The Journal of Geometric Analysis (2019) 29:2082-2123
https://doi.org/10.1007/s12220-018-0072-9

@ CrossMark

Bounds on Harmonic Radius and Limits of Manifolds with
Bounded Bakry-Emery Ricci Curvature

Qi S. Zhang' - Meng Zhu?

Received: 30 November 2017 / Published online: 21 August 2018
© Mathematica Josephina, Inc. 2018

Abstract

Under the usual condition that the volume of a geodesic ball is close to the Euclidean
one or the injectivity radii is bounded from below, we prove a lower bound of the C* N
W1-4 harmonic radius for manifolds with bounded Bakry—Emery Ricci curvature when
the gradient of the potential is bounded. Under these conditions, the regularity that can
be imposed on the metrics under harmonic coordinates is only C* N W14, where ¢ >
2n and n is the dimension of the manifolds. This is almost 1-order lower than that in the
classical C!** N W2 harmonic coordinates under bounded Ricci curvature condition
(Anderson in Invent Math 102:429-445, 1990). The loss of regularity induces some
difference in the method of proof, which can also be used to address the detail of w2p
convergence in the classical case. Based on this lower bound and the techniques in
Cheeger and Naber (Ann Math 182:1093-1165, 2015) and Wang and Zhu (Crelle’s J,
http://arxiv.org/abs/1304.4490), we extend Cheeger—Naber’s Codimension 4 Theorem
in Cheeger and Naber (2015) to the case where the manifolds have bounded Bakry—
Emery Ricci curvature when the gradient of the potential is bounded. This result covers
Ricci solitons when the gradient of the potential is bounded. During the proof, we will
use a Green’s function argument and adopt a linear algebra argument in Bamler (J
Funct Anal 272(6):2504-2627, 2017). A new ingredient is to show that the diagonal
entries of the matrices in the Transformation Theorem are bounded away from O.
Together these seem to simplify the proof of the Codimension 4 Theorem, even in the
case where Ricci curvature is bounded.
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1 Introduction

In this paper, we extend two important results from the case of bounded Ricci curvature
to the case of bounded Bakry—Emery curvature with C! potential. One of these is
Anderson’s lower bound for harmonic radius [1] and the other is Cheeger—Naber’s
codimension 4 theorem [10]. While many results in these two cases are parallel,
extending these two results requires some new effort and entails new applications
which we explain now.

In a series of works [4—12], Cheeger—Colding—Tian—Naber developed a very deep
and powerful theory for studying the Gromov—Hausdorff limits of manifolds with
bounded Ricci curvature. In particular, when the manifolds are in addition volume
non-collapsed, according to their results, we know that the Gromov—Hausdorff limits
decompose into the union of the regular set and singular set. The regular set is an open
convex C¢ manifold, the singular set has codimension at least 4, and the tangent
cone at any point must be a metric cone.

However, there are objects in geometry where the boundedness of the Ricci cur-
vature is not available. One of these is a Ricci soliton under the typical condition
that the gradient of the potential is bounded. More generally, these solitons belong to
a class of manifolds where the Bakry—Emery Ricci curvature is bounded. The later
has become a subject of study by numerous authors. Many of the classical geometric
and analytic results such as volume comparison theorems and gradient bounds, valid
under pointwise Ricci bound, have been extended to this case in the papers [15,19,23].
Recently Wang and Zhu [24] established analogous results for most of the Cheeger—
Colding-Tian—Naber theory. One notable exception is the codimension 4 theorem for
the singular part. A goal of this paper is to prove such a theorem.

Another case of interest is when the Ricci curvature in only in certain L? spaces
(see e.g., [25] or [13] for motivation). The first effort was made by Petersen—Wei
[17,18], where they assumed that [Ric™| € L? for some p > n/2 and obtained
extended Laplacian and volume comparison theorems and continuity of volume under
Gromov—Hausdorff limit. Recently, Tian and Zhang [22] successfully extended most
of the Cheeger—Colding—Tian—-Naber theory except for the codimension 4 theorem
for the singular part. Bamler [3] proves a codimension 4 theorem for some Ricci flat
singular spaces.

In proving these results under weaker Ricci curvature conditions, one needs to
extend many key ingredients therein, such as Cheng—Yau gradient estimate, Segment
inequality, Poincaré inequality, maximum principle, heat kernel estimates, Abresch—
Gromoll estimate, and Anderson’s bound on harmonic radius. While many of the
extensions are expected to be true and the proofs are analogous, there are notable
exceptions. One of them is the bound on harmonic radius in the spirit of Anderson
[1]. In that paper, Anderson proved the following result. Under suitable conditions on
volume of balls or injectivity radius, if also the Ricci curvature is bounded, then C!-*
harmonic radius has a positive lower bound and the metric is C'"* N W24 within such a
radius. The lower bound of harmonic radius is very useful in many situations such that
in establishing compactness of families of manifolds, e.g. However, one cannot expect
such a result under Bakry—Emery Ricci curvature bound. Instead one can only expect
C® N W4 property for harmonic radius and the metric. To see this, let us recall the
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equation connecting metric g and Ricci curvature under a harmonic coordinate chart:

ab 82gkl
g BU—an + 0(9g,8) = —2(Ri; + Vi VIL) + 2V VL. (1.1)
a

Here Q is an expression involving quadratic quantity of dg. Assuming the Bakry—
Emery Ricci curvature is bounded, then the right-hand side of the equation is the
sum of an L™ function and the Hessian of the function L. So if one wishes g is a
W2:P function, one needs to assume that the Hessian of L is L?. However, this is not
available for us.

The first result of this paper is a lower bound for such harmonic radius under suitable
conditions on volume of balls.

In order to state the result rigorously, following Anderson—Cheeger [2], let us define
the W4 harmonic radius. Let (M", g) be an n-dimensional Riemannian manifold,
and denote by B, (x) the geodesic ball in M centered at x with radius r.

Definition 1.1 For x € M, the W4 harmonic radius r; (x) at x is the largest r > 0
such that there is a coordinate chart ® = (v, v, ..., v,) : B,(x) — R” centered at
x such that @ is a diffeomorphism onto its image, and

(1) Agvg =0,1 <k <n;
(2) letgij = g(0y,, BU].) be the component of the metric g considered as a function on
B, (x). We have

-z 1
lgij — Idijllcos,xyy + 1 @110 8ijllLaB, () < 10’ (1.2)

where /d;; is the standard Euclidean metric on R".
Our first main result is

Theorem 1.2 Let (M", g) be a Riemannian n-manifold and p be a point in M". For
each g > 2n, there exist positive constants 6 = §(n, q) and 0 = 0(n, q) with the
following properties.

(@) If|Ric+ V?L| <n — 1 with|VL| < 1, and
Vol(Bs(p)) = (1 — &) Vol(B5(0")), (1.3)
where 0" denotes the origin of R", then the W4 harmonic radius ry(x) satisfies
rp(x) = 0d(x, 9By (p)),

forall x € Bgp(p).
(b) If|Ric + V*L| < n — 1 with |VL| < 1, and the injectivity radius satisfies

inj(x)>ip>0
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in B1o(p), then the W4 harmonic radius ry, (x) satisfies
rp(x) = 0d(x, dB1(p)),

forall x € B1(p).

Remark 1.3 Under the condition of the theorem, since ¢ > 2n > n, one knows that
W4 space embeds into C* for « = 1 — 3. So we know that the metric is C“
automatically.

Remark 1.4 Also indicated in the proof of Theorem 1.2 is the continuity of the W !¢
harmonic radius.

An immediate consequence of the theorem is the following:
Corollary 1.5 Let Ay, A2, ig, D be fixed positive numbers and L be any smooth function.
The space of compact Riemannian n-manifolds such that

|Ric+V’L| <Ay, |VL| <Ay, inj>iy, diam <D

is compact in the C* topology.
The next theorem of the paper is

Theorem 1.6 Suppose a sequence of pointed manifolds (M7, g;, p;) satisfies that
|Ricy; + V?Lj| < (n— 1), with |[VL;| < 1,
and
Vol(Bio(x)) = p, Vx € M,

where L; € C*°(M;), and p > 0 is a constant.
d
IfM;,d;, pj) = (X, d, D), then the singular set S satisfies

dim(S) <n—4.

Remark 1.7 The constants n — 1 and 1 in the assumptions on Bakry—Emery Ricci
curvature in the above theorems are chosen for convenience. They can be replaced by
any positive constants.

Remark 1.8 In the special case where (M}, g;) is a sequence of gradient shrinking
Ricci solitons, i.e., Rc + V2L = g, with the additional assumption that the diameters
of M are uniformly bounded, the conclusion in Theorem 1.6 can be derived from the
original arguments of Cheeger—Naber [10] by using a conformal transformation of the
metrics as in [27] (See also [21] for a similar result for compact shrinking Kédhler—Ricci
solitons).

More generally, the method of conformal transformation in [27] can also be applied
whenever |V L| and |AL| are bounded. However, in Theorem 1.6, the boundedness of
|AL] is not assumed.
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The rest of the paper is organized as follows. In Sect. 2, we prove Theorem 1.2. The
proof follows the strategy in [1] where a method of contradiction is used following a
blow-up procedure. Since our Ricci condition is weaker, a deeper analysis of the metric
equation within harmonic radius is needed. These include mixed second derivative
bound of Greens function and a careful covering argument. The main issue is to prove
W14 convergence of the metrics in a blow-up process. One technical difficulty is that
bounded sets in W4 may not be compact in W4’ for ¢’ < ¢, which is different
from the fact that bounded sets in C* is compact in C” ifoa’ < a.An example is the
sequence fi = % sin(kx), x € [0, 2] in W2([0, 27]). During the blow-up process,
it is easy to prove C}; . convergence of the metrics. However, C}; . convergence does
not imply W4 convergence. So we cannot immediately deduce that the non-linear
term Q in (1.1) converges. In the classical case, one can prove C llo"cx convergence
quickly and this already implies the CZO‘O/C2 convergence of the non-linear term.

Theorem 1.6 will be proved in Sect. 3. The proof is based on the techniques in
[10,24]. A new ingredient is to show that the diagonal entries of the matrices in the
Transformation Theorem are bounded away from 0. Some other short cuts to the
proof are also found. Together these seem to simplify the proof of the Transformation
Theorem in [10], even in the original case.

2 Bounds on Harmonic Radius and e-Regularity

Let us start with a simple observation. Recall the condition that
|Ric+V?L| < (n—1), [VL| < 1. 2.1

The theorem and proof are local in space. After blowing up of metrics, this condition
on Ricci curvature is always satisfied and actually becomes better.

Let G(x, y) be the Green’s function on M. It is standard (using gradient bound on
heat kernel, etc.) to show that (see e.g., [20])

C C
|G(x, y)| < W, and |VyG(x, y)| < W, d(x,y) <100. (2.2)

Here and for the rest of this section, we use C to denote constants depending only on
the dimension n and the parameters in the assumptions.

Suppose that @ : U — R” is alocal coordinate chart on some open subset U of M.
Denote by E)y_ j G(x, y) the jth component of VyG(x, y). Then it is a harmonic function
off the diagonal as a function of x. Thus, by the gradient estimate under Bakry—Emery
Ricci condition, it follows that (see e.g., [20])

Lemma 2.1 Under assumption (2.1), it holds

C
[Vxdy, G(x, y)| = RO if d(x,y) =100, B(y,100)CU; (2.3)
X,y

)}’l
where Vydy,G(x, y) is the gradient of 9y, G (x, y) as a function of x.
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Here, gradient estimate works for (2.3) because only mixed derivative is involved
in the proof, which only requires the control of the quantities in (2.1) but not the whole
curvature tensor.

As a consequence of the Green’s function estimates (2.2) and (2.3), one can show

Lemma 2.2 Assume that (2.1) holds. Then foranyr < 1,0 <a < 1,and y, x1, x2 €
By (p), we have

_ Cd(x1,x)" .
|G(.X1, y) G(x2a )’)| = min(d(x1,y)" 2T d(xp,y)'—21%)

Cd(x1,x)"
|8ij(X1, y) - 8ij(-x2v y)' =< min(d(xl,y)”fl)ilo‘),ctzi(xz,y)”fpr”) (24)

if B(y, 100) C U.

Proof We only prove the second estimate in (2.4). The proof of the first one is similar
but easier.
Ifd(x1,y) <2d(x1, x2), then (2.2) implies that

C Cd(xy, y)* Cd(xy, xp)“
18,,Gx1, )| < —_ Y < S
d(xy, y)" d(xy, )11 7 d(xy, y)ynite

and

Cd(xz, y)* Cld(xa, d(xy, )¢ Cd(x1, x2)*
0, Gln, )] < ~CAO2"_ Cldla.x) +dl ) Cdxa)
. d(xy, y)yr—lte d(xz, y)i—1+« d(xa, y)—1+a

The estimates are similar when d(x3, y) < 2d(x1, x2).
Finally, if min(d(x1, y), d(x2, ¥)) > 2d(x1, x2), then by (2.3), one gets

Cd(x, x2)
10y, G(x1, y) = 9y;G(x2, y)| < |Vx3ij|(X*v Wd(x1, x2) < W

Notice that in this case
1
d(-X*v y) Z d(xiv )’) - d(X*v-xi) Z d(xis y) - d()C], x2) Z Ed(-xh y) 2 d(-x17 x2)-

Thus,

Cd(x1, x2)*
min(d (x1, y), d(xa, y)"~ 1+

[0y; G(x1,y) — dy; G(x2, y)| <

m}

Proof of Theorem 1.2: Proof of (a): We will use the blow-up argument in [1] together
with an extensive use of the “intrinsic” Green’s function on the manifold M. Let

us remark here that alternatively, one may also use the “extrinsic”” Green’s function,
32
AV, dvp

namely, the Green’s function of the operator g in the Euclidean space, after

extending g%’ suitably to the whole space.
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Notice that by rescaling the metric g by a factor §7#, it amounts to prove the
following statement. If |Ric + V2L| < (n — 1)8* with [VL| < 82, and

Vol(Bs-1(p)) = (1 — 8) Vol(Bs-1(0")), 2.5
then the W14 harmonic radius r, (x) satisfies
rp(x) = 0d(x, dB1(p)),
for all x € Bi(p).
Under condition (2.5), by Theorem 1.2 in [23] (see also Corollary 2.5 in [26]), we

have for any x € Bj(p),

Vol(Bs-1(x)) = Vol(Bs-1_1(p)) = e >"8(1 — 8) Vol (Bs-1_,(0"))
_ 6—2)15(1 _ 8)n+] VO](B@*I (On))

Thus, when § is small, it implies that
Vol(Bs-1(x)) > [1 — (3n + 1)8] Vol(B;-1(0")). (2.6)

Then applying the volume comparison theorem (Theorem 1.2 in [23]) one more time
yields

Vol(Bj (x)) _ons VOl(Bs-1(x)) B —ons
Vol(B1(01) ~ € Nol(By 1(0ny) — 1 G Dl @7
Again, if § is small enough, one gets
Vol(Bj(x)) > [1 — (51 + 1)8] Vol(B1(0")). (2.8)

Now we argue by contradiction to show that the theorem holds for some small 3.
Suppose that the theorem is not true. Then for any §; — 0, there is a sequence of
manifolds (M, g;), points p; € M, and smooth functions L ; such that
|Ricm; + V2Ljlg;, < (n =187, |VLjlg, <87,
and
Vol(By-1(p;)) = (1 — ;) Vol(Bg-1(0")),
J J

but for some z; € Bi(p;), we have

rh(Zj)

neyz 2.9
d(zj,9B1(p;)) 9
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. . s . r (Z)
Withoutloss of generality, we may assume that z; is chosen so that the ratio 7—/z*——5 CIB(7))

reachhes the minimum in Bi(p;). It then implies that in the ball B Ld(z;.0B1( pin (@)
we have

1
(@) = 5ra(z))- (2.10)

In the following, we finish the proof in 5 steps.

Step 1 Blow-up and C* convergence
Denote by r; = r,(z;). Note that (2.9) implies that r; — 0. Let us rescale the

metric g; by the factor rj_z, ie, g;j — rj_zg j- In the following, unless otherwise

specified, all norms are taken with respect to the rescaled metric rj_2 gj- Hence, the
manifold (M}, g;) satisfies

|Ricem; + VZLj| < (n — ris], |VL;| < r;s3, (2.11)
and
Vol (Bs,,y-1(p)) = (1= 8;) Vol (Bs -1 (0")). (2.12)

Also, from (2.9), one has

d(zj, 0B -1(pj)) — oo. (2.13)

Gromov’s precompact theorem implies that by passing to a subsequence, we have
d

(Baz;,0B —1(pj»(2j).dj, zj) Z9, (Moo, doo, Zoo), Where d; is the distance func-
tion related té) the Riemannian metric g;. Then Corollary 4.8 and Remark 4.9 in [24]
and (2.8) conclude that (Mo, doo) = (R”, | - |), where | - | denotes the standard
Euclidean distance. Without loss of generality, we may assume that zo, = 0".

On the other hand, by (2.10), there is an open cover {Bj,2(zj)} of
B%d(Zj,BBrTI(pj))(Zj) such that Bj4(z;,) are mutually disjoint and there is a W'

harmonic Jcoordinate chart on all the balls. Since ¢ > 2n, by Sobolev embed-
ding and the virtue of Lemma 2.1 in [1] (See also [16]), it actually holds that

n
; q
Gromov sense, i.e., there exist exhausting open subsets U; and V; of R" and
B0 Brjfl(pi))(z j)» respectively, and diffeomorphisms Fj : Uj — V; suchthat F}'g;

c .
(Bd(z,-,aBr_,l(pj))(Zj):gj’Zj) — (R", I1d;;,0") for any a’ < 1 — 2 in Cheeger—

converges in C “ to Id on compact subsets of R”. Moreover, we may assume that the

. . d

index set {k} is the same for all Bd(zj,BBr_l (pj»(zj), and By /2(z ;) LGH B1/2(Zoo k)
1

for fixed k, as j — oo.
Next, we want to show that the convergence actually takes place in C* and W'
topology forany ¢ € (0, 1) and I < s < o0.
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The estimates below work for all M;’s, so the subscript j is dropped for con-
venience. In the remaining context of this step, denote by d,, the partial derivative
operator % In harmonic coordinates, the components of the Ricci curvature tensor
can be expressed as

2Ry = g8y, du, 811 + Q(0g, &),

where Q(dg, g) is a quantity quadratic in the components of dg. The above equation
may be viewed as a semi-linear elliptic equation of gx;, namely,

8 9y,00, 8 + Q(38, 8) = —2(Ri + ViVIL) + 2V, VL, (2.14)
from which we can derive the local W1 boundedness of gkl- Below, we present the
rough idea of getting the W!* bound, see for example (2.40) and the discussions

thereafter for more details. In fact, the worst term on the right-hand side of (2.14) is
Vi VL. To deal with it, one may first rewrite (2.14) as

2“8 (p0)dy, B, g1l
= [8""(po) — 19y, Bu, g1
—Q(3g,8) — 2(Ris + VkViL) +2(0k 0 L — T'j0m L)
=+ 20;0/L, (2.15)

where py is some fixed point, and I'j; is the Christoffel symbol of g. Multiplying both
sides by a cut-off function ¢ (see the first paragraph of step 2 below) yields

2 (D0)dy, 0, (P8R =+ + 2000 L + T (3¢, 3%¢)
=200 L+ ---, (2.16)

where T (3¢, 8%¢) is the quantity involving the partial derivatives of ¢, and - - - rep-
resents all the other mild terms. It then follows from Green’s formula that

Pgu(x) = Z/Gpo(x,y)¢(Y)3k31L(y) +---dy, 2.17)

where G, (x, y) is the kernel of the operator g“”( D0) 0y, 0y, . Thus, inside the ball
where ¢ = 1, we have

Ox gk (x) 22/3pr0(x,y)¢(y)8k81L(y)+...dy
= —2/3x3y1Gpo(x7y)8zL(y) + - --dy. (2.18)

Notice that by the definition of harmonic coordinates, 0,9y, G p, (x, y) is a Calderén—
Zygmund kernel, and |dg| € L9, g%’ € C*, |Ric + V2L| € L™, and |[VL| € L*°.
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Therefore, one can see from (2.18) that the WS norm of gk 1s uniformly bounded
locally forall 1 < s < oo.

Since we have got the uniform W'* bound of g j on compact subsets, it then
follows from Sobolev embedding and the Arzela—Ascoli lemma

CCY
that (Baz;.08 _1(p)(2j), 8j>2j) — (R*, 1d,0%) for any a € (0, 1). Here g; =
i
(gk1) j, where j is the index in the sequence of metrics.

Step 2 control of the W!-* norm on small scales

To show the W !+ convergence of g j.forany z € By2(z,),letn > Obe an arbitrary
constant such that B2, (z) € B1,2(zj,). Choose a cut-off function ¢ supported in By, (z)
such that ¢ = 1in Bj;/2(z) and |A¢| + |V$|> < C/n?. For the existence, see e.g.,
Lemma 1.5 in [24]. Also, for simplicity of presentation we temporarily drop the index
Jj in the metrics, unless there is confusion. Then for

hit = gkl — gri(2), (2.19)

from (2.14), we have

1
_EA(¢hk1) = ¢ (R + ViVIL) — ¢V VIL — ¢ Q(0g, g)

+28% 8y, it 3y, @ + 8“0 it 3y, 3y, &
=h+ DL+ L+ 14+ 1Is.

It follows from Green’s formula that
Phi(x) = 2/MG(X’ WU+ -+ I5)(y)dy,
and hence
vy, k1 (X) = 0y, (Phi) (x) = 2/M O, ()G (x, V)1 + -+ + I5)(y)dy (2.20)
in B, (2).

Forany g < s < oo, lets’ = 7 and ¥ € C{°(B,(2)). In the following, the L*
and L’ norms are taken over By, (z). From (2.20), one has

/ )3vmgk1(X)1/f(X)dx = 2/3 o (/M B,y () GO, YU + -+ 15)(y)dy> ¥ (x)dx.

n

2.21)

Firstly, by (2.2) and (2.11), we have

2 1
2/Bn(z) (/M Bum (0 G (. y)Ildy> Yx)dx < er an(z) (fan(z) mdy> ¥ (x)dx

< CurVol(By@) P Il Ly, - (2-22)
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Next, by writing iy = (gk1 — Idx1) — (g1 — Idy)(2) and using the C* boundedness
of |g — Id|, we have for any a € (1 — %, 1) that

2/ </ 8vm<x)G(x,y)Isdy> ¥ (x)dx
By \/M

C 1
€ lig - 1dlica / / d(y, 2 ————dy | ¥ (r)dx
n By(2) \JBay(2) d(x,y)

Cllg — Id||c 1
< e Yol(By (@) P (5, 0

IA

1_l-a
< Cllg — Id|lce Vol(By(2))s— n ¥l v (2.23)

(By(2))°

For 14, using integration by parts yields

2 / ( / av,n(x)G(x,y)udy) ¥ () dyds
B, \Im

_ / / By 190,y G (s )8 gy b ¥ (1) ydx
B,z JM

(1)
+ / / Buy )G (%2 )30, 8 hi1 90y ¥ ()dydx
By(z) /M

2
+/ / 8vm()c)G(-’Cs y)gabhklavu avb¢ W(x)dydx
B,y Jm

©)
=M+ @+ 3.

From (2.23), we have

1_l-o
(3) = Clig = Idllca Vol(By (@)~ 7 1]l v (5, oy (2.24)

Similarly, by Lemma 2.1, we get

Cllg — Id||ce d(y, 2)*

) < llg llc . 2) dy )y (o)dx
n
1 By(2) \ Boy(2)\B3ya(z) A (X5 )

< Clig - Id|lcen®! » )df(x)dx
n (2

< Clig = Idlicen* "SIl v (g, oy

1_l-a
= Clig = Idllce Vol(By(2))s IVl s (g, (- (2.25)
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Since g”b e W4 it follows that

Cllg — Id||ce d(y, 2)%
@< tde | </‘ ) ”bgllé%ﬂU>W@Mx
n By(2) \J Bay(2)\B3y2(2) (x, )
<Clg— Idllcan“_"/ (/ 3y, 8" dy)W(X)dx
Br}(Z) BZn(Z)
o ng=1D
< Cll3gliLallg — Idllcon™ ™" ¥ (x)dx
Br)(z)
< Cllg = Idllcen”™ ¢ Il 5, o)
1_1-a
< Cllg = Idllcx Vol(By (@)~ 7 1l 5, o) (2.26)

Here we have used g > 2n. Thus, putting (2.24), (2.25), and (2.26) together, one has

l—o
n ||*/f||Ls/(Bn(Z))~

(2.27)

1
2/ (/ Ay, (1) G (x, y)14dy> Y (x)dx <Cllg—1d|lce Vol(By(2))s
B, \/M

Moreover, since Q(dg, g) € L1/?, applying Holder inequality followed by Young’s
inequality implies that

2/ </ 0y, (1) G (2, y)13dy> Y (x)dx
B, \JM

9 _
q—2
= 11938, &)l Lar / (/ |3u,,l(x)G(x,y)|1ﬁ(x)dx) dy
Boy(z) \V/ By(2)

< ClI9gI3s sup 1180, GO LWl v g, 0
YEB,(2)

q—2

where ||dg]||s means the sum of the L® norms of all the components of dg, and ¢
satisfies

qg—2 1 | sq
ie,t=———7T—":
s(g—=2)+q

Noticing that ¢ > 2n, it is easy to check that (n — 1)t < n, and hence

1/t
1
190, G o 158 o < C / L&) <o,
v, (B2 (2)) Bay(2) d(x, y)(n—l)t
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Thus, we have

n(s—

n__(n__ q)
> /B ()( /M aum(x)G(x,y)Igdy) Ydr < CnF S gl 1 e s o
n(Z
(2.28)

Finally,

2/ </ 0y, (1) G (x, y)lzdy) ¥ (x)dx
B,z \/M

- 2/ (/ 90,0 G (X, V)P N3 (3 By L — Fi’zavn(wL]dy) ¥ (x)dx
By(2) M

_2/ </ [avm(x)avk(y)G(xv o (y) + avm(x)G(-’C, Y)3vk(y)¢()’)] avl(y)L
B, \/M
+ 9y, (1) G (x, y)¢(y)F;’§18un(y>Ldy)Iﬂ(x)dx.

For the second and third terms above, since I'};, € LY, |[V¢| < C/nand |[VL| < Cr;,
as in (2.22) we get

_2/ (/ 00, (1) G (X, ¥) Dy (1)@ (V) () L + By, () G (x, )’)¢(y)F;'§13vn(y)Ld)7) Y (x)dx
By (2) M

< CI'J VO](B,I(Z))I/S ”w”Lx’(Bn(z))- (229)

For the first term, using Holder inequality gives
=3 ( | Bt Gl )8 0, (y>Ldy) Y ()
By(z) \IM
s’ 1/s' /s
<2 / / B (x) O () G (x, Y)Y (x)dx| dy / IVL|*dy
By (2) |/ By(2) B2y (2)

< Cr Vol (By (@) " IV Il 5, 210 (2.30)

where in the last step we have used the fact that
! I/S/

N

dy =< C||1ﬁ||Ls’(Bn(Z))-

/BZn (z)

/ 0, (x) Qv () G (x, Y)Y (x)dx
By(2)

. 2
This is because G (x, y) is the kernel of the Laplace operator g*? vi 0 and then we
. . 52 52 ")
may rewrite equation g¢? azi,z;‘vh =1 as g*(2) 3;15‘% = (g%@) — g azi,auv,, +v
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and use the fact that g*” € C* and 9, 0yG,(x,y)isa Calderén—Zygmund kernel. Here

G;(x, y) denotes the kernel of the operator g“b (2)
Thus, combining (2.29) and (2.30), we get

8v,8vb

By(z LY (By(z

Putting (2.22), (2.23), (2.27), (2.28), and (2.31) together in (2.21), we obtain

/ B0y 841 (V) () dx
Bn(Z)
1l
< gl Wl o g oy + €+ llg — Idllce) VOl By () ™5 1l g 0o
(By(2)) (By(2))

where 0 < a < 1 is a constant.
Therefore, by taking supremum over ¢ on the left-hand side and summing up all
indices, we have, after recalling that ¢ = g; in the sequence of metrics, that

1l
108 llLs (B, < CnN0g;llLs(Byy ) + C(rj + g — Id]lce) VOl(By(z))s ™~ 7.
(2.32)

Step 3 covering argument and W!+$ convergence

Even though the second term on the right is approaching 0, estimate (2.32) above
cannot be applied directly to derive the W' convergence of the metrics due to the
difference between the size of the balls centered at z. The idea is to make the sizes
of the balls on both sides even. For this purpose, we take advantage of the Whitney
covering, which allows us to cover a big ball with countable many small balls while
none of the small balls will escape the big ball and the overlapping number can be
uniformly controlled. Eventually, the L* norm of dg; on both sides will be on the
same ball, and § can be replaced by the largest diameter of the balls in the covering.
Hence, by making § small enough, one will get the [|dg||zs — O as desired.

We choose the Whitney covering B of Bj,2(zj,) as follows: for some m( chosen

below, cover the ball 31 . (zj,) with finitely many balls B_ 1 - of fixed size, cover
omo+

the sphere 831 o (z ]k) m > mo with balls B_1_, and cover the remaining region

om—+1
in the annulus B%_il (zj)\ B1 _N (25 also by balls B_ 1 where B, denotes a
om+ om+
ball with radius r. Hence, B; /z(z jk) is the union of all the balls in the covering. In
addition, we may require all the balls with half of the radius to be disjoint.
Denote the number of balls with the radius 57— +1 by K,,. To estimate K,,, first notice
that K, is a constant only depending on m¢ and the parameters in the assumptions

of the theorem. Then for each m > mq + 1, since the balls B_ 1 are contained in the

om+1
annulus By _ 1 \ B1__1 o and these balls with half of the radius
2 om+l 2 om—
and volume non-collapsed, we have

5 +2 are disjoint
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K 1\ 1 1\ 1 1\ 233
Eolpm) =37 we) ~3722) | O

which implies that

K, < Cc2m=D, (2.34)

In the above, the right-hand side of (2.33) is derived by integrating the area of geodesic
spheres between 31 i and Bl 1, and using the volume element comparison.

om+1 Sm—2

See e.g., [23] (also [24] or [26]).

In (2.32), we replace B;(z) on the left-hand side by the balls in the Whitney cover
B and sum up all the integrals. Note that balls {B2,(z)} also form a Whitney cover
of Bi2(x},), denoted by 2B, and the overlapping number N is uniformly bounded
regardless the choice of mq. By using (2.34), one has

. s
198 Ls (81225,

<> 19gllsp

BeB

1 !
= Czasmo Z ”agj ||ALY(2B)
2Be2B

s 1 n—(1—a)ns n—(l—a)ns
+C(5 +llg; = 1dlle)” | Ko (5077 + Z <2m+1>

m=mqp+1

C A
= WNllagj ”LJ(B]/Z(Zj;‘,))

s R 1\ m[1—(1—a)ns]
+C(r+ gy — Ldleo)' | Cm)+C Y- (3) :

m=mqp+1

1

Therefore, one can see that for any s > ¢, by choosing m( and « so that WL'"()N <3

and 1 — (1 — a)ns > 0, it follows that
1
19813 (312cc ) = 31087153y + €7 + llgs = Tdllco,
which amounts to
19823 (Bija(zy ) = 2C(rj +llgj — Idlca) = O, (2.35)

since both7; — O and ||g; — Id| ce — 0.
This implies the W' convergence of (Ba(z;,0B _1(p;)»(2j)s 8j»2j)- Indeed, for a
it
fixed small radius 7 > 0 and any compact subset D C By(;;,08 _ (p;))(2;), by using

J
volume comparison, one can get a uniform control (independent of ;) of the number of
points in the 1 /4-net of D. When 7 is chosen small enough, we can get a covering of D
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with balls with radius 7/2, such that on each ball there is a harmonic coordinate chart.
Then by using a similar argument as in the proof of Whitney embedding theorem, we
may construct an smooth embedding from D to RY . Moreover, under this embedding,
the local images are graphs. Since from (2.35), we have the W!+* convergence of the
metrics in harmonic coordinates to the Euclidean metric on R”, the transition functions
of the covering of D are converging in W>* to the transition functions of R”. Also,
for the same reason, the local graphs are converging in W2* norm. And hence, when
J is large enough there exist diffeomorphisms between exhausting compact sets in
R" and sets By(z;,» B_1(p)) (z;) such that the pull back metrics of g; are converging
J

in W5 norm to Id;j. See e.g., Proposition 12 in [14] for more details. One can also
find similar arguments on W !5 convergence in [2]. Note in that paper, one assumes
the Ricci curvature is bounded from below. However, this assumption is only used to
deduce volume comparison results which also holds in our situation. So the proof is

valid in our case.
conw!s
Therefore, we have shown that (Baq;.08 (p;)(2j)s8j.2)) ——
"

(R", Id;;, 0").

Step 4 Constructing harmonic coordinates on balls with radius larger than 1
From step 3 and the definition of Cheeger—Gromov convergence, we have that for j
sufficiently large, there is a diffeomorphism F; : U; — V; such that F ]’.‘ gj converges

to Id in W' topology on compact subsets of R”", where U j and V; are exhausting
open subsets of R" and M ;, respectively. Thus, there is a covering of B,(0"), denoted
by {B;}, with balls of radius 1/2, on each of which there is a harmonic coordinate
chart {vy, ..., v,} uniformly bounded in C1-¢ N W>*. In fact, the Laplace equation in
Euclidean coordinates reads

1 vk
Ajop = ———n— [ Jdet(h; h”-b—> =0.
P et (h;) 9xa ( AT

Here A is the Laplace operator of the metric ; = F]’." gj»and {x;} are the standard

Euclidean coordinates. Thus, the W25 bound of v follows from the W15 bound of
h ; and standard elliptic regularity theory (see e.g., (2.40) and the discussion below it).

To construct larger harmonic coordinate chart with respect to /2, let yx = yr(j) be
the solution of the Dirichlet problem

Ajyk =0, in B3/2(On); Vi = Xk ORn 3B3/2(0n).

We first show that {y;} gives a harmonic coordinate chart on Bs;4(0"). Indeed, let
Wi = Xk — Yk, then

Ajwr = Ajxg, in B3/2(0n), and wi =0 on 333/2(0"). (2.36)
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. . o 1 9 Njab Xk Q; i
In Euclidean coordinates A jx; = —det(hj) FE (ydet(hj)h 3 xb)' Since the metrics

h; converges in WZIO’CS norm to the Euclidean metric, it implies that
A jxkllLs (B3 2 07)) —> 0. (2.37)
Thus, by the maximal principle, one gets that
lwkllLoo (B30 0m)) —> 0. (2.38)
It then follows from the gradient estimate under Bakry—Emery Ricci condition that
IV jwicll oo (Bs 4 0)) = 0. (2.39)

Let ¢ be a cut-off function supported in B3,2(0") such that ¢ = 1 in By1/g(0") and
|[Ajp| 4+ |Vj¢| < C.From (2.36) and Green’s formula, we have

dpwr(x) = —/MG(x, V) [pAjxi+2 < Vjp, Viwe > +wiA ;] dy.

From Lemma 2.2, we have for x1, x € Bs;4(0") that
[Vijwg(x1) — Viwg(x2)]
= |Vj(@wr)(x1) — Vj(pwi)(x2)|

s/ﬁwGumw—medmme+2<w¢vﬂ%>+wAmMy
M

</ CAi D (x4 19w + [wed
= P T i Xk j Wk Wk y.
By dj(Cxp, yyr =1 !

Then by Holder inequality, (2.37), (2.38), and (2.39), it implies that foro € (0, 1 — %)

lwill ¢t (psu0my = 0-

Inparticular, {y1, ..., y,} forms acoordinate system on Bs,4(0") when j is bigenough.
Step 5 larger W'+ harmonic radius and contradiction

It is left to show that (1.2) is satisfied under {y;} with r = %. For this, we need
to show that y; converges in W25 norm. In each B;, under the harmonic coordinates
{vi, ..., vy}, (2.36) can be written as

For any point v9 € B, let ¢ be a cut-off function supported in By, (vo) such that
¢ = 1in B, (vo) and |A| + |V$|> < C/n?, where n is a small constant which will
be determined later.
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Then, we have

3% (pwy) 32(¢wk) 3% (pwy)

ab _ ab ab ab

WP o) SO = (o) = 5" ) T DG
_ ab ab 3 (¢wk) ab d¢ awk mn 82¢
- (hf (vo) —1j (v)) v, 0vp + oA X+ 2h; 8787—1— Kl v, 0vp
= F(v). (2.40)

Since h?’"(vo) is a constant satisfying (1 — ¢)Id < hj(vo) < (1 4 ¢)ld, it follows
that 9,0, Gy, (x, y) is a Calder6n—Zygmund kernel, where G, (x, y) is the kernel of

2 . Z
the operator h?b (vo) %ﬁvb Hence, it defines a Calderén—Zygmund operator bounded
on L* space, namely, we have

9% (pwr)
I|W||Lx(32,,(uo)) < CIIF ()3 (B, (wo))-

By the C* boundedness of h;*.b , one derives
9% (¢pwy) c
IE @ Ls (B, (v0)) < C* N = Ls By wo) + 5 (1A jxllLs + IV jwillpee + lwlipoe] -
n v, 0vp g n
By choosing 1 small enough, we can make Cn® < %, and hence from (2.37), (2.38),

(2.39), it follows that

2 2

0“wy 9 (Ppwy
s < || ———|Ips <C
”avaaua s B, @oy = |l 30,008 Il L5 (Baywoy) < C [

1A jxkllLs + IV jwll + wllze] — 0.
Through a standard covering argument, it is easy to see that

lw |l W2 (Bs;4(0")) — 0.

This is sufficient to indicate that

0x, 0Xx. 0Xg
19y, 1j (yes Oy )|l La(Bs 40 =H—3a[h'(3 ) } — 0.
Yt jROyi> Oy (Bs/4(0")) O ym X, j(Ox,, Oxy Iy a1 LBy
Therefore, it follows that {y1, ..., y,}isa W14 harmonic coordinate chart on Bs;4(0")

when j is large enough, which in term induces a W!-¢ harmonic coordinate chart on
a ball centered at z; with radius larger than 1 in M}, and contradicts to the hypothesis
that the W4 harmonic radius ry(z i) =1L

Proof of (b) The proof of part (b) is similar. One just needs to first notice that by
modifying the proof of part (a) slightly, one can derive the following compactness
result for manifolds under W' convergence. O

Theorem 2.3 Let (M?, gj, pj) be a sequence of pointed Riemannian manifolds satis-

d
fying that |Ricm, + V2Lj| — 0, |VL;| — 0, and (M" d;, p;) == (Mo, doo, ).
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Suppose also the W' harmonic radius is bounded from below by a uniform positive
constant for all s > 2n. Then there is a C* N W5 Riemannian metric goo on Muo

o Is
such that (M;f, gj»Pj) LA Moo, oo, p) in Cheeger—Gromov sense for any

O<a<landl <s < o0

Indeed, from the assumption and Arzela—Ascoli lemma, we immediately get c
convergence of the sequence of manifolds for any 0 < &’ < 1 — . To show the wls
convergence, we just need to replace the Euclidean metric /d in step 2 and 3 in the
proof of part (a) by g, and estimate |0g — dgxo || s instead of ||dg]|Ls. So instead of
(2.35), one obtains

108 — 08c0llLs (Bijax; ) = 2C(€j + 11§ — 8oollce) — 0.

Here we have assumed, without loss of generality, the harmonic radii is bounded from
below by 1. Also

€j = lIRiem; + V2Ljlloo + |1V Ll loo-
Now the convergence in C* sense follow from Sobolev imbedding.

With Theorem 2.3 in hand, we can finish the proof of part (b). The difference
from part (a) is that in this case, the fact that the limit space is R" will follow from
Cheeger—Gromoll splitting theorem as argued in [1]. Indeed, by Theorem 2.3 and the
equation for the Ricci curvature tensor in harmonic radius, the limit space is Ricci flat.
On the other hand, the injectivity radius becomes infinity after blowing up. Hence,
Cheeger—Gromoll splitting theorem can be applied. O

Following the arguments in [5], one may also show that under condition (2.1), the
codimension of the singular space of the Gromov—Hausdorff limit is still at least 2
(see Theorem 5.1 in [24]). Combining this result with Theorem 1.2, we have

Theorem 2.4 (e-regularity) Given p > 0 and q > 2n, for each € > 0, there is a
8 = 8(¢ |n, p, q) such that if (M, g) is a Riemannian manifold with |Ric + V| <
(n — 1)8% |VL| < 8, and Vol(Bio(p)) = p, and

dr(Ba(p), B2((0"',x%)) <e,

where (0"~!, x*) € R"™! x X for some metric space X, then the W4 harmonic
radius ry,(p) satisfies

rh(p) = 1.

3 The Transformation Theorem

In this and next section, following the guidelines in [10], we prove the Transforma-
tion and Slicing Theorems, which allow us to derive the Codimension 4 Theorem
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by following the remaining arguments as in [10]. However, since our assumption is
made on the Bakry—Emery Ricci curvature, to be able to overcome some technical
difficulties, we need to add a weight to the concepts used in [10]. We start by restating
the definition of e-splitting map introduced in [10].

Definition 3.1 A harmonic map u = (u!, u?, ..., u*) : B,(x) — R is an e-splitting
map, if

(1) |Vu] <14 €in B, (x);
. ) 2
(2) (Vu', Vul) = 85| < €,Vi, j;
By (x)
3) r? IV2ul|? < €2, Vi.
By (x)
Denote by Ay := A — VL -V the drifted Laplacian by the vector field VL,
dVy = e LdV the weighted volume form, Vol (B, (x)) := fBr @) dVy the weighted

volume of the geodesic ball B, (x), and fé(x) cee = m fB,(x) -.-dVy the
weighted average value over the ball B, (x).

In the definition above, using the drifted Laplacian and weighted average value
instead of the regular ones, we define

Definition 3.2 Amap [ = (fY 2, ..., % : B.(x) - RFis called an L-harmonic
map, if Ay f' =0,fori =1,2,... k.
Moreover, an L-harmonic map f : B,(x) — R is called an L-drifted e-splitting
map if
(1) IVfl = 1+€in By (x);
L

. . 2
2" (VL VY =8| <€X Vi, js

By (x)
L
(3" r2][ V2 F11? < €2, Vi.
By (x)

In the following, we first prove that the concepts of e-splitting and L-drifted
e-splitting maps are equivalent. This equivalence will be used in the proof of The-
orem 1.6.

Lemma 3.3 Given p > 0. For each € > 0 there exists an § = §(€ |n, p) satisfying the
following property. Suppose that a manifold M" satisfies Ric + V>L > —(n — 1)8,
IVL| < 6, and Vol(B1(x)) > p. Then for any r < 1, and an e-splitting map u
on B, (x), there is an L-drifted Ce'/?-splitting map f on B%r(x) for some constant
C = C(n, p), and the converse is also true.

The notation §(€ |n, p) means a constant depending on the parameters in the
parenthesis and 6 — 0 as € — 0.

Proof Suppose that u is an e-splitting map on B, (x). Without loss of generality, we
may assume that € < 1. Let ', i = 1,2,...,k, be the solution of the Dirichlet
problem

ALfi=0 € B.(x); fi=u'ondB.(x). (3.1)
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Since u! is a harmonic function, the function A’ = f! — u' satisfies
Ap(h') = (VL,Vu') € B.(x); h' =0o0n 3B, (x). (3.2)

Observe that A; = e"div(e ™' V) and we can assume L is locally bounded by replacing
L(-) by L(-) — L(x); it is well known that the integral maximum principle (or mean
value property) and gradient estimate still hold for equation (3.2) (see e.g., [24]).

From the assumption on #, we have |Vu| < 1 4+ €. Combining this with |[VL| < §
and using the maximum principle, we get that for some ¢ > n/2,

. ) 1/q
sup |h| < Cr? (][ VL, Vu’)|q> < Cor2.
By (x) By (x)

Then it follows from the gradient estimate that

. . 4 1/q
sup |Vh'|><C r*z][ >+ <][ | < VL, Vu' > |ZQ> < C§?,
B%,(x) B, (x) B, (x)

(3.3)
ie.,

sup |V <1+e€+Cs. (3.4)
By, ()

Also, from (3.3), (1), and (2) in Definition 3.1, and the boundedness of L, one has

L
][ (VFL V1) — 8
B, ()
2
L . . . . . . . .
5][ (VR Vud)) + (Vi , VR)| + (VA VAT + (Vi Vad) — 83
B (x)
77‘

<C@+e). (3.5
Now, let ¢ be a cut-off function supported in B 1 ,(x) with ¢ = 1in B 1 +(x) and
Vo[> + |Ag| < r% (See Lemma 1.5 in [24]). It is straightforward to check that for
the drifted Laplacian we have the following Bochner’s formula.

ALIVF|> =2|V?F|? + 2(VALF,VF) +2(Ric+ V*L)(VF,VF).

Setting F = £, it implies that (see e.g., p. 13 in [24])
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L L
2 2 ri2 2 2 ri2
r ][ V2SR < r 7[ 61V 1|
By, () By, @)

L
< rz][ lquLWf"F + (= DIVF?

By (0) 2
2
_ 1 2 L 2 _
=C8+ =r (VI =DAL®
2 JB
jr
L .
< C5+C(1+9) |Vf’|2—1‘
By, ()
<C@G+o). (3.6)

Here, in the last step, we have used (3.5).
Combining (3.4), (3.5), and (3.6), we have shown that f is an L-drifted Cel/2.
splitting map on B 1 ,(x) for sufficiently small constant §. O

Next, recall the concept of the singular scale in [10]:

Definition 3.4 Let u : B>(p) — R* be a harmonic map. For x € Bi(p), § > 0, the
singular scale sj? > () is the infimum of radii s such that for all s < r < % and all
1 <1l <k, we have

er Al < a][ ), 3.7)
By (x) By (x)

where @' = du' Adu? A -+ Adu.

Replacing harmonic map and Laplacian A above by L-harmonic map and the drifted
Laplacian Ay, we define similarly

Definition 3.5 Let f : Bo(p) — RF be an L-harmonic map. For x € B{(p), 8 > 0,
the L-singular scale Si,x > 0 is the infimum of radii s such that forall s <r < 4—1L and
all 1 <[ <k, we have

L L
rzf |AL|w1||55][ ], (3.8)
By (x) By (x)

where w! = df' Adf2 A Adfl.

In the proofs of the Transformation and Slicing Theorems, we will use L-singular
scale, but return to e-splitting maps at the end. Now, we are ready to state the Transfor-
mation Theorem, whose proof essentially follows the idea of [10]. But for the purpose
of deriving the higher-order estimates as in Theorem 1.26 in [10], we first need to work
with the drifted Laplacian and L-drifted e-splitting maps, and prove certain transfor-
mation theorem under this weighted setting. Then come back to the regular Laplacian
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and e-splitting maps by using the equivalence between e-splitting maps and drifted
e-splitting maps in Lemma 3.3.

It seems that by using a Green’s function argument instead of the heat kernel
argument in [10] for Claim 3 below, and adapting an argument in [3], the original
proof can be shortened. Moreover, a uniformly positive lower bound of the diagonal
entries of the matrices in the conclusion is obtained. More precisely, we have

Theorem 3.6 (Transformation Theorem) Given p > 0; for every € > 0, there exists
adé = §(e |n,p) > 0 with the following property. Suppose that a manifold M"
satisfies Ric + V2L > —(n — 1)8 with IVL| < §, and Vol(B1o(p)) > p, and let
f 1 Bo(p) = R* be an L-drifted §-splitting map. Then

(a) for any x € Bi(p) and r € [siqx, 4—1‘], there exists a lower triangular matrix
A = A(x, r) with positive diagonal entries so that A o f : B.(x) — R¥ is an
L-drifted e-splitting map;

(b) there is a constant co = co(n) > 0, such that for any matrix A(x,r) = (a;;)
above, we have

ajj >co, 1 <i <k (3.9)

Proof Following [10], we prove by induction on k. Unless otherwise specified, the
letter C always denotes some constant depending on n, A, and p. First of all, the proof
of the theorem when k = 1 is analogous to the proof of Lemma 3.34 in [10]. By using
the Bochner’s formula, we get

IV2F2 = [VIVFI?  (Ric+ VEL)Y(Vf, Vf)
AV = . 3.10
LIvy] V] * V] ©10)

Notice that since A f =< VL, V f >, the improved Kato’s inequality becomes

2n — 1
IVIVFI? < =——=IV2fI> + VLIV £
2n —2
Thus, it follows from (3.10) that

1 |v2 |2
ALIVS| = U
M —2 |Vf]

C8|V ).

Then using (3.8) gives

L 2 12 L

v

rz][ s sca][ V7l
By ) VSl Bo (x)

and hence,

L L |V2 f|2 1/2 L L
r][ V2 f] < (rzf ‘ ) (][ IVf|> < 061/2][ V1.
By (x) By (x) IV Sl Ba, (x) By (x)
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Thus, by setting v = f/ (f}BL,(x) |Vf|), we may proceed as in Lemma 3.34 in [10].
Here notice that the heat kernel Gaussian bounds was used in the proof of Lemma
3.34 in [10]. In our case, it is well known that the Gaussian bounds of the heat kernel
and Green’s function estimates for the drifted Laplacian A are still valid, since both
[VL| and |L| are bounded. Or instead, one can use the mean value property.

Now suppose that the theorem holds for £ — 1 and fails for k. Then there exists
an € > 0 such that for some 6; — 0, there is a sequence of pointed manifolds
(M, g, pj) and smooth functions {L ;} with

Riem; + V2L = —(n — 1)8;. |VL;j| <8;. Vol(Bio(p))) = p.

and L ;-drifted § j-splitting maps f; : B2(p;) — R¥ together with points x j € Bi(pj)
and r; € [s ij 7 }T], such that there is no lower triangular matrix A with positive
diagonal entries so that A o fj : By (x;) — RFis L j-drifted e-splitting.

Notice that r; — 0. Indeed, if r; > ¢ > 0, then since r; < 1/4, we have B.(x;) C
B,j (xj) € Bs/a(pj) € B3pp(xj) € Ba(pj), which means the sizes of all these balls
are comparable. Then the fact that f; : B2(p;) — R is L j-drifted §; splitting and
the volume doubling property immediately implies that f; : By (x;) — R* is an
L j-drifted C4;-splitting map, which in particular is an L ;-drifted e-splitting when j
is big enough, and hence contradicts to the hypothesis above.

Thus, we may assume that r; is the supremum of the radii for which A o f; :
By (xj) — RK is not an L j-drifted e-splitting map for any lower triangular matrix
A. It then follows that there exists a lower triangular matrix A; such that A; o f; :
Bzrj (xj) — Rfisan L j-drifted e-splitting map. Moreover, since |V L | is bounded,
by replacing L; by L; — L;(x;) whenever necessary, we may assume that |L | is
bounded in By (x;).

Let

vi=r;'Ajo (fi = fix)), (3.11)

and use the rescaled metric g} = rj_zg j for the following arguments. Then v; :
By(xj) — R is L j-drifted e-splitting, and for any 2 < r < %r]._l, there is a lower

triangular matrix A, with positive diagonal entries such that A, o v; : By (x;) — R*
is L ;-drifted e-splitting. O

The following Claims 1 and 2 are directly from [10] (see pp. 1118-1121 for proofs).
The only change caused by the drifted situation is that the volume element d V becomes

dvy,.

Claim1 Forany2 <r < %r;l

, one has
(I —=Ce)Ay < A < (14 Ce)Ay,,
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which implies that for any 1 < a,l <k,

sup [V9| < (1+ Ce)rce, (3.12)
Br(xj)
sup [wh| < (14 Cerce, (3.13)
B, (x))
Lj
r2][ |v2vjf|2 < Cer®e. (3.14)
Br(xj)

Claim 2 There exists a lower triangular matrix A with positive diagonal entries such
that |[A — I| < Ce, Aov; : By(x;) — Rt is L;-drifted Ce-splitting, and for each
R > 0, after discarding the last component, the map A o v; : Bg(x;) — RF-1is
L j-drifted € (R)-splitting. Here €;(R) — 0 whenever R is fixed.

From now on, let v; represents A o v; in claim 2. Thus, as shown in (3.61) and

(3.63) in [10], we have for any 2 < r < ‘1—1rj_1 and 1 <[ < k that

Lj
rZ][ |Vw§|2 < Cer®, (3.15)
Br(xj)

Lj
r2][ ‘AL|w§.|‘ < C8;rCF, (3.16)
B

r(xj)

where wé = dvjl. /\dvjz. Ao /\dvé.

From Claim 2, we know that (vjl., e, v];f]) is L j-drifted €;-splitting on Bj(x;).
To get a contradiction, we also need to show that after transformation, the average of
|dv/]‘. |2 is approaching 1, and dvlj‘. and dvjl., e, dv;‘._1 tend to be orthogonal.

To show this, we first show that the standard deviation of |d vf |2and < d v?, d v’/‘. >
(1 < a < k — 1) are approaching 0 on scale larger than 1 (Claims 3 and 4 below)
similar to [10]. However, we use another approach to prove these claims. For Claim 3
below, instead of using the heat kernel, the proof uses an argument involving Green’s
function.

Claim 3 For any R > 1, we have

|w’|2—][Lj lwh|?| < €;(R), V1 <1<k (3.17)
j =€), vi=b=k, :
Br(xj)

and

L.
<dv7’dv'}>—][ ] (dve,dvi)| <€;(R), Y1 <a <k—1. (3.18)
B

R(x})
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Proofof Claim 3 Fix an R > 1. Forany x € Br(xj)and 1 <[ <k, let

Lj
MR(x) = sup][

r<RJ B.(x)

1
AL|wj|‘.

Then as in (3.65) in [10], since we have (3.16), by the maximal function arguments,
there exists a subset U; C Bg(x;) satisfying

Vol ; (Br(x;) \ Uj)

<€j(R), (3.19)
Vol (Bg(x;)) !
MR(x) < €;(R), Vx € U;. (3.20)
To get (3.17), it suffices to show that
[l P @) = [0 P0)] = (R, Va, v € U, (3:21)

because it will then follow that

Ly 12 12
][ |wj| _][ |wj|
Br(x;j) Br(xj)

Lj
< Po) - whPeoay +
Bg(x;j)

; 12 a2 —-L;
S TG [/U,+/BR<X_,->\U_,} 10420 = 0| eHay
Vol ; (Br(x;) \ Uj)

Vol ; (Br(x;))

Lj
][ !, [ (x) = [w[*(x)dz
Bg(x;)

<€R)+C
< €;(R).

Since |w§| < C(n), to show (3.21), we only need to show
|w§~|(x) - |w5'|()’) <¢€j(R), Vx,y e Uj.

First, choose a cut-off function ¢ such that ¢ = 1 in By, (xj),¢ =0in BS _, (x;),
8% er
and

IVoI* + |Ag| < Cr7. (3.22)

Denote by G, i (x, y) the Green’s function for the drifted Laplacian A L; on M;.
Since |L| is bounded on B,-1(x;), for the Green’s function for Ay, we still have
J

that
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X,y € B%r/."(xj)'

(3.23)

Cc Cc
IGL,(x, y)| < W, and |[VyGp;(x,y)| < W,

-1

Without loss of generality, we may assume that R < %rj

. Thus, for x, y € U;.

w1 = 1w 1] = [o w10 = gl )|

= ‘ /M (Gr;(x,2) = Gr;(y,2) Ap;(@lw}]) e Hidz

= /M G, (x,2) — G, (v, 2)| 1AL, ¢llwhle i dz

J

+2/ |GLj(x, 7) — GLj(y,z)| V| ‘V|wlj|‘ e Lidz
M, '

J
+/ GL;(x,2) —G;(y.2)| ‘ALj|w§.|‘ eLids
M;

=14+11+111.

Using (3.13), (3.22), and (3.23), we have

I < / |VGL,~(X*, D -dx,y) - Cr]z—ZCee_Lde
By, -1 (\B -1 (x)) :
J J

CR 2-2Ce
< T T 'VOILj(B%rj—l()Cj))
J

< CRr}—Cf < €j(R).

Similarly, from (3.15), (3.22), and (3.23), one gets 1] < €;(R).
Finally, one has

11 5/ (|GLj(x,z)|+|GLj(y,z)|)‘ALj|w§|‘e*Lfdz
Bog(xj)

+/ (IGL;(x,2) = G, (y,2)) ‘AL_/|W§'|’¢3_Lde
Mj\Bag(xj)

=)+ @),

where, by (3.20) and (3.23),
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2
1) < / IGL_,.(x,z)I‘AL_/|w5.| e Lidz
k=—00 szR(x)\sz—lR(x)
2
+ / 1GL, (ol | A lw | e idz
k=—o0 ¥ Bok g O\ Bpi—1p(¥)
2 .
C Vol (Byip(x)) [Li
= Z ’ znljz ALJ'“’;" dz
k=—00 (Zk_lR) Bk p(x)
CVolr,(Byg(y)) [Li
+ Z ) znljzy ‘AL./“‘)M dz
k=—00 (2k71 R) Bk g(y)
2
< CR*j(R) ) 2% <€i(R),
k=—00
while from (3.16), we have
o0
) < Z/ VGL, (", Dld(x, y) A lwhl| geidz
k=2 Bok g X\ Bok—1 p(x;)
X CRVoly . (Byg(x;)) [Li
< L 2_R1 J ‘AL”U)?"‘(f’dZ
k=2 (2k_2R) szR(xj)

IA

oo
Cs; Y 27K @R < €j(R).
k=2

Therefore, we get I11 < €;(R), and this finishes the proof of (3.17).

The proof of (3.18) is similar. Firstly, for the maximal function argument to work,
by Claim 2, one needs the smallness of r2 fl;j(xj) ‘AL_/. < dv?, dv’]? >|, forany I <
a<k—land2 <r < %rj_l. To see this, let ¢ be a cut-off function such that ¢ = 1
in B, (x;), ¢ = 0 outside By, (x;), and IVo|> + |Ap| < Cz Then,

r

2 L a k
r f ‘ALJ,(dvj,dvj)‘

- (Xj)

<r2][Lj ¢‘A (dv? dvk>‘
= 5 ) Lj j? j

2 (X

Lj
— 2 ][ P ‘2<v2v;', V20) + 2(Riew, + VL)) (V! vUj?)‘
Bay(x)) :

2 (X
L 1/2 L 1/2 L
<2 rZ]L VAP rZ][ V2P 42— 1)5,-r2][ (Vs voh)|
Bor (x) ’ Boy (x)) : Bar(x)) ' !
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Lj
+2r2][ é ((Rich + V2L + (1 — D8;g) (Vo' Vv’;)’
Bor(xj)

§€j(r)+2r ][

Bor(xj)

L
‘(chM +V2L; + (n — 1)8;)) (Vo Vvk)‘ (3.24)

Notice that Ricm; + v? L;j+ (n—1)d;g; is a non-negative bilinear form, and by
Cauchy—SchwartZ and Holder inequalities, one gets

L
r2][ ((Rch + V2L, + (1 — 1)8;8)) (VoS Vvk)‘
B

2r (xj)

y

172
Lj
x (rz][ ¢(Riem; + V2Lj + (n — 1)8;8/)(Vvh, Wf)) .(3.25)

172
.L}
r2][ ¢(Ricm; + VZLj + (n — 138;8,)(Vvf, VvS)
Ba(x) '
By (x))

By Bochner’s formula, it is not hard to see that

Lj
r2][ ¢(Ricm; + VZLj+ (n — 138;8,)(Vv, Vui)
B

2r (X))

Lj
= r2][ PAL, |ij|2 - 2¢|V2v§|2 +(n— 1)5,~¢|ij|2
BZr(xj)

Lj
sej<r>+r2][ VoI IVIVVS|?]

Bay(x})

L. 172 L. 12
J J
<ej(r)+C rzf V2042 ][ M=
B (x}) ' Boy(x) ’

and similarly

Lj
rz][ ¢(Riem; + V2Lj + (n — D8;g)(Vok, voby <cr?. (3.27)
B

Zr(xj)

Plugging above estimates in (3.24), we reach
r2][ ‘AL (dv, dv)| < ;). (3.28)
By (xj) ’

Thus, an analogue of the proof of (3.21) gives
[(dvS, dvf)(x) = (dv§. dvj)(y)] < €;(R), Vx.y € Uj. (3.29)
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For any x € Uj, by (3.19), (3.20), and (3.29), we have

L.
][ ' ’(dv‘;, dvk) () — (dv?, dv’;)(z)‘ dz
Br(x;) ’ ’ ’ ’

I
S S / +/ [(vd, dvk) (o) — (@vs, dvh) )] e ids
Vol ; (Br(x))) | Ju;  JBroep\u;

<€;(R).
Thus, it follows that
.
Br(xj)

Lj
< Jatavhio) - v dvye|dy
Br(xj)

k L k

a a

(dvf, dvy) —][ (dvf, dvy)
Br(xj)

Lj
+][ " Jw@vt, avkye) - (avt, avkyo| de

Bg(xj)
< €;(R). (3.30)
This finishes the proof of Claim 3. O

Next, we follow a method in [3] to show Claim 4 below and derive the contradiction.

Claim4 For any R > 1, we have

Lj Lj
£ fade—f ke
Bg(x;) Bg(xj)

The details of the proof of the Claim was not given in [3]. For readers’ convenience,
we give a proof in Appendix A.
Now similar to the arguments on page 101 in [3], let

Lj Lj
a§:_][ <du§.,dv’;>/][ dvi)?, V1<l <k—1,
By (xj) By (xj)

<€ (R). (3.31)

and
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Then (ﬁjl., R 6’1‘.) : Bi(xj) — R is an L j-drifted € ;-splitting map, which con-
tradicts to the inductive hypothesis when j is sufficiently large. The details can also
be found in Appendix A.

Hence, this finishes the proof of part a).

To show b), denote by v = (v!, ..., v%) = A o f the L-drifted e-splitting map
from B, (x) to R*. From the definition, we have

L
][ ' —1| < e
By (x)

which together with the fact that f is an L-drifted §-splitting map, implies that

L
1—€ <af ][ df'? < afy (14 C9),
By (x)
ie.,

a =

N =

Similarly, since

a
V=anf fanft= a—v1 +an f?,
1

we have
2 L 2,2
ar (1 +C§) 2][ laxdf~|
B, (x)
L 2 L L
a a
- ][ ldv?|? + %][ ldv' 2 — 227[ (dv', dv?)

B, (x) ary JB. an JB.

az]

a2
21—624-(1—62)%—62
an

ar

> Cl.

Obviously, when § is chosen small enough so that C§ < 1, then we get az; > co.
In general, notice that

I 1 2 -1 _ .1 1 2 -1
anf' =v —anf —apf —--—aq-nf T =v —muv —mv —---—n_gv,

where 7;’s are constants depending on the entries a;;, 1 <i, j <.
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Since dv', ..., dv'™!, dv' are almost orthonormal under the inner product fBL, )
< -, - >, it is not hard to see that

L 20 1002 L ! 1 2 1—1/?
][ ayldf| =][ v —nv — v —~'~—n171v_‘ > cy,
By (x) B (x)
regardless of the values of ny, ..., n;—1. Thus, we get
aj = €o,

due to the fact that |df!|? < 1+ CS.
The proof of the theorem is completed. O

4 The Slicing Theorem and Proof of Theorem 1.6

Using the Transformation Theorem, we are able to prove the Slicing Theorem. But
before that, we need two more lemmas. Assume that f : B>(p) — R is an L-drifted
8-splitting map. For any open set U and 1 <[ < k, define measure

ML(U)=/ |w’|de// lw|d vy, (4.1)
U B%(I))

where w! = df' Adf> A --- Adf!, and dV, = e LdV is the weighted volume
element.

Using similar arguments as in Lemma 4.1 in [10], we can show a doubling property
for ulL.

Lemma 4.1 Forany x € Bi(p), S(SL’X <r<1/4,and1 <1 <k, we have

W (Bar () < C(n)p (B (x)). 4.2)

Moreover, by (3.9) Theorem 3.6 part (b), and following a similar proof, one can
actually derive a slight more general result than Lemma 4.2 in [10], which is needed
for completing the proof of the Slicing Theorem. More explicitly,

Lemma4.2 Forany x € Bi(p), sg c<r=1/4,and1 <1 <k, we have
|f (B (o) < Crm "0l (B (x)), 4.3)

where | f (B-(x))| denotes the Euclidean measure of f (B, (x)) C Rk,

Proof By Theorem 3.6, there is a lower triangular matrix A = (a;;) € GL(k) with
positive diagonal entries such that

f=Aof:By(x)—> R

@ Springer



2114 Q.S.Zhang and M. Zhu

is an e-splitting, and hence

L L
f it —1| < c ][
B, (x) Bor(x)

where w' =d f' A--- AdfL.
Define

|wl|—1’§C€,

Jy lw'avy

=1
iUy =
fB}/z(P) |wk|dVL

(4.4)

Since f is L-drifted §-splitting on B(p), by the volume comparison, it is L-drifted

C3-splitting on B32(p).
This together with (4.4) implies

[5. o) 101V
k
fB3/2(P) [wHd Vi

Volz, (B3/2(p)) JB,(x)

wp (Br(x)) =

= (1-Ce)

> Cr".

On the other hand, since |V f | <14 €in By.(x), itis easy to check that

F(Br(x)) € By (f(x)).
Thus,
| f(Br(x))| < Cr*.
Combining (4.5) and (4.6), we get
|F(Br(x)| < Cr= "Ml (B (x)).
Notice that
| f(Br(x)| = det(A)| f (By(x))],
and from (3.9) in Theorem 3.6 part b), one has

det (A,

-1 l
Wy =ai---appy = —————————
QL1 141 - - - Akk

Plugging (4.8) and (4.9) into (4.7), the lemma follows immediately.
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To prove the Slicing theorem, we also need the following higher- order integral
estimates for a §-splitting map, the proof of which again is similar to Theorem 1.26 in
[10].

Theorem 4.3 Given p > 0. Foreache > 0, there existsa 8, = 81(¢ |n, p) > Owiththe
following property. Suppose that a manifold M" satisfies Ric+V?>L > —(n—1)8, with
IVL| < 81, and Vol(B1o(p)) > p. Let f : Ba(p) — RX be an L-drifted §-splitting
map. Then we have:

(1) There exists y (n, p) > 0 such that for each 1 <1 <k,

L |V2ul|2
B N (4.10)
][Bs/z(p) [Vul| 1y

(2) Forany 1 <1 < k, the normal mass of Ap|w'| satisfies

L
f ’ALlwll‘ <e 4.11)

B3 (p)

The higher-order estimate (4.11) will be used in the proof of the Slicing Theorem
below, whose proof follows from the Bochner’s formula for the drifted Laplacian Ay,
similar to the proof of (3.24).

Now we are ready to prove the Slicing theorem

Theorem 4.4 (Slicing Theorem) Given p > 0. For each € > 0, there exists a § =
8(€ |n, p) > 0such that the following is satisfied. Suppose that a manifold M" satisfies
Ric+ V2L > —(n — 1)8, [VL| < 8, and Vol(B1o(p)) = p. Let f : Bo(p) — R"2
be an L-drifted 8-splitting map. Then there is a subset Ge  B1(0"~2) such that

(1) Vol(Ge) = Vol(B (0"72)) — e,

() f7(s) # O foreach s € Ge,

(3) for each x € f~(G) and r < 1/4, there is a lower triangular matrix A with
positive diagonal entries so that Ao f : B.(x) — R"~? isan L-drifted e-splitting
map.

Proof Firstly, by a generalization of the results in Sect. 2 in [8] (see e.g., Lemma 5.7
in [24]), we know that there exists a § > 0 such that when the assumptions of the
theorem are satisfied, we have

BN\ B < €2 (4.12)

Let § be the parameter in the Transformation Theorem 3.6. Set

Ds = U By (x).

xeBi(p), SZX>O
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Next, we show that for § small enough, it holds that

|f(Ds)| < €/2.

Then, setting G = f(B1(p)) \ f(Ds) will finish the proof of the theorem.
The collection of balls {Bsi (x)} , x € Ds forms a covering of Ds. Therefore,

there exists a subcollection of mutually disjoint balls {Bj : (xj)}, where s; = szxj,
such that

Ds C U Beg; (x ).

J

Since s is the L-singular scale, the inequality (3.7) reaches equality at w'i for some
1 flj <n-—2ie.,

L
sf][ ’ALlwfl —5][ lwli]. (4.13)
By, (x)) By, (xj)

Moreover, we may assume that § is small enough so that s° Lx = 1/32. Then, by
Lemma 4.1 (see (4.2)), Lemma 4.2 (see (4.3)), and (4.13), we have

1F D) < 3| £ (Bes, )| < € 65) 7207 (Bes, ()
J J

fo o) lwhi |dVp,

f33/2(p)|w 2|dVL
Aplw'i|
2IdVL Z/B (x,)‘

From the fact that f is L-drifted §-splitting on B> (p), we know that

L
][ w2 > 1— CS.
B32(p)

Putting this and the fact that { B i (x;)} are disjoint into (4.14), we finally reach

< CY s (B () = CZ i

J

dvy. (4.14)

st/z(P) |w

cs!
Do) = [ ¥ |autfav,
fBz/z(p) |w" 2|dVL Z B,. (x,) Z

}’l

cs” / ‘A | |‘ v
= LW L
fBg/z(p) lw"= 2|e Lav B3pa(p) =
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L n—2
sca—‘f > [avm|

B3y (p) 12
<e€/2.

The last step above holds since we may choose §; = §;(n, %C’l 8) in Theorem 4.3.
Therefore, settingS < min(é1, &2, §) completes the proof. O

With the Slicing Theorem, we can finish the proof of Theorem 1.6.

Proof of Theorem 1.6 Firstly, we need the lemma below to play the role of Lemma
1.21 in [10], which generalized the corresponding result in [4] to the case where
Bakry-Emery Ricci curvature has a lower bound. O

Lemma 4.5 Given p > 0, for any €, there exist § = (e |n, p) > 0 such that the
following holds. Assume that Ric +V2[ > —38g, |[VL| <4, and

Vol(Bio(y)) = p >0, VyeM. (4.15)
(a) If
dGu(Bs-1(p), Bs-1((0F, x*)) <,

where (05, x*) € RF x C(X) with x* being the vertex of the metric cone C(X)
over some metric space X, then for any R < 1, there exists an L-drifted e-splitting
map f = (fi, f2..... fi) : Br(p) - R

®) If f = (fi, fr..... f) :© Bgr(p) — RX is an L-drifted 8-splitting map for
R < 1, then there is a map ® : Br(x) — f~1(0) such that (u, ®) : Br(p) —
Br((0F, x*)) c R¥ x £=1(0) is an e-Gromov Hausdorff approximation.

For a proof of part (a), see e.g., the proof of Lemma 4.11 in [24]. Part (b) holds
because from Lemma 3.3 there is a C8'/2-splitting map u on Bog(p), which implies
that Br(p) is € close in Gromov Hausdorff sense to a ball in R x u=1(0) (see e.g.,
the proof of Proposition 11.1 in [3]). Then the conclusion in (b) follows from the fact
that f and u are close as shown in Lemma 3.3.

Next, as in [10], to rule out the codimension 2 singularity, we only need to show
that R" 2 x C (Sé), B < 2m, is not the GH limit of sequences of manifolds under
our assumptions. The reason is the following. When the Ricci curvature is bounded,
from Theorem 5.2 in [5], if there is a codimension 2 singularity, then a tangent cone
is a metric cone R"~2 x Y where Y is a cone over a one-dimensional compact metric
space of diameter < . Here the diameter means the maximum length of minimal
geodesics. In our setting, the situation is the same by virtue of Theorem 4.3 in [24].

We argue by contradiction, and assume that there is a sequence of pointed
Riemannian manifolds (M;?, gj> pj) and smooth functions L; € C (M j) with
|Ricm; + V2Lj| <(m-148 — Oand |[VL;| < 5; — 0, and Vol(Bo(p;)) = p
satisfying

d, _
Mj.dj, pj) == (R"* x C(Sp).d. p),
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where S} is a circle of circumference B < 27 and p is a vertex of the cone.
Lete; — 0,and f; : 71(p) — B_-1(pj) the €;-Gromov-Hausdorff approxi-

mation. Denote by S; = f; (S ). Since awe,ly from S; the balls in M ; are close to balls
in R” in Gromov—Hausdorff sense, as shown in the proof of Theorem 1.2, the whe
(g > 2n) harmonic radius rj(x) is continuous. In particular, we have rj(x) > % for
any x € Bi(p;) \ T:(S)).

Then we can choose §; small enough so that there is an L j-drifted § ;-splitting map
uj . Ba(pj) — R"~2 satisfying Theorem 4.4. Hence, it is possible to pick a sj €
Ge ;N By /10(p ;) and choose the smallest W4 harmonic radius on the submanifold
u;l(sj) N B1(p;), namely, let

r; =min{r,(x) : x € uj (s]) N Bi(pj)}.

Assume that r; is achieved at some point x, i.e., r; = rp(x;). Then it is not hard to
see that x; — S; N By/10(p;) and r; — 0.
By Theorem 3.6, there is a lower triangular matrix A ; with positive diagonal entries,
such that vj = Aj o (u; —s;) : Bor;(xj) — R"2 is an L j-drifted € j-splitting map.
Proceeding as in [10], by passing to a subsequence, the blow-up sequence
(M?, rj_ld X)) dG—H> (X, dx, x), where X splits off an R"~2 factor. Moreover,

v = rj_lvj D B(xj) — R"~2 is an L ;-drifted €;-splitting map. By the proof of

Claim 2 in Theorem 3.6, one can see that 9; : Bg(x;) — R"~2 is an L ;-drifted
C(n, p, R)e-splitting map for any R > 2. In particular, it implies that v; — v for
some v : X — R"2. Then Lemma 4.5 implies that

X =R"2 x v 10"
Since for any y € v (O) the W14 radius ry, (y) = 1, by Theorem 2.3, we know

that X is C*N W' ina nelghborhood of v=1(0). Hence X is a C% N W!* manifold

withr, > 1, and (M, r gJ, i) ﬂ) (X, gx, x) in Cheeger—Gromov sense. In

particular, since the W1 4 harmonic radius is continuous, we have r,(x) = 1.
On the other hand, the expression of the Ricci curvature tensor in harmonic coor-
dinates is

0%g;
ab l/
+ = —2R;;
& Sonous (g, 8) ij
= —2(R;j + V;V;L) +2V;V,L, (4.16)
where {vy, va, ..., v,} is a local harmonic coordinate chart. Since |Ric + V2L| <
(n—l)rjz — Oand [VL| < r; — 0, and the sequence of metrics {rj_zgj} is converging

in WIS norm on compact sets, one can see that the limit metric gy is a weak solution
of the equation

ab 981} +0(@ 0.
gava 0(dg, 8 =
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Therefore, by the standard elliptic regularity theory, it follows that gx is smooth
and Ricci flat, and hence X is a flat manifold since the dimension of v~! (0”’2) is
2. Moreover, by volume continuity under Gromov—Hausdorff convergence (see e.g.,
Theorem 4.10 in [24]), we have Vol(B,(x)) > Cpr" for any r > 0. Thus, it follows
that X = R".

Especially, we have r,(x) = oo and contradicts to r;,(x) = 1. Therefore, the
singular set has codimension at least 3.

Finally, to rule out the codimension 3 singularity, again we can use a similar argu-
ment as in [10]. One just needs to notice that by Lemmas 4.5 and 3.3, the e-splitting
map u; : By(pj) — R"—3 still exists. Then since the metrics converge in C* norm
and u ; are harmonic functions, we can still get the bounds on the gradient and hessian
of u j. Also, the Poisson approximation £ ; of the square of the distance function exists
by Lemmas 2.3 and 2.4 in [24] (See also the proof of Theorem 6.3 in [26]). Since
Ahj = 2n and the metrics g; have uniform C* bound, the standard elliptic regularity
theory implies that /2 ; have C 2 bound.

Therefore, this completes the proof. O
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Appendix A
In this section, we prove Claim 4 and finish the proof of Theorem 3.6 part a).

Proof of Claim 4 We first show that

Lj Lj
£ ahE - et sgm.

R(X}) R(xj)

Here, as usual, define

k—1
k=1 g ky _ a gokya Lo Ta k-1
(wj ,dvj)— E (dvj,dvj)dvj/\ /\dvj/\ Advj .
a=1

Thus,
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k—1 k
[k, avk)

k

‘ 2

|
—

k b k
(dv?, dvk)(dvt, dvk)
1

>
Il

a,
k—1

k—1
J )

- _
x(dv}/\m/\dv‘;/\m/\dv ,dv}/\-u/\dvf/\m/\dvj

Since (vjl., e, vf._l) is an € (R)-splitting on Bg(x;) by Claim 2, it is not hard to see
that

.
(dvj Ao NdVE A A AT AU A AV A AT

.
Br(x;j)
L . —_—
—f ! (dv]l-/\-~-/\dv;?/\~-»/\dv];f7|,dv}/\~»-/\dvl/?A--~Adv§7]) <¢€;(R). (A2)

Br(xj)

Therefore, (A.1) follows from (3.18) and (A.2) immediately.

Notice that wj‘. = wI;_l A dvl]‘-, and

k2 k—1,2 k2 k—1 k2
w2 = [k Plaok P — k! vk 2,

From (3.17), we have

This, together with (A.1), implies that
.
BRr(x;j)

Combining this with the fact that (vjl., e v]]‘._l) is an L j-drifted €; (R)-splitting map
on Br(x;), we have

"Lj Lj
AN L A
Br(x;j) Br(xj)

ki k2 k=172 7 k2 bi
< vk - P+ f
Bg(x;) Bg(x;)

J

Lj
i Pt — f PR <. )

BRr(x)

Lj
w ! Pldvf —f wi ! ldvf]?
J J J J
Br(xj)

@ Springer



Bounds on Harmonic Radius and Limits of Manifolds with... 2121

Lj Lj
O AN T A
Bg(x;) Br(x;)
<€j(R).
Therefore, it finishes the proof of Claim 4. O
Recall that

Lj
a§.=—f (dv), dvf) /][ dvi?, V1<l <k—1,
Ba(xj) Ba(xj)

and

~l ~k __ .k le
v; =, vj—vj—i— a;v;.

Since (v}, A v';) i Ba(xj) — Rk is L j-drifted Ce-splitting, and (vjl., RN )
By(xj) — R*=lis L -drifted €;-splitting, it follows that

Lj
][ (dvj.,dvlj.)
Ba(x)

< Ce, and][ ‘|dv |2 ‘ ejz.
By (xj)

Hence,

|a§.| < Ce. (A.4)

The above facts and (3.18) imply that

Li Sk
][ ‘(dvj,dvj)‘
B (xj)
Lj
<
B (xj)

a™ ! m
Fldv;, dvT)
Z]i J Y

m#l 2 (xj)
<. (A.5)

Lj
! k ] k
(dvj,dvj)—][ (dvj,dvj)
B (xj)

Lj
+,
Ba(xj)

Lj
a§\du§|2 - aj. ][ |dvj.|2
Ba(x))

and

Lj
f it
By (xj)

Lj k=l Lj
= ][ ldvi > + > lakI? f |dv’ |2
By (x)) = Ba(xj)
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k—1 L; k—1 L;
+) dal ][ (dvh, dv) + ) 2d} ][ (dv, dvk)
I#m B2(xj) I1=1 Bz(x]')
>1-Ce. (A.6)
Setting
I VA A k2
v:ﬁ,ﬁ:v/][ ik 2,
J J j J By
one has
Lj Lj o Lj
f ‘|dﬁ’]‘-|2 _ 1‘ = ][ ok ][ ok — f ok
Ba(xj) Ba(xj) B(xj) B (xj)
= €j,
where we have used (3.31), (A.4), and the fact that (vjl., R vlj‘._l) is an L j-drifted

€ j-splitting map. Therefore, by using the similar technique as in Lemma 3.34 in [10]
(or mean value inequality), one can get

sup [ddf| <1+ej, V1 <a<k, (A7)
Bi(xj)
and
Lj
][ V20517 <. (A.8)
Bi(x))
Finally, (A.5) and (A.6) give
L; A o
][ I(dv?,dvj)lfej, l<a<k-—1. (A.9)
Bi(x))

It is obvious that (A.7), (A.8), and (A.9) together with the fact that (v}, ..., v™")

is L ;-drifted €;-splitting imply that (9 }, . ﬁ’;) : Bi(x;) — RFis an L-drifted
€j-splitting map. Since B;(x;) in the metric rj_zg j 1s exactly the ball B, (x;) in the
metric g; and €; — 0, this means that before rescaling (ﬁ}, R ﬁf) : By (xj) — R¥
is L j-drifted e-splitting when j is sufficiently large, which contradicts to the inductive
hypothesis that there is no matrix A such that Aou is L ;-drifted e-splitting on Brj (x).

Hence, this finishes the proof of Theorem 3.6 part a).
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