that the ball B(y, R(x)/4) is also admissible for exactly the same constants
and the same chart; this implies that R(y) > R(x)/4. O

7.1 Vitali Covering
Lemma7.2 Let F be a collection of balls {B(x,r(x))} in a metric space, with

VB(x,r(x)) € F, 0 < r(x) < R. There exists a disjoint subcollection G of F
with the following property: every ball B in F intersects a ball C in G and B C 5C.
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This is a well-known lemma, see for instance [13], Section 1.5.1.

Fix € > O and let Vx € M, r(x) := Rc(x)/120, where R.(x) is the admissible
radius at x, and we built a Vitali covering with the collection F := {B(x, r(x))}xem-
The previous lemma gives a disjoint subcollection G such that every ball B in F
intersects aball C in G and we have B C 5C. WesetG' := {x; € M :: B(xj,r(x})) €
G} and C, := {B(x, 5r(x)), x € G'}. We shall call C, the m, ¢ admissible covering
of (M, g).

We shall fix m > 2 and we omit it in order to ease the notation.

Recall that € < 1, then we have:

Proposition 7.3 Let (M, g) be a Riemannian manifold. The overlap of the € admissible

1 n/2
covering Ce is less than T = %(120)”, ie.,
—€

Vx e M, x € B(y,5r(y))

for at most T such balls, where B(y, r(y)) € G.
So we have

v e Llon, Y [ 17wlduo = T,

jeN

k
Proof Let B; := B(x;, r(x;)) € G and suppose that x € ﬂ B(xj, 5r(x;)). Then we
j=1
have

Vi=1,...,k, d(x,x;) <5r(x;)

and hence

1
d(xj,x;) <d(xj,x)+dx,x) <50x;) +rx)) < Z(R(xj) + R(x))
= R(x;) = 4R(x;)

and by exchanging x; and x;, R(x;) < 4R(x;).
So we get

Vil=1,...k, r(x;) <4r(xp), r(x) < 4r(x;).

Now the ball B(x;, 5Sr(x;) + 5r(x;)) contains x; and hence the ball B(x;, 5r(x;) +
67 (x;)) contains the ball B(x;, r(x;)). But, because r(x;) < 4r(x;), we get

B(xj,5r(x;) +6x4r(x;)) = B(xj, r(x;)(5+24)) D B(x;, r(x)).
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The balls in G being disjoint, we get, setting B; := B(x;, r(x7)),

k
ZVol(Bl) < Vol(B(x;, 297 (x,))).
j=1
The Lebesgue measure read in the chart ¢ and the canonical measure dvg on
B(x, Rc(x)) are equivalent; precisely because of condition (1) in the admissible ball

definition, we get that

(1 —e)" < |detg| < (14 €)",

and the measure dv, read in the chart ¢ is dvy, = ,/ |detg,-j}dé, where d& is the
Lebesgue measure in R". In particular,

Vx € M, Vol(B(x, Re(x))) < (1+¢)"?v,R",

where v, is the euclidean volume of the unit ball in R”.
Now because R(x;) is the admissible radius and 4x29r(x;) < R(x;), we have

Vol(B(x;,29r(x;))) <29"(1 + e)"/zvnr(xj)”.
On the other hand we also have

Vol(By) = vy (1 — €)"?r(x))" > v, (1 — €)"/247"r (x;)",

and hence
k
D (=) PATr(ap)" <29 (14 €)"Pr(x )",
j=1
so finally
(14 e)/?
n—
ks Qx4 T
1 n/2
which means that T < &(120)”.
(1— )2

Saying that any x € M belongs to at most T balls of the covering { B} means that
> jenlp;(x) < T, and this implies easily that

vieLlon. ¥ [ 17wlduo = T,

jeN

O
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7.2 Sobolev Spaces

We have to define the Sobolev spaces in our setting, following Hebey [17], p. 10.
First define the covariant derivatives by (Vu); := 90;u in local coordinates, while the
components of V2u are given by

(V2u)ij = diju — T} 0pu, (7.1)

with the convention that we sum over repeated index. The Christoffel Fl{‘j verify [7]:

1 (g 08  08jk
k _ Z il [ Dokt Tely Yok
Fij = 28 <8xf + axk  oxl )- 72)

If k € Nand r > 1 are given, we denote by C; (M) the space of smooth functions
u € C*(M) such that ’Vju‘ € L"(M) for j =0, ..., k. Hence

Cl(M) = {MGCOO(M), Vj:O,...,k,/ ’V-jurdvg<oo}.
M

Now we have [17].

Definition 7.4 The Sobolev space Wk”(M ) is the completion of C; (M) with respect

to the norm:
’ 1/r
dvg .

We extend in a natural way this definition to the case of G-forms.
Let the Sobolev exponents S () be as in Definition 1.7, then the k th Sobolev embed-
ding is true if we have

k
lethson = 3 ([ |72

J=0

Yu e W (M), u e L (M).

This is the case in R", or if M is compact, or if M has a Ricci curvature bounded from
below and inf yepvg(By(1)) > § > 0, due to Varopoulos [27], see Theorem 3.14, p.
31in[17].

Lemma 7.5 We have the Sobolev comparison estimates where B(x, R) is a € admis-
sible ball in M and ¢ , B(x, R) — R" is the admissible chart relative to B(x, R),

Yu € W™ (B(x, R)), llullwnrpi gy < (14 €C)

7|

uo ,

v W ((B(x,R)))
and, with B, (0, t) the euclidean ball in R" centered at O and of radius t,

lvllwmr (B, 0,(1—)r)) < (1 +2Ce)[lullwmr(p(x,R))-
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Proof We have to compare the norms of #, Vu, ..., V"u with the corresponding ones
forv:=uo¢p !inR".
First we have because (1 — €)§;; < g;j < (1 +¢€)J;; in B(x, R):

B.(0, (1 —€)R) C ¢(B(x, R)) C B.(0, (1 +¢€)R).

Because

Z SUp i, j=1,...n, yeBx(R) |3ﬁgij(y)| <e€in B(x, R),
[Bl<m—1

we have the estimates, with Yy € B(x, R), z := ¢(y),
Vy € B(x, R), lu(y)|=v(@)], [Vu()| <1+ Ce)|ov(z)].

Because of (7.2) and (7.1) we get

Vy € B(x, R),

Vzu(y)‘ < ‘a%(z)‘ +eC o).
And taking more derivatives, because

Z SUp i, j=1,....n, yeBy(R) }3ﬂgij(y)’ <e,
[Bl<m—1

we get, for2 <k <m,

Vy € B(x, R),

Viu)| = [00@)| +e(Cr 10v@] + -+ G [0,

Integrating this we get for 2 < k < m,

Hvku < ”‘8]‘1)‘ +e(C1ov()| + - -+ Cr_y ‘ak—lv(z)‘)‘
L"(B(x,R)) B0 OR))
< Bkv‘ _l_ C € av , + o
a H L7 (Be(0,(1+€)R)) 1€l9vllzr . 0.0+6R)
+Ck_leHak—1U ,
L"(B.(0,(1+€)R))
and

IVullr gy < (1 + CalAvliLr s, 0.(1+6)R))-
We also have the reverse estimates

| <[]
L7 (Bo0.(1-0)R))

+ Cie||Vullpr 4.
L7 (B.(0,(1+€)R)) 1€lVllLr8,0.046) R)

+Ck_1eHVk_1v

L"(B.(0,(1+€)R))’
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and

l0vllLr(B,0.(1-e)r)) < (1 + CONVullLrpx.r))-

So, using that

+ -+ IWVullpr g, ry + Ml Bx, vy

k
u N = ||V*u
lllwrr B(x, r)) H L (BG.R))

we get

Cae H azv‘

o = |4
el o) = L7 (Be(0,(1+€)R))

o1

L7 (B (0,(1+€)R))

+ Ci_1€ + + COdvlLr(B,,(1+6)R))

L7 (Be(0.(1+€)R))
+ vl s.0.0+6)R)
= (L+2eC)vllwrr (s, 0,(1+6)R)-

Again all these estimates can be reversed so we also have
lvllwm.r B, 0.(1—)r)) < (1 +2C) ullwm.r (B, r))-

This ends the proof of the lemma. O

We have to study the behavior of the Sobolev embeddings w.r.t. the radius. Set
Bg := B.(0, R).

Lemma7.6 We have, witht = S, (r),
VR, 0<R < 1, Yu € Wm’r(BR), ||u”Lt(BR) < CR™ ||u||er(BR)

the constant C depending only on n, r.

Proof Start with R = 1, and then we have by Sobolev embeddings with ¢t = S,,,(r),
Yv e W™ (By), llpip,) < Cllvllwmr (g, (7.3)
where C depends only on n and r. For u € W™ (Bg) we set
Vx € By, y:= Rx € Bg, v(x) :=u(y).
Then we have
dv(x) = Bu(y)xg—)yc = Rou(y);

2
9%v(x) = 3%u(y)x (%) = R*%u(y); ...;

d"v(x) =" u(y)x | — = R"9"u(y).
dax
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So we get, because the Jacobian for this change of variables is R™",

R _
190l 5 =/Bl ool dm) = [ ol grdmo) = R foull

Br
So
10ull r gy = R~ 0] 1 (5, (7.4)
The same way we get
— Rt
||8mu|L’(BR) =R n/r”amv|u(3.) (7.5
and of course |lullpr(pp) = R”/’||v||Lr(Bl).
So with 7.3 we get
lull gy = R Mllpecpyy < CRY Nllyymsr sy (1.6)
But
leellwnr gy = lullr sy + 19ullr gy + - - - + 8" u]| 1o 5,
and
[l wonr gy = 10l gy + 19Vl Lr gy + - - 4 9" 0] 1 5,
SO

o llywmr gy =R Nullrzgy + R N0ull gy + - - + R™ 7|8 u]

L"(Br)"
Because we have R < 1, we get
Iollwmr sy < R (Il Loy + 100l 1y + - -+ [0 ] 1 )
= R_n/r”Mllwm,r(BR).
Putting it in (7.6) we get
” (-1)
lull: gy < CR vllwmrg) < CR lellwmr(Bg)-
1 1 m
But, because t = S,,,(r), we get (— — ;) = —and
r n
lull gy < CR™™ Nullwmr pg)-
The constant C depends only on 7, r. The proof is complete. O
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Lemma 7.7 Letx € M and B(x, R) be a € admissible ball; we have, witht = S, (r),

Yu € W™ (B(x, R)), lull e Bx,r)) < CR™ lullwmr B, Ry

the constant C depending only on n, r, and €.

Proof This is true in R” by Lemma 7.6 so we can apply the comparison Lemma 7.5.

O
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