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Abstract We prove mean curvature and volume comparison estimates on smooth
metric measure spaces when their integral Bakry—Emery Ricci tensor bounds, extend-
ing Wei—Wylie’s comparison results to the integral case. We also apply comparison
results to get diameter estimates, eigenvalue estimates, and volume growth estimates
on smooth metric measure spaces with their normalized integral smallness for Bakry—
Emery Ricci tensor. These give generalizations of some work of Petersen—Wei, Aubry,
Petersen—Sprouse, Yau and more.
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1 Introduction and Main Results

In [18], Petersen and Wei generalized the classical relative Bishop—Gromov volume
comparison to a situation where one has an integral bound for the Ricci tensor. Let’s
briefly recall their results. Given an n-dimensional complete Riemannian manifold M,
for each x € M let A (x) be the smallest eigenvalue for the Ricci tensor Ric : Ty M —
T.M, and
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Ric? (x) := ((n — DH — A(x))4+ = max {0, (n — DH — A (x)},

where H € R, the amount of Ricci tensor below (n — 1) H. Define

||Ricf’ HP(R) = sup (/ (Ricf)p dv) ' ,
B(x,R)

xeM

which measures the amount of Ricci tensor lying below (n — 1)H, in the L? sense.
Clearly, IIRicfllp(R) = 0iff Ric > (n—1)H. Alsoletr(y) = d(y, x) be the distance
function from x to y, and

¢(y) == (Ar —mp)+,

where my is the mean curvature of the geodesic sphere in M7, the n-dimensional
simply connected space with constant sectional curvature H. The classical Laplacian
comparison states thatif Ric > (n — 1) H, then A r < mp. Thatis to say, ifRic? =0,
then ¢ = 0. In fact this comparison result was generalized to integral Ricci tensor
lower bound.

Theorem A (Petersen—Wei [18]) Let M be an n-dimensional complete Riemannian
manifold. For any p > 5, H € R (assume r < #ﬁ when H > 0),

1

0 =DCp =) e ||p<r>}2 .

lpll2p(r) < [ T

Consequently, for any 0 < r < R (assume R < #ﬁ when H > 0), there exists a
constant C(n, p, H, R) which is non-decreasing in R, such that

1

1 1
Vi, R\  (V(x,r)\» e !
( Vi (R) > ( Vi () ) <C(m,p,H,R) (HRIC_ ”p(R)) ,

where V (x, R) denotes the volume of ball B(x, R) in M, and Vg (R) denotes the
volume of ball B(O, R) in the model space My, where O € My.

Petersen and Wei [18, 19] used these comparison estimates to extend many classical
results of pointwise Ricci tensor condition to the integral curvature condition, such as
compactness theorems, Colding’s volume convergence, and Cheeger—Colding splitting
theorems. Petersen and Sprouse [17] extended Petersen—Wei’s comparison results and
generalized Myers’ theorem to a integral Ricci tensor bound. Aubry [1] used integral
comparison estimates on star-shaped domains to improve Petersen—Sprouse’s diameter
estimate. He also got finite fundamental group theorem in the integral Ricci tensor
sense. For more results, see for example [1,2,8-11,19,23].

An n-dimensional smooth metric measure space, denoted by (M, g, e~/ dvg),is a
complete n-dimensional Riemannian manifold (M, g) coupled with a weighted vol-
ume e/ dvg for some f e C°°(M), where dvg is the usual Riemannian volume
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element on M. It naturally occurs as the collapsed measured Gromov—Hausdorff limit
[16]. The f-Laplacian A  associated to (M, g, e/ dvy) is given by

Api=A-Vf-V,

which is self-adjoint with respect to e~/ dv,. The associated Bakry-Emery Ricci
tensor, introduced by Bakry and Emery [3], is defined as

Ricy := Ric + Hess f,

where Hess is the Hessian with respect to the metric g, which is a natural generalization
of the Ricci tensor. In particular, if

Ricy =pg

for some p € R, then (M, g, e dv,) is a gradient Ricci soliton. The Ricci soliton
is called shrinking, steady, or expanding, if p > 0, p = 0, or p < 0, respec-
tively, which arises as the singularity model of the Ricci flow [12]. When Ricy is
bounded below, many geometrical and topological results were successfully explored
provided some condition on f is added. For example, Wei and Wylie [22] proved
mean curvature and volume comparisons when Ric y is bounded below and f or V f
is (lower) bounded. And they extended many classical theorems, such as Myers’ theo-
rem, Cheeger—Gromoll splitting theorem, to the Bakry—Emery Ricci tensor. They also
expected volume comparisons to be extended to the case that Ric y is bounded below
in the integral sense, which partly motivates the present paper.

In this paper we not only generalize comparison estimates on manifolds with inte-
gral bounds for the Ricci tensor to smooth metric measure spaces, but also extend
pointwise comparison estimates on smooth metric measure spaces to the integral set-
ting. In our situation, we consider weighted integral bounds for the Bakry—Emery
Ricci tensor instead of usual integral bounds for the Ricci tensor. Our results indicate
that Petersen—Wei’s and Aubry’s type comparison estimates remain true when certain
weighted integral Bakry—Emery Ricci tensor bounds and V f is lower bounded (even
no assumption on f). We also prove a relative weighted (or f-)volume comparison
for annular regions under the same curvature integral condition. Some applications,
such as diameter estimates, eigenvalue estimates, and volume growth estimates, are
discussed.

Fix H € R, and consider at each point x of an n-dimensional smooth metric
measure space (M, g, e dvg) with the smallest eigenvalue A (x) for the tensor Ric 7 :
T.M — T, M. We define

Ric?-_ =[n—DH —A(x)]+ = max{0, (n — 1)H — L(x)},
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the amount of Ric ¢ lying below (n — 1) H. To write our results simply, we introduce
a new weighted L? norm of function ¢ on (M, g, e_fdvg):

P
161 ;o) = sup (/ |¢>|p-Afe‘”dtd0n_1> ,
B(x,r)

xeM

where 9, f > —a for some constant ¢ > 0, along a minimal geodesic segment
from x € M. Here Ay (t,0) is the volume element of weighted form e~/dv, =
Ay (t,0)dt Adb,_ in polar coordinate, and df,,_ is the volume element on unit sphere
$"~1.Sometimes it is convenient to work with the normalized curvature quantity

k(p,H,a,r):= sup (RiC?_)pAfe_atdtd9n1> "

xeM(Vf(xsr) B(x.r)
where V¢ (x, 1) i= [p. e~/ dv. Obviously, ||Ric]12’ ||p (r) =0(ork(p, H,a,r)

= 0)iff Ricy > (n — l)H When f = 0 (and a = 0), all above notations recover the
usual integral quantities on manifolds.

Motivated by Wei—Wylie’s mean curvature comparison [22], we need to consider
the error form

=(ms—myg —a)y,

where m y = m — 9, f and m is the mean curvature of the geodesic sphere in the outer
normal direction; and where m g is the mean curvature of the geodesic sphere in the
model space M;. In [22], Wei and Wylie showed that if Ric? ~=0and 9, f > —a

(a > 0), then ¢ = 0. We prove that,

Theorem 1.1 (Mean curvature comparison estimate I) Let (M, g, e dv) be an n-
dimensional smooth metric measure space. Assume that

orf > —a

for some constant a > 0, along a minimal geodesic segment from x € M. For any
X < T
p>n/2, H € R (assumer < N when H > 0),

1
DR 2
Ielzp Mr)s[% IRic |, f’am} ()

and

—1
2p—n

p—1 r
P Ap e < (2p—1)P< ) / (Ric )P Ape'dt  (2)
0

along that minimal geodesic segment from x.
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4

1 T L
Moreover, if H > 0 and s << Tm then we have

1
—n—1

H s (VD g0”21) fa(r) < [%

D, 3
Qp —n) [Ricf |, f’a(r)] A3)

and

p—1 r
) / (Ric?i)pAfe_mdt
0
“

sin4p_"_1(\/ﬁr)gozl’_lAfe_ar <Q2p-D? <2n
p—n

along that minimal geodesic segment from x.

Remark 1.2 (1) When f is constant (and a = 0), inequality (1) recovers the Petersen—
Wei’s result [18]; inequalities (2) and (4) recover the Aubry’s results [1]. In
particular, when |V f| < a for some constant @ > 0 and the diameter of M
is bounded, then f is bounded, and the new weighted norm is equivalent to the
usual norm.

(2) When Ric?_ = 0 (i.e, Ricy > (n — 1)H), we have ¢ = 0 and hence get the
Wei—Wylie’s comparison result [22].

As in the integral volume comparison for manifolds [18], we can apply Theorem
1.1 to prove weighted volume comparisons in the integral sense. Let V¢ (x, R) :=
S5 e~/ dv be the weighted volume of ball B(x, R) in (M, g, e~/dv). V& (R)
denotes the i-volume of the ball B(O, R) in the weighted model space My, , =
(MY, gH, e_hdng), where O € M}, and h(x) := —a -d(O, x). That is,

R R
VE(R) :=/O fb_l e“’AH(z,e)de,,_ldtzfo e Ay (H)dt,

where Apg denotes the volume element in model space M?%,, and Ay denotes the
volume of the geodesic sphere in M7, . For more detailed description about the related
notations, see Sect. 3.

Theorem 1.3 (Relative volume comparison estimate I) Let (M, g, e~ /dv) be an n-
dimensional smooth metric measure space. Assume that

o f > —a

for some constant a > 0, along all minimal geodesic segments from x € M. Let
H eRand p >n/2. For0 <r < R (assume R < #ﬁ when H > 0),

1 1
_Vf(x’R) et _ Vi@, r)\ 2T . H ||P T
( VE(R) ) (—Vg(r) ) <C(n,p,H,a, R)<HRle—”pf,a(R)) )

@ Springer



Comparison Geometry for Integral Bakry—Emery Ricci Tensor Bounds 833

Furthermore, when r = 0, we have an absolute volume comparison estimate:

1

2p—1

X 2]7—1
Vf(x,R)fl:e_zfl’(—)l+C(n,p,H,a,R)<||Ric?||Zfa(R)) } VE(R).

Here,

n—1 2[;’%11 K rett NI
C(”vP’H’a’R)':((2p—1)(2p—n)> /oAH(t)<V£1(f>> "

Remark 1.4 (1) The theorem implies a useful volume doubling property, see Corol-
lary 3.3 below. When f is constant (or furthermore f = 0) and a = 0, the theorem
recovers the Petersen—Wei’s result [18].

(2) When Ric?’ =0, i.e., Ricy > (n — 1)H, we have the Wei-Wylie’s volume
comparison result (see (4.10) in [22]).

(3) Integrating along the direction lies in a star-shaped domain at x, we can obtain the
same volume comparison estimate for the star-shaped domain at x, where Ric? B

only needs to integrate on the same star-shaped set.

We can generalize Theorem 1.3 and get an relative weighted volume comparison
for two annuluses in the integral sense, which is completely new even in the manifold
case. Let Vy(x,r, R) be the f-volume of the annulus B(x, R)\B(x,r) € M" for
r < R, and V}(r, R) be the h-volume of the annulus B(O, R)\B(O,r) C Ml'flﬁa.

Theorem 1.5 (Relative volume comparison for annulus) Let (M, g, e~ Tdv) be an
n-dimensional smooth metric measure space. Assume that

o f>—a

for some constant a > 0, along all minimal geodesic segments fromx € M. Let H € R

and p > n/2. For0 <r; <ry < Ry < R; (assume Ry < —Z— when H > 0),

2VH

1

1 1

Vf(-xsr21R2) 2p=T Vf(-xsrlaRl) =T - H P 2p—1

< Vi (ra. R "\ VEGL R <c- (Irief_[} &)™
1 (r2, Rp) (1, Ry) f.a

where C is given by
p—1

= n,p,H,a,rl,rz, 1?1,1?2 =
2

" Ry etk \ 7T R fedl A\ T
X An(Ry) (—) dt +/ Apf (1) <—> dr
-/rl V;_}(t, Ry) Ry V[‘-ll(r2»t)
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834 J.-Y. Wu

Besides, we are able to prove a general mean curvature comparison estimate, requir-
ing no assumptions on f. Consequently, we get relative volume comparison estimates
when f is bounded. See these results in Sect. 4.

The integral comparison estimates have many applications. We start to highlight
two extensions of Petersen—Sprouse’s results [17] to the weighted case that V f is
lower bounded. One is the global diameter estimate:

Theorem 1.6 Let (M, g, e~/ dv) be an n-dimensional smooth metric measure space.
Assume that

of > —a

for some constant a > 0, along all minimal geodesic segments from any x € M. Given
p>n/2, H_> 0 and R > O, there exist D = D(n, H,a) and € = €(n, p,a, H, R)
such that if k(p, H, a, R) < €, then diamy < D.

This theorem shows that a small fluctuation of super gradient shrinking Ricci soliton
(i.e., Ricy > (n — 1)Hg for some constant H > 0) must be compact provided that
the derivative of f has a lower bound. Examples 2.1 and 2.2 in [22] indicate that the
assumption of f is necessary. Petersen and Sprouse [17] have proved the case when
f is constant. For other Myers’ type theorems on smooth metric measure spaces, see
[15,20,22].

The other is a generalization of Cheng’s eigenvalue upper bounds [6]. For any point
xo € (M, g, e~/dv) and R > 0, let A{)(B(xo, R)) denote the first eigenvalue of the
f-Laplacian A ¢ with the Dirichlet condition in B(xp, R). Let AID (n, H, a, R) denote

the first eigenvalue of the h-Laplacian Aj, where h(x) := —a - d(xg, x), with the
Dirichlet condition in a metric ball B(xy, R) C M?% @ where R < 2\7/rﬁ' Then, we

have a weighted version of Petersen—Sprouse’s result [17].

Theorem 1.7 Let (M, g, e/ dv) be an n-dimensional smooth metric measure space.
Assume that

o f > —a
for some constant a > 0, along all minimal geodesic segments from xy € M.
Giyen p > n/2, for every § > 0, there exists an ¢ = €(n, p, H, a, R) such that
ifk(p, H,a, R) <€, then
AP (B(xo, R) < (1+8) A0 (n, H,a, R).

Finally we apply Theorem 1.5 to get a weighted volume growth estimate, general-
izing Yau’s volume growth estimate [24] and Wei—Wylie’s result [22].

Theorem 1.8 Let (M, g, e/ dv) be an n-dimensional smooth metric measure space.
Assume that

o f=0
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along all minimal geodesic segments fromany x € M. Givenany p > n/2and R > 2,
there isan € = €(n, p, R) such that ifk(p,0,0, R+ 1) < € (here H = 0 and a = 0),
then for any point xo € M, we have

Vi(xo, R) > CR

for some positive constant C = C(n, p, Vy(xo, 1)) depending only on n, p and
Vi (xo, 1).

Constant function f satisfies 9, f > 0 and hence the theorem naturally holds
for the ordinary Riemannian manifolds. From Theorem 5.3 in [22], we know that
convex function f with the unbounded set of its critical points, also satisfies 9, f > 0.
Examples 2.1 and 2.2 in [22] indicate that the hypothesis on f in the theorem is
necessary.

The rest of this paper is organized as follows. In Sect. 2, we will prove Theo-
rem 1.1. In Sect. 3, we will apply Theorem 1.1 to prove Theorem 1.3 and further
get a volume doubling property when the integral Bakry—Emery Ricci tensor bounds
and V f is lower bounded. We also prove relative volume comparison estimates for
annuluses when the integral of Bakry—Emery Ricci tensor bounds. In Sect. 4, we will
discuss a general mean curvature comparison estimates and relative volume compar-
ison estimates for their integral bounds of Bakry—Emery Ricci tensor. In Sect. 5, we
will give some applications of new integral comparison estimates. Precisely, we will
apply Theorems 1.1 and 1.3 to prove Theorems 1.6 and 1.7. Meanwhile we will apply
Theorem 1.5 to prove Theorem 1.8. In Appendix, we give mean curvature and volume
comparison estimates on smooth metric measure spaces when only certain integral of
m-Bakry—Emery Ricci tensor bounds.

From the work of [1,2,13] we expect Aubry’s type diameter estimate, finiteness
fundamental group theorem, first Betti number estimate and Gromov’s bounds on the
volume entropy in the integral sense can be generalized to smooth metric measure
spaces. These will be treated in separate paper.

2 Mean Curvature Comparison Estimate I

In this section, we mainly prove Theorem 1.1, a weighted mean curvature compari-
son estimate on smooth metric measure spaces (M, g, e/ dv) when certain integral
Bakry—Emery Ricci tensor bounds and V f' is lower bounded. The proof first modifies
the Bochner formula of Bakry—Emery Ricci tensor to acquire the ODE along geodesics

and then integrates the ODE inequality, similar to the arguments of Petersen and Wei
[18], and Aubry [1].

Proof of Theorem 1.1 Recall the Bochner formula

1
EA|Vu|2 = [Hessu|® 4+ (Vu, V(Au)) + Ric(Vu, Vu)
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836 J.-Y. Wu

for any function u € C*°(M). Letting u = r(y), where r(y) = d(y, x) is the distance
function, then we have

3
0 = [Hessr|> + oA+ Ric(Vr, Vr).
r

Note that Hess r is the second fundamental form of the geodesic sphere and Ar = m,
the mean curvature of the geodesic sphere. By the Schwarz inequality, we have the
Riccati inequality

m' < - _Ric(or, r).
n—1

This inequality becomes equality if and only if the radial sectional curvatures are
constant. So the mean curvature of the n-dimensional model space m y satisfies

2
m
/o H
mH——

L~ (1= DH.

Since m f :=m — 9, f,i.e,ms = Ayr, then m’f =m' — 9,0, f, and we have

2

m
— Ric¢(ar, or).
1 icy(dr, ar)

Hence,

(mf—mH—a)/zm/f—m/H
mz—m%i .
S——l—l—(n—l)H—Rlcf

n—

+ 0, f)* —m?

n—1
1 .
=—n_1[(mf—mH+a,f)(mf +mH+3rf)]+(n—l)H—Rlcf
1
:—n_1[(mf—mH—a+a+8rf)(mf—mH—a+2mH+a+3rf)]

+(n — 1)H — Ricy.

Werecall that ¢ := (m y —mp —a) . Notice that on the interval wherem y < mpy +
a, we have ¢ = 0; on the interval where m y > mpy +a, wehavemy —my —a = ¢.
Moreover, by our assumption of the theorem, we know

(n —1)H — Ricy <Ricf _.
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Therefore, in any case, we have

1
¢ + m[(@ +a+0,/)¢+2my+a+ arf)] <Ric!/ .
Since a + 9, f > 0, the above inequality implies

2
2
¢’+¢—+M5Ric’; ,
n—1 n—1 S =

Multiplying this inequality by (2p — 1)>?~2 - Ay, we have

Q2p — Dg*P 729/ Ay + P Iy Ay

A
1T

< Q2p—DRicl o2 Ay
Using
@AY = @p = DT Ap P A
=@Qp— D¢ Ay + ¢ my Ay,

the above integral inequality can be rewritten as

2p —1
@A) =Py —mp —a+mp +a)As + 5_1 9P Ay
4p -2
+ p—(pzp_lmH A <Q@2p— DRic? o(pzl’_zAf.
n—1 f -

Rearrange some terms of the above inequality by ¢ := (my —mpg — a)4 to get

2p —1 dp —2
((pzﬁ_l.Af)/-i— P —1 q)zp.Af-i— P —1 q)zl’_l-mHAf
n—1 n—1
—ap® ' Ay < @p — DRicf - P2 Ay

Notice that the term —a¢?? _lAf of the above inequality is negative. To deal with
this bad term, we multiply the inequality by the integrating factor e, and get that

2p—n
n—1

4p —n —1
==l ety A e
n—1 3)

< (@p— DRicY P Ape .

(¢2p—lAfe—ar)/+ (prAfe—ar +

Since p > n/2 and the assumption r < #ﬁ, we have my > 0 and

4p—_n1—1¢2p,1mH Ager > 0.
-
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Then we drop this term and have that
2p—1 —ary/ 2p—n 2p —ar 2 DRi H 2[7—2A —ar
(¢ Are™) +ﬁw Are <@2p—DRicy -9 re .
We integrate the above inequality from O to r. Since

90) = (m—mpy —d,f —a)y|,_, =0,

which comes from the theorem assumption: a + 9, f > 0, then

2 _ r
o Ape + 2L 1" / 9P Age=dt
n— 0

.
<@p- 1)/ Ric - ¢*P 2 Ape™""dt.
0

This implies
,
P A < 2p—1) / Ricl -2 Ape " dt. (6)
0
and
2p—n (" 5, —at R 2p—2 —at
m— pPAre™dr < 2p—1) A Ricy ¢ Aredt. @)
=1 Jo

By Holder inequality, we also have

r
/ Ricl - ¢*P7? Ape™"ds
0

r 1-1 r 1
< [/0 (sz.Afe_“tdt:| " |:/0 (Ric?_)pAfe_mdt}l.

Combining (8) and (7), we immediately get (1). Then applying (1) and (8) to (6)
yields (2).
If H > 0and #ﬁ <r< JLE’ thenmpy < 0in (5). It means that we cannot throw

®)

away the third term of (5) as before. To deal with this obstacle, multiplying by the
integrating factor sin#P—n-1 (v Hr) in (5) and integrating from O to r, we get

2p —
sin*? "1 (VHr) P A e 4 i
n

.
— /0 QP sin4[’_”_1(x/ﬁt).,4fe_“’dt

,
<Qp- 1)/ Ricl - * 2 sin*? "N (VH) Apemdt.
0
9

@ Springer



Comparison Geometry for Integral Bakry—Emery Ricci Tensor Bounds 839

Similar to the above discussion, using the Holder inequality, we have

r
/ Ric?_ - ?P 2 gip*P 1 (x/ﬁt)Afef‘”dt
0

r 1_l r
< |:/ QP sin4p_"_l(«/ﬁt)A_fe_“’dt] ! |:/ sin4p_"_1(\/ﬁt)(Ricﬁi)pAfe_”’dt] "
0 0
(10)
Notice that two terms in the left-hand side of (9) are both positive. Then substituting
(10) into (9), we get

1

H sm472; ](\/>t) <p” ( ) < [WH sin4p7Pnil («/ﬁz‘) ~Ric? (r)] ’ ,
2p—n) “lp fa
(11)
which implies (3). Then puttmg (11) and (10) to (9) immediately proves (4) by only
using an easy fact: sin = 3 (\/_t) <1 O

3 Volume Comparison Estimate I

In Sect. 2, we have proved a weighted mean curvature comparison estimate when
certain weighted integral of Bakry—Emery Ricci tensor bounds and V f has a lower
bound, and one naturally hopes a corresponding volume comparison estimate under
the same curvature assumptions. In this section, we will give these desired volume
comparison estimates.

For an n-dimensional smooth metric measure space (M", g, e’fdvg), let Af (t,0)
denote the volume element of the weighted volume form e_fdvg = As(t,0)dt A
df,_1 in polar coordinate. That is,

Ap(t,0) = e A, 0),

where A(z, 6) is the standard volume element of the metric g. We also let
Ar(x,r) :/ Ay(r,0)do,_1,
sn—1 X

which denotes the weighted volume of the geodesic sphere S(x,r) = {y €
M|d(x,y) = r}, and let Ay (r) be the volume of the geodesic sphere in the model
space MY,. We modify M7, to the weighted model space

M}y o= (M}, g, e "dvg,, 0),

where (M};, gg) is the n-dimensional simply connected space with constant sectional
curvature H, O € MYy, and h(x) = —a - d(x, O). Let A}, be the h-volume element
in M}, ,. Then

() =e" Au(r),
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840 J.-Y. Wu

where Ay is the Riemannian volume element in M},. We also have that

Ap(r) = /S | Au(r6)d0,:

the corresponding weighted volume of the geodesic sphere in the weighted model
space MY, , is defined by

A% (r) = /SH A% (r, 0)d6, 1.

Hence,
A (r) = e Ap(r).

Moreover, the weighted (or f-)volume of the ball B(x,r) = {y € M|d(x,y) <r}
is defined by

Vf(x,r)=/ Ay(x,t)de.
0

We also let V; (r) be the h-volume of the ball B(O,r) C M}:

-
Vi) = / Af (ndr.
0
Clearly, we have
V() < Vi (r) < e’ Vy(r).

Now we prove a comparison estimate for the area of geodesic spheres using the
pointwise mean curvature estimate in Sect. 2.

Theorem 3.1 Let (M, g, e~/ dv) be an n-dimensional smooth metric measure space.
Assume that

o f > —a

for some constant a > 0, along all minimal geodesic segments fromx € M. Let H € R
bl

and p > n/2 be given, and when H > 0 assume that R < NG ForO <r < R, we
have

1 1
A, )\ T (A, )\ 2T y 7
( A% (R) ) ( A1) > < Cn.p. H.B) ([Ricf_|, (,(®) 1

2p=1 1
where C(n, p, H, R) := ("——1) 'foR Ap (D)~ 1dt.

2p—-1)(2p—n)
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Moreover; if H > 0 and #ﬁ <r<R< JLE then we have
(Af(x R))ZP I (Af(x,r))zpl
A% (R) A% (r)

n—1 2/) 1 2p i (\/_)2]) l
—_— Ri
= ((217—1)(213—”)) (” lcf ” ( )) /r smz(\/_t)

Remark 3.2 When Ric?’ = 0, thatis, Ricy > (n—1) H, we exactly get Wei—-Wylie’s

comparison result for the area of geodesic spheres (see (4.8) in [22]).

(13)

Proof of Theorem 3.1 We apply
Ay =mpAy and AY' = (my +a) Ay
to compute that

i Ap(t,0)\ B 3 Ar(t,0)
( A% (1) >_(’"f T

Hence,

i(Af(x,t)) _ 1 (.Af(t 9))d9
e \"as @ )~ VOl(S” 0 Jonrde \" A% @) )

f ¢ Ap(t.0)d0,1.
Sl‘l—

Ai,(t)
Using Holder’s inequality and (2), we have

f 9-Af(t,6)d8,
N

1

< 20=1 4 o) A =5

< ¢ £, 1)d6, 1 “Agp(x,t)
sn=

< Cn, p)enT (HRic?’_H (t)) 7T CAp(x, ) T

2p—n

& (MDY e (M)
dr \ A% (1) An )
. 2,,%1 eat 217]7—]
< (IRief |, @)7- (Ai,u)) '
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where C(n, p) = |:(2p —DP ( ) ] . Hence, we have
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Separating of variables and integrating from r to R, we obtain

(Af(x, R))zp'—n ~ <Af(x, r)>2pl—1
A% (R) A% (r)

p—1 1
n—1 2T . H 21,%1 R 1 2p-T
= [(2;9 “Hep - n)] (IRicf 1, @)™ / (AH(t)> dr

Since the integral

R 1 2[’14 R 1 217%1
[Gw) =l (mw) e
» \Ag(@®) o \Au()

converges when p > n/2, the conclusion (12) then follows.
For the case H > 0and %= < r < R < 2=, we have
2VH vH

n—1
“ o [ SIn/HD)
AH(t)ze’<SmT) .

Then we use this function and (2) instead of (4) to get (13) by following the above
similar argument. O

Using (14), we can prove Theorem 1.3, similar to the argument of Petersen and Wei
[18].

Proof of Theorem 1.3 Using

Vi, r)  fy Asx, ndr
Vi) [y A4 (nde

we compute that

d (Vilx,r)\  Arlx, r)for A% (t)ydt — A% (r) for Ap(x,t)dt (15)
dar \ Vi) )~ (Vi (r))? '
On the other hand, integrating (14) from ¢ to r (t < r) gives

Ap(x,r) B Ap(x,t)
A%y (r) A% (1)

-y 7T
(IR 1, 0)
AR T AY(s) T

1
“Ar(x, s)lfmds
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(Iriey_1,,,0)"" 1
=C(n, p) 1 / Af(x»s)l_mds
AT - A% (1) 7T i

(Iriet 1, , <r>)2”‘

1
AH(Z‘)Z[) 1 Aa ([) 2]) 1

1
<C(n, p) Sr =0T Vi(x, r) T

This implies that
Ar(x,r)A% (1) — AL (Ar(x, 1)

= ar 1 JE
§C(H,P)<||Ri0?7|| (r))z’ LAY () e BT T Vp(x, p) ! T

Plugging this into (15) gives

(Vf(x r))
dr VE(r)
2 V)T

- H 2p=1 75T =
< Cn, p) (”RICf_H ) LA e Vi (r))2
_ . H 21, T ret" 2[’ ' Vf(.x r)
= ca.p) (IRief_|, )7 Au@) (Vg m) ( =5
Separating of variables and integrating from r to R (r < R), we immediately get
Vi, R\ (Ve r)\ T
Vg (R) Vi (r)
n—1 B e (R te® T
< [—} (IRicf_|, ,.®) - / An(t) ( ‘ ) dt
2p—1)2p—n) r Vi ()
Since the integral
/R et 21%%1 R t e 212,%1
Ag(t) < ) dr < f Ag(t) ( ) dr
N0 N0
R teal 2?%] d
< Ag(t t
- /o #o <VH (0)

converges when p > n/2, the conclusion follows. O

As the classical case, the volume comparison estimate implies the volume doubling
estimate, which is often useful in various geometric inequalities.
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Corollary 3.3 (Volume doubling estimate) Let (M, g, e~/ dv) be an n-dimensional
smooth metric measure space. Assume that

o f > —a

Jor some constant a > 0, along all minimal geodesic segments fromx € M. Giveno >
land p > n/2, thereisane = e€(n, p,aR, |H|R2, o) suchthatifR2~k(p, H,a,R) <
€, then for all x € M and 0 < r;1 < rp < R (assume R < #ﬁ when H > 0), we
have

Vitx,r) _ aVIf}(rz)
Vix,r)) = Vi)'

Remark 3.4 We remark that R2-IE( p, H, a, R)isthe scale invariant curvature quantity.
Hence one can simply scale the metric so that one only need to work under the
assumption that k(p, H, a, 1) is small.

Proof of Corollary 3.3 By Theorem 1.3, we get

1 u L
<Vf(x,r1)>2P—‘ . (VH(r1)>2P I (- o). (16)
Vi(x,12) Vi (r2)

1 - _p . .
where o := C(n, p, H,a, r) V;‘, (rp)2=1 - k2= (p, H, a, ry). Now we will estimate
the quantity (1 — o). We claim that o (r) has some monotonicity in r (though it is not
really monotonic). Indeed, since C(n, p, H, a, r) is increasing in r, that is,

1 - 1 -
o () Vis(ra) T K BT (p, Hoa,r2) < o (R)V(R) 7 -k 571 (p, H,a, R).
By the definition of k, the above inequality implies

1 1 1 1
o (r)Vi(r) 7T - V(e )T < o (R)VA(R) 77T - Vy(x, R) 7.

Namely,

1 1
Vi R)\ T [ VE(R)\ 5T
)=o) <Vf(x, r2>> ' (Vf,(rz)) ' (a7

On the other hand, by Theorem 1.3 again, we have

1 1
T ) = () 1 R
( VI[fI(r2) ) Z( V;_}(R) ) [1 C(n,p,H,a, R)VH(R)Z k(R)2 ]]’

where k(R) = k(p, H, a, R) and

n—1 21’%1‘ K rett \ W
C(”vP’H’a’R)':((2P—1)(217—n)> /oAH(t)<V£‘1(f>> "
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We also have
i RO2PEL 2
Cn,p,H,a, R)V5(R)» T < (") TR%-I C(n, p, |H|R).

Hence

p

1 1
Yy o)y Vi) \ aR\3E [ por =T
(W) = (V;;(m) [1 Cn, p, [H|R) - (e77) ‘<R k(R)) ]

When RZIE(R) < € is small enough, which depends only on n, p, aR, and |H|R,
the above inequality becomes

<vf(x,r2))zp11 1 (v;;(rz))zp'—l
Vi(x. R) =3 \ Ve '

Substituting this into (17) yields

o(ry) <30(R).

Combining this with (16) and letting o (R) arbitrary small (as long as R?k(R) < €
is small enough), the result follows. O

In the rest of this section, we will study the relative volume comparison estimate
for annular regions and prove Theorem 1.5 in the introduction. The proof idea seems
to be easy, using the twice procedures of proving Theorem 1.3.

Proof of Theorem 1.5 On one hand, using

Vit r R [FAp nde
V. Ry R yar

we have

d (vf(x,r, R)> _Ap R [ A4 0dr — A% R) [F Ap(x, e

dR\ V& R) ) (VA (r, R))? (18)
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Integrating (14) from ¢ to R (¢ < R) as before yields
Ar(x,R) Af(x,1)
AL(R) AL
(Imicy 1, @)™
< C(n, p) - / Ar(x, s) 2Plds
AH(t)Zp 1 Aa ([) 2p 1 t
P
-1
(||Ricf;1 || (R)) '
J=lpfa
=C(n, p) i i (R—t)2” T (Vix.t, R))' 5 '
AP - A (02T
which gives that
Af(x, R)AY (1) — A% (R)Af(x, 1)
(19)

< C(n,p)(}|Ric?_||pfa(R))zp : Aé;I(R)ezp T RIT (Vi(x.1, R)'™
Substituting this into (18),

i Vi(x,r, R) oy o
dR < Va(r, R) ) = C(”’p)(”R“’f_” (R)) - An(R)

2p 1— 1
R eaR 2p—1 Vf(.x, r, R) 2p—1
X\ —/——m —_ s
Vi (r, R) Vi(r, R)

where we used the fact: er Vi(x,t, R)dt < Vy(x,r, R).
Separating of variables, integrating with respect to the variable R from R; to R»
(R1 < R»), and changing the variable r to > (r; < Rp), we get

(Vf(x’r25R2)>2p1] <Vf(x,r2,R1)>m
Vi (r2, R2) Vi (ra, R1)
n—1 21;7%11 o (R t e 2%1
= [7] (IRief_|, . (R2) g f A () <7> dr.
2p—D)2p—n) N Va0

On the other hand, similar to the above argument, we also have

d <vf(x,r, R)) AL [F A ndr — Ap(x,r) [ A (0dr
dr -

20
Va(r, R) (Va(r, R))? (20)
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By (19), we also get that
Ap(x, )AL (r) — Ay O Ar(x, 1)

1
< C(mp)(||Ric7_||pfa(z))2” LAY (1) e T T (Vi(x,r, 1) "%

for r < t. Substituting this into (20), and letting R = Rp, we have

i M ictd 2[1 I
dr ( Vi (r, R1) ) = C(n’p)<“R1Cf_” (Rl)) - Au(Ry)

2 1— 1
Rl eaRl 2p—1 Vf(x, T, Rl) 2p—1
X | — —_ .
V;}(r, Ry) ng(", Ry)

Separating of variables and integrating from r| to r; (r; < ro) with respect to the
variable r, we immediately get

Vi r RONPT ([ Vi(x.r, R)\ 7

( Vi (r2, R)) ) _( Vi1, Ry) )

S[<2p—1><2p—n>} (IRicf_1, ,, &) A”(R‘)/ (W) @
. \VaG,

Combining the above two aspects,

(Vf(x,rz, R2)>2l’]“ (Vf(x, 1 R1)>21"1
Vi (r2, R2) Ve (ri, Ry)

p=1

n—1 2p—T
< ( ) (”RICJ I, (Rz)) T
Cp-1DQ2p—n)
/Rz t et % r R\ pas 2;7’7}1
X Ag () (—) dr —i—/ Ag(Ry) (—) dt
R V[?[(rZa t) r V[?](ta R])
for0 < r; <r, < R; < Rj. Hence the result follows. O

In particular, if f is constant and a = 0, we get volume comparison estimates for
the annuluses on Riemannian manifolds with integral bounds for the Ricci curvature.

Corollary 3.5 Let (M, g) be an n-dimensional complete Riemannian manifold. Let

HeRandp > n/2. For0 <ry <ry < R| < Ry (assume Ry < #ﬁwhenH > 0),
we have
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<V(x,rz,Rz)>2lf—l <V(x,r1,R1))2n'—'
Vu(r2, Ry) Vu(ri, Ry)

P
n—1 1 . 2,%1
: ((219 -H@2p - n)) (”RlCiI “p (Rz))

2p 2p
/RzA ()( t )2p1d+[r2A (R)( Ry >2pld
X o) | ——— t (R | —————— t
R Vi (ra, 1) " Vu(t, Ry)

Remark 3.6 (1) If r; = rp = 0, we immediately get the Petersen—Wei’s relative
Bishop—Gromov volume comparison estimate in the integral sense [18].

2) If Ric” =0, i.e., Ric > (n — 1)H, then we have a special case of the relative
volume comparison estimate for annuluses on manifolds (see [25]).

4 Mean Curvature and Volume Comparison Estimate 11

In this section, we shall prove a very general mean curvature comparison estimate on
smooth metric measure spaces (M, g, e~/ dv) when only the integral Bakry—Emery
Ricci tensor bounds (without any assumption on f), which might be useful in other
applications.

In this case, we consider the following error form

Vo= (my—mpy)+.

Using this, we have

Theorem 4.1 (Mean curvature comparison estimate II) Let (M, g, e~/ dv) be an n-

dimensional smooth metric measure space. Let H € R, and r < #ﬁ when H > 0.

For any p > 5 whenn >3 (p > %whenn = 2), we have

(MO +ND) @

1
r 4p—-2 . P 2p_1
2 = [ @) 2p
t)en=1 NP Ards <
(/0 h (e v A ) “2p-n
and

2 2p—1, 222 1) @2p—-17 P
s, (M) (2P e A S G (MO +N®) @

along that minimal geodesic segment from x, where

1

M(r) = (fo sn%,(t)ei”—ff(”milufdt)p
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and

N(r) = (n—1)</ sn (t)enlf(')(Rlc )p.Afdt> ,
0

and where mg(r) = (n — 1) :25 g:; and sny (r) is the unique function satisfying

sny(r)+ Hsng(r) =0, sng(0) =0, sny(0)=1.

. T T
Moreover, if H > 0 and N/l <r< NGL then we have

1
( / sin*? "=\ (VHi) et (t)lﬂZP.Afdt)p < ;p ! (/\’Z(r) +J\~/(r)) (23)
p—n

0

and

— — [J—l ~ ~
sin? "N (VHR) e 7T Oy Ay < 2p-1)? (2) (Pl +F)"
2p—n
(24)

along that minimal geodesic segment from x, where

1

, ) L
M) = ( / sin? ==\ (JHr) e “’mifAfdz)p
0

and

1

N@G) =0 — 1)(/ sin*P "~ 1(«/—2‘)8" T f(t)(Rlc )p.Afdt>
0

It is unlucky that our theorem doesn’t recover the classical case when the Ricci
tensor has pointwise lower bound and f is constant. The main reason may be that we
do not nicely deal with the “bad” term in the proof (see (25) below). It is interesting
to know whether one has an improved estimate, which solves this problem.

Proof of Theorem 4.1 The proof’s trick is partly inspired by the work of Wei—Wylie
[22] and Petersen—Wei [18]. Recall that,

1
(g —mp) <= [y —mp +0,f)ng +mpy +0.f)] +Ric]] _

1
= — —[my = m)? +26m11 + 8, )my —mp)

40, fQmy + a,f)] +Ric
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Let := (my —mp)4. Then

22 +9 3
v+ ¥ n (mu ’f)l/,g—r—f(2mﬂ+3rf)+RiC?_
n—1 n—1 n—1

When 9, f = 0 and Ric? = 0, we have ¢ = 0, and get the classical mean
curvature comparison. In general, notice that

B ) 2 2 2
_ r f f)= _( y f+mu) + my < my - (25)
— n—1 n—1 n—1
Therefore,
;Y 2mp 40 f) m?, -
v+ + V< + Ricy
n—1 n—1 n—1 )=

Multiplying this inequality by 2p — y2P—2 A £, we have

1 4p —2
Qp— DY P2y A, ;2 IWA + 1(mH+arf>w2P*‘Af

m%, 2P*2Af +@p— DRicl -y 2 Ay
(26)
Notice that

WP Ay = Qp = DYy A + T A
= Qp— DY 2y Ap + 9 g Ay

So, (26) can be rewritten as

2p—1 4p =2
W2 A =y g Ay Sy A S+ 0, U A
2
_,f myy*~ 2Af+(2p—1)R1c YA

Rearranging some terms using ¥ := (m s — mpy)y, we have

4p—n—1 4p —2
WAy + Ly, +( e —my + :_larf)lﬂzp_lflf
2p—1 5 9p2 B . H 2p-2 4 .
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4p—2
Multiplying this by the integrating factor sn%_l(r)efjf ) we obtain

4p—2 / 2p — 4p—2
[sn%,(r)efjf(’)lpZP*lAf] + 4 ln_sn%l(r)eﬁf(r)wwAf
n—
4p—n—-3 4p-=2
wpoR=o sn%,(r)efjf(”mywzl’_lflf
S -1 (27)
— 4p—2
<P lsn%{(r)efjf(”m%{l[/z”_zflf

4p-2 ,
+@p — Dsngy (e ORicl .y 24,

sy (1)
sng (r)°

where we used my(r) = (n — 1)
when n = 2, then

Since p > n/2 whenn > 3,and p > 5/4

dp—n—-3 4p-2
p—nlsn%{(r)efjf(’)mywzl’_lflf > 0.
Hence we can throw away this term from the above inequality, and get

2p — 4p—2
P 1nsn%_1(r)e"pjf(r)w2”¢4f

4p-2 /
[0, (e Oyt A, ]+

2p—1

4p=2 4p-2
< 1 |:sn%1 (r)e%f(r)m,qu//z”*zflf + (n—l)sn%{(r)er{)jf(r)Riclf'l_ . IﬁnflAf:|.

Since

4p—2
sn%{(t)efjf(’)l/le’_lAf =0,

t=0

integrating the above inequality from O to r yields

4p—2 2p — r 4p-2
sngy (P)en 1 IOyl g, 4 b 1n/ sn2 (e 1T Oy2P A cdr
=1 Jo

n

2p — 1 r 4p-2
<= |:/ sn (e 1T Om2y2P=2 A rdr
0

n—1
1 "o 2 (). H 2p-2 4
+m-=1 ; snyy (1)e n= Ric; -4 rdt .
Since p > n/2, the first two terms of the above inequality are non-negative. Hence,
4p-2 .
sn%l (r)enpjf (r)tﬂzl’_lAf

2p — 1 r ap-2
<P [/ s (e n T T Om2 P2 A pdt
0

(28)

n—1

r 4p-2
+(n—1) / sn2, (e n 1/ (I)Ric?’_-wzf’_z.,élfdt}.
A .
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and

2p — r 4p-2
b "/ s ()e w1 T O y2P A pde
0

n—1
<2p—1
“ n—1

r 4p—2 ,
[ / sn, (e 1 T Omd P2 At (29)
0
"o =2 r(yne H 2p—2
+n-1) ; sny (e T/ WRicy -y Apdr |.

By Holder inequality, we also have

r 4p-2
/ sn, (e n T T Om2 P2 A cdt
0

1 (30)

1
r 4p—2 =5 r 4p-2
< |:/ sn%,(t)eflf(t)t/le’/lfdt] " |:/ sn%,(t)eflf(t)mépflfdt}p
0 0

and

r 4p-2
/ sng; (e 1/ ORicl 22 Apds
A .

ENCINGE T =) 1= "o w2y gD ,
< / snyy (1)e n1 T Wy=P A cds . / sy ()e 17O (Ric} )" Apdr
0 0 :
(31)
Finally, combining (30), (31), and (29), we obtain

1 1
r 4p-2 , P 2p — 1 r 4p-2 , ?
|:A Sn%{(t)eif_l f(t)wzl)Afd[iII < 217 |:/(; Sn%{(t)eT{_| f(t)m?{pAfdti|l

p—n

1
(n—1DC2p—-1) »
+ Zp——n|:/(; n? (t)e = f(t)(Rlc )p.Afdt:| ,
(32)

which implies (21). Combining (21), (30), (31), and (28) yields (22).
When H > 0 and 2= f <r< \/Lﬁ, we see that mpy < 0 in (27). Similar to those

discussion as before, multiplying by the integrating factor sin*”?~"=3(/Hr) in (27)
and integrating from O to r, we get
sin*? "V (VHr) - e%f(r)t/fzp_1 Ay
2p — r 4p—2
+2— 0 / sin®? "N (VHr) - e T Oy A di

n—1 0

(33)

2p—1 r 4p—2

=, _ 0

r 4p—2
+ (- 1)/ sin4p—"—‘(ﬁz)-efflf“)Ric;’_ : I/IZP_ZAfdl].
0
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Using Holder inequality as before we get

1

. ) 1

[/ sin4p_”_1(ﬁt)ewf(’)wZPAfdt} ’
0

1

2p —1 r 4p-2 »

< P |:/ sin*?" 1 (v Ht)enplf(l)mif.Afdt}]
2p—nlJo '

# O DCP D] [Vt (e 510 Riclf )" ]
2p—n 0

which is (23). Finally we substitute (23) into (33) gives (24) using the Holder inequality
as before. O

In the following, we will apply mean curvature comparison estimate II to derive
another weighted volume comparison estimate in the integral sense. At first, the
weighted mean curvature comparison estimate IT implies a tedious volume comparison
estimate of geodesic spheres.

Theorem 4.2 Let (M, g, e/ dv) be an n-dimensional smooth metric measure space.
Let H e Rand p > 5 whenn > 3 (p > ?Twhenn = 2) be given, and when H > 0

assume that R < ﬁ For0 < r < R, we have
(Af(x, R))zp'n (Af(x,r)>2pll

. BT e 20—yt
§C(n,p)/ (MO +N)7  sn, "0 e T AT 0 dr,

P
Zp_n 21) 1 2p 1 2p—1
cnp)i= < n—1 > <2p—n> ’

1
! 4p—2 »
M(t) == (/0 sn%,(s)e»f’—]f“)mi,ufds)”,

where

and

1
N@) = (n—l)(/ s, (s) e T 1f<‘>(R1c )”Afds)

Inparticular, iffurther assume | f| < k for some constantk > 0; and 5 < p < 5+1
when n > 3 (when n = 2, we assume % < p <2).For0<r <R, wehave

<Af<x,R>)zp' <Af<x )) 71
A (R) An ()
2 1

» (35)
-1 R __2_ 1
< Cn, p)erT (P(R) + Q(R)) ' / sn, 7 () AT (1,

@ Springer



854 J.-Y. Wu

where

R 5
P(R) := ( / sn%,(:)mi,”Afdt)
0

and

1

R »
O(R) = (n—l)(/ sni,(t)(Ric}ﬁ’_)”Afdt> )
0

Remark 4.3 We remark that P(R) converges when % <p< % + 1, n > 3 (when
% < p < 2,n = 2). However, for such p, if r — 0, the integral

R _ 2 R
/ sn, () AT (1)dt
]

blows up.

Proof of Theorem 4.2 We apply A’ = m s A and Ay = mp Ay to compute that

d (Af(t,e)> — g — )Af(t,e)
a\ Apo )T T )
Hence,
d <Af(x,t)) 1 d (Af(z,e))
— = — | —=——)df,
dt \ Ap(®) Vol(§"=1) Jen-1 dr \' Ay (1)

- 1
Al () Jgn-
Using Holder’s inequality and (22), we have

¥ - Af(t,0)d6,1.

f W Ap(.0)d6, -
N
1

- 2p-1 2T -
< 1 W Ap(x,1)d6,_ Ap(x, 1) 2
s

2f@)

__2 p—1 1
< C(n, p)sny ™' (t)e -1 (M(r)+/\/<r))2 Afx, )72,

where

1 r
2p—n\2-1 (2p —1\2-1
copi= (1) (22=0)T

1
! 4p—2 »
M(t) = (/0 sn%,(s)e»f’—]f“)mi;’Afds)”,
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and
N(I) = (}’l— 1)(/ Sn (s)en lf(A)(RIC )pAde)p
0
Hence,
1
d (Ap(x,1) SN VIC N A
df( Ap (1) ) Con pysny ™ (e ( Ap(t) )

(36)

T N\
o) ()

Separating of variables and integrating from r to R, we obtain

<Af(x R))Zl' T (Af(x,r))Zpl
An(R) Apn(r)
__2
- C(ny P) (M(t)+N(l))2p 1 2],,1 (l‘ e 2’1/:(1)

1
— 5kt
t)dr.
=2,-1) g ®

Therefore we prove the first part of conclusions.
If we further assume | /| < k for some constant k > 0, then

(Af(x,R)>zp1 (Af(x r))zp 1
Ag(R) Ag(r)

p% R _ 2 1
<—C(n’p1)e% <7’(R)+Q(R)>2 1/ sny () Ay (0,

where

1

R .
P(R) := ( / sn%,(z)mif,ztfdz)p
0

and

R P
O(R) := (n — 1)(/ sni,(t)(Ric}ﬁ’_)”Afdt>
0

Notice that P(R) converges when 5 < p < 5 + lif n > 3 (if n = 2, we assume
45'1 < p < 2). Hence the result follows. O

Similar to the first case of discussions (the case 9, f > —a), we can apply (36) to
obtain the following volume comparison estimate when f is bounded.

Theorem 4.4 (Relative volume comparison estimate IT) Let (M, g, e~/ dv) be an n-
dimensional smooth metric measure space. Assume that
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lf(O)l <k

for some constantk > 0. Let H € Rand 5 < p < 5 + 1 whenn > 3 (whenn =2,
we assume % < p < 2) be given, and when H > 0 assume that R < ﬁﬁ For

0 <r < R, we have

<vf(x, R))Zpll - (vf(x,r))zpll
Viu(R) Vu(r)

L (37)
4k o R = .
SC(H,P)e"I(P(R)-FQ(R)) / Ag(t) Va® dr
Here,
p=1
ap—2( -\
C(n, = ,
= ((2p—1)(2p—n)>
R »
P(R) := (/ sn%,(t)mi}’Afdt>
0
and

1

R 4
O(R) == (n — 1)(/ sn%,(t)(Ric?)pAfdt> .
0

Remark 4.5 We remark that P(R) converges when 5 < p < 5 + 1, n > 3 (when

% < p < 2,n = 2). However, for such p, if r — 0, then the integral

2p

R tl_% 2p—1
/,AH(I)<VH(t)> dr

blows up.

Proof of Theorem 6.2 'We use the formula

Vie,r)  fy Asx, ndr
Ve(r) [ Au(ndr

to compute that

d <Vf(x,r)> LA Jy Apdt — Ay () [y Ag(x, dr

dr \ Vu(r) ) (Vi (r))? (%8)
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On the other hand, integrating (36) from ¢ to r, and using the Holder inequality, we
get
Ar(x,r)  Ar(x,1)
Ap(r) Ap (1)

Sc(mp’k)/’ P(s)+Q(s))2ﬂ 1 (Af(x,s)>1—zp—1 “

02 (5)- AT AHO)

<C(n, p. k) G ZHQ(E;) )7 / sn;Z:ﬁ(S)'Af(x,S)PZp%lds

< cn, po iy 20 XHQ(S))ZP_' ( f rsn;ﬁ(s)ds)z”l Vi) TE
< ¢ p. o Z0 :\’HQ(Z)) - <§> V)

where

1 P
2 — 2p—1 2 _1 2p—1
Cophy= (L") (£ T et
n—1 2p—n

This implies that
Ap(x,r)Ap(t) — Ag(r)Ay(x, 1)
. il 1
<4C@m, p)(P() + QW) 7T - Ap(r) - 1771 Vi, r)' 5
Plugging this into (38) gives
i ( Vi(x,r) )
dr VH (r)

X l=5pr
< 2PV, p b(Pe) + Q) HT Ay i LD

T C(Vem)?
_4ep-1) F N v e
_ 2 C(n, p,k)(P(r)—i—Q(r))Zp 1AH(r)<V ()) ( \j;H(r) )

Separating of variables and integrating from r to R,
(vf(x,R)>zp‘—1 (vf(x,r)>zp-1
Vi (R) Vu(r)

R 1—% 2p-T
< 26028 iRy 4 oer)) 7T / AHm(t ) dr.

p—1 Vi (t)
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Then the conclusion follows. O

5 Applications of Comparison Estimates

In this section, we mainly apply mean curvature comparison estimate I and volume
comparison estimate I to prove the global diameter estimate, eigenvalue upper estimate
and the volume growth estimate when the normalized new L”-norm of Bakry—Emery
Ricci tensor below (n — 1) H is small.

We first prove Theorem 1.6 in the introduction.

Proof of Theorem 1.6 Let p1, ps are two points in M, and xo be a middle point between
p1 and py. We also let e(x) be the excess function for the points p; and p», i.e.,

e(x) :=d(p1,x) +d(p2, x) —d(p1, p2).
By the triangle inequality, we have
e(x) >0 and e(x) <2r

on a ball B(xg, r), where r > 0. In the following, we will prove our result by contra-
diction. That is, if there exist two points p1, p> in M, such thatd(p1, p2) > D for any
sufficient large D, then we can show that excess function e is negative on B(x, ),
which is a contradiction. The detail discussion is as follows.

By the mean curvature estimate (1), using a suitably large comparison sphere we
may choose any large D enough so that if d(p1, p2) > D, then

Are < —K + 1

on B(xg, r), where K is a large positive constant to be determined, and 1 is an error
term controlled by Ci(n, p,a, H,r) - Iz(p, H,a,r).

Following the nice construction of Lemma 1.4 in Colding’s paper in [7], let ; C
B(xg, r) be a sequence of smooth star-shaped domains which converges to B(xg, r) —
Cut(xgp). Also let u; be a sequence of smooth functions such that

1

lui —el <i™', |Vu;|<2+i7", and Aju; <Agpe+i!

on B(xo, r). Seth := d?(xp, ) —r%,and then h is a negative smooth function on ;.
So by Green’s formula with respect to the weighted measure e~/ dv, we have

/(Afui)h—/ ui(Afh)Z/ h(VMi)_/ ui(vh),
Qj Qj 3521‘ DQ/'

where v is the outward unit normal direction to £2;. We notice that
Aru; < —K +y1 + i1
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and
ui(Aph) <(e+i HQdArd+2)

<(e+i™H@n +2ad + )
< 3r(2n 4+ 2ar + yn),

where v, is another error term still controlled by Co(n, p,a, H,r) - Ig(p, H,a,r).
Therefore, we have

/(—K+w1+i—1>h—3rf (2n+2ar+1/f2)§/ h(2+i—1)—/ ui (v h).

99, 9Q;

Since u; — e when i — o0, by the dominated convergence theorem, the above
inequality implies

/ (=K + y)h —Sr/ (2n + 2ar + yn) < zf h —/ ewh). (39)
Qj Qj 32 a2

We also notice that

/ (=K +¥Dh z/ —Kh—/ 2y,
B(xo,r) B(x0.%) B(xo,r)

3
2/ ~r’K —f r2y
B(xo,§) 4 B(xo,r)

32KV( V) / 2y
=-r’K- X0, = ) — r
4 P 2) 7 g :

(x0,7)
and hence,
/ (—K+1ﬂ1)h—3r/ 2n + 2ar + ¥n)
B(xo,r) B(xo,r)

3
2 22KV (v, 5) = 6+ a0 = [ 6P arg)
4 2 B(xo.r)

By relative volume comparison estimate, if IE( p,r, H, a) is small enough, we then
have

r sin(5)\"
V( ,—)>2—1 —ar (2220} Ly (xg, ).
AN 2/ = ¢ sinr 70, 1)

Moreover, if IE( p, H, a, r) is small enough, we also have
/ (Y1 + 3ry) < (nr + 1) Vi (xo, ).
B(xo,r)
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Thus, if we choose

8 i "
K > —(Tnr~' 4 6a + 1)e” .sm: ,
3 sin(3)

then
/ (=K +Y1)h —3r/ 2n 4 2ar + ) > 0.
B(xo,r) B(xo,r)

Combining this and (39) immediately yields

2/ h—/ e(vh) >0
092 092

as j — oo. However, the first integral of the above inequality goes to zero as j — o0;
while in the second integral of the above inequality: v/ > 0 on 9€2; for all j, as 2;
is star-shaped. This forces that the excess function e must be negative on B(xg, r),
which is a contradiction to the fact: e > 0. Hence d(p1, p2) < D for some D. O

Next we apply the similar argument of Petersen—Sprouse [17] to prove Theorem
1.7 in the introduction.

Proof of Theorem 1.7 The proof is easy only by some direct computation. Recall that
B(xp, R) is a metric ball in the weighted model space M7} 4> Where R < z

2VH'
Let AID (n, H, a, R) be the first eigenvalue of the h-Laplacian Ay with the Dirichlet
conditionin MYy, ,,where h(x) := —a-d(Xo, x),andu(x) = ¢ (r) be the corresponding

eigenfunction, which satisfies
¢"+ (mu +a)¢ + 17 (n, Hya, )p =0, $0) =1, ¢(R)=0.
It is easy to see that 0 < ¢ < 1, since ¢’ < 0 on [0, R]. Now we consider the
Rayleigh quotient of the function u(x) = ¢(d(xo, x)). In the course of the proof,
we will use the relative volume comparison estimate when volume normalization of

some integral Bakry—Emery Ricci tensor is sufficient small. Now, a direct computation
yields that

R
/ |Vul2e /dv = / / (¢ Af(t,0)dedo,
B(xo,R) n—=1J0

R
/SH <¢¢/Af|§ —/0 (' Ap) dt) do,_,

R
_/S —I/() ¢(¢N+mf¢/)~/4f dtden—l

R
B [S /O $@" + (my + a)d) Ay drd6,
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R
—/ / (my—mpy —a)¢¢’.Af dtd6,,—;
s1=1.J0o
R
SAP(n,H,a,R)f / ¢* Ay drd6,
sn=1Jo

R
+/ 1/ (mf—mH—a)+|¢/|Afdtd9n_1.
Sn=1J0

Hence the Rayleigh quotient satisfies

B fB(xo,R) |Vu|?e=/dv

- 2e=fdv

Ssnr ok amp—mp—a); 19| Ay drd6,—,
fsn—] fOR ¢2Af dtdenfl

Q

fB(xO,R) u

<3P, H a R)+

Now choose the first value r = r(n, H, a, R) such that ¢ (r) = 1/2. Then the last
error term can be estimated:

Sonot Jo G yp—mp—a); 1¢'| Ay
fsn—l foR ¢2Af

(fsn—l foR(mf_mH_a)%r Af)% ‘ (fsn—l foR |¢/|2Af)%

1 1
%ij (x0,7) - (fsn—l foR ¢2Af)2

<2 (fsnl foR(mf_mH_“)i -Af)2 \/é

<

Vi (xo.7)

On the other hand, if IE( p, H, a, R) is very small, then we have the following volume
doubling estimate (see Corollary 3.3):

Vy(xo0, R) - Vi (R)
Vi(xo,r) = Vi)’

Putting this into the above error estimate, we have

Sgior ff mp—mp—a); |¢'| Ay
fsn—' foR ¢2Af

1
<4 (M)l/z (fsnl foR(mf—mH—a)%r Af> : Ja.

Vi (r) Vi (xo0, R)
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By the Holder inequality, we observe that

1
R R 7
/ '/(mf—mH—a)i.Aff / /(mf—mH—a)ip.Afe_m ]
Sn—l 0 Sn—] 0
R -
17
x(/ /.Afd”)
sn=1Jo
1

1 1 R »
< ea(l_E)R - Vi (xo, R)l_? (/ / (mf—mH—a)i_p .Afe_m>
sn=1Jo

Using this, we further have

fsn—] fOR(mf_mH_a)Jr |¢/|Af

Ssn1 Jo 92 Ay
1 » 1
< 4e(p2_7ﬂl>aR (Vf’ (R)> 2 (Jg fOR(mf_mH—a)ip Apeat\ 7 /o
Vi (r) Vy(xo, R)

< C(n. p. H.a, R)k(p. H.a, R)2/0Q.

Therefore,

- 1
Q <AP(m.H a,R)+Cn. p.H a, R)(k(p. H.a, R)%/Q,
which implies the desired result. O

Finally, we use Theorem 1.5 to prove Theorem 1.8. The proof method is similar to
the classical case.

Proof of Theorem 1.8 Since a = 0 and H = 0, Theorem 1.5 in fact can be simply
written as

1 1

Ve(x, ra, Ro)\ 21 Ve(x,ri, R\ 2T . Tt

( r(x, 12 2)) z _( r(x, 1)) e, (“Rlc(}_”l’ (R2))2p T
Vo(r2, R2) Vo(r1, Ry) P f0

forany 0 <ry <r < R} < R, where

2p

2p
2 R 2p—1 Ry t 2p—1
C:=C(n,p) / R (—) dr —|—/ "1 (—) dr
P =y i’ (= roy"

2p

n Ry \»T
<2C(n,p) R; Ry =)t :
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Let x € M be a point with d(xp, x) = R > 2. Lettingr; =0, =R—1,R; =R
and Ry = R + 1 in the above inequality, then

Vf(x, R+1)— Vf(x, R—-1)
R+ = (R—1)"

1 o
) {(W)zw 20, PRI (”Ric(}_”p (R+1)>2"_1} _

R" P f0

Using the inequality (a 4+ b)" < 2"~ (@™ + b™) foralla > 0 and b > 0 with
m = 2p — 1, we have the following inequality

Vi, R+1) = Vp(x,R—1)
(R+ D" —(R—1)"
Vi(x, R)
Rl’l

<C(n.p) + Cln, p(R+ 17D [Rich [T (R +1)

for some constant C(n, p). Multiplying this inequality by %;R(il_)m, by the def-

inition of k, we hence have

Vix, R+1) = Vy(x,R—1)

Vix,R+1)
D(n, -
= (';e P) 4 D, p)(R + 101420 R2(p 0,0, R + 1),
for some constant D(n, p). Now we choose € = €(n, p, R) small enough with

k(p,0,0, R + 1) < €, such that

Vix,R+1) = Vs(x,R—-1) _ 2D(n, p)
Vix,R+1) - R

Since B(xp, 1) C B(x, R+1)\B(x, R—1)and B(x, R+ 1) C B(xp,2R+1), hence
we have

% 1
r(xo0 )R

\% 2R+1D)>Ve(x,R+1) >
(%0 +1)>Vex,R+1) 2D, p)

for the R > 2. O

Appendix: Comparison Estimates for Integral Bounds of m-Bakry-—
Emery Ricci Tensor

In this section, we will state f-mean curvature comparison estimates and relative
f-volume comparison estimates when only the weighted integral bounds of the m-
Bakry—Emery Ricci tensor. Since the proof is almost the same as the manifold case,
we omit these proofs here.
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Recall that another natural generalization of the Ricci tensor associated to smooth
metric measure space (M, g, e~/ dvy) is called m-Bakry—Emery Ricci tensor, which
is defined by

1
Ric']'c1 = Ricy — ;df@df

for some number m > 0. This curvature tensor is also introduced by Bakry and Emery
[3]. Here m is finite, and we have the Bochner formula for the m-Bakry—Emery Ricci
tensor

1
EAf|w|2 = [Hessu|? + (VA u, Vu) + Ric s (Vu, Vi)

2
_ B
T m+n

(40)

+(VAyru, Vu) + Ric’J'Z(Vu, Vu)

forsomeu € C°°(M), which is regarded as the Bochner formula of the Ricci curvature
of an (n+m)-dimensional manifold. Hence many classical geometrical and topological
results for manifolds with Ricci tensor bounded below can be easily extended to smooth
metric measure spaces with m-Bakry—Emery Ricci tensor bounded below (without any
assumption on f'), see for example [4,5, 14,21] for details.

Let (M, g, e/ dv,) be an n-dimensional smooth metric measure space. For each
x € M, m > 0 and let A (x) denote the smallest eigenvalue for the tensor Ric’}' :
T:M — Ty M. We define

Rict? = ((n+m—1DH — 1),

where H € R, which measures the amount of m-Bakry—Emery Ricci tensor below
(n+m—1)H.Wealso introduce a L?-norm of function ¢, with respect to the weighted

measure e~/ dv,:

1
I¢llp () = sup (fB e celdvy)”

xeM

Clearly, ||Ric’}’H7||pf(r) = 0 iff Ric’]'c‘ > (n + m — 1)H. Notice that when f is

constant, all above notations are just as the usual quantities on manifolds.
Let r(y) = d(y, x) be the distance function from x to y, and define

@ i=(Apr—my™y,

the error from weighted mean curvature comparison in [5]. Here m’};m denotes the
mean curvature of the geodesic sphere in M I"fm, the n + m-dimensional simply con-
nected space with constant sectional curvature H. The weighted Laplacian comparison
states that if Ric’;} >(Mm+m—1)H, then Apr < m’}f,*" (see for example [5,21]).
Using (40), following the discussion in Sect. 2, we can similarly generalize Petersen—
Wei’s and Aubry’s comparison results to the case of smooth metric measure spaces
with only the m-Bakry—Emery Ricci tensor integral bounds.
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Theorem 6.1 Let (M, g, e/ dv) be an n-dimensional smooth metric measure space.

+
Forany p > *5™, m > 0, H € R (assume r < #ﬁ when H > 0), then

1

m+m—1)Q2p—1) ||Ric’;ZH_ ||pf(r)]2

2p—n—m

lellp () < [

and

A < @p e (2L p_l-/r(Ric’"H )” Asd
f= 2p—n—m 0 - f

along that minimal geodesic segment from x.
. T T
Moreover, if H > 0 and N/l <r< NGL then

1

H Sin4p—t£;m—l (ﬁ[) ) (/)Hzpf(r) < |:(i’l +m — 1)(217 - 1) ||RiCr}lH_ ||pf(r):|2

2p—n—m

and

s Ap—n—m—1 2p—1 n+m—1 Pt ' - mH \P
sin*? WHre? " A <2p -1 [ ————— | (RicFT ) Apde
o .

2p—n—m
along that minimal geodesic segment from x.

Using Theorem 6.1, we have the corresponding volume comparison estimate when
only the weighted integral bounds of Ric’]’}.

Theorem 6.2 Let (M, g, e/ dv) be an n-dimensional smooth metric measure space.

+
Let H e Rand p > *5™, m > 0. For 0 < r < R (assume R < #ﬁwhenH > 0),

1 1
Vi, VN (Vi) \ 0 op =
r— N = < C(n,m, ,H,R(RICv R) .
(V;l[+m(R)) V;l[-‘rm(r) ( p ) “ f —pr( )

Here,

—1 2p
n+m—1 wl/R t !
C(n,m,p, H,R) = AL | = dt,
0o po H ) (<2p—1><2p—n—m)> o M ()(v;;*’"(t>>

where Vit (1) = [y A" (s)ds, A" (6) = [guor A" (1, 0)d0,_1, and A is
the volume element in the model space M ;’fm.

Similar to the manifolds case, comparison estimates for the weighted integral
bounds of Ric’j’c1 have many applications, which will be not treated here. Recall that
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(40) allows one to extend many classical results for manifolds of pointwise Ricci
tensor condition to smooth metric measure spaces of pointwise Ric”} condition, such
as [4,5,14,21]. In a similar fashion, because Theorems 6.1 and 6.2 for n-dimensional
smooth metric measure spaces are essentially the same as the usual (n + m)-manifolds
case. We believe that many geometrical and topological results for the integral Ricci
tensor, such as Myers’ type theorems [1,17], finiteness fundamental group theorems
[1,13], the first Betti number estimate [13], Gromov’s bounds on the volume entropy
[2], compactness theorems [18], heat kernel estimates [9], isoperimetric inequalities
[11,17], Colding’s volume convergence and Cheeger—Colding splitting theorems [19],
local Sobolev constant estimates [10], etc. are all possibly extended to the case where
the weighted integral of Ric’}’i bounds.
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