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Abstract

We introduce the notion of good coverings of metric spaces, and prove that if a metric
space admits a good covering, then it has the same locally Lipschitz homotopy type as
the nerve complex of the covering. As an application, we obtain a Lipschitz homotopy
stability result for a moduli space of compact Alexandrov spaces without collapsing.
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1 Introduction

For given n and D, vy > 0, let A(n, D, vg) denote the set of isometry classes of
compact n-dimensional Alexandrov spaces with curvature > —1, diameter < D, and
volume > vg. Perelman’s stability theorem has played important roles in the geometry
of Alexandrov spaces with curvature bounded below. This theorem implies that the set
of homeomorphism classes of spaces in A(n, D, vy) is finite. Although he also claimed
the Lipschitz version of the stability theorem is true, it has not yet been appeared.

We formulate our results for general metric spaces having good coverings. We
say that a locally finite open covering of a metric space is good if any non-empty
intersection in the covering has a Lipschitz strong deformation retraction to a point
(see Definition 2.6 for the detail).

We use a symbol t(€q, €2, ..., €) to denote a positive continuous function satis-
fying lime, ¢,,...,—0 T(€1, €2, ..., €) = 0.
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The main theorems of the present paper are stated as follows.

Theorem 1.1 Let M be a o -compact metric space having a good covering U. Then M
has the same locally Lipschitz homotopy type as the nerve of U.

We remark that in Theorem 1.1 if M is compact, it has the same Lipschitz homotopy
type as the nerve of Uf.

Theorem 1.2 There exists a positive number € = ¢€,(D, vo) such that if M, M’ €
A(n, D, vg) have the Gromov—Hausdorff distance dgg (M, M') < ¢, then M has
the same Lipschitz homotopy type as M’'. More precisely if 6 : M — M’ is an
e-approximation, then there is a Lipschitz homotopy equivalence f : M — M’
satisfying that | f (x), 0(x)| < t(€) forall x € M.

As a direct consequence of Theorem 1.2, we have.

Corollary 1.3 The set of Lipschitz homotopy types of Alexandrov spaces in A(n, D, vg)
is finite.

This provides a weaker version of “the finiteness of bi-Lipschitz homeomorphism
classes” mentioned above.

In Corollary 1.3 we prove that every M and M’ in A(n, D, vo) with small Gromov—
Hausdorff distance have the same Lipschitz homotopy type through isomorphic nerves
of some good coverings on them. However it was shown in [1] and [14] that there is
an almost isometric map from a closed domain of an almost regular part of M to a
closed domain of an almost regular part of M’. John Lott asked us if one can extend
such an almost isometric map to a Lipschitz homotopy equivalence M — M’. The
answer is yes:

Theorem 1.4 Let § be a sufficiently small positive number with respect to n. For given
compact n-dimensional Alexandrov space M with curvature > —1 and a closed
domain D in the §-regular part of M, there exists an € = ey p > 0 satisfying
the following: Let M' be a compact n-dimensional Alexandrov space with curvature
> —landwithdgy(M,M") < €, and let0 : M — M’ be an e-approximation. Then
there is a Lipschitz homotopy equivalence f : M — M’ such that

(1) the restriction of f to D is t(€)-almost isometric;

2) |f(x),0(x)] < t(e)forallx € M.

Theorem 1.1 has an application to the set of homotopies of mapping between two
metric spaces. Let [X, Y] denote the set of all homotopy classes of continuous maps
from X to Y, and [X, Y]ioc-Lip the set of all locally Lipschitz homotopy classes of
locally Lipschitz maps from X to Y. In Corollary 1.3 of [7], we proved that if K is
a simplicial complex and Y is a locally Lipschitz contractible metric space, then the
natural map [K, Y]joc.Lip — [K, Y] is bijective.

Using Theorem 1.1 and Corollary 1.3 of [7], we obtain the following.

Corollary 1.5 Let X be a o-compact metric space admitting a good covering, and Y
a locally Lipschitz contractible metric space. Then, the natural map [X, Y lioc-Lip —
[X, Y] is bijective.

In particular, every continuous map from X to Y is homotopic to a locally Lipschitz
one.
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As an immediate consequence of Corollary 1.5, we have the following for instance.

Corollary 1.6 Let X be a finite-dimensional compact Alexandrov space with curva-
ture bounded below, and Y a locally Lipschitz contractible metric space. Then every
continuous map from X to Y is homotopic to a Lipschitz map.

Organization The rest of the present paper consists of Sects. 2—6. In Sect. 2, we recall
the notions of Lipschitz homotopies, Alexandrov spaces and good coverings needed
in this paper. Sections 3 and 4 are devoted to prove Theorem 1.1, where we employ
a basic strategy in the proof of Theorem 9.4.15 of [13]. Since the argument in [13]
is only topological, we need to proceed in the category of (locally) Lipschitz maps.
In Sect. 3, we consider the case when metric spaces are compact, and deal with the
non-compact case in Sect. 4. Using Theorem 1.1 and a stability result of nerves of
good coverings in [9], we prove Theorem 1.2 and Corollaries 1.3 and 1.5 in Sect. 5.
In Sect. 6, we prove Theorem 1.4 by developing a gluing method in [1].

2 Preliminaries

In this paper, the distance between two points x, y in a metric space is denoted by |xy|
or |x, y|. The open metric ball around x of radius r is denoted by B(x, r). To prove
the main result, we prepare several terminologies.

2.1 Homotopies in the Category of (Locally) Lipschitz Maps

Let X and Y be metric spaces.

Definition 2.1 We say that a subset A of X is a locally Lipschitz strong deformation
retract of X if there is a Lipschitz map F : X x [0, 1] — X such that F(x,0) = x,
F(x,1) € Aand F(a,t) =aforany x € X,a € A and ¢ € [0, 1]. Then, the map F
is called a locally Lipschitz strong deformation retraction of X to A.

Definition 2.2 Two maps hg, & : X — Y are said to be locally Lipschitz homotopic
if there exists a locally Lipschitz map & : X x [0, 1] — Y such that h; = h(-, i)
@=0,1).

We say that X and Y are locally Lipschitz homotopy equivalent if there are locally
Lipschitzmaps f : X — Y and g : ¥ — X such that g o f and f o g are locally
Lipschitz homotopic to 1 x and ly, respectively. In this case, f and g are called locally
Lipschitz homotopy equivalences.

In the above definition, if a locally Lipschitz homotopy can be chosen to be a
Lipschitz one, then it is called a Lipschitz homotopy. For other notions appeared
in Definitions 2.1 and 2.2, we use similar terminologies. From definition, if Y is
a (locally) Lipschitz strong deformation retract of X, then X and Y are (locally)
Lipschitz homotopy equivalent.

Let X be an unbounded metric space, and f : X — X a Lipschitz map whose
image is a bounded subset. Then it follows from definition that f is not Lipschitz
homotopic to 1y. In particular if a metric space X is Lipschitz homotopy equivalent
to a bounded metric space, then X is also bounded.
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2.2 The Gromov-Hausdorff Distance

A map f : X — Y between metric spaces is called an e-approximation if it satisfies

o [[f(x), fFODI—Ix, yl| <eforallx,y e X;
e forany y € Y, there is an x € X such that | f(x), y| < €.

The Gromov—Hausdorff distance dgy (X, Y) between X and Y is defined as

there exist e-approximations

don(X.Y) = inf 0
cu(X.¥):=in {€> X = Yand Y — X

A bijective map f : X — VY is called an e-almost isometry if both f and f~! are
Lipschitz with Lipschitz constants at most 1 + €.

2.3 Alexandrov Spaces and Good Coverings

We briefly recall the definition of Alexandrov spaces and their properties. For details,
we refer to [1]. A complete metric space X is called an Alexandrov space if it is a
length space and for any p € X, there exist k € R and a neighborhood U of p such
that for any x, y, z € U \ {p}, we have

2expy + Zeypz + Zezpx <27,

where Z, xpy is defined as the angle of a comparison triangle Axpy = AXZj at p in
the complete simply connected surface M, of constant curvature «. It is known that
the Hausdorff dimension of X coincides with its Lebesgue covering dimension [1,12],
which is called the dimension of X. When « is chosen to be independent of the choice
of points p € X, we say that X is of curvature > x. When X is of dimension #, its
volume is measured by the n-dimensional Hausdorff measure.

Complete Riemannian manifolds and orbifolds, the quotient spaces of complete
Riemannian manifolds by isometric actions, and the Gromov—Hausdorff limits of
sequences of complete Riemannian manifolds with a uniform lower sectional curvature
bound are typical examples of Alexandrov spaces.

Form € Nand § > 0, a point p in an Alexandrov space X of curvature > « is
called (m, 8)-strained if there exist pairs of points {(a;, b;)}{"_, such that

Zeaipbi > — 8, Zeaipb; > w/2 — 8,
Zeaipa; > w/2 =8, Zebipb; > /2~

forall 1 < i # j < m. The set {(a;, b;)} is called an (m, §)-strainer at p. The
length € of the strainer {(a;, b;)} at p is defined as

C:=min{|p,al, [p,bi| | | =i <m}.
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From now on, we shall use the convention
Ixyz = LeXyz,

when the curvature lower bound is understood.

In an n-dimensional Alexandrov space X, a point p € X is called é-regular if it is
(n, §)-strained and § < 1/n. The set of all §-regular points is called a §-regular part,
and is denoted by Rx (8).

In the present paper, we are concerned with a moduli space of Alexandrov spaces
with curvature bounded from below by a uniform constant, say « . Rescaling the metric,
we assume k = —1 without loss of generality. Thus we deal with the moduli space
A(n, D, vg) as explained in the introduction.

Theorem 2.3 [1] Suppose that X is n-dimensional and § is sufficiently small with
8 < 1/n.If pis (n, 8)-strained by an (n, §)-strainer {(a;, b;)};_, with length £, then
the map ¢ defined by

(p('x) = (|a17-x|a MR |an»x|)

is a ©(8, o /€)-almost isometry from B(p, o) to an open subset of R".

We will use Theorem 2.3 in Sect. 6.
Perelman proved the following theorem, called the topological stability theorem.

Theorem 2.4 ([10], see also [5]) Let D > Oandn € N be fixed. Let M ; be a sequence
of n-dimensional compact Alexandrov spaces of diameter < D and curvature > —1
which converges to an n-dimensional compact Alexandrov space M as j — oo. Then,
there is jo such that M j and M are homeomorphic for all j > jo.

In particular, the set of homeomorphism types of spaces in the moduli space
A(n, D, vo) is finite.

The last statement follows from the fact that A(n, D, vg) is compact with respect
to the Gromov—Hausdorff distance.

We shall define a new notion of good coverings for metric spaces. In [9], we have
proved that any Alexandrov space has a covering with geometrically and topologically
good properties:

Theorem 2.5 [9] For any open covering of a finite-dimensional Alexandrov space
X, there is an open covering U of X which is a refinement of the original covering,
satisfying the following: Let V = ﬂf‘(:o Uj, be any non-empty intersection of finitely
many elements of U. Then

(1) V is convex in the sense that every minimal geodesic joining any two points in V
is contained in V,

(2) there exists a point p € V such that (V, p) is homeomorphic to a cone (C, v),
where v is the apex of C;

(3) there exists a Lipschitz strong deformation retraction h : 'V x [0,1] - V of V
to the point p as above (2) such that |h;(x), p| is non-increasing in t € [0, 1] for
eachx € V.
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By extracting some fundamental properties that the covering ¢/ in Theorem 2.5
posses, we define good coverings for general metric spaces as follows.

Definition 2.6 A locally finite open covering i/ = {U,}jecs of a metric space X is
good if it satisfies the following:

(1) the closure of each element of ¢/ is compact;
(2) every non-empty intersection ﬂfzo Uj, of finitely many elements of ¢/ has a
Lipschitz strong deformation retraction to a point p.

Any such a point p as in (2) is called a center of ﬂf»‘zo Uj;. We also say that I/ is a
good r-cover if diam (U;) < r forany j € J.

3 Proof of Theorem 1.1 (Compact Case)

In this section, we prove Theorem 1.1 in the case when M is compact. We deal with
the non-compact case in the next section. For the proof of Theorem 1.1, we employ
a basic strategy in the proof of Theorem 9.4.15 of [13], where it is proved that if a
topological space has a locally finite covering all of whose non-empty intersection are
contractible, then it has the same homotopy type as the nerve of the covering. Since
the argument there is only topological, we have to proceed in the category of (locally)
Lipschitz maps.

Setting and Strategy

Let M be a compact metric space having a good cover U = {U;}jcs. Note that J is a
finite set since I/ is locally finite and M is compact. Let J = {1, 2, ..., N}. Let Ny,
denote the nerve of U, which is a simplicial complex with the set of vertexes {U €
U | U # #}, and whose k-simplices are unordered (k 4 1)-tuples (Ujo, Uj,..., Ujk>
of elements in I/ so that m{'(:o Uj, # ¥. We denote by |Ny| C RN its geometric
realization, where we assume that jth vertex v; := (U j> of Ny is given by

j
v =(0,...,1,...,0) e RN,

Let® : V(Ny) — [0, 1] be afunction defined on the set of vertices of Ny, satisfying

(D Zjej Q(Uj) =1;
(2) supp(d) defines a simplex oy of Npy.

Since 6 defines the point ) ;. ; 6(v;)v; of op, it can be considered as an element
of |Ny|. From now on, we identify a function 6 satisfying (1), (2) with an element
> jes 0jv; € [Nyl Thatis,

Wil = 10 = 3" 0(;)v; | 0 satisfies above (1), (2)
jel
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This will be useful later on (see the proof of Lemma 3.1, for instance). For any subset
A C J, we put

UA = ﬂ Uj.
JjeA
Each simplex o € N4 defines a subset A(o) C J, and we also use the symbol

Uy, = UA(O')'

By definition, there is a Lipschitz contraction ¢ : U, x [0, 1] — U, to a point p, of
Uy.
We define a function f; on M by

lx, US|

fi(0) = ——,
! b, UST+ 1, pj|

where U}? denotes the complement of U; and p; is a center of U; to which U; has a
Lipschitz strong deformation retraction. Since |x, U]‘f| +1x, pjl = 1pj, U]‘f|/2 > 0, it
is straightforward to check that f; is Lipschitz. Set

Ji(x)
Zi fi(x)
Then (&} jcs defines a partition of unity dominated with I/ satisfying

(1) supp(§)) = Uj;
(2) each §; is Lipschitz;

G 2&=1

The polyhedron |Np4| has the distance induced from the metric of RV defined as

§i(x) =

d = i — vil.
(x,y) lrgniaSXN lx; — yil

In the rest of this section, we are going to construct metric spaces D(U) and M (p)
together with natural bi-Lipschitz embeddings

M —— DU
lt 3.1
Nl —— M(p)

and prove that their images are Lipschitz strong deformation retracts of the target
spaces. This strategy comes from [13]. The most complicated part is a construction
of a Lipschitz strong deformation retraction from M(p) to «(D(U)), which will be
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done simplex-wisely by means of provided Lipschitz strong deformation retractions
of U, ’s to their centers.

We divide the proof into three steps.

Step 1 We consider the following subspace of the product metric space |Ny;| x M
defined as

DU) = {0, x) € [Nyl x M| x € Usppe}-
Let p : D) — |Ny| and g : D(U) — M be the projections:
pO,x) =06, q@,x)=ux.

Lemma 3.1 There exists a Lipschitz map Tt : M — DU) such that

(1) 7t is a section of the map q (i.e., g o T = ly);
(2) ©(M) is a Lipschitz strong deformation retract of D(U).

Proof Define t : M — D(U) by
7(x) = (O(x), x),

where ©(x) € |Ny| is defined by Ox)(v;) = &j(x), j € J. Obviously t and
©® : M — |Nyy| are Lipschitz. For any x € M, let s(x) := {j € J|x € U,}, which
forms a simplex of N,. For any (6, x) € D(U), supp(#) defines a face of s(x). Thus
we can define the Lipschitz map H : D(U) x [0, 1] — D) by

H@,x,5) = (0O(x)+ (1 —s)0,x) (3.2)
satisfying H(0,x,0) = lpgy@,x), HO,x,1) = (O),x) = 7t(x) and
H(z(x),s) = t(x) for every s € [0, 1]. Obviously H is Lipschitz. This completes
the proof. O

Corollary 3.2 M has the same Lipschitz homotopy type as D(U).
Proof Let g’ : (M) — M be the restriction of g to T(M). Since 7 is Lipschitz and
q' is 1-Lipschitz with ¢’ o T = 1)y and 7 o ¢’ = 1;(y), M and 7 (M) are bi-Lipschitz

homeomorphic to each other. The conclusion follows from Lemma 3.1. O

Step 2 For L > 0 (see (3.3) for the proper choice of L), consider the mapping
cylinder of p:

M(p) :=DU) x [0, L] LI |Ny|/@®, x, L) ~ 6.
Recall that

DU = |J o xUs C Nyl x M.
oeNy
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The canonical correspondence [(0, x, 1)] — (0, [(x, t)]) givesrise to the identification

Mp) = | o xKUs) C INul x K(M),
06./\[1,{

where K(V) = V x [0, L]/V x L denotes the Euclidean cone. From now on, we
consider the metric of M (p) induced from that of the product metric |Nys| x K (M),
where the metric of the Euclidean cone K (M) = M x [0, L]/M x L is defined as

|Lx, 1,[x, 1)

=(L -0+ (L —-1)>=2(L —1)(L — ") cos(min{r, |x, x'|}),

for [x, t], [x', t'] € K(M).
Note that there is a natural isometric embedding ¥ : |Ny;| — M(p) defined by

V(@) = 0, [x, L]) = [0]= (0. vn),

where vy, denotes the vertex of K (M).

Lemma 3.3 |Ny| is a Lipschitz strong deformation retract of M(p).

Proof Define W' : M(p) — |Ny| by
W6, [x, t]) = 6.
Since

W' (6, [x, 1), W' (0, [, £'])]
=10,0'|
< V10,012 + |[x, 1], [x', ']
=16, [x, 1), @, [x', D],

and since |W (61), ¥ (62)| = |01, 62|, both W and W' are 1-Lipschitz.

Note that W o W/(0, [x,¢]) = [0] = @, [x,L]) and V' o ¥ = 1)\, Define
F: M(p) x [0, 1] = M(p) by

F@,[x,1],s) =0, [x, (1 —s)t +sL]).
Then Fy = 14(p) and F; = W o W’. We show that F is Lipschitz. Since it suffices
to prove that it is locally Lipschitz, let us assume that (0, [x, ¢], s) and (', [x', ¢'], s)
are close to each other. We then have
|FO, [x.1],5), FO [x'. 1], s"* = 10,0'F + [[x, ul. [x/, w1,

where wesetu = (1 —s)t +sL,u’' = (1 —s")t' +s'L, and
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|Le, ul,[x, /1)
=(L—-u)?+(L—u)?>=2(L—u)L —u)cos|x, x|
<@—u) + (L —u)(L—u)lx, x|
Since |u —u'| < (1 —s)|t —t'| + (L —t)|s — 5’|, we have
IF (O, [x,1].8), FO', [x', '], ")
<10,0'1F 21t —t'>+2|s — 1>+ (L —u)(L — u)|x, x|
Similarly we have

10, [x, 11,5),(0', [x, '], s

1
> 10,60 + |t —1'|> + SL =0 =, X s — s

Combining those inequalities, we conclude that F' is Lipschitz. O

Step 3 Letus define ¢ : D(U) — DU) x 0 C M(p) by 1(6, x) = (6, x, 0). In this
last step, we prove

Proposition 3.4 There exists a Lipschitz strong deformation retraction ® : M(p) X
[0, 1] = M(p) of M(p) to D(U) x O.

The compact case of Theorem 1.1 now follows from Corollary 3.2, Lemma 3.3 and
Proposition 3.4.
Let

L > 6. (3.3)
Let ko denote the dimension of . Foreach 0 < k < kg, let A &) denote the k-skeleton
of Ny, and DF := p~'(IN®|) and pk := p|pc : D¥ — N®. Let M(p*) denote
the mapping cone of pk:
M(P*) =Dk x [0, LT IN® |/, x, L) ~ 6.

As before, we have

Dk = U o x Uy,
oeN®

M@Y= | o x KU C INyl x K(M).
ageN®

Lemma 3.5 For each k, There exists a Lipschitz strong deformation retraction ®* -
M(p*) x [0, 1] = M(p*) of M(p*) 1o DF x O M(p*).
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The construction of the Lipschitz strong deformation retraction ®* in Lemma 3.5
will be done simplex-wisely. This is based on the following sublemma.

Sublemma 3.6 For each k-simplex o € Ny, there exists a Lipschitz strong deforma-
tion retraction of o X K(Uy) to (0 x Uy x 0)|Jdo x K (Uy).

Since 30 x K(Uy) C M(pk~1), applying Sublemma 3.6 to each k-simplex of
N4, we obtain Lemma 3.5.
By using Lemma 3.5 repeatedly, we have a finite sequence of Lipschitz retractions:

M(p) = M) —DU) x 0| JM@PpO™H) — -

(3.4)
— DU) x 0| JM(p") — DWU) x 0.

From (3.4), we conclude that D(U/) x O is a Lipschitz strong deformation retract of
M(p). Thus all we have to do is to prove Sublemma 3.6.

Remark 3.7 From (3.4), one might think that kg = dim Ay, < oo is essential in the
argument below. However, we can generalize the argument of this section to the general
case of dim Ay = oo. This will be verified in Sect. 4.

The following is the important first step in the proof of Sublemma 3.6, which is the
case of k = 0.

Claim 3.8 Let U be an element of U. Then there exists a Lipschitz strong deformation
retraction K(U) x [0,1] = K(U) of K(U) to U x 0.

Proof Letg : U x [0, L] — U be a Lipschitz strong deformation retraction to p € U.
We may assume that ¢(x,¢) = p forallt > L/2 and x € U. Define the retraction
r:K(U)— Ux0cCK(U)by

r([x, t]) == [e(x, 1), 0].

First we show that r is Lipschitz. Again we way assume that [x, ] and [x’, t'] are
sufficiently close. Note that

Ir(fx, 1), r(Ix", D] < |lp(x, 1), 01, [p(x', 1), 0]| + [[@(x', 1), 0], [p(x", ), O]]
< Llp(x, 1), (", )| + Llp', 1), (x, 1)
<CL|x,x'|+CL|t — 1.

From here on, we use the symbols C, Cy, Ca, ... to denote some uniform positive
constants.

If both ¢ and ¢’ are greater than L/2, then ¢(x,t) = ¢(x’, ') = p. Therefore we
may assume that ¢, ' < L/2. Then we have

lx, 71, [, 7112 > (6 — )2 4+ (L — (L — 1)|x, x'*/2
> (t — 1)+ (L?/8)|x, X'
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Combining the two inequalities, we have

Ir(lx, 1), r([x", £'D| < CL|x, x"| + Ci L]t — 1’|
< C( + D)|[x, ], [x, £']].

Now let g : [0, L] x [0, 1] — [0, 1] be a Lipschitz function such that

e g(t,s)=1on[0, L] x [0, 1/3];
e g(t,1)=0forall0 <t <L,

and define ® : K(U) x [0, 1] - K(U) by

D([x,t],5) = [p(x, st), g(t, s)t].

Note that ®([x, ¢],0) = [x, t], D([x, ], 1) = r([x, t]).

To show that @ is Lipschitz, let ([x, 7], s) and ([x’, t], s”) be elements of K(U) x
[0, 1] sufficiently close to each other. By triangle inequalities, it suffices to show the
following:

(D) [@([x, 1], 5), D([x', 1], 5)| < Cillx, 1], [x', 1]];
) [®([x, 1], 5), D([x, '], 8)| < C2L|[x, 1], [x, t']];
(3) [®([x, 1], 5), D([x, 1], ") < C3L(1 + L)|s — 5|

We show (1)

[P ([x, 1], 5), (X', 1], 9)| = [[@(x, 51), g(z, 9)1], [9(x", 51), g2, $)1]]|
< IL —g(t,9)tllp(x, s1), p(x', s1)]
<|L —g(t,9)t|C|x, x|
<|L—g(t, 9)r|lx, x|
Ifs < 1/3,then |L — g(t, $)t||x, x| = (L — t)|x,x'| <2|[x,t],[x,t]]. Ifs > 1/3
andr > L/2, then ts > Lo, and therefore |®([x, 1], s), ®([x’, ¢],s)| =0.If s > 1/3

andr < L/2,then |L—g(t, s)t||x, x'| < Llx,x'| < 2(L—1)|x, x'| < 3|[x,1], [x, 7]|.
We show (2)

| ([x, 1], 5), D([x, '], ) 1> = |[@(x, s1), g(t, )11, [p(x, st'), g(t’, )11
<lgt, )t — g, )t'|* + Lo (x, s1), p(x, st)|?,
<\g(t,s)t — g(&', )t'|* + L>Cy|st — st'|,

where obviously

lg(t, )t —g(t', )i'| < |g(t, )t — g, $)t| + |g(t’, s)t — g(t', $)1']
<CU+ D)t -1

Thus we have |®([x, 1], 5), ®([x, '], s)| < Co(1 + L)|[x, t], [x, t']].
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We show (3)

| ([x, 1], ), D([x, 11, )* = |[@(x, s1), g(t, )t], [p(x, s'1), g(t, s
<\lg(t,s)t — g(t, sHt|> + C1L2|st — s't)?
< G L%s — 5')? + C3L%s — s
< C4L*(1 + L?)|s — 5%

(3.5)

This shows that ® is Lipschitz, and together with (3.5) this completes the proof of
Claim 3.8. O

Next we consider the general case.

Proof of Sublemma 3.6 Let o be any simplex of A/. Note that o x 0U do x [0, L]is a
Lipschitz strong deformation retract of o x [0, L]. Letr : o x [0, L] - 0 x0Udo x
[0, L] be a Lipschitz strong deformation retraction defined by the radial projection
from the point (x*,2L) € o x R, where x* is the barycenter of o. Let us represent r
as

r(x,t) = (Yo(x,t),u(x,t)) eo x0Udo x [0, L] C o x [0, L].
Define the retraction f : 0 X K(U) - 0 x U x 0Udo x K(U) by
Sy ) = (olx, 1), [p(y, t —u(x, 1)), wx, 1)]),

where w : o x [0, L] — [0, L] is defined as follows: Let us consider the following
closed subsets of RN+

Qo ={(x,1) eo x[0,L]|u(x,t) <L/10},
Q) ={(x,1) €eo x[0,L]|u(x,t) > L/2}.

Note that |29, 1] > ¢ > 0 for some constant ¢ > 0. Let s;(x, 1) = |(x, 1), 2],
i =1,,2, and define w by

s1(x, 1) w1+ so(x, 1) .
so(x, 1) + s1(x, 1) so(x, 1) + s1(x, 1)

w(x,t) =

Note that w is Lipschitz and has the property

1) = u(x,t) if u(x,t) <L/10
v = if u(e, ) > L)2.

Note also that f is the identity on o x U x 0 U do x K (U), and therefore it defines

aretraction of 0 x U x 0 U do x K(U). We show that f is Lipschitz. It suffices to
show that the second component

Lo, [y 1) = ([p(y, £ —ux, 1), wx, 1)])
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of f is Lipschitz. As before, we may assume that (x, [y, ]) and (x', [y, ¢']) are
sufficiently close to each other. Letting u = u(x,1), u' = u(x', 1), w = w(x,1),
w' = w(x’, t) we have

|Gy 1D, o [y, D)
= lp(y. t —u), wl, [p(y. t —u'), w']|?
<(L—w)?+ (L —w)? = 2(L —w)(L —w)cos|p(y,t —u), p(y, t —u')|
<w—w)+(L-wL-w)lpy.t —u), ¢yt —u)?
<@w—-w)?+CL*u—u)?
< Co(1+LYx, x')2,

and

| f2Cx, [y, 1), o, Y, D = oy, £ —u), w], [o(y', t —u), w]|
< (L—wlpy,t—u), o, t —u)l,

where since |[y, ], [/, t]| > (1/2)(L —t)|y, ¥'|, we may assume that ¢ > 9L/10. If

t>9L/10and u(x,t) < L/2,theng(-,t —u) = p.Ift > 9L/10and u(x,t) > L/2,
then w(x, ) = ¢, and we have

| f2x, [y, 1D, o', [y, tD] < (L —)Cly, Y'|
< Clly,t], [y, 1]l

Finally letting u = u(x, 1), u’' = u(x, t"), w = w(x, 1), w = w(x, t’) we have

| foGe, Lya 1D, ol D D = Loy, t — ), wl, [o(y, t — '), w]]?
<w—w)+ Ly, t —u), @(y.t —u)|?
<w—-w)+CiL*u—u)?
< C(1+ LY —1'%

Thus f is Lipschitz.
Now define the homotopy ® : 0 x K(U) x [0, 1] - o x K(U) by

D(x, [y, t], 5)
= (1 =5)x +svo(x, ), [p(y, ()t —ux, 1)), (1 —vis)Ht +v(s)w(x, H]),

where 1 and v are Lipschitz functions on [0, 1] satisfying

1 ifs>2/3 1 ifs>3/4
u(s) = . v(s) = .
0 if s <1/2, 0 if s <2/3.
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Obviously, ®(-,0) = lsx k@), (-, 1) = f and & (-, s) fixes each point of 0 x U x
0 U do x K(U). We show that @ is Lipschitz. It suffices to show that the second
component

Co(x, [y, 1. 8) = ([o(y, n($) (2 —ulx, 1)), (I = v($))r + v(s)u(x, 1)])

of @ is Lipschitz. As before, we may assume that (x, [y, ¢],s) and (x', [y, '], s")
are sufficiently close to each other. Letting u = u(x, 1), u’ = u(x’, 1), w = w(x, 1),
w = w’, 1) and u = u(s), v = v(s), we have

| o (x, [y, 1], 5), @2(x', [y, 1], 5) I
= ey, ut —w)), (1 — )t +vwl, [p(y, ut —u")), (1 =)t +vw']?
<vi(w—w)+ Lp(y, u(t —u), o(y, u(t —u")|?
<v(w —w)+ C1L* > (u — u')?
< Co(1 + LH|x, x'%,

and
|D2(x,[y, 1], 5), Palx, [, 1], 5)]
= |[e(y, u(t —w)), (1 —v)t +vwl, [p(, nt —u)), (1 — v)t +vw]|

<(L—1=v)t—vw)le(y, ut —u), oy, u(t — )|
< (L - (1=v)n)Cly,y'l,

where if t < 9L/10, then L|y, y'| < CL|[y, t], [y, t]|. Hence we may assume that
t >9L/10. If u(x,t) > L/2 then w(x,t) = t. Ifu(x,tr) < L/2 and s > 2/3, then
wu(s) = land (-, u(t —u)) = p. fu(x,t) < L/2 and s < 2/3, then v = 0. Thus
we conclude that
|P2(x, [y, 1], ), Pax, [y, 1], )| < (L —)Cly. y'|
<Clly,tl. [y, t1I.

Next letting u = u(x, 1), u' = u(x,t), w = w(x, 1), w = w(x, t’), we have

|2 (x. [y, 1], 5), Da(x, [y, 2], 5) I
= lp(y, u(t —u)), (1 =)t +vw], [p(y, u —u')), 1 —v)t’ +vw']?
< (=)t =) +vw — w)* + Loy, u(t —u), (v, u(t’ —u"))|
<CU+L>H1-1).

Finally letting ' = (s’), v/ = v(s’), we have
|2 (x,[y, 11, 8), D2(x, [y, 1], s
= [lo(y, u(t —u)), (1 — vt +vwl, [p(y, &'t —w), (1 — vt +v'w])?
<O =) +w =)+ Loy, u(t —u), oy, 1/t —u))|?
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<L -+ L - )
< G L3 (s — 52
Thus & is Lipschitz. This completes the proof of Sublemma 3.6. O
This completes the proof of Proposition 3.4. We have just proved the compact case
of Theorem 1.1.

By the above discussion, we have the following commutative diagram:

M —— DU)

o] |

Nyl —— M

From Lemmas 3.1, 3.3, and Proposition 3.4 together with (3.1), we have the fol-
lowing.

Corollary 3.9 Let M, U, {}jcs be the same as in this section. Then the natural map
O:M>3x> (§j(x)jes € Nyl
is a Lipschitz homotopy equivalence.

Corollary3.10 Let M, U = {Uj}i.\/:l and Ny be the same as in this section, and
¢ o \Ny| = M a Lipschitz homotopy inverse to ® : M — |Ny|. For every 6 € | Ny,

let o be the open simplex of Ny containing 0 witho = (Uj,, ..., Uj,). Then we have
k

c0) el J ;. (3.6)
i=0

Proof Let H : D(U) x [0, 1] = D(U) be a Lipschitz strong deformation retraction of
DU)tot (M) givenin (3.2),andset Hy := H(-, 1).Let® : M(p)x[0, 1] = M(p)
be a Lipschitz strong deformation retraction of M (p) to D(U) x 0 given in Proposition
3.4,and set | := O(-, 1). From our argument in this section, we have the following
commutative diagram:

710
M M pan

T

INul T) M(p)
Note that 7! o H] (u, x) = x for every (i, x) € D(U). Therefore, we can write
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Q1o W) =(00),5(0) € DU,

where n(9) € |Ny| and ¢(9) € M. If oy denotes the open simplex of A7, containing
n(6), then it follows from the definition of D(lf) that {(0) € Uy,. From Sublemma
3.6 together with (3.4), we see that o7 is a face of o, which yields (3.6). O

4 Non-compact Case

We prove Theorem 1.1 for the general case. Let M be a o-compact metric space
admitting a good coveringf = {U} je,. From the local finiteness of 4, J is countable,
and therefore we may assume J = N. Since U is locally finite, the number of U;’s
meeting each U; is finite. It follows that the nerve Ay is locally finite. Note that
|Nz¢| € R in this case. Note that the Lipschitz constant of the strong deformation
retraction U; x [0, 1] — U; x [0, 1] of U; to a point of U; depends on j, and that
dim N7y = oo in general. From the local finiteness of Ay, basically we can do the
same construction as in Sect. 3 to obtain the spaces D(Uf), M(p) in the general case,
too. We also have the natural embeddings in a similar manner:

M — DU

:

INu| T) M(p)
Note that the map t : M — D(U) defined by

T(x) = (O(x),x), OW)(v))=§ix) (jeJ)

is locally bi-Lipschitz. In a way similar to Corollary 3.2, we see that 7(M) has the
same locally Lipschitz homotopy type as D(Uf). Note also that the natural embedding
W : |Ny| — M(p) defined by

v() =, [x, L] = [0]

is isometric, and we see that |Ny4| is a locally Lipschitz strong deformation retract of
M(p) in a way similar to Lemma 3.3. Therefore to complete the proof of Theorem
1.1 in the general case, we only have to check the following:

Lemma 4.1 There exists a locally Lipschitz strong deformation retraction of M(p) to
DU) x 0.

Proof Recall that in the compact case in Sect. 3, the strong deformation retraction
d: M(p)x[0, 1] - M(p) of M(p) to D(U) x0is constructed simplex-wisely from
higher dimensions to lower dimensions through Lemma 3.5. Therefore the Lipschitz
constant of ® depends on the dimension kg of V.
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Since dim A, could be infinite in the present case, first of all, we have to verify
that the map @ : M(p) x [0, 1] = M(p) is well defined. For any point (0, [x, t]) €
M(p), let oy be the simplex whose interior contains 6. Let L be the star of oy, which
is a finite subcomplex because of the local finiteness of N7;. Then

Mp(p) =] o x K(Us)

oel

provides an open subset of M (p) containing (6, [x, 7]). Set

DL:=U0><UJ.

oel

From the argument in Lemma 3.5, we have a Lipschitz strong deformation retraction
®p : Mp(p) x [0,1] = Mp(p) of Mp(p) to D x 0. Since M(p) is a locally
finite union of such open subsets M (p), we can construct a strong deformation
retraction ® : M(p) x [0, 1] = M(p) of M(p) to D x 0 simplex-wisely in a similar
manner. Since ®| 4, (p)x[0,1] = P and the construction is simplex-wise, ® is locally
Lipschitz. This completes the proof. O

5 Proofs of Theorem 1.2 and Corollary 1.5

To prove Theorem 1.2, we need the following result, which follows from the proof of
[9, Theorem 1.2].

Theorem 5.1 [9] For every M € A(n, D, vy), let M; be a sequence in A(n, D, vg)
converging to M asi — oo. Then for any u > 0, there exists a good j-coveringU =
{Uj}jes of M satisfying the following. For every €;-approximations ¢; : M — M; with
€ — 0, there exist a good 2ju-covering U; = {U;j}jey of M; and vi-approximations
0 - M — M; with v; — 0 such that for sufficiently large i
(1) @i(p;) is a center of Ujj in the sense of Definition 2.6 for every j € J;
(2) the corresponding U +— Ujj induces an isomorphism Ny — Ny, between the
nerves of U and U;;
(3) lim; 0o sUP, ey 190 (X), @i (x)| = 0.
Definition 5.2 We call such a If; given in Theorem 5.1 a lift of U with respect to ¢;.
Proof of Theorem 1.2 Due to [9, Theorem 1.2], there exist € > 0 and finitely many
spaces M1, ..., My € A(n, D, vy) and finite simplicial complexes K1, ..., Ky such
that
o UL, USH(M;) = A(n, D, vo);
e any M € U SH(M ;) admit a good covering whose nerve complex is isomorphic to
K;.
Here, UEGH(X ) denotes the e-neighborhood of X in A(n, D, vg) with respect to the

Gromov—Hausdorff distance. From this and Theorem 1.1, we obtain the first conclusion
of Theorem 1.2.

@ Springer



Lipschitz Homotopy Convergence of Alexandrov Spaces 2235

We prove the second conclusion by contradiction. Suppose it does not hold. Then we
would have sequences {M;}, {M/}in A(n, D, vo) withdgy (M;, M]) < §;,1imé§; = 0,
together with §;-approximation 6; : M; — M such that

sup |0; (x), ki (x)| > ¢ > 0, 5.7
xeM;

for any Lipschitz homotopy equivalence k; : M; — M/, where c is a constant not
depending on i. Passing to a subsequence, we may assume that both M; and M/
converge to an Alexandrov space M € A(n, D, vp). We introduce a new positive
number p < c. By Theorem 5.1, one can take a good p-cover U = {U;}jej of M
and a good 2u-cover U; = {U;j}jes of M; such that If; is a lift of ¢/ with respect to
some v;-approximation ¢; : M — M;, where lim; ,, v; = 0. Let ¢; : M; — M be
an v;-approximation, which is an almost inverse of ¢;, in the sense that

sup |g; o ¥ (x), x| < v, sup [ o @i (x), x| < ;.
xeM; xeM

Note that 6; o ¢; : M — M/ is a 2(8; + v;)-approximation. Applying Theorem 5.1 to
0; o @;, we also obtain a v -approximation ¢ : M — M with lim; , o v/ = 0 and a

lift U = {Ul.’j }jes of U with respect to ¢, such that

lim sup [6; o ¢; (x), ¢} (x)| = 0. (5.8)

100 xyeM

Set pjj == ¢i(p;) and p,’.j := ¢;(p;), which are centers of U;; and Ul.’j, respectively.
It follows that '

sup 16; (x), ¢; o i (x)| = (5.9
XEM,'

for large i. Let o : Nyy — Ny, and ] : Nyy — Ny be the isomorphisms given
by the correspondence U; +— U;j and U;j +— U l.’,., respectively. We now consider the
following diagram: '

M; M M
h,‘ 8i
®i \L ‘ T\L ° Tglf
Ny | ——= INul —= Ny |
o 051' !

Here, ©, ¢, ©;, g“i/ are maps given by Corollaries 3.9 and 3.10, for (M, U), (M;, U;),
and (M, U)), respectively. For instance, ®(x) = (§;(x))jes for x € M, where
(£;)jey is a partition of unity by Lipschitz functions subordinate to {U; }jE ;-and ¢
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is a Lipschitz homotopy inverse of ® given by Corollary 3.10. Now, we consider the
compositions

h; :=§‘oa;1 00;, g :=¢oa o0,

which are Lipschitz homotopy equivalences satisfying

sup [ (x), hi(x)| < 10pu, sup | (x), gi (x)| < 10p. (5.10)
xeM; xeM
Indeed, for x € M;, ®;(x) is contained in a unique open simplex (Ui.,-o, e, Uijk) S

N4 Then, ;' 0 ©;(x) is contained in (Ujy, ..., U, ). By the property of ¢ stated in
Corollary 3.10, we have h;(x) € Uj, for some 0 < £ < k. On the other hands, since
x € Ujj,, we have |x, p;j,| < 2p and | (x), pj,| < 3u. Therefore, we obtain

[hi (x), ¥i ()| < |hi (X)), pj| + |pjg, Yi(xX)] < 4p.

Thus we obtain (5.10) for &;. Similarly we obtain (5.10) for g;. It follows from (5.10)
and (5.9) that SUPy e, |60; (x), gi ohi(x)] < 100w, which is a contradiction to (5.7). O

For two metric spaces A and B, let us denote by
[A, B]loc»Lip

the set of all locally Lipschitz homotopy classes of locally Lipschitz maps from A to
B. Let us denote by

[A, B]

the set of all homotopy classes of continuous maps from A to B. For another
metric space C and a locally Lipschitz map f : A — B, we define a map
f* 1B, ClioeLip = [A, Clioe.Lip (and f* : [B, C] — [A, C]) by f*(g) := go f up
to locally Lipschitz homotopy (and up to homotopy, respectively). From the definition,
for a locally Lipschitz map g : B — C, we have

(go f)*=fTog". (5.11)

Proof of Corollary 1.5 Let us fix a good cover I/ of a o-compact metric space X, and let
K be the geometric realization of the nerve of ¢/. From [7, Corollary 1.3], the induced
map

[K, Y]loc—Lip — [K,Y]
is bijective. By Theorem 1.1, K is locally Lipschitz homotopy equivalent to X. Let f :

X — K and g : K — X be locally Lipschitz homotopy equivalences such that g o f
and f og are locally Lipschitz homotopy equivalent toid y and id ¢, respectively. By the
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contravariant property (5.11), the induced maps g* : [X, Ylioc-Lip = [K, Y Tioc-Lip and
f*[K, Yioe-Lip = [X, Yioc-Lip are mutually inverse. Soare f* : [K, Y] — [X, Y]
and g* : [X, Y] — [K, Y]. These imply the conclusion. O

Remark that in the statement of Corollary 1.5, if X is compact, we obtain a natural
bijection between the set of all Lipschitz homotopy classes of Lipschitz maps from X
toY and [X, Y].

A refinement of Corollary 1.5 is the following:

Corollary 5.3 Let X and Y be as in Corollary 1.5. For any continuous function € :
Y — (0, 00) and any continuous map f : X — Y, there is a locally Lipschitz map
g : X — Y which is homotopic to f and satisfies

|f (), g(0)] < e(f(x))

forevery x € X.

Proof This follows from [7, Corollary 4.4] and a discussion similar to the proof of
Corollary 5.3. O

6 Gluing with an Almost Isometry

Forasmall 1/n > § > 0, let Rj;(8) the open set of M consisting of all (n, §)-strained
points, which is called the §-regular part of M. In this section we prove Theorem 1.4
by making use of the notion of center of mass developed in [1] (see [2] for the original
idea).

Proofof Theorem 1.4 Let 0 : M — M’ be an e-approximation. Take u > 0 such
that the closed 3u-neighborhood of D is contained in R (6). Let D be the closed
2u-neighborhood of D. We also denote by Dy the closed w-neighborhood of D. By
[1] and [14], for small enough € > 0 with ¢ < w, we have a t(§)-almost isometric
map

g: D1 — g(D1) C Ry (20)

such that d(g(x), 0(x)) < t(e¢) for all x € D;. On the other hand from Theorem 1.2,
we have a Lipschitz homotopy equivalence

fiM—->M

such that d(f(x), 0(x)) < t(e) forallx € M.

We shall construct a Lipschitz homotopy equivalence i : M — M’ suchthath = g
onDandh = f on M\ Dy. Denote by E the closure of D; \ D. Take R > 0 such that
each point x € E has an (n, §)-strainer of length > R. Let {x,-}lN: | C E be amaximal
family with |x;, x;| > §R/2 for each i # j. Then {B,-}IN=1 with B; := B(x;,6R/2)
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gives a covering of E. By Theorem 2.3, for each 1 < i < N there are t(§)-almost
isometric maps

fi : B(xi,28R) —> R", f/: B(g(xi),26R) — R".
Let
d(x) = min{|D, x|, u}.

Note that the multiplicity of the covering B(x;, 26 R) is uniformly bounded by a
constant C,,.
For every x € B;, let

d d
R (x) = ()™ <%f/(f<x)> + (1 - %) f,-’<g<x)>) :

This extends to a Lipschitz map 4; : M \ E U B; — M’ satisfying

gx), xeD
hi(x) = i
f(x), xeM\ Do,
and |0(x), hij(x)| < t(e) forallx e M \ E U B;.
Now we are going to glue these Lipschitz maps {4;} to get a Lipschitz map £ :
M — M’. Define a Lipschitz cut-off function ¢; : M — R by

oy = 1™ il x e B(xi, 8R)
7 o, otherwise.

Let F; :=M\ EUB;U---U B;, and set

Yi(x) = Z(pj(x), xeM.
j=1

Assuming that h..; : F; — M’ is already defined in such a way that

[0(x), hy..i(xX)| < T(€), x € F;
gx), xeD (6.12)

A PSS v

define hy...;1q : Fi1 — M’ by
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hy..i(x), x € F; \ Bit1,
hein@ =1 G (1= 5249) £y (o)
+ GO F (i (), x € Biy1.

Note that h1...;41 also satisfies (6.12).
Finally we seth := hy..y : M — M’.Note that |h(x), 0(x)| < t(¢) forallx € M,
and

gx), xeD
h(x) = -
f(x), xeM\Do.

Similarly we define A’ : M’ — M by using the Lipschitz homotopy inverse f of
f.g =g L, D :=g(D), D} := g(Dy), D} := g(Dy) andd’ = d o g~ ! in place
of f, g, D, Dy, and d. Note that every y € D] has (n, 28)-strainer of length > R/2.
Obviously, |4’ o h(x), x| < t(¢) and

h’oh(x):{x’ reb
flof(x), xeM\ Dy.

To construct a Lipschitz homotopy between 1,7 and &’ o h, we use a method devel-
oped in [3]. We consider the product space M x M and denote by A C M x M
the diagonal. Introduce a positive constant o with € < o <« u and take a sequence
0 < 0; < o withlimo; = 0. For every X := (x1,x2) € D1 x D1 NA(A; 04,0),lety
denote the midpoint of a minimal geodesic joining x; and x2, where A(A; 0, 0) =
B(A, o)\ B(A, g;) is the annulus. Note that y := (y, y) is the foot of a minimal
geodesic from x to A. It is possible to take points z; and z; of M such that

Zyxizi >7—1),i=1,2,
ly,zil = |y, z2l, 1A, 2] =0,

where z := (21, z2). Then a direct computation shows that
|z, yI > |zi, xil + (1 = t(@)|xi, yl, i = 1,2,
and
1z, yl > |z, x| + (1 — 7(8)|x, yl,
which yields that
szy > 1 — 17(5).

The above argument shows that the distance function da from A is (1—7(6))-regular on
D1 x D1NA(A; gi, o). Now we consider a smooth approximation of a neighborhood
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U; of D1 x D1 N A(A; 0;,0). By [6] and [8], there are a smooth manifold N; and a
bi-Lipschitz homeomorphism ®; : U; — N; together with a gradient like unit vector
field X; fordao®; ! defined on N; such thatif ¢; (®; (x), ) denotes the integral curves
of —X; starting at ®; (x), then for eachx € D1 x D1 N A(A; 0;, 0) with |[x, A| =0,

17! 0 ¢ (9;(%), 10), Al = 07,

forsome g < 2(0 —o;). By combining the flow curves {d>i_lo¢,-(d>,~(x), t)};, we obtain
a Lipschitz flow ¢ on D1 x D N B(A, o) such that for eachx € D| x D; N B(A, o)
with |x, A| = o, ¢(x,s59) € A for some sy < 20. For x = (x,h’ o h(x)), if we
denote ¢ (x, 1) = (¢ (x, 1), p%(x, 1)), the union of ¢! (x, 1) and p2(x, 1 — 1) provides
the desired Lipschitz homotopy between 1,7 and 2’ o h on Dj.

We have just constructed a Lipschitz homotopy H (x, t) between 1,7 and 4’ o i on
Dj. Recall that we have a Lipschitz homotopy F(x, t) between 1,7 and f' o f. We
have to glue F and H to get a Lipschitz homotopy G (x, t) between 1), and i’ o h
defined on M. Let p : M x [0, 1] — [0, 1] be a Lipschitz function such that

0, on D x|[0,1]UDgy x [1/2,1],

pl.1) = {1, on M\ D; x [0, 1].

For every (x,t) € B; x [0, 1], let
GVx, 1) == £ (o(x, ) fi(F(x, 1) + (1 — p(x, 1)) fi (H(x, 1))) .

This extends to a Lipschitz map G; : M \ E U B; x [0, 1] — M satisfying

X, on M—\EU B; x 0,
f'o f(x), on M\ EUB; x 1,
H(x,t), on D x[0,1],

F(x,1), on M\ Dp x [0, 1].

Gi(x,t) =

Assuming that G...; : F; x [0, 1] — M is already defined in such a way that

X, on F; x0,

Gratey = 1100 o Fix L, (6.13)
Lg%t H(x,1), on D x{0,1], |

F(x,t), on M\ Dy x [0, 1],
define G...i+1 : Fi+1 x [0, 1] — M by

Gr..i(x, 1), (x,1) € (Fi \ Biy1) x [0, 1],
Groini (0 = Gien™ (1= 428 fi1(Gratx, )
IS fi1(Gisa(x,0), (6, 1) € Bipy x [0, 11,
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Finally set G := G1...y. Obviously G is Lipschitz, and G = H on D x [0, 1] and
G = Fon M\ D x [0, 1], and thus G is a required Lipschitz homotopy between 1,
and A’ o h. Similarly we obtain a Lipschitz homotopy between 1, and h o h'. This
completes the proof of Theorem 1.4. O

7 Further Problems

It is quite natural to expect that there should exist uniform Lipschitz constants of the
Lipschitz homotopies in Theorems 1.2 and 1.4.
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