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Abstract

Let X be a Stein manifold of dimension n > 2 satisfying the volume density property
with respect to an exact holomorphic volume form. For example, X could be C", any
connected linear algebraic group that is not reductive, the Koras—Russell cubic, or a
product ¥ x C, where Y is any Stein manifold with the volume density property. We
prove that chaotic automorphisms are generic among volume-preserving holomorphic
automorphisms of X. In particular, X has a chaotic holomorphic automorphism. A
proof for X = C" may be found in work of Fornass and Sibony. We follow their
approach closely. Peters, Vivas, and Wold showed that a generic volume-preserving
automorphism of C", n > 2, has a hyperbolic fixed point whose stable manifold is
dense in C". This property can be interpreted as a kind of chaos. We generalise their
theorem to a Stein manifold as above.
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1 Introduction

Complex manifolds can be thought of as laid out across a spectrum characterised by
rigidity at one end and flexibility at the other. On the rigid side, Kobayashi-hyperbolic
manifolds have at most a finite-dimensional group of symmetries. On the flexible side,
there are manifolds with an extremely large group of holomorphic automorphisms,
the prototypes being the affine spaces C" for n > 2. From a dynamical point of view,
hyperbolicity does not permit chaos. An endomorphism of a Kobayashi-hyperbolic
manifold is nonexpansive with respect to the Kobayashi distance, so every family of
endomorphisms is equicontinuous. In this paper, we show that not only does flexibility
allow chaos: under a strong anti-hyperbolicity assumption, chaotic automorphisms are
generic. Our main result is the following.

Theorem 1 Let X be a Stein manifold of dimension at least 2 satisfying the volume
density property with respect to an exact holomorphic volume form. Chaotic automor-
phisms are generic among volume-preserving holomorphic automorphisms of X. In
particular, X has a chaotic holomorphic automorphism.

The assumption that the volume form is exact obviously holds if H" (X )1= 0,
where n = dim X. Recall that X has the homotopy type of a smooth manifold S of
real dimension at most n. If S is noncompact or S is not orientable or dim S < n,
then H"(X) = H"(S) = 0. Hence, the volume form can fail to be exact only if S is
compact and orientable and dim S = n; then H"(X) is 1-dimensional.

Let us explain some of the terms in the theorem. We adopt the popular definition
of chaos due to Devaney [4] and simplified by Banks et al. [3]: an endomorphism is
chaotic if it has a dense forward orbit and its periodic points are dense. An equivalent
and, for our purposes, more convenient formulation was given by Touhey [19]: an
endomorphism is chaotic if and only if for every pair of nonempty open subsets, there
is a cycle that visits both of them.

A holomorphic volume form w is a nowhere-vanishing holomorphic section of the
canonical bundle. So a Stein manifold X as in the theorem has a trivial canonical bundle
(holomorphically trivial or, equivalently by Grauert’s Oka principle, topologically
trivial). To say that an automorphism f of X is volume-preserving with respect to w
means that f*@ = w. Then f also preserves the real volume form w A ®.

The group Aut(X) of holomorphic automorphisms of X is a topological group
with respect to the compact-open topology, which is defined by a complete metric.
The volume-preserving automorphisms form a closed subgroup Aut,,(X). Theorem 1
states that Aut, (X) contains a dense G subset consisting of chaotic automorphisms.

The volume density property of X with respect to w was introduced by Varolin [21]
(see also [7, Sect. 4.10]). It means that in the Lie algebra g of holomorphic vector fields
v on X whose w-divergence vanishes (meaning that the Lie derivative of w along v is
zero or, equivalently, that the contraction v]w is a closed form), the complete fields
generate a dense subalgebra. Here, v is called complete if its flow exists for all complex
time; the w-divergence of v vanishes if and only if the time maps of its flow preserve w.
For a Stein manifold of dimension at least 2, the Lie algebra g is infinite-dimensional.

LAl cohomology in this paper is complex de Rham cohomology.
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1746 L. Arosio, F. Larusson

If a Stein manifold X has the volume density property, then its tangent bundle
is spanned by finitely many complete holomorphic vector fields of divergence zero.
Hence X admits a dominating spray, so it is elliptic in the sense of Gromov and
therefore an Oka manifold. Also, if dim X > 2, then the group Aut,,(X) acts infinitely
transitively on X, that is, k-transitively for every k > 1. For these and several other
properties of Stein manifolds with the volume density property, see [11, Sect. 2].

The first example of a Stein manifold with the volume density property (besides
the trivial examples C with dz and C* with dz/z) is C*, n > 2, with the standard
holomorphic volume form wy = dz1 A - - - A dz,; this is due to Andersén [2]. In this
important special case, Theorem 1 is not new. It was proved, although not explicitly
stated, by Fornzss and Sibony in their groundbreaking paper [6].

Theorem 2 (Forness and Sibony [6]) A generic volume-preserving holomorphic auto-
morphism of C"', n > 2, is chaotic.

In particular, C*, n > 2, has a chaotic automorphism. We do not know an explicit
example. By conjugating a chaotic volume-preserving automorphism, we see that
C™ has chaotic automorphisms that do not preserve volume. It is an interesting open
problem to describe the closure of the set of chaotic automorphisms in Aut(C").

In Sect. 2 of [6], Fornass and Sibony prove that a generic biholomorphic sym-
plectomorphism of C*, k > 1, is chaotic (their Remark 2.5 and Proposition 2.7). A
similar proof works for volume-preserving automorphisms of C*, n > 2. Let us call
an automorphism expelling if the G; set of points with unbounded forward orbit is
dense. Clearly, an automorphism with a dense forward orbit is expelling, so a chaotic
automorphism is expelling. The main step in Fornass and Sibony’s proof of Theorem 2
is their Theorem 3.1, which says that a generic volume-preserving automorphism of
C" is expelling. In their Remark 3.5, they point out that the proof of their Lemma 2.3
in the symplectic case can be adapted to the volume-preserving case. The proof of
Theorem 2 then goes through as in the symplectic case.

Peters, Vivas, and Wold showed that a generic volume-preserving automorphism
of C", n > 2, has a hyperbolic fixed point whose stable manifold is dense in C" [17,
Theorem 1.1]. This property can be interpreted as a kind of chaos. Their proof relies
on [6, Theorem 3.1] and may be generalised to the setting of Theorem 1. (The proof
of [17, Theorem 1.1] is not entirely correct. We thank the authors for kindly showing
us how to correct it.)

Theorem 3 Let X be a Stein manifold of dimension at least 2 satisfying the volume
density property with respect to an exact holomorphic volume form. A generic volume-
preserving holomorphic automorphism of X admits a hyperbolic fixed point whose
stable manifold is dense in X.

Peters, Vivas, and Wold point out that polynomial automorphisms with an attracting
fixed point at infinity are dense in Aut,,(C") [17, Remark 3.1]. It follows that the
residual subset of chaotic automorphisms has empty interior in Aut,,(C"). In [17,
Remark 3.1], they also point out that since a polynomial automorphism of C? either
has trivial dynamics or is conjugate by a polynomial automorphism to a composition
of Hénon maps, in which case it has an attracting fixed point at infinity, it cannot have
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a dense attracting set. For the same reason, a chaotic automorphism of C> cannot be
polynomial.

Let us recall some results and examples from Andersén—Lempert theory in order
to clarify the scope of Theorem 1. For more details, see [7, Sect. 4.10] and [11].

Most known examples of Stein manifolds with the volume density property are
affine algebraic manifolds with the algebraic volume density property. (The first non-
algebraic examples were found only very recently by Ramos-Peon [18].) An affine
algebraic manifold X with an algebraic volume form w is said to have the algebraic
volume density property with respect to w if the complete algebraic vector fields
with vanishing w-divergence generate the Lie algebra of algebraic vector fields on X
with vanishing w-divergence. (The time maps of a complete algebraic vector field are
in general not algebraic, only holomorphic.) The algebraic volume density property
implies the volume density property.

The known ways to obtain new manifolds with the volume density property or
the algebraic volume density property from old are very limited. The product of two
affine algebraic manifolds with the algebraic volume density property has the algebraic
volume density property (with respect to the product volume form), and the product
of two Stein manifolds with the volume density property has the volume density
property. The former result is not trivial and the latter is a deep theorem of Kaliman
and Kutzschebauch; see [11, Sect. 4]. It follows that if Y is a Stein manifold with the
volume density property, then X = Y x C is covered by Theorem 1.

Most known examples of manifolds with the algebraic volume density property are
captured by the following theorem of Kaliman and Kutzschebauch [13, Theorem 1.3].

Theorem 4 (Kaliman and Kutzschebauch [13]) Let X be an affine homogeneous space
of a linear algebraic group G. Suppose that X has a G-invariant algebraic volume
form w. Then X has the algebraic volume density property with respect to .

If w is exact, say if H"(X) = 0, where n = dim X > 2, then X is captured by
Theorem 1.

By Theorem 4, every connected linear algebraic group has the algebraic volume
density property with respect to a left- or right-invariant Haar form (this was first
proved as [10, Theorem 2]). For example, (C*)" has the algebraic volume density
property with respect to the volume form (z1 - - - z,) " 'dz A- - - Adz,,. Every connected
linear algebraic group is the semidirect product of its unipotent radical and a maximal
reductive subgroup. The exponential map of a unipotent group is a biholomorphism.
It follows that a connected nonreductive linear algebraic group G of dimension n > 2
has H"(G) = 0 and is covered by Theorem 1. On the other hand, a bi-invariant Haar
form on a reductive group (such as (21 - - - z,) ~'dz1 A - - - Adz, on (C*)") is not exact
[12, Proposition 8.6], so Theorem 1 does not capture any reductive groups.

Leuenberger [15] produced new examples of algebraic hypersurfaces in affine space
with the volume density property, including the famous Koras—Russell cubic

C={x,y,zw) eC*: x>y +x+24+w =0}

with the volume form x ~2dx Adz A dw. It is known that C is diffeomorphic to R® but
not algebraically isomorphic to C3 (in fact, the algebraic automorphism group does
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not act transitively on C). Whether C is biholomorphic to C? is an open question. By
Theorem 1, C has many chaotic volume-preserving holomorphic automorphisms.

We do not know whether the assumption on the volume form in Theorem 1 can be
removed. In particular, it is an open question whether chaos is generic for volume-
preserving holomorphic automorphisms of reductive groups. If chaotic automorphisms
are not dense, it will not be for purely topological reasons. Namely, let X be a Stein
manifold of dimension at least 2 with a holomorphic volume form w. Recall that X has
only one end. By a theorem of Alpern and Prasad [1, Theorem 3], chaotic homeomor-
phisms are dense with respect to the compact-open topology among homeomorphisms
of X that preserve the real volume form o A .

The remainder of the paper is organised as follows. In Sect. 2, guided by Varolin’s
proof of his [20, Lemma 3.2], we prove a preparatory theorem (Theorem 6) on small
volume-preserving perturbations of the identity with prescribed jets at finitely many
points.

In Sect. 3, we generalise Fornass and Sibony’s proof of their [6, Theorem 3.1] to
the setting of our Theorem 1 and establish the following result.

Theorem 5 Let X be a Stein manifold satisfying the volume density property with
respect to an exact holomorphic volume form. A generic volume-preserving holomor-
phic automorphism of X is expelling, meaning that the F, set of points with relatively
compact forward orbit is nowhere dense.

We do not know whether the assumption that the volume form is exact can be
removed. Let us call an automorphism f in Aut,,(X) robustly nonexpelling® if there
is a neighbourhood W of f in Aut,(X), a nonempty open subset V of X, and a
compact subset K of X such that g/ (V) C K forall g € W and j > 0. The proof of
Theorem 5 shows that if expelling automorphisms are not generic in Aut,,(X), then
X has a robustly nonexpelling automorphism (the converse is obvious). In Sect. 4,
we present some curious consequences of the existence of such an automorphism.
We hope that these results may help construct examples or prove nonexistence. By
Theorem 7, a robustly nonexpelling automorphism must possess a very peculiar orbit.
By Theorem 8, under a cohomological assumption that is satisfied for example by
reductive nonsemisimple groups such as (C*)", if expelling automorphisms are not
generic, then there is a nonempty open subset U of Aut,, (X) such that forevery f € U,
there is s > 2 such that the s-th power map Aut, (X) — Aut,(X) is not open at f.
By contrast, for a Lie group, each power map is open outside a proper subvariety, so
at a generic point they are all open.

In Sect. 5, we use [20, Theorem 2] to reduce Theorem 1 to Theorem 5. Finally, in
Sect. 6, we show how to generalise Peters, Vivas, and Wold’s [17, Theorem 1.1] to
Theorem 3 using Theorem 5.

2 Perturbations of the Identity

Let X be a complex manifold, Z»(X) be the Lie algebra of holomorphic vector
fields on X, and J*(X) be the complex manifold of k-jets of holomorphic maps from

2 We thank an anonymous referee for suggesting this term.
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open subsets of X into X. We denote the k-jet of a map f atx € X by j)’f(f). Each
v € Zp(X) with flow ¢! induces pi(v) € 25 (J*(X)) with flow

0y () = ji (@l o f).

The map pj sends complete vector fields to complete vector fields and defines a
continuous monomorphism of Lie algebras py : Z(X) — 25(J5(X)).

If g is a Lie subalgebra of 25 (X), then py(g) is a Lie subalgebra of 25 (J*(X)).
If g has the density property, meaning that the Lie subalgebra of g, or equivalently the
vector subspace of g, generated by the complete fields in g is dense in g, then py(g)
has the density property as well.

A holomorphic automorphism v of X induces a holomorphic automorphism v
of J¥(X) in the obvious way: ¥ j*(f) = j¥(¥ o f).If v is a complete holomorphic
vector field on X, then

((0:))# = ‘P;k(v) .

Denote by Autg(X) the subgroup of Aut(X) generated by the time maps of complete
vector fields in g. Then

Autg(X)# = Aut, ) (JX(X)).

The orbit of g through p € X, denoted Z4(p), consists of all points in X of the
form goim 0---0 (pil (p), where vy, ..., v, € g and the expression makes sense. By
the orbit theorem [9, Theorem 1, p. 33], Z4(p) is an immersed complex submanifold
of X.

For the remainder of the section, let X be an n-dimensional Stein manifold, n > 2,
with a holomorphic volume form w, and let g be the Lie algebra of holomorphic vector
fields on X of w-divergence zero. Assume that X has the volume density property with
respect to w, that is, that g has the density property.

The next result is essentially [20, Lemma 3.2].

Proposition 1 Let xo € X and U be a neighbourhood of idy in Aut,(X). There is a
neighbourhood V of j& (idx) in %y, (g)(j¥ (idx)) such that for all y € V, there is

hy € U with j§ (hy) =y.

Proof By the Hermann—Nagano theorem [9, Theorem 6, p. 48], there are vy, ..., vy, €

gsuchthat pi(vy), ..., px(vy,) € pi(g) formabasis for the tangent space of ), (g) (b)

ath = j)’fo (idx). Since g has the density property, we may assume that each v; is the

sum of complete vector fields in g. Hence we may assume that vy, . . ., v, are complete.
Define a continuous map

@ :C" — Aty o) (J (X)), (1, otw) > @ o0l

The holomorphic map C" — Z,, (4)(b), t = ®(¢)(b), is a submersion at b, so it
admits a holomorphic section o on a neighbourhood W of b with o (b) = 0. The
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1750 L. Arosio, F. Larusson

continuous map W = ® o o takes values in Aut, g)(J k(X)) with W(b) = id and
Y(y)(d) = y forall y € W. Let V be a neighbourhood of b such that ¥ (V) C U,
and for each y € V, take h, € Autg(X) such that (h,)s = ¥ (y). O

We need to be able to work with a finite number of points simultaneously.

Let Yy ,, denote the configuration space of m-tuples of distinct points in X. If v is
a vector field on X, then @v denotes the vector field on Yx ,, with ®v(xy, ..., xpm) =
(v(x1), ..., v(xy)), where we have identified T(y,, . x,)Yx.m With Ty, X®-- - & Ty, X.
Note that @g is a Lie algebra with the density property on Yy ,,.

The same argument as above gives the following result.

Proposition2 Let x1, ..., x;, be distinct points in X. Let U be a neighbourhood of
idx in Aut,(X). Denote the point (j¥ (idx). ..., jt (idx)) in Y i), by b. There is
a neighbourhood V of b in Zap, () (b) such that forall y = (y1, ..., vm) € V, there
ish, €U withjfj(hy) =yjforj=1,....,m.

Note that if v is a holomorphic vector field with a zero at p € X, then d,v is a
well-defined C-linear endomorphism of 7, X.

Proposition 3 Let x1, ..., x,, be distinct points in X. For j = 1,...,m, let A; be
a C-linear endomorphism of Tx; X with zero trace. There exists a divergence-free
holomorphic vector field v on X suchthat v(x;) = Oanddy;v = Ajforj=1,...,m.

Proof Let ¢; be a holomorphic coordinate on X near x; with ¢;(x;) =0 and 0 =
@i(dzi Ao Adzy). Let

Bj =dy;pj0Ajo(dp)" €sl,(C).

Take mutually disjoint open balls centred at x1, .. ., x,,. Define a holomorphic vector
field x on their union €2 to be constantly equal to (p7 Bj near x;. Then yx is divergence-
freeand dy; x = A;.

Consider the closed holomorphic (n—1)-forma = x |won Q. Since H"~!(Q) = 0,
there is a holomorphic (n — 2)-form B on €2 such that d8 = «. Find a holomorphic
(n — 2)-form 8 on C" such that jfjﬁ = jfjﬂ forj=1,...,m.

Let & = df and define a divergence-free holomorphic vector field v on X by
& = v]w. Then j)}j& = j)}ja, SO j)}l_v = j}jx forj=1,...,m. O

Here, finally, is the main result of this section.

Theorem 6 Let X be a Stein manifold of dimension n > 2, satisfying the volume
density property with respect to a holomorphic volume form w. Let x1, ..., Xy be
distinct points in X. Let u € Ty, X, u # 0. Every neighbourhood of idy in Aut,(X)
contains an automorphism h such that

() h(xj) =xjforj=1,...,m,
) dxjh=idf0rj=2,...,m,
(3) dy h(u) = au, with o > 1.
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Proof Choose an isomorphism of Ty, X with C" taking u to (1,0, ...,0). Let A| €
sl,(C) be the diagonal matrix with diagonal entries 1, —1,0,...,0 andlet A; = 0
forall j =2, ..., m.Let v be the vector field given by Proposition 3 and let ¢!, be its
flow. We have a continuous map

¥ :10,00) = Rep () Uiy, (dx). ... i), (dx)).  v(@) = (i), (@h). ... ), (b)),

such that y (0) = (j)}1 (idx), ..., jjm (idx)) and y (¢) satisfies (1), (2), (3) forall ¢ > 0.
Proposition 2 completes the proof. O

3 Genericity of Expelling Automorphisms

This section contains the proof of Theorem 5. We let X be a Stein manifold satisfying
the volume density property with respect to an exact holomorphic volume form w.
We will show that a generic volume-preserving holomorphic automorphism of X is
expelling. This is obvious for the sole 1-dimensional example of X = C with w = dz,
so we will assume that n = dim X > 2.

For f € Aut,(X), let K f be the set of x € X such that the forward orbit { f J(x):
J = 0} is relatively compact in X. Note that K¢ is F. Indeed, if (Ag)r>0 is an
exhaustion of X by compact subsets, then for each £ > 0, the set K ;‘c of x € X such
that fj (x) € Ay forall j > 01is a compact subset of X, and clearly, K y = U K;i.

k=0

Our goal, therefore, is to show that for a generic f € Aut,(X), the G5 set X \ K is
dense in X.

Claim 1 It suffices to show that

k= |J Kkrx{f)

feAut,(X)

has empty interior in X x Auty,(X).

Proof Assume that K has empty interior. Let B € X be open, let k > 0, and consider
the closed subset of Aut,,(X) with empty interior defined by

E% = {f € Aut,(X) : f/(B) C Ay forall j > 0}.

Let Z be a countable basis for the topology on X, consisting of relatively compact
open subsets, and consider the union

F= ] E}
Be%,k>0

Since Aut,(X) is a Baire space, F is an F,; subset of Aut,(X) with empty interior.
Its complement is a dense G, and for every f in the complement, by Baire, the set
K y has empty interior. O
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1752 L. Arosio, F. Larusson

We assume that the interior of K is not empty. We will eventually arrive at a
contradiction. If the closed set

Ki = {(x, f) € X x Auty(X) : f/(x) € A forall j > 0}

had empty interior for all k > 0, then K = | K} would have empty interior too,
k>0

since X x Aut,(X) is a Baire space. Hence Uy = K} # @ for some k > 0. Choose

(x0, fo) € Uk and let

Ap ={x e X :(x, fo) € Ur}.

Clearly, A 7, is open, relatively compact, and forward invariant by fp, thatis, fo(A 5) C
Ag.

Claim 2 A, is completely invariant by fo, that is, fo(Ajz) = Ag.

Proof Since fj is volume-preserving, every connected component Qg of A z, is for-

ward invariant by some iterate fo/ . Assume that j = 1 (otherwise consider foj instead
of fp). We will show that f(209) = 0. There is a subsequence ( fél ) converging
uniformly on compact subsets of 2o to a holomorphic map g : Q9 — X. Since
fo is volume-preserving, g is injective by Hurwitz’ theorem. Let x € € and let
V € g(Rp) be a neighbourhood of g(x). By [5, Theorem 5.2], V is eventually con-
tained in f(;' k(Q0), so V C Q. Moreover, ( fo_"") converges to g ! |. By passing to
a subsequence, we may assume that my = ngy1 — ny strictly increases to 0o, so, on
V, fo'* converges to idy. By Vitali’s theorem, this implies that f)"* converges to idg.
Again by [5, Theorem 5.2], any compact set in 2 is eventually contained in f(;” k(Qo),
that is, fo(S20) = Qo. O

Claim 3 The point xq is not periodic for fy.

Proof Suppose that xq is periodic for fi with period m. Assume that the differential
dy, fy" admits an eigenvalue with absolute value A strictly bigger than 1. Then for each

j =1, the map fom T A fo —> Ay, admits an eigenvalue with absolute value A Let
y be a holomorphic disc in A 7, tangent to an associated eigenvector. Then the family

of holomorphic discs fg" S y:D— Ay €@ X, j > 1, contradicts Cauchy estimates
at xo.

Since fp preserves the holomorphic volume form w, its holomorphic Jacobian
determinant is 1. Hence, if d,, f;" has no eigenvalue with absolute value strictly bigger
than 1, then all the eigenvalues of d, f(’)" have absolute value 1. Assume this. Let v

be an eigenvector for dy, f". Let x; = foj (xp) for j > 0. By Theorem 6, there is
h € Aut,(X) such that

(1) h is arbitrarily close to idy,

(2) h(xj)=xjfor j=0,...,m— 1.
(3) dyyh(v) = av, witha > 1,

(4) dy;h=idforj=1,....m— 1.
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Let f1 = ho fy. Then xg is a periodic point of period m for f; and v is an eigenvector
of dy, f{" whose eigenvalue has absolute value strictly greater than 1. If & is close
enough to idy, then f] is close enough to fj that the point (xo, f1) belongs to Uy. We
obtain a contradiction as before. O

Every connected component of A y, is periodic. Let £2¢ be a connected component
and let 2 be the union of all the connected components in the fj-cycle of €2p. Then
fo € Aut(R2). Since 2 is a relatively compact open set in a Stein manifold, it is
Kobayashi-hyperbolic, so Aut(£2) is a real Lie group.

Claim 4 The closure G in Aut(S2) of the group generated by fo is a compact abelian
Lie subgroup of Aut(2).

Proof 1Tt is clear that G is an abelian Lie subgroup of the closed subgroup Aut,, (£2) of
Aut(€2). Since Q2 is relatively compact in the Stein manifold X, it follows that (€2, 2)
is relatively compact in &' (£2, X). Hence, to show that G is compact, it suffices to show
that Aut,,(2) is closed in (€2, X). Let (g;) be a sequence in Aut,,(£2) converging
uniformly on compact subsets of €2 to a holomorphic map g : 2 — X. Arguing as in
the proof of Claim 2, we find that g is injective, volume-preserving, and g(2) C €.
Now consider the sequence of inverses (gj_l) in Aut, (€2). Montel’s theorem yields a
subsequence converging to a holomorphic map # : 2 — X. Arguing as before, we
obtain that 2 (2) C €2, so g(2) = Q. O

Every compact abelian Lie group is isomorphic to T¢ x A, where A is a finite
abelian group, £ > 0, and T is the circle. If £ = 0, then G = A is a finite abelian
group, and it follows that some iterate of fj is idg, contradicting Claim 3. Hence,
£ > 1. The action of G on €2 is continuous and hence real-analytic [14, Satz 6]. The
G-orbit Gg of each g € Qp is a compact real-analytic submanifold of X (without
boundary and not necessarily connected).

Claim 5 Every orbit Gq, q € Q, is totally real.
The claim is an immediate consequence of the following result.

Proposition 4 Let a torus T act by biholomorphisms on an open subset V of a Stein
manifold M. Then every orbit is totally real.

Proof Let E be the holomorphic envelope of V. It is a Stein Riemann domain 7 :
E — M with a holomorphic embedding ¢ : V — E such that & o is the inclusion
V <> M. The action can be extended to a T*-action by biholomorphisms on E. Hence
we can assume that V is Stein.

By Heinzner’s complexification theorem [8], there exists a Stein manifold V con-
taining V as an open subset, such that the action of T on V extends to an action of
the complexification (C*)¢ on V. Let 1, be the (C*)‘-stabiliser of g € V. The action
induces an injective holomorphic immersion W, : (C*/11 — V, whose image is
the (C*)¢-orbit of ¢. Let Ty - (C*)t — (C*)*/14 be the quotient map and consider the
compact real Lie subgroup 7, (T¢) of (C*)¢/19. We will show that Ty (T*) is totally
real in (C*)¢/19; it follows that the T*-orbit W, (1, (T%)) of ¢ is totally real.
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By the classification of abelian complex Lie groups [16], (C*)¢/I9 is isomorphic
to a product H x C" x (C*)%, where H is a complex Lie group with no nonconstant
holomorphic functions. Since V is Stein, H is trivial, so 7, (T%) is contained in the
totally real maximal torus in (C*)*. m|

Next we show that there is ¢ € Q20 whose orbit Gg is &'(X)-convex. The special
orbit Gg will then have a basis of open neighbourhoods that are Stein and Runge. We
denote by K the &'(X)-hull of a compact subset K of X.

Lemma 1 Let qo, q1 € Q0. If q1 € Eq\o\ Gqo, thengq\l C Eq\o\ Gqo.

Proof From the group action, it is clear that Gg; C Eq\o, SO Eq\l C Eq\o, and Gg1 N
Gqo = 9. We need to show thatgq\lﬂ Ggo=9

Let the uniform algebra A consist of those continuous functions on the compact set
65]\0 that are uniform limits of holomorphic functions on X. It is well known that A
has a peak point in Ggg. Using the group action, we see that every point in Gqo is a
peak point for A.

Now let p G/G\qo. Since p is a peak p(glt\for A, thereis f € Awith |f(p)| =1
but | f| < 1on Ggo \ {p} D Gqi1,s0 p ¢ Gq1. O

Claim 6 There is g € Q20 whose orbit Gq is O(X)-convex.

Proof We define a partial order on the set {@7 : p € o} by reverse inclusion:
Gq < Gp if and only if Gp - Gq
__For Gq to be maximal means that if Gp C Gq, then Gp = Gq It follows that
Gq = Gq. Indeed, if there is a point p € Gq \ Gq, then by Lemma 1, Gp Gq
Let € be a totally ordered subset of {Gq q € Qo}. The intersection ﬂ % is not
empty by compactness. Take ¢ € [ %. Then é?] is an upper bound for €. Zorn’s
lemma now provides a maximal element. O

From now on we fix ¢ € Qo such that Gq is & (X)-convex. Since Ggq is totally
real, dim Gg < n. By Claim 3, dim Gg > 1. Next we use the assumption that  is
exact to rule out dim Gg = n. This is the only place in the proof of Theorem 5 where
exactness of w is used.

Claim7 dim Gg < n.

Proof Suppose that dim Gg = n. Then Gg may be identified with a Lie group of the
form T" x A, where A is a finite abelian group, embedded as a totally real real-analytic
submanifold of X. In suitable local holomorphic coordinates z1, ..., z, on X at each
of its points, Gq is defined by the equations Imz; =0, ..., Imz, = 0, so |4 has no
zeros. On the other hand, since w|g, is exact and invariant under the action of f and
hence the action of G and the action of Gq on itself, we conclude that w|g, = 0. O

We have established that 1 < dim Gg < n — 1. Take s > 1 such that f(f is in the
identity component G of G. There is a 1-parameter subgroup (g;);cr of Go such that

d
= f;- Consider the vector field § = o 8t on €. It is holomorphic, divergence-
t=0
free, tangent to the G-orbits in €2, and it does not have any zeros, for if it did, fy would

have a periodic point in €2, contradicting Claim 3.
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Claim 8 There is a Stein and Runge neighbourhood U of Gq such that & is uniformly
approximable on compact subsets of U by divergence-free holomorphic vector fields
on X.

Proof Recall the bijective correspondence between divergence-free holomorphic vec-
tor fields & and closed holomorphic (n — 1)-forms g given by 8 = & Jw. On a Stein
and Runge open subset U of €2, the vector field £ is approximable by divergence-free
holomorphic vector fields on X if and only if &€ |w is approximable by closed holo-
morphic (n — 1)-forms on X, which is the case if the cohomology class of & |w in
H"~Y(U) lies in the image of H"~!(X).

Let W be a tubular neighbourhood of Gq. It suffices to show that the cohomology
class of & |w in H"~ (W) is zero. In fact, the restriction of £ |w to Ggq is zero as
a form and not only as a cohomology class. This is clear if dimGg < n — 2. If

dim Gg = n — 1 and we take vectors vy, ..., v,—1 in the tangent space of Gg at
x € Ggq, then the vectors &£(x), vy, ..., v,—1 are linearly dependent because & is
tangent to Gq, so § Jw (v, ..., vp—1) = w(§(x), vy, ..., Vv—1) = 0. O

By Claim 8, we can approximate & by a divergence-free holomorphic vector
field 7 on X uniformly on Gg. Since X has the volume density property, 7 can be
approximated uniformly on Gg by a vector field n which is the sum of complete

divergence-free holomorphic vector fields vy, ..., v, on X. Let (ptj be the flow of v;.
Let 1 approximate & so well that n has no zeros in Ggq.
Fort € C, let

U, =¢"o---0¢! € Aut,(X).

Note that

d
— W, (x) =n(x) forallx € X.
at =0

Recall our assumption that (xq, fo) € Uy, so Q2 x{ fo} C Uk. Since Uy is open and G¢q
is compact, there is a neighbourhood W of fp in Aut, (X) such that Gg x W C Ugy.

Since W; — idx ast — 0, there is § > 0 such that ¥; o fy € W when |t| < 8.
Hence

(W, o fo)) (x) € Ay when|t| <8, x € Gg, j = 0.

Let ||-|| be a hermitian metric on X. Cauchy estimates show that there is a constant M
such that for all x € Gg and j > 0,

9 .
H 5(% o fo)’ (x) <M.

t=0

To elucidate how we will obtain a contradiction, let us pretend that W; commutes
with f. Then
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0 . d ;
Wi fl)| = 15%0‘0’

)

t=0

t=0

# 0 for all x € Gg, we have
1=0

0
but si — v
ut since a7 1 (x)

min >0,

yeGq

a‘I’()
Y ty

t=0

contradicting the estimate above.
In reality, we use the fact that fy and £ commute, that is,

dx fo(§(x)) = §(fo(x)) forallx € Q.

is

0 )
By the chain rule, the derivative 3 (W; o fo)! (x)
=0

a .
—wt(fd

+dj (x)fo( \Ijt(f ()C))

)
=0

1Cf3 () d ot fon (™ G +d 2 f (] ) + -+

=)

by 17 ( w20

that is,

Let

J
M= sup |dxfyll,
xeGgq, j>0

which is finite since the images of the maps foj near Gq are contained in Ay € X.
Let

¢ = min ||EXx)| > 0.
xeGq

Assume that [|€ — 5| < ﬁ on Gg. Then forx € Ggandi =0, ..., j — 1,

Il -1 o o (nCF ™ ) = &S CNll = gy S (0 0) = 6 @)l <

l\)\n

0
Again we obtain a contradiction. Namely, for x € Gg, the derivative E(\IJ, o

fo)l (x) is bounded as j — oo, but is also within %j of j.§(f0j (x)), whose norm
t=0
is at least cj.
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4 Robustly Nonexpelling Automorphisms

Much interesting information can be extracted from the proof of Theorem 5. First, the
following result is evident from the proof of Claim 1.

Proposition 5 Let X be a complex manifold. The expelling automorphisms of X form
a G subset of Aut(X).

Let X be a Stein manifold of dimension n > 2 satisfying the volume density prop-
erty with respect to a holomorphic volume form w. When w is not exact, it is an open
question whether expelling automorphisms are generic in Aut,,(X) or, equivalently
by Proposition 5, dense.

Theorem7 Let X be a Stein manifold of dimension n > 2 satisfying the volume
density property with respect to a holomorphic volume form w. Suppose that expelling
automorphisms are not generic in Aut, (X).

(a) Then X has a robustly nonexpelling volume-preserving holomorphic automor-
phism.

(b) Every robustly nonexpelling volume-preserving holomorphic automorphism
has a total orbit whose closure is the union of finitely many, mutually disjoint, n-
dimensional, holomorphically convex, totally real, real-analytic tori in X.

Proof This is immediate from an inspection of the proof of Theorem 5. The only
part of the proof that can fail, and that must fail if expelling automorphisms are not
generic, is the part where the existence of an orbit Gg of dimension n for the robustly
nonexpelling automorphism fj is ruled out. The proof shows that such an orbit is the
closure of a total fy-orbit as described above. O

For the next result, we assume that the class of w in H”(X) lies in the cup product
image of H'(X) x H"~'(X). In other words, w is of the form o A 8 + dy, where «
is a closed 1-form on X, B is a closed (n — 1)-form, and y is an (n — 1)-form (these
forms may be taken to be holomorphic). This is obvious if w is exact; in particular,
if H"(X) = 0. Recall that X has the homotopy type of a smooth manifold S of real
dimension at most n. If S is noncompact or § is not orientable or dim S < n, then
H"(X) = H"(S) = 0.1f S is compact and orientable and dim S = n, then H" (X)is 1-
dimensional, and by Poincaré duality, the cup product H Lxyx H"Y(X) - H"(X)
is a nondegenerate pairing. In particular, the cup product is surjective if H'(X) =
H"~1(X) is nontrivial. Thus the new assumption holds if H'(X) #0o0r H" 1(X) #
0.

If Y is a Stein manifold with the volume density property, then the new assumption
holds for X = Y x C*. If a connected linear algebraic group G of dimension n > 2 is
reductive but not semisimple, for example (C*)", then H'(G) = H"~!1(G) # 0, so
the new assumption holds for G. If G is semisimple, then H'(G) = H"Y(G) = 0.
Furthermore, a bi-invariant Haar form on a reductive group is not exact [ 12, Proposition
8.6]. Hence, the new assumption does not capture any semisimple groups.

Theorem 8 Let X be a Stein manifold of dimensionn > 2 satisfying the volume density
property with respect to a holomorphic volume form whose class in H" (X) lies in the
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cup product image of H'(X) x H"~V(X). Suppose that expelling automorphisms are
not generic in Aut, (X).

(a) There is a nonempty open subset U of Aut,,(X) such that for every f € U, there
is s > 2 such that the s-th power map Aut,(X) — Auty,(X) is not open at f.

(b) The closure of the total orbit described in Theorem 7 is the union of at least two
tori.

Proof By assumption, X has a robustly nonexpelling automorphism fy with an n-
dimensional orbit Gq as in the proof of Theorem 5. Write w = a A  + dy as above.
If B is exact on Gg, then so is w, which is absurd as shown in the proof of Claim 7.
Hence there is a nonzero class b in the image of H"'(X) in H*! (Ggq), namely the
class of B.

Recall the identification of Gg with the Lie group T" x A, where A is a finite
abelian group. Every class in H"~!(Gg) has a unique T”-invariant representative.
The assignment & — [& |w] is an isomorphism to H"~!(Gg) from the space of T"-
invariant real-analytic vector fields on Gq. Let & have [ Jw] = b. Then & has no zeros
and extends to a Gy-invariant divergence-free holomorphic vector field on a Stein and
Runge neighbourhood U of G¢q (as before, G denotes the identity component of G).
As in the proof of Claim 8, we can show that £ is uniformly approximable on compact
subsets of U by divergence-free holomorphic vector fields on X.

The contradiction at the end of the proof of Theorem 5 now goes through in either
of two circumstances. First, recall that s > 1 was chosen so that fg € Gy. If the
image of the neighbourhood W of fj under the s-th power map is a neighbourhood
of £, then the contradiction goes through with fj replaced by f. Also, note that at
the beginning of the proof of Theorem 5, we made a choice of (zg, fo) from the open
set Ug. Thus (a) is proved. Second, if Ggq is connected, then & is fp-invariant and the
contradiction goes through unchanged. This proves (b). O

5 Genericity of Chaotic Automorphisms

In this section we prove Theorem 1. We assume that X is a Stein manifold of dimension
at least 2 satisfying the volume density property with respect to an exact holomorphic
volume form w. We will show that Aut,,(X) contains a dense G5 subset consisting of
chaotic automorphisms. Let U and V be nonempty open subsets of X and let

A ={f € Aut,(X) : f has a transverse cycle through U and V}.

Recall that a fixed point p of an automorphism g is said to be transverse if the derivative
of g at p does not have 1 as an eigenvalue. A cycle of g of length & is called transverse
if the points of the cycle are transverse fixed points of gX. Since transverse fixed points
are stable under perturbation, A is open. Hence, by Touhey’s formulation of chaos, it
suffices to show that A is dense in Aut,,(X).

Let f € Aut,(X). We need to show that f can be uniformly approximated on any
compact subset K of X by elements of A. By Theorem 5, we may assume that both
fand £~ are expelling. We may also assume that K is ¢/(X)-convex.
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Choose p € U such that neither the forward f-orbit nor the backward f-orbit
of p is contained in f(K). Choose g € V with the same property. Then there are
ni,ny, mi, my > 1 such that the points f™1+1(p), f="2(p), f™+(q), f™(q) lie
outside f(K). By [20, Theorem 2], there is g € Aut, (X) such that

(1) gisasclose toidy as desired on f(K),

() g(f"(p)) = f"(p) and dpnpyg =id for —n» < n < ny,
(3) 8(f"(q)) = f"(q) and dym(gg = id for —my < m < my,
@) g(f" T (p) = F"(q) and d puy 1,8 = Li.

(5) g(f™*(g) = f(p) and d pmy 11,8 = Lo,

where L1, L, are linear isomorphisms that preserve w such that
L2 o df—m2 (q).fn11+m2+l o L] o df_"Z (P) fn1+n2+l
has no eigenvalue equal to 1. Let # = g o f. Then the points

IR NP T ) M ()

form a transverse cycle for 4 passing through U and V. Thus & € A and h approximates
f as well as desired on K. The proof of Theorem 1 is complete.

6 Genericity of Dense Stable Manifolds

In this section we prove Theorem 3. We continue to assume that X is a Stein manifold
of dimension at least 2 satisfying the volume density property with respect to an exact
holomorphic volume form w. We show that a generic volume-preserving holomorphic
automorphism of X admits a hyperbolic fixed point whose stable manifold is dense
in X.

Denote by X 7 (p) the stable manifold of a hyperbolic fixed point p of f € Aut,, (X).
Preservation of volume implies that p is not repelling, so its attracting dimension is
at least 1. In suitable holomorphic coordinates, p is the origin and X ¢ (p) is locally
a graph I' ¢ (8) over a small polydisc. Let d be a distance inducing the topology on
X, and let k be a distance inducing the topology on Aut, (X). Let {¢1, ¢2, ...} be a
countable dense subset of Aut,, (X).

Lemma2 For each j > 1, there is ;j € Aut,(X) with a hyperbolic fixed point p
such that k(Yj, ;) < }

Proof Let j > 1. Let K C X be compact and polynomially convex, and € > 0 be
such that every g € Aut,(X) with dx (¢, g) < € also satisfies k(p;, g) < % Let
p & ¢j(K)UK. By [20, Theorem 2], there is & € Aut,, (X) such that dy; k) (h, id) <
€, h(gj(p)) = p, and dy;(p)h o dpg; has no eigenvalues of modulus 1. Now take
l/fj =ho Qj. O

Denote p by n(y/j). Let m; > 1 be its attracting dimension. We can inductively
find numbers y; > 0 and compact subsets H; of X such that n(/;) € H? and such
that the open sets '
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= {h € Auto(X) : dg;(Yj. h) < v}

are mutually disjoint.

By [17, Lemma 1], for y; small enough, there is a neighbourhood U & H]? of n(¥;)
such that every 4 € B; admits a unique hyperbolic fixed point 7 (%) in U of attracting
dimension m ;, which varies continuously in the sense that if (¢;) is a sequence in
Aut, (X) such that de (h, £;) — 0, then n(¢;) — n(h). (Lemma 1 and Corollary 1,

cited below, stated and proved in [17] for C¥, are easily seen to generalise to our X.)
Foreach h € Bj, thereis § > 0 such that locally near n(h) in suitable holomorphic
coordinates, the stable manifold ¥, (1 (h)) is a graph I'j,(§) over a small polydisc

A"i(8) ={zeC":z; =0fori > mj, |zj| <Sfori <m;}.

Moreover, if (£;) is a sequence in Aut, (X) such that dH/. (h, £;) — 0, then for large
i the stable manifold X, (n(€;)) is, locally near n(h), a graph I'¢, (§) over A™i(3)
converging to I';(8) in the Hausdorff distance.

Define A = (J B;. Clearly A is open and dense in Aut,, (X).
izl

Lemma3 Letqg € X and € > 0. The subset

Ulg,e) ={feA:dErn(f),q) <€}
of Aut, (X) is open and dense.

Proof By [17, Corollary 1], U(q, €) is open. We show that it is dense. Let f €
Auty,(X). Let K C X be compact and § > 0. We will show that there is g € U(q, €)
with dg (f, g) < 8. Since A is open and dense, and by Theorem 5, we can find an
expelling automorphism f € Aut, (X) such that dg ( f =3 8 and such that there is

j > lwith f € Bj. Replace K by a bigger &'(X)-convex compact set containing H;.
Choose ¢ € B(q, 5) whose forward f-orbit is not relatively compact. Let N > 1
be the smallest integer such that f N (g) € X\ K. The stable manifold Ef(’l( f )) is
not relatively compact, being biholomorphic to C"/, so there is x € X f(n( MH\K
such that f"(x) € K foralln > 1. ~ ~
Choose holomorphic coordinates near 1 ( f) such that X f~(n( f)) is locally a graph
Ff(é) as described above. Take M > 1 such that fM x) € Ff~(8). Let W be an 0'(X)-

convex neighbourhood of K containing neither FN () nor x.Let V be aneighbourhood
offN((i) andletg : [0, 1]xV — XbeaCl—smoothisotopy such thatforallz € [0, 1],

(1) ¢, : V. — X is holomorphic, injective, and volume-preserving,
(2) ¢:(V) is disjoint from W,

(3) WU g (V) is O(X)-convex,

@) o is~the inclusion of V into X,

S e1(fY@) = x.

There are relatively compact neighbourhoods U of g and Z of f M (x) such that
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(1) U C B(g. o)
@ Nuyev,

) ze Moo fNW).

By the Andersén—Lempert theorem for Stein manifolds with the volume density prop-
erty, there is a sequence (®;) in Aut, (X) such that ®; — id on W and ®; — ¢; on
V, uniformly on compact subsets. For j large enough, the automorphism g = f o ® j
satisfies the following conditions:

(1) g € B,

@) dg(f.g) < 3.

3) Z e "N,

@ T'g@®)NZ#a.

Hence U intersects the stable manifold X, (n(g)). O

Proof of Theorem 3 Let {g; : j > 1} be adense subset of X. Lete;, j > 1, be positive
numbers converging to zero. Since Aut, (X) has the Baire property, the intersection
N Ug j.€j) is a dense Gs. If f is an automorphism in the intersection, then the

j=1

stable manifold X s (n(f)) is dense in X. O
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