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Abstract Let (M, g) be a compact n-dimensional Riemannian manifold without
boundary and e, be an L?-normalized eigenfunction of the Laplace—Beltrami operator
with respect to the metric g, i.e.,

—Ager =2%e; and  lell 2 = 1.
Let X be ad-dimensional submanifold and du a smooth, compactly supported measure

on Y. It is well known (e.g., proved by Zelditch, Commun Partial Differ Equ 17(1-
2):221-260, 1992 in far greater generality) that

/Eex du =0 (Anigil) .

We show this bound improves to o (A "=t ) provided the set of looping directions,

Ly ={(x, &) € SN*X : ®&;(x, &) € SN*X for some t > 0}

has measure zero as a subset of SN*X, where here @, is the geodesic flow on the
cosphere bundle S*M and SN* X is the unit conormal bundle over X
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1 Introduction

In what follows, (M, g) will denote a compact, boundaryless, n-dimensional Rieman-
nian manifold. Let A, denote the Laplace-Beltrami operator and e;, an L?-normalized
eigenfunction of Ag on M, i.e.,

—Age; = 2%e; and lexll 2y = 1.

In [7], Sogge and Zelditch investigate which manifolds have a sequence of eigen-
functions e, with A — oo which saturate the standard sup-norm bound

-1
lexllzooary = O (A 2 )

They show this bound necessarily improves to o (A%) if at each x, the set of looping
directions through x,

Ly = {S € SIM : &,(x, &) € StM for some ¢ > 0}
has measure zero! as a subset of S¥M for each x € M. Here, @, denotes the geodesic
flow on the unit cosphere bundle S* M after time 7. The hypotheses were later weakened
by Sogge et al. [8], where they showed

n—1
lexlliqan = o (2°7)

provided the set of recurrent directions at x has measure zero for each x € M.

We are interested in extending the result in [7] to integrals of eigenfunctions over
submanifolds. Let X' be a submanifold of dimension d with d < n and a measure
du(x) = h(x)do (x) where do is the surface measure on X' and % is a smooth function
supported on a compact subset of X. In his 1992 paper [12], Zelditch proves, among
other things, a Kuznecov asymptotic formula

2

3 / ejdu| ~a 40 (A"‘d_l> , (1.1)
ajavE
where e; for j = 0, 1, 2,... form a Hilbert basis of eigenfunctions on M with
corresponding eigenvalues A ;. From (1.1) follows the standard bound
n—d—1
/ e du = 0(/\ 3 ) (1.2)
x

U Let ¥ 1 U; CR" — M be coordinate charts of a general manifold M. We say aset £ C M has measure
zero if the preimage 1//]-71 (E) has Lebesgue measure 0 in R" for each chart v/ ;. Sets of Lebesgue measure

zero are preserved under transition maps, ensuring this definition is intrinsic to the C® structure of M.
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1304 E. L. Wyman

which is sharp? in general. However, it should be noted that (1.1) implies that generic
eigenfunctions satisfy much better bounds. Indeed for any function R(A) — 400,
an extraction argument shows there exists a density one sequence of eigenfunctions
satisfying

/Zex du=0 (A—%R(x)) .

Though (1.2) is already well known and has been proven in stronger terms, we
state it here as a theorem. We do this for two reasons. First, it provides a baseline with
which to compare our main result. Second, we end up providing a direct proof in the
form of Proposition 2.1, which we will need for our main argument anyway.

Theorem 1.1 Let ¥ be a d-dimensional submanifold with 0 < d < n, and
du(x) = h(x)do (x) where h is a smooth, real-valued function supported on a compact
neighborhood in X. Then,
/ ejdu
b

2

=0 ().

AjE[A, A+1]

(1.2) follows.
We let SN* X denote the unit conormal bundle over X'. We define the set of looping
directions through X' by
Ly ={(x, &) € SN*X : &,(x, £) € SN*X for some ¢ > 0}.
A covector in Ly is the initial data of a geodesic which departs X' conormally and
eventually arrives again at ¥ conormally. Our main result is as follows.

Theorem 1.2 Assume the hypotheses of Theorem 1.1 and additionally that Ly has
measure zero as a subset of SN*X. Then,

/ e du
z

where C is a constant independent of 6 and A, and Cs is a constant depending on §
but not A.

2
< s g,

A€, A+4]

Sogge and Zelditch’s result [7] implies the theorem for d = 0. We adapt their
strategy to provide the proof for the remaining cases d > 1. The following theorem is
an immediate corollary of Theorem 1.2 and shows (1.2) cannot be saturated whenever
L 5 has measure zero in SN* X,

2 The standard examples take place on the sphere S”. In the d = 0 case, this bound is saturated by the
highest weight spherical harmonics. In the d = n — 1 situation, the bound is saturated by zonal functions
around the ‘equator.” In this section we show that, for any submanifold X in S”, there exists some sequence
of eigenfunctions saturating (1.2).
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Theorem 1.3 Assume the hypotheses of Theorem 1.2. Then,

/Eq du =o0 (An_g_l) .

We illustrate Theorem 1.3 in three settings: the torus, the sphere, and surfaces with
negative sectional curvature.

The torus Let T" = R" /2w Z" denote the flat, n-dimensional torus. Let X' be a small
patch of a sphere centered at 0 in T". Since all geodesics passing through X in the
conormal direction intersect the origin, the set of looping directions L 5 is countable
by the countability of Z" and hence has measure 0. The conclusion of Theorem 1.3 is
easily verified by the result [3, Proposition 3.5], which provides an essentially optimal
bound on the integrals of eigenfunctions over hypersurfaces in the torus.

Proposition 1.4 ([3]) Suppose X has nonvanishing Gaussian curvature in the torus.
Then,

/):exdu(x) -0 ()ﬁ””*’)

forall ¢ > 0, where we may set ¢ = 0 ifn > 5.

Applying this result to spheres yields a much better bound than suggested by Theo-
rem 1.3.

On the other hand if X is a closed hyperplane in T”, neither the hypotheses nor the
conclusion of Theorem 1.3 are satisfied. All geodesics departing X' conormally arrive
again conormally after some fixed, uniform time. At the same time, one can construct
a sequence of exponentials which are all identically 1 along X.

The sphere Let S" denote the n-dimensional sphere equipped with the standard metric.
Every geodesic in $” is periodic, so L5z = SN*X for every submanifold X. Hence,
no submanifold of S” satisfies the hypotheses of Theorem 1.3. As we will find, no
submanifold of S” enjoys the little-o improvement of Theorem 1.3 either.

The functional ideas here are Zelditch’s—Kuznecov formula (1.1) and the fact that
all eigenvalues are of the form

A=+Vk(k+n—-—1) forsomek =0, 1, 2,...
(see [5, Sect. 3.4] or [2, Theorem 3.1]). Lete; for j = 0, 1, 2, ... denote some Hilbert

basis of eigenfunctions on M with corresponding eigenvalues A ;. For each distinct
eigenvalue A, we construct an eigenfunction e, by

ZMZA (/Ze—jdaz elj/z.
(= o]

e, =
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1306 E. L. Wyman

Note [lexllz2p) = 1 and

) 172
/ ey do = Z /ejda (1.3)
X aj=n 1%
By Zelditch’s—Kuznecov formula (1.1), we have
2
/ ejdo| > An—d-l
=

rjelr, A+C]

for some large enough constant C. Moreover there are no more than C + 1 dis-
tinct eigenvalues in the interval [A, A + C] for each A. Hence in every interval of
length C, there exists A such that the right-hand side of (1.3) is bounded below by
P /</C +1, i.e., the bound in (1.2) is saturated.

Negatively curved surfaces We can use recent results to verify Theorem 1.3 for some
examples where M is a surface (n = 2) with negative sectional curvature. Chen and
Sogge [1] proved that if X is a geodesic in such a manifold M,

/ e du =o(1).
x

They consider a lift ¥ of X to the universal cover of M. Using the Gauss—Bonnet
theorem, they show for each deck transformation «, there is at most one geodesic
which intersects both ¥ and (%) perpendicularly. Since there are only countably
many deck transformations, £y is at most a countable subset of SN* X' and so satisfies
the hypotheses of Theorem 1.3. Since [1], Sogge et al. [9] have obtained an explicit
decay of O(1/4/TogX) while also allowing the sectional curvature of M to vanish
of finite order. Recently the author [10,11] obtained Chen and Sogge’s o(1) bound,
and more recently the explicit bound O(1/4/Tog}), if M has nonpositive sectional
curvature and the geodesic curvature of X' avoids that of circles of infinite radius.
These curves similarly have countable £ 5 provided they are sufficiently short.

2 Microlocal Tools

The hypotheses on the looping directions in Theorem 1.2 ensure that the wavefront

sets of u and '’ ~4¢ ;. have minimal intersection for any given ¢t away from 0. We
can then use pseudodifferential operators to break the measure u into two parts, the
first which has small essential support and the second whose wavefront set is disjoint

from that of ¢~/ ~4¢ . The following propositions will allow us to handle these cases,
respectively. The first proposition generalizes both [5, Lemma 5.2.2] and the standard
Theorem 1.1 and is our main technical result.

Before we proceed, we lay out some Fermi local coordinates which we will return
to repeatedly. Fix p € X, and consider local coordinates x = (x1, ..., x,) = (x/, X)
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Integrals of Eigenfunctions over Submanifolds 1307

centered about p, where x’ denotes the first d coordinates and x the remaining n — d
coordinates. We let (x’, 0) parametrize X on a neighborhood of p in such a way that
dx’ agrees with the surface measure on X. Let g denote the metric tensor with respect
to our local coordinates. We require

* 0 _
g= [01:| wherever x = 0,

where I here is the (n —d) x (n — d) identity matrix. This is ensured after inductively
picking smooth sections v; (x") of SNX for j =d +1,...,n with (v;, vj) = dij,
and then using

(X1s vy Xp) > €Xp (X101 (X)) + -+ + X0, (1)) 2.1

as our coordinate map. In these coordinates we write du (x) = h(x’) dx’ where £ is a
smooth, compactly supported function on R?.

Proposition 2.1 Let b(x, &) be smooth for & # 0 and homogeneous of degree O in
the & variable. We define b € lI/C(;(M ) by

b(x, D) f(x) = — f / B p(x, £)dy dé
Q) Jon Jon

forx, y, and § expressed locally according to our coordinates (2.1). Then,

Z /EbEde

AjE[X, A+1]

< C (/ / |b(_x/’ a))|2h(x/)2 dwdx/) )\n,d71 i Cbkn*d72’
Rd J gn—d—1

2

where C is a constant independent of b and X and Cy, is a constant independent of A
but which depends on b.

Note Theorem 1.1 follows by setting b = 1. The proof is based largely on that
of [5, Lemma 5.2.2]. We will come to a point in our argument where it seems like we
may have to perform a stationary phase argument involving an eight-by-eight Hessian
matrix. Instead, we appeal to [4, Theorem7.7.6] to break this process into two steps
involving two four-by-four Hessian matrices.

Proof For simplicity, we assume without loss of generality that du is a real measure.
Let x be a nonnegative Schwartz-class function on R with x (0) = 1 and x supported
on a small neighborhood of 0.3 It suffices to show

3 This reduction is standard and appears in [1,7], proofs of sup-norm estimates of eigenfunctions and the
sharp Weyl law as presented in [5,6], and in many other related problems.
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1308 E. L. Wyman
ZX()‘J' —A)‘/ bejdu
X

j
- / / 6O @) Ph(y) dwdy” ) 4+ 0 (A"_d_2>.
Rd Jgn—d-1

We may by a partition of unity assume that b(x, D) has small x-support. The left-hand
side is

2

D) I RTOER R ey et ey
;
! = it =) -
—> RO b(x, Dye;(0)b(y, Dyej(y) dr dya(x) du(y)
7=z )s )

L / / f ” R (e b A (x, y) dr dp(x) du(y), (2.2)
T JxJyJ-x

where here be!’v ~2¢b*(x, y) is the kernel

Zeitkjb(x’ D)gj(x)m
J

of the half-wave operator eIV =4 conjugated by b. Set € C3°(R) with small
support and where 8 = 1 near 0. Then,

f b(x', D) f(x)h(x") dx’
R4

1) l
(27‘[)” /n /n /];Qd o b(x ’ U)f(w)h(x/) dx/ dw d’?
(277)” /Rn / A;{d M B(log )b, ) f (w)h(x) dx’ dw dn
+0 ()F ) ’ 2.3)
where the second line is obtained by a change of variables n — A7, and the third line

is obtained after multiplying in the cutoff B(log |n|) and bounding the discrepancy by
O (A=) by integrating by parts in x". Additionally,

b*(z, D)du(z) =

1 ey E) ! N A/
e b(y, Oh(y)dy dg
(271)" R JRI

7 \ c
(zﬂ)n [ /R d b(y', DR(Y)dy' de

- /fR e O Blog 1EDb(, RGN dy g + 0 (A7)
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Al . ,

- / / e 0 B(log [c)B(1z — ¥ DB, ©R(Y)dy d¢
(Zﬂ)n n JRd

) (A_N) , (2.4)

where the second and third lines are obtained similarly as before and the fourth line
is obtained after multiplying by 8(log |z — ¥’|) and integrating the remainder by parts
in ¢.

We will use Hormander’s parametrix of the half-wave operator ¢!V~ on M to
treat the integral in 7. In local coordinates (2.1), we have

. 1 .
el _Ag(x, y) = Gy /R el(‘ﬂ(xyyf)'i'fp(y,é))q(t’ x, y, £)d&

modulo a smooth kernel where

Py, &) = Y gV (»EE),
j.k

where ¢ is a symbol in & satisfying bounds

0,4, x, v, ©)] = Cup(1 + )T

for all multiindices « and 8, and where ¢ is homogeneous of degree 1 in & and smooth
for & # 0 and satisfies

p(x v, §) = (x =y, &) + 0 (Ix = yPIg1). 2.5)

This parametrix is valid only when |#| and |x — y| are small. In fact, we may take ¢
to be supported on an arbitrarily small neighborhood of the diagonal x = y of our
choosing provided we only consider times 7 on a correspondingly small neighborhood
of 0. (See [6, Chap. 4] for a treatment of Héormander’s parametrix.)

Using Hormander’s parametrix,

| [ o
2 Ry T (w, 2)dr
—00
1 SR
= Gy / / OO 5 (1ot w. 2. E)dE di
—00 n
Ao
= —(27-[)n+1 / / ez)»(w(uv,z,é)ﬂ(p(z,’;‘)—l)))A((t)q(t7 w, 2, AE)dE dt
—00 n
I ]
- (2n)”+1/ / MO 2DHPEO-D) B(log p(z, £))R()q(t. w, 2, AE) dE
—00 n

+o (A_N) . (2.6)

@ Springer



1310 E. L. Wyman

Here the third line comes from a change of coordinates §& +— A&. The fourth line
follows after applying the cutoff B(log p(z, ¢)) and integrating the discrepancy by
parts in . Combining (2.3), (2.4), and (2.6), we write (2.2) as

s /“'/eidb(t’x,’y,’w’z’n’g'g)a()ﬂ nx' Y w oz, ¢8)

dx’dy’ dwdzdnd¢ d& + O (x—N ) 2.7)

with amplitude

1
aGut,x', Y wozon, 68 = W}?(l)q(l, w, z, A§)p(log p(z, §))p(lognl)

Bog DBz =y DoK', mb(Y', O

and phase

(p(t’ x/s y/v w, 2,1, gs E) = ('x, —w, 7)) +(p(ws 2, é) +t(l’(z’ S) - 1) + <Z _y/s {)'

We pause here to make a couple of observations. First, a has compact support in all
variables, support which we may adjust to be smaller by controlling the supports of x,
B, b, and the support of ¢ near the diagonal. Second, the derivatives of a are bounded
independently of A > 1. We are now in a position to use the method of stationary
phase—not in all variables at once, though. First, we fix ¢, x’, ¥/, and &, and use
stationary phase in w, z, 1, and . We have

Vo® = —n+ Vyp(w, z, §),

V. =Vo(w, z, §) +1tV;p(z, §) + ¢,
V@ =x" —w,

Ve® =z—y

which all simultaneously vanish if and only if
(w7 1, §) = (X/, y/v Vx(l’(x/s y/7 5)7 _Vy(/)(x/a y/7 E) - tvyp(y/v 5)) . (28)
At such a critical point we have the Hessian matrix

*

2 _ *k
Vuene®=| _1 o
1

SO ~O

which has determinant —1. By [4, Theorem 7.7.6], (2.7) is equal to a complex constant
times
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Integrals of Eigenfunctions over Submanifolds 1311

[
)»"/ / f / etktb(r,x ,y ’S)a(k; t x/’ y/7 E)dx’dy’ dé’dl
—00 n JRd JRd

o0
+)Ln71/ / / / HMPUXY Ry (s 1, Xy, £)dx’ dy dE' de
—oo JR? JRA JRA

+0 <A‘N) 2.9)
where we have phase

o, x, Y, &) =, ¥, &) +1(p(y, §) = D),

amplitude

a t,x', Y E)y=an 1, Xy, w, zm, ¢, E)

with w, z, n, and ¢ subject to the constraints (2.8), where Ry is a compactly supported
smooth function in ¢, x’, y’, and &, whose derivatives are bounded uniformly with
respect to A, and where N can be taken to be as large as desired.

Write £ = (£/, &) and write & = rw in polar coordinates with » > 0 and w €
§"=4=1 The first integral in (2.9) is then written

o0 oo ;.
A" / / / f / / MU a1, 2,y )
—o0 JRY JRE JRA Jsn—d—1 JQ

"1 dr dw dg’ dx’ dy’ dt.

We will fix y” and w and use the method of stationary phase in the remaining variables
t, x', &, and r (a total of 2d + 2 dimensions). We assert that, for fixed y’ and w,
there is a nondegenerate stationary point at (¢, x’, &', r) = (0, y/, 0, 1). ® = 0
at such a stationary point, and after perhaps shrinking the support of a we apply [4,
Theorem 7.7.6] again to write the first integral in (2.9) as constant times

pArd-t /Rd /S L a(r; 0,5, Y, w)dy dw+ O (A”_d_z).

The proposition will follow after noting a(x; 0, y', ¥, @) = |b(y’, w)|*h(y’)? and
applying the same stationary phase argument to the second integral in (2.9).
We have

»P =p(y, & —1,

Ve® = Ve, y', &),

Ve ® = Vo', y', &) +1Vep(y, &),
P =0d,0(x', Y, &) +13,p(y, §).

Note for fixed y’ and w, (¢, x’, &', r) = (0, y’, 0, 1) is acritical point of @. Now we
compute the second derivatives at this point. We immediately see that 8393, V@,
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1312 E. L. Wyman

Vg,cb, 3, Ve @, and 3@ all vanish. Moreover, 3,9,® = 1 since p(y/, &) = r, where

& = 0. By our coordinates (2.1) and the fact that [gij li, j<a 1s necessarily positive
definite,

PO e = Y gikeiE = 24+ Y gikelg = r = p(y. re).

Jsk Jk=d

Hence, 8;Ve®@ = Ve p(y', £€) = 0. Since ¢ is homogeneous of degree 1 in &, at
& =0andr =0,

Vydr® = Vyudrp(x', ¥y, &) = Voo, y', ©) =0

since p(x’, ¥/, w) = O(|x' —y'|*) by (2.5) and the fact that (x’ — y’, @) = 0. Finally
by (2.5),

Veol', ¥, 8 + ) ="+ 0 (1 = y/P)
whence at the critical point
VeVe® =1,

the d x d identity matrix. In summary, the Hessian matrix of @ at the critical point
t x' &, r)=(0,5,0 1is

0 0 0 1
2 _ 0 = I O
vt’x/’s/’r¢ = 0 I O O
1 0 0O
which has full rank. This concludes the proof of Proposition 2.1. O

The second proposition, below, allows us to deal with the partition of u whose
wavefront set is disjoint from that of e!"™V =4y forr > 0.

Proposition 2.2 Let u and v be distributions on M for which
WF(u) N WE(v) = 0.

Then

tr—)/ el'v _Agu(x)mdx
M

is a smooth function of t on some neighborhood of 0.
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Integrals of Eigenfunctions over Submanifolds 1313

Proof Using a partition of unity, we write
I=>"A;
J

modulo a smoothing operator where A; € l,I/C({(M ) with essential supports in small
conic neighborhoods. We then write, formally,

/ v Agu(x)v(x)dx = Z/ Aj el gu(x)Akv(x) dx.

We are done if for each i and j,
/ Aje"V T4y (x) Aru(x) dx s smooth for 1] < 1. (2.10)
M

If the essential supports of A ; and Ay are disjoint, then A;Ak is a smoothing operator,
and so A’]‘fAkv is a smooth function and the contributing term

/u(x)e”v—AsAjAkv(x)dx
M

is smooth is #. Assume the essential support of A ; is small enough so that for each j
there exists a small conic neighborhood I”; which fully contains the essential support
of Ay if it intersects the essential support of A;. We in turn take I”; small enough so
that for each j, F] either does not intersect WF (1) or does not intersect WF(v). In the
latter case, Aiv is smooth and we have (2.10) as before. In the former case,

FjﬂWF (e”\’ _Agu) =@ for|t| K1

since both sets above are closed and the geodesic flow is continuous. Then
Ajeit\’ 7Agu(x) is smooth as a function of ¢ and x, and we have (2.10). O

3 Proof of Theorem 1.2

We make a few convenient assumptions. First, we take the injectivity radius of M to be
at least 1 by scaling the metric g. Second, we assume the support of du has diameter
less than 1/2 by a partition of unity. We reserve the right to further scale the metric g
and restrict the support of du as needed, finitely many times.

As before, we set x € C°(R) with x(0) =1, x > 0, and supp x C [—1, 1]. It

suffices to show
2
/ e, du
b))

S CT_I)\.n_d_l + CTAn—d—Z

Zx (i =)
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1314 E. L. Wyman

for T > 1. Similar to the reduction in the proof of Proposition 2.1, the left-hand side
is equal to

Z / / 1)) e (0e; () du(x) dia(y)
_Z/ f/)?(t)e"’m’_”ej(x)ej(y)dM(x)du(y)dt
T~ /) -l/x/x
~2nT Z/ / f Xt/ Tye e ej(x)e;(y) du(x) du(y) dr

ZJTT/ / / X(I/T)e —ith lta/—Ag(x y) dp(x) dpu(y) dt.

Hence, it suffices to show

‘ / / / Rt/ Tye e ™ =% (x, y)du(x) du(y) dt
—0JX JX

< g opan—d=2, 3.1

Let B € C3°(R) be supported on a small interval about 0 with 8 = 1 near 0. We cut
the integral in (3.1) into B(¢) and 1 — B(¢) parts. Since B(¢) X (¢/ T) and its derivatives
are all bounded independently of T > 1,

‘/ /;Lﬂ(l)i(t/T)e—ltk ltﬂ/ng(x y)dp(x) du(y) d

by the arguments in Proposition2.1. Hence, it suffices to show

‘ / /E /2 (1= BNt/ Tye ™ =4 (x, y)du(x) du(y) dt

<o opad2, (3.2)

Here we shrink the support of u so that 8(dg(x, y)) = 1 for x, y € supp u. We now
state and prove a useful decomposition based off of those in [7,8], and [5, Chap. 5].
We let L5 (supp i, T) denote the subset of Ly relevant to the support of 1 and the
timespan [1, T], specifically

Lyx(suppp, T) = {(x, §) e SN* T : &, (x, §) = (y, 1) € SN*X
for some ¢t € [1, T] and where x, y € supp u}.

Lemma 3.1 Fix T > 1 and ¢ > 0. There exists b, B € ng(M) supported on a
neighborhood of supp u with the following properties.

(1) b(x, D)+ B(x, D) = I on supp i.
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Integrals of Eigenfunctions over Submanifolds 1315

(2) Using coordinates (2.1),

f / Ib(x', w)|>dwdx’ <&,
Rd Sn—d—l

where b(x, &) is the principal symbol of b(x, D).
(3) The essential support of B(x, D) contains no elements of Lx (supp i, T).

Proof As shorthand, we write

SNeupp = = {(x, §) € SN* X' : x € supp pu}.

We first argue that £ 5> (supp i, T')isclosed foreach T > 1. However, L x (supp i, T')
is the projection of the set

[t x. 0 11, T x SNEyp, 52 @1(x, ) € SNy, T (3.3)

onto SN;‘upp HE, and since [1, T'] is compact it suffices to show that (3.3) is closed.
However, (3.3) is the intersection of [1, T] x SN Y with the preimage of

N ) Supp 14
SN{upp & under the continuous map

(tv X, %') g ®f(-x’ g)

Since SN, , ¥ is closed, (3.3) is closed.

Since Ly (supp i, T) is closed and has measure zero, there is b € C®(S*M)

supported on a neighborhood of SN;kuppMZ with 0 < 15(x, &) <1, E(x, &)= 1lonan

open neighborhood of Ly (supp i, T), and

/ / b(x', 0> dodx’ < e. (3.4)
Rd J gn—d—1

We set ¢y € C;°(X) to be a cutoff function supported on a neighborhood of supp
in M with ¥ = 1 on supp . We use the coordinates in (2.1) and define symbols

b(x, &) = Y (x)b(x, &/|&|)

and

B(x, §) = ¥ (0)(1 = b(x', §/I§D)),
along with their associated operators

1
Q)"

b(x, D) f(x) = / n / IO, £) f () dydg
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and

1

B, DY) =55

/ / ! B(x, £) f(y)dydE.
By construction,
B(x, D)+ b(x, D) = ¢ (x),
whose restriction to supp w is 1, yielding (1). (2) Follows from the definition of b(x, D)

and (3.4). We have (3) since the support of 1 — b(x, ) contains no elements of
Ly (suppp, T). |

Returning to the proof of Theorem 1.2, let X7 denote the function with

Xr(t) = (1= BuNZ(/T),

and let X7, denote the operator with kernel

1 N L
X7, y) = —— / R (e e 35 (x, y)dr.

2 J_ o

We use part (1) of Lemma3.1 to write the integral in (3.2) as

f f X506, ) dp(y) due(x) = f / BX7.,B*(x. ) du(y) dp(x)
>y JX >y JX

+ / / BX7.b*(x, ) dp(y) due(x)
> JX
+ / / X7, B*(x, v) du(y) du(x)
>y JX

+/ / bXrb*(x, y)du(y) du(x).
> Jx

We claim the first three terms on the right are Or (A‘N Yfor N =1, 2,... We will
only prove this for the first term—the argument is the same for the second term and
the bound for the third term follows since X7 ; is self-adjoint. Interpreting & as a
distribution on M, we write formally

/ / BX7,B*(x. ) du(y) du(x)
XY JX

- f f X7(x, ) B () BFa(0) dx dy
MJIM

i/oo )A(T(t)e_m‘/ eV A (B* ) (x) B*pu(x) dx dr. (3.5)
27 ) M
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Once we show
WF (ei’\/_AgB*u> NWE(B*1) = forallt e supp X7, 3.6)

the integral over M will be smooth in ¢ by Proposition2.2. Integration by parts in
t then gives the desired bound of O7(1~"). By the calculus of wavefront sets and
pseudodifferential operators,

£ *
WE(B™ ) C esssupp B N Ny, 2.

To prove (3.6), suppose (x, &) is a unit covector in WF(B*u). By part (3) of

Lemma3.l, &;(x, &) is not in SN;‘uppHE for any 1 < [t| < T. By propagation
of singularities,

WF (e”v _AgB*,u) — &, WE(B*0),
hence
WF (eit\/_AgB*u> NWE(B*u) =9 forl <|t| <T. (3.7)

Since the support of x has been made small, if there is (x, §) € SN§,,,, ¥ and some
¢t > 0in the support of (1 — B8(¢)) x (¢/ T) for which &, (x, &) € SNZ‘uppMZ, thent > 1
since the diameter of supp u is small and the injectivity radius of M is at least 1. We
now have (3.6), from which follows (3.5) as promised.

What remains is to bound

< A4l op a2, (3.8)

/ / bX7,b*(x, ¥) dp(x) da(y)
rJX

We have

bX7,b*(x, y) =Y X1 (%) — 1) bej(x)be; (y),
J

and so we write the integral in (3.8) as
2
ZXT (Aj —2) ‘/Eb(x, De;(x)dp(x)| . (3.9)
J

Note X7 satisfies bounds
IXr(D)| < CryA+ )™ forN=1,2,... (3.10)
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We dominate | X 7| by a step function

ZaT,kX[k,k+1)
keZ

satisfying similar bounds as | X 7| with coefficients

ary = sup |Xr].
[k,k+1]

Now,

2

ZXT (A =2) '/;b(X, D)e;(x)du(x)
J

= ZaT,k Z

keZ Aj—helk,k+1)

2
. (3.11)

/2 b(x, D)ej(x)du(x)

Using Proposition2.1 and part (2) of Lemma 3.1, we write

2

xj—relk,k+1)
<e(A+kl+ D" 4 C(r 4 k| 4+ D2,

2

/ b(x, D)ej(x)du(x)

Hence, (3.11) is bounded by

<Cr ZaT*k (8(|A + k| + 1)”_d_1 + Cp(|h + k| + 1)n—d—2)
keZ
<eCrA" 7 4 Cr A" fora > 1

by the bounds (3.10). Taking ¢ in part (2) of Lemma 3.1 small enough so that eCr < 1
yields (3.8). This concludes the proof of Theorem 1.2.
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of this paper.
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