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Abstract We show that elliptic complexes of (pseudo) differential operators on
smooth compact manifolds with boundary can always be complemented to a Fredholm
problem by boundary conditions involving global pseudodifferential projections on
the boundary (similarly as the spectral boundary conditions of Atiyah, Patodi, and
Singer for a single operator). We prove that boundary conditions without projections
can be chosen if, and only if, the topological Atiyah—Bott obstruction vanishes. These
results make use of a Fredholm theory for complexes of operators in algebras of gen-
eralized pseudodifferential operators of Toeplitz type which we also develop in the
present paper.
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1 Introduction

The present paper is concerned with the Fredholm theory of complexes of differential
operators and, more generally, of complexes of operators belonging to pseudodiffer-
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ential operator algebras. In particular, we consider complexes of differential operators
on manifolds with boundary and investigate the question in which way one can com-
plement complexes, which are elliptic on the level of homogeneous principal symbols,
with boundary conditions to achieve a Fredholm problem. A boundary condition means
here a homomorphism between the given complex and a complex of pseudodifferential
operators on the boundary; it is called a Fredholm problem if the associated mapping
cone has finite-dimensional cohomology spaces (see Sects. 2.2 and 3.3 for details).
As we shall show, boundary conditions can always be found, but the character of the
boundary conditions to be chosen depends on the presence of a topological obstruc-
tion, the so-called Atiyah—Bott obstruction, cf. Atiyah and Bott [3], here formulated for
complexes. In case this obstruction vanishes, one may take “standard” conditions (to
be explained below), otherwise one is lead to conditions named generalized Atiyah—
Patodi—Singer conditions, since they involve global pseudodifferential projections on
the boundary, similar as the classical spectral boundary conditions of Atiyah, Patodi
and Singer [4-6] for a single operator. Moreover, given a complex together with such
kind of boundary conditions, we show that its Fredholm property is characterized
by the exactness of two associated families of complexes being made up from the
homogeneous principal symbols and the so-called homogeneous boundary symbols,
respectively.

Essential tools in our approach are a systematic use of Boutet de Monvel’s calculus
(or “algebra”) for boundary value problems [7] (see also Grubb [11], Rempel and
Schulze [16], and Schrohe [17]) and a suitable extension of it due to the first author
[19], as well as the concept of generalized pseudodifferential operator algebras of
Toeplitz type in the spirit of the second author’s work [27]. The results obtained in
Sects. 5 and 6 concerning complexes of such Toeplitz-type operators will play a key
role. Roughly speaking, in these two sections we show how to construct an elliptic
theory for complexes of operators belonging to an operator algebra having a notion of
ellipticity, and then how this theory can be lifted to complexes involving projections
from the algebra. We want to point out that these results do not only apply to complexes
of operators on manifolds with boundary, but to complexes of operators belonging to
any “reasonable” pseudodifferential calculus including, for example, the calculi of the
first author for manifolds with cone-, edge-, and higher singularities [ 18] and Melrose’s
b-calculus for manifolds with corners [13].

Boutet de Monvel’s calculus was designed for admitting the construction of
parametrices (i.e., inverses modulo ‘“smoothing” or “regularizing” operators) of
Shapiro-Lopatinskij elliptic boundary value problems on a manifold €2 within an opti-
mal pseudodifferential setting. The elements of this algebra are 2 x 2 block-matrix
operators acting between smooth or Sobolev sections of vector bundles over €2 and
its boundary 9€2, respectively; see Sect. 3.1 for further details. Boutet de Monvel
also used his calculus to prove an analogue of the Atiyah—Singer index theorem in
K -theoretic terms. There arises the question whether any given elliptic differential
operator A on Q (i.e., A has an invertible homogeneous principal symbol) can be
complemented by boundary conditions to yield an elliptic boundary value problem
belonging to Boutet de Monvel’s calculus. The answer is no, in general. In fact, the
so-called Atiyah—Bott obstruction must vanish for A: specifying a normal coordinate
near the boundary, one can associate with A its boundary symbol o3(A) which is
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defined on the unit co-sphere bundle S*9$2 of the boundary 92 and takes values in
the differential operators on the half-axis R . In case of ellipticity, this is a family of
Fredholm operators between suitable Sobolev spaces of the half-axis, hence generates
an element of the K-group of $*9€2, the so-called index element. We shall denote
this index element by indg+5 05 (A). The Atiyah—Bott obstruction asks that the index
element belongs to 7 * K (3€2), the pull-back of the K -group of 9€2 under the canonical
projection 7w : S*0Q — 9Q2.

A simple example of an operator violating the Atiyah-Bott obstruction is the
Cauchy—Riemann operator d on the unit disc Q in R?, see Sect. 3.2 for more
details. However, in this case we may substitute the Dirichlet condition u +— ypu
by u — Cypu, where C is the associated Calderén projector, which is a zero-order
pseudodifferential projection on the boundary. One obtains Fredholm operators (in
fact, invertible operators), say from H*(Q) to H*~1(Q) @& H*~'/2(3Q; C), where
H?(0€2; C) denotes the range space of C. In [24], Seeley has shown that this works
for every elliptic differential operator on a smooth manifold. Nazaikinskii, Schulze,
Sternin, and Shatalov in [14,23] considered boundary value problems for elliptic dif-
ferential operators A with boundary conditions of the form u — P Byu, where y
is the operator mapping u to the vector of its first u — 1 derivatives d;u|3q in nor-
mal direction, B and P are pseudodifferential operators on the boundary, and P is a
zero-order projection. They showed that the Fredholm property of the resulting oper-
ator, where P By is considered as a map into the image of P rather than into the full
function spaces over the boundary, can be characterized by the invertibility of suitably
associated principal symbols. Based on these results, the first author of the present
work has constructed in [19] a pseudodifferential calculus containing such boundary
value problems, extending Boutet de Monvel’s calculus. This calculus permits to con-
struct parametrices of elliptic elements, where the notion of ellipticity is now defined
in a new way, taking into account the presence of the projections; see Sect. 3.1.2 for
details. In [21] the authors realized this concept for boundary value problems without
the transmission property and in [22] they consider operators on manifolds with edges.

While [19,21] and [22] exclusively dealt with the question of how to incorpo-
rate global projection conditions in a specific pseudodifferential calculus (Boutet
de Monvel’s calculus and Schulze’s algebra of edge pseudodifferential operators,
respectively), the second author in [27] considered this question from a more gen-
eral point of view: Given a calculus of “generalized” pseudodifferential operators (see
Sect. 4.1 for details) with a notion of ellipticity and being closed under construction
of parametrices, how can one build up a wider calculus containing all Toeplitz-type
operators P; A Py, where A, Py, P; belong to the original calculus and the P; = P2 are
projections? It turns out that if the original calculus has some natural key propertles
then the notion of ellipticity and the parametrix construction extend in a canonical
way to the class of Toeplitz-type operators; see Sect. 4.2 for details.

In the present paper, we are not concerned with single operators but with complexes
of operators. There is no need to emphasize the importance of operator complexes in
mathematics and that they have been studied intensely in the past, both in concrete
(pseudo-)differential and more abstract settings; let us only mention the works of
Ambrozie and Vasilescu [1], Atiyah and Bott [2], Briining and Lesch [8], Rempel
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and Schulze [16], and Segal [25,26]. The Fredholm property of a single operator is
now replaced by the Fredholm property of the complex, i.e., the property of having
finite-dimensional cohomology spaces. In Sect. 2, we shortly summarize some basic
facts on complexes of operators in Hilbert spaces and use the occasion to correct
an erroneous statement present in the literature concerning the Fredholm property of
mapping cones, cf. Proposition 2.6 and the example given before.

A complex of differential operators on a manifold with boundary which is exact
(respectively, acyclic) on the level of homogeneous principal symbols, in general,
will not have the Fredholm property. Again it is natural to ask whether it is possible to
complement the complex with boundary conditions to a Fredholm problem within the
framework of Boutet de Monvel’s calculus. Already Dynin, in his two-page note [9],
observed the presence of a kind of Atiyah—Bott obstruction which singles out those
complexes that can be complemented with trace operators from Boutet de Monvel’s
calculus. Unfortunately, [9] does not contain any proofs and main results claimed
there could not be reproduced later on. One contribution of our paper is to construct
complementing boundary conditions in case of vanishing Atiyah—Bott obstruction,
though of a different form as those announced in [9]. Moreover we show that, in case
of violated Atiyah—Bott obstruction, we can complement the complex with general-
ized Atiyah—Patodi—Singer conditions to a Fredholm complex, see Sect. 3.3. Given a
complex with boundary conditions, we characterize its Fredholm property on principal
symbolic level.

As is well known, for the classical de Rham complex on a bounded manifold,
the Atiyah—Bott obstruction vanishes; in fact, the complex itself—without any addi-
tional boundary condition—is a Fredholm complex. On the other hand, the Dolbeault
or Cauchy-Riemann complex on a complex manifold with boundary violates the
Atiyah—Bott obstruction; we shall show this in Sect. 3.5 in the simple case of the
two-dimensional unit ball, where calculations are very explicit. Still, by our result,
the Dolbeault complex can be complemented by generalized Atiyah—Patodi—Singer
conditions to a Fredholm problem.

2 Complexes in Hilbert Spaces

In this section, we shall provide some basic material about complexes of bounded
operators and shall introduce some notation that will be used throughout this paper.
2.1 Fredholm Complexes and Parametrices

A Hilbert space complex consists of a family of Hilbert spaces H;, j € Z, together
with a family of operators A; € £ (H;, Hjy) satisfying Aj;1A; = O for any j

(or, equivalently, im A; C ker A4 for any j). More intuitively, we shall represent a
complex as a diagram

A A A A
Q[Z...—)H_l—>H0—0>H1—I>H2—2>H3—>...
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660 B.-W. Schulze, J. Seiler

Mainly we shall be interested in finite complexes, i.e., the situation where H; = {0}
for j < Oand j > n + 1 for some natural number 7. In this case we write

Ag Ay Ap—1 A
A:0— Hy — H — ...~ H, =5 H,,1 — 0.

Definition 2.1 The cohomology spaces of the complex 2l are denoted by
%(Q{):kerAj/imAj_l, j €.
In case .7¢; () is finite-dimensional, the operator A;_| has closed range. We call

A a Fredholm complex if all cohomology spaces are of finite dimension. In case 2l is
also finite, we then define the index of 2 as

ind 2 =) " (—1)/ dim ().
j

The complex 2{ is called exact in position j, if the j-th cohomology space is trivial; it
is called exact (or also acyclic) if it is exact in every position j € Z.

Definition 2.2 The j-th Laplacian associated with 2 is the operator
Aj = Aj_lAjf_l + Af;Aj e Z(H)).
In case dim J%; () < 400, the orthogonal decomposition
kerAj =imA;_| @ kerA;
is valid; in particular, we can write
Hi=(ker A" @imA;_ ®kerAj,

and 2 is exact in position j if, and only if, A; is an isomorphism.

Definition 2.3 A parametrix of 2l is a sequence of operators P; € £ (Hjy1, Hj),
J € Z, such that the following operators are compact:

Aj_]Pj_1+PjAj—1€.$(Hj), j €Z.
Note that in the definition of the parametrix we do not require that P; Pjy; = 0

for every j; in case this property is valid, we also call 3 a complex and represent it
schematically as

P_y P P P
s13:...<—H_1<—H0<—0H1<—1H2<—2H3<—...

Theorem 2.4 For 2 the following properties are equivalent:

(a) A is a Fredholm complex.
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(b) A has a parametrix.
(¢) A has a parametrix which is a complex.
(d) All Laplacians Aj, j =0, 1,2, ..., are Fredholm operators in H;.

2.2 Morphisms and Mapping Cones

Given two complexes 2 and 9, a morphism T : 2 — £ is a sequence of operators
T € ZL(H i»Lj), j € Z, such that the following diagram is commutative:

A_
H_ > Hp Ao H,; A H,
JVT—I lTo lTl sz
L_, o Lo % L o L» e,

ie, Tj11A; = Q;T; for every j. Note that these identities imply that A j(ker T;) €
ker Tj+1 and Q;(imT;) € im Tj; for every j.

Definition 2.5 The mapping cone associated with T is the complex

(7' o) 0 (3 o)
Ha\1, 0, T\ 0, H
(5 D (&)

L_» L_4 Lo

Cr: ... —

T is called a Fredholm morphism if its mapping cone is a Fredholm complex.

We can associate with T two other complexes, namely

A_ A
kerT:...— kerT_; EiN ker Ty ﬁ) ker Ty SN kerTh — ...
and
. 01 . Qo .
cokerT:...— L_;/imT_y — Lo/imTy — L{/imT} — ...,

where for convenience of notation, we use again Q; to denote the induced operator
on the quotient space.

We want to use the occasion to correct an erroneous statement present in the lit-
erature, stating that the Fredholm property of the mapping cone is equivalent to the
Fredholm property of both kernel an cokernel of the morphism. In fact, this is not true,
in general, as can be seen by this simple example: Let H and L be Hilbert spaces and
take T as

0 0 H H 0
lO lTl 0
0 L—51. ", 0,
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where 1 denotes the identity maps on H and L, respectively. The mapping cone
associated with this morphism is

10

T, 1

Obviously, this complex is exact for every choice of T} € £ (H, L), since the block-
matrix is always invertible (we see here also that the Fredholmness, respectively,
exactness, of a mapping cone does not imply the closedness of the images im 7). The
kernel complex ker T is

0

(@)
(@)
NPT
~E T
(e
o

0—>O—O>kerT1 ! H 0.

It is exact only if 77 = 0, it is Fredholm only when ker 77 has finite codimension in
H,i.e., if im Ty is finite-dimensional. If the range of T is closed, then coker T is the
complex

0 L —= L/imT1—0>O—>O

where 7 is the canonical quotient map. Thus coker T is exact only for 77 = 0; it is
Fredholm only when im 77 has finite dimension.

Hence, for the equivalence of the Fredholm properties, additional assumptions are
required. The assumptions employed in the following proposition are optimal, as
shown again by the above (counter-)example.

Proposition 2.6 Assume that, for every j, im T; is closed and that

Q7' (imTjs1)

ker Q; +im T}

2.1)

Then the following properties are equivalent:

(a) The mapping cone €t associated with T is Fredholm.
(b) Both complexes ker T and coker T are Fredholm.

In case the quotient space in (2.1) is trivial, the cohomology spaces satisfy
AT (Cr) = A (ker T) @ 7" (coker T). 2.2)
In particular, if the involved complexes are Fredholm and finite,
ind &y = indker T — ind coker T;

moreover, €t is exact if, and only if, both ker T and coker T are exact.
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Proof Let us first consider the case where the quotient space in (2.1) is trivial. Then
there exist closed subspaces V; of L j suchthat L; = V;®imT;and Q; : V; — Vjyq,
for every j. In fact, choosing a complement V; of im T; Nker Q; in ker Q; for every

Jj.take V; = V]f &) Q;l (ij +1)- Itis straightforward to see that the complex

Qyv: ... V_1 o Vo % Vi o 1%

has the same cohomology groups as coker T from above. Then consider the morphism
S :ker T — Qy defined by

A.
. —> kerT; — kerTjy 1 —— ...

L L
Q;
L/ V, —— Vi —— ..
(note that in the vertical arrows we could also write the T, since they vanish on their

kernel). The mapping cone Cg is a subcomplex of €t. The quotient complex €t /Cg
is easily seen to be the mapping cone of the morphism

A.
. —— Hj/kerT; — Hiii/kerTjyg —— ...

I |7 23)

. o .
.—— imT; —— m7jy —_ ...

againby A ; and 7; we denote here the induced maps on the respective quotient spaces.
Note that all vertical maps are isomorphisms, hence the associated mapping cone is

. —Aj 0 u _ . . .
exact. To see this, note that < T; Qj—1> <v> = 0 implies that Tju + Q;_1v =0,

ie.,u= —ijl Qj—1v. Thus

-1 —1
ker —4j 0 C im —T; Q- = im —AjiTi
Ty Qj—1)~ 1 1
. —Aj_ . -Aj_1 0 > <—Aj 0 >
=1im C im ; C ker ,
(Tj—l >_ (Tj—l Qj-2) ~ Tj Qj-

showing that /27 (¢1/Cs) = 0. Summing up, we have found a short exact sequence
of complexes,

0 € —% Cp — s Cp/¢s — 0, 2.4)

where « is the embedding and B the quotient map. Since the quotient is an exact
complex, a standard result of homology theory (cf. Corollary 4.5.5 in [28], for instance)
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664 B.-W. Schulze, J. Seiler

states that the cohomology of €g and ¢t coincides. Since the maps defining €g are

just

ker T; ker T4
Qj-1)" '
J Vi V;

the claimed relation (2.2) for the cohomology spaces follows immediately. The equiv-
alence of (a) and (b) is then evident.
Now let us consider the general case. Choose closed subspaces Uj, V]f ,and W; of

Q;l (im Tj41) such that

imT]‘ =U; @(imTj ﬂkeer),
ker Q;j = VI @ (im T; Nker Q)),
Q;l(im Tiy1)=W;® (Gm7; +ker Q)),

and define the spaces V; := V]f @ Q;I(V;H). Then L; = V; @imT; @ W; and
Q; 1 Vi = Vji1. As stated above, consider the complex Qy and the morphism
S : kerT — Qy; for the cohomology one finds .7/ (coker T) = 7 (Qy) & W;;
note that the W; are of finite dimension. The quotient complex €t /Cg is the mapping
cone of the morphism

A.
. — Hj/kerT; — Hjii/kerTjyg ——— ...

I i

. Q; .
.——> ImT; & W, —, m7Tj @ Wiy —— ...

Since it differs from the exact complex (2.3) only by the finite-dimensional spaces W,
it is a Fredholm complex. By Theorem 4.5.4 of [28] we now find the exact sequence

s TNy )Cs) 2 T (€s) 2 i (@r) L T (@ yes) s

where 0, is the connecting homomorphism for cohomology. Since both spaces
171 (1 /¢s) and 7 (€1 /Cs) are finite-dimensional, we find that o, has finite-
dimensional kernel and finite-codimensional range. Thus #/ (¢t) is of finite dimen-
sion if, and only if, 7/ (Cg) is. The latter coincides with 7/ (ker T) @ 7/ ~1(Qy),
which differs from 7/ (ker T) @ ¢/~ (coker T) only by W ;. This shows the equiv-
alence of (a) and (b) in the general case. m]

Of course, condition (2.1) is void in case all spaces L; are finite-dimensional.
However, for the formula of the index established in the proposition, as well as the
stated equivalence of exactness, one still needs to require that the quotient space in
(2.1) is trivial.
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Remark 2.7 Assume that T : 2 — £ is an isomorphism, i.e., all operators T; are
isomorphisms. If B is a parametrix to 2, cf. Definition 2.3, then the operators

1 .
S = TijTjJr], j €Z,

define a parametrix & of the complex Q.

2.3 Families of Complexes

The concept of Hilbert space complexes generalizes to Hilbert bundle complexes, i.e.,
sequences of maps

A_q A A A
A:...—>E_ | —5> E)y-3SE 5 E 5 Ey— ...,

where the E; are finite- or infinite-dimensional smooth Hilbert bundles and the A ; are
bundle morphisms. For our purposes it will be sufficient to deal with the case where
all involved bundles have identical base spaces, say a smooth manifold X, and each
A preserves the fiber over x for any x € X. In this case, by restriction to the fibers,
we may associate with 2 a family of complexes

1 Ao Al Aj
Ay ... — E_1x — Eyx — Eix — Eyy — E3, —> ..., x e X.

For this reason we shall occasionally call 2 a family of complexes. It is called a
Fredholm family if 2, is a Fredholm complex for every x € X. Analogously we
define an exact family.

Though formally very similar to Hilbert space complexes, families of complexes
are more difficult to deal with. This is mainly due to the fact that the cohomology
spaces ¢ (21) may change quite irregularly with x.

3 Complexes on Manifolds with Boundary

We shall now turn to the study of complexes of pseudodifferential operators on man-
ifolds with boundary and associated boundary value problems.

3.1 Boutet de Monvel’s Algebra with Global Projection Conditions

The natural framework for our analysis of complexes on manifolds with boundary is
Boutet de Monvel’s extended algebra with generalized APS conditions. In the follow-
ing we provide a concise account on this calculus.

3.1.1 Boutet de Monvel’s Algebra

First we shall present the standard Boutet de Monvel algebra; for details we refer the
reader to the existing literature, for example [11,16,17].
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666 B.-W. Schulze, J. Seiler

Let ©2 be a smooth, compact Riemannian manifold with boundary. We shall work
with operators

€ (2, Eo) C>° (2, Er)
o = <A+T+G g) : o — o 3.1)
E>*(0Q2, Fo) E>*(0Q, Fy)

where E; and F; are Hermitian vector bundles over €2 and 9€2, respectively, which are
allowed to be zero-dimensional. Every such operator has an order, denoted by u € Z,
and a type, denoted by d € Z.! In more detail,

e A is the “restriction” to the interior of €2 of a u-th order, classical pseudod-
ifferential operator A defined on the smooth double 22, having the two-sided
transmission property with respect to 9€2,

G is a Green operator of order  and type d,

K is a u-th order potential operator,

T is a trace operator of order u and type d,

Qe L’C‘I(BQ; Fy, Fp) is a u-th order, classical pseudodifferential operator on the
boundary.

We shall denote the space of all such operators by
B (Eo, Fo), (E1, F1)).

The scope of the following example is to illustrate the significance of order and type
in this calculus.

Example 3.1 Let A = A be a differential operator on 2 with coefficients smooth up
to the boundary.

(a) Let A be of order 2. We shall explain how both Dirichlet and Neumann problem
for A are included in Boutet de Monvel’s algebra. To this end let

ou

ou = ulye, = —
4 | Y EVAEIY

denote the operators of restriction to the boundary of functions and their derivative

in direction of the exterior normal, respectively. Moreover, let S; € L<3;1/ 2= (092),

Jj =0, 1, be invertible pseudodifferential operators on the boundary of €2. Then
T; = S;y;: EF(Q) — EFORQ)
are trace operators of order 2 and type j + 1. If Eg = E; := C, F; := C, and

Fy := {0}, then A; := <?> belongs to %>/ T1(Q; (C, 0), (C, C)). In case A;
J

! The concept of negative type can be found in [10, 11], for example.
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is invertible, the inverses are of the form
A= (PL+Gj K)) € 272°9: (C.0), (C.0));

for the original Dirichlet and Neumann problem one finds

A —1
(Vj) = (Py + G K;Sj).

(b) Let A now have order 4 and consider A jointly with Dirichlet and Neumann
condition. We define

S EC(02)

T = < °V°> LERQ) — B ZET0Q,CH
S Y1 5500(89)
1/2—j

with pseudodifferential isomorphisms S; € L (0€2). Then T is a trace oper-

cl
ator of order 4 and type 2, and (?) belongs to #*2(; (C, 0), (C, C?)). The

discussion of invertibility is similar as in (a).

At first glance, the use of the isomorphisms §; may appear strange but, indeed, is
just a choice of normalization of orders; it could be replaced by any other choice of
normalization, resulting in a straightforward reformulation.

As a matter of fact, with o7 € B4 (Q:; (Ey, Fo), (E1, F1)) asin (3.1) is associated
a principal symbol
ol() = (o), (), 0 (), (3.2)

that determines the ellipticity of .A; the components are

(1) the usual homogeneous principal symbol of the pseudodifferential operator A
(restricted to S*€2, the unit co-sphere bundle of €2),

oy () =0y (A) : i Eg — nSEN,

where 7 : $*Q — Q is the canonical projection,
(2) the so-called principal boundary symbol which is a vector bundle morphism

Tio(F R ®E)  mig(L(Ry) ® EY)
ol (o) ® — ® , (3.3)
ﬂ{;kQF() JT;QFI

where w30 @ S¥0Q — 9 again denotes the canonical projection and E’/ =
E j|yq is the restriction of E; to the boundary. ‘
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3.1.2 Boutet de Monvel’s Algebra with APS Conditions

This extension of Boutet de Monvel’s algebra has been introduced in [19]. Consider
two pseudodifferential projections P; € L(C)I(Z)Q; Fj, Fj), j =0, 1, on the boundary
of 2. We denote by

B4 (Q; (Eo, Fo; Po), (E1, Fi; P1))

the space of all operators o7 € #"*4(Q; (Eg, Fy), (E1, Fi)) such that
10
J
If we denote by
CX0R, Fj; Pj) := (€09, F)))

the range spaces of the projections P;, which are closed subspaces, then any such &/
induces continuous maps

E* (R, Ep) E®(R2, E)
o o — @ . (3.4)
€ (02, Fo; Po) €0, Fi; P1)

For sake of clarity let us point out that .27 acts also as an operator as in (3.1) but it is
the mapping property (3.4) in the subspaces determined by the projections which is
the relevant one.

The use of the terminology “algebra” originates from the fact that operators can be
composed in the following sense:

Theorem 3.2 Composition of operators induces maps

B N(Q; (E1, Fis P1), (Ez, Fa; P2)) x B0%(Q; (Eo, Fo; Po), (E1, Fi; P1))
— BHUQ; (Eo, Fo; Po), (Ea, Fa; P2),

where the resulting is d = max(dy, d1 + o).

The Riemannian and Hermitian metrics allow us to define L;-spaces (and then L;-
Sobolev spaces) of sections of the bundles over Q2. Identifying these spaces with their
dual spaces, as usually done for Hilbert spaces, we can associate with <7 its formally
adjoint operator <7 *. Then the following is true:

Theorem 3.3 Let u < 0. Taking the formal adjoint induces maps
B0 (Eo. Fo: Po). (E1. Fi: Py)) —> 20 (Ey. Fi; PY). (Eo. Fo: PY)).

where P;‘ is the formal adjoint of the projection P;.
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Let us now describe the principal symbolic structure of the extended algebra. Since
the involved P; are projections, also their associated principal symbols og(Pj) are
projections (as bundle morphisms); thus their ranges define subbundles

Fj(P)) =0y (P))(75qF}) € mioF). 3.5)

Note that, in general, F;(P;) is not a pull-back to the co-sphere bundle of a bundle
over the boundary 9.

The principal boundary symbol of & € %" (Q; (Eo, Fo; Po), (E1, F1; P1)),
which initially is defined as in (3.3), restricts then to a morphism

Ty (7 (R4) ® Eo) Tho(H ™ (Ry) ® E)
&) — &) . (3.6)
Fo(Po) Fi(Py)

This restriction we shall denote by O'éL (/; Py, Py) and will call it again the principal
boundary symbol of <7 ; the principal symbol of <f is then the tuple

ol (5 Py, Pr) = (0, (), 0 (5 Po, P1)). (3.7)

The two components of the principal symbol behave multiplicatively under composi-
tion and are compatible with the operation of taking the formal adjoints in the obvious
way.

Definition 3.4 o7 € "4 (Q; (Ey, Fo; Po), (E1, Fi; Pp)) is called oy -elliptic if

oy, (<) is an isomorphism. It is called elliptic if additionally o' (</; Po, Py) is an
isomorphism.

3.1.3 Sobolev Spaces and the Fundamental Theorem of Elliptic Theory
In the following, we let H*(2, E) and H*(9<2, F) with s € 7Z denote the standard
scales of Ly-Sobolev spaces of sections in the bundles E and F, respectively. Moreover,

H{ (2, E) denotes the closure of 6;°(int 2, E) in H*(Q2, E).
Let o/ € B*9(Q; (Eo, Fo: Po), (E1, Fi; P)). The range spaces

H° (092, Fj; Pj) := Pj(H*(9Q, F}))
are closed subspaces of H* (€2, F;), and &/ induces continuous maps

H (2, Ep) H*™H(Q, Eo)
® — @ ., s>d. (3.8)
HS(2, Fo; Py) HS™MOQ, Fi; P))
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Similarly, the principal boundary symbol o#(</; Py, P;) induces morphisms

Ty (H (Ry) ® Eo) o (H MRy ® En)
@ — @ , s>d. 3.9
Fo(Po) Fi1(Py)

As a matter of fact, in the above Definition 3.4 of ellipticity it is equivalent considering
the principal boundary symbol as a map (3.3) or as a map (3.9) for some fixed integer
s >d.

Theorem 3.5 For &/ € %’"’d(Q; (Eo, Fo; Py), (Eq1, F1; P1)) the following state-

ments are equivalent:

(a) o is elliptic.

(b) There exists an s > max(j, d) such that the map (3.8) associated with < is
Fredholm.

(¢) Foreverys > max(u, d) the map (3.8) associated with </ is Fredholm.
(d) There is an B € B~HA=H(Q; (Ey, Fi; Py), (Eo, Fo; Po)) such that

B — Py € B (Eo, Fo; Po), (Eo, Fo; Po)),
o B — Py € BNHQ; (Ey, Fr; Py), (Ey, Fi; PY)).

Any such operator A is called a parametrix of < .

Remark 3.6 By (formally) setting Ep and E; equal to zero, the above block-
matrices reduce to the entry in the lower-right corner. The calculus thus reduces
to one for pseudodifferential operators on the boundary. We shall use the nota-
tion Lﬁ(aﬂ; Fo, Fy) and Lg] (02; (Fo; Py), (F1; Pp)), respectively. The ellipticity
of Q € Lffl (0925 (Fo; Po), (F1; Pyp)) is then described by one symbol only, namely,
o(/j(Q) : Fo(Py) — F1(Py), cf. (3.5).

3.2 Example: The Cauchy-Riemann Operator on the Unit Disc

Let us discuss a simple example. Let 2 be the unit disc in R and A = 9 = (3 +
idy)/2 be the Cauchy—Riemann operator. Identify the Sobolev spaces H?(3£2) with
the corresponding spaces of Fourier series, i.e.,

feH' O <= (nl'f(m),_, € C@).

The so-called Calderon projector C, defined by

fmy  n=0
O .

Eﬂm={ o

belongs to Lg(a Q) and satisfies C = C? = C*. Note that y induces an isomorphism
between the kernel of A acting on H*(€2),s > 1, and HS_I/Z(BQ; C). To unify orders,
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let S € Li{2(as2) be invertible, P := SCS~!, and T := Syo. Then
A HS—I(Q)
(T) cHY(Q) — &) (3.10)
0 H~1(39; P)

is an isomorphism for any integer s > 1.

Lemma 3.7 Let T = Poyg with ¢ : H~Y20Q) - H*~LQ) being a bounded
operator. Then the map from (3.10) with Ty replaced by T is Fredholm if, and only if,
P : HS V232 C) — H~1(dKQ; P) is Fredholm.

Proof Let (B K ) be the inverse of (3.10). Then the Fredholmness of <?) is equiv-

A _ 1 0 : s—1 s—1 . :
alent to that of (T) (BK) = <TB TK> in H*~1(Q) & H*~1(3Q; P), ie., to

that of TK : H*7'(0Q; P) — H* 1(3Q; P). Butnow 1 = ToK = SyoK on
H~1(3Q; P) implies that TK = P¢S~! on H*~1(d2; P). It remains to observe
that S~' : HS~1(9Q: P) — HS 1 (0Q; ©) isomorphically. O

Let us now interpret the previous observation within the framework of the Boutet
de Monvel algebra with generalized APS conditions. Let P € Lgl (0€2) be an arbitrary
projection with P — C € L;ll (0€2), i.e., P has homogeneous principal symbol

0 0 :
O'lp(P)(e,T)ZO'w(C)(Q, 7) = :0 T =—1

where we use polar coordinates on 92 and t denotes the covariable to 6. By a straight-
forward calculation we find that the boundary symbol of A is

1 .
oa (A0, T) = —ze”(a, +1): SRy — SRy, 1=,

and therefore is surjective with kernel

kero, (A)(0, 1) =

spane™’ Tt =1
T=—1

1/2
cl

Lemma 3.8 Let T = Byywith B € L_{~(02) and

_ (A L6 ) )
o = (PT) e B (2 (C,0; 1), (C,C; P)).

The following properties are equivalent:

(a) o is elliptic.
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(®) o,/ *(B)®. 1) #0.

(¢) PBC e LY*(3Q; (C; C), (C; P)) is elliptic.
(d) PB: HS_%/Z(SQ; C)— H"Y9Q: P)is Fredholm for all s.

Proof Clearly, the homogeneous principal symbol of A never vanishes. The principal
boundary symbol is given by

1 S (Ry)
ol ()0, —1) = (“f* e ‘”) IR — B
0}
1 y(R+)
| [ elwmen
0y ()(0,1) = ((7111//2(3)(0’ 1))/0) SRy — g ,

where you = u(0) for every u € #(R,). Thus ellipticity of .o/ is equivalent to the

non-vanishing of sz/ 2(B)(@, 1). The remaining equivalences are then clear. O

3.3 Boundary Value Problems for Complexes
In the following we shall consider a complex

A:0 — HY(Q, Eg) 2% H0(Q, En) 25 . 2% B (Q, Epyy) —> 0

(3.11)
withA; =A;  +G; € BHi-di (Q: Ej,Ejr1)andvj := uo + ...+ uj, where s is
assumed to be so large that all mappings have sense (i.e.,s > vjands > d; +v;_|
forevery j =0,...,n).

Definition 3.9 The complex 2l is called oy -elliptic, if the associated family of com-
plexes made up by the homogeneous principal symbols oll;j (Aj), which we shall
denote by oy (), is an exact family.

Let us now state one of the main theorems of this section, concerning the existence
and structure of complementing boundary conditions.

Theorem 3.10 Let A as in (3.11) be oy -elliptic.

(a) There exist bundles Fy, ..., Fy12 and projections P; € Lgl(BQ; F;, Fj) such
that the complex 2 can be completed to a Fredholm morphism (in the sense of
Sect. 2.2)

A A Al‘l
0 Hy —>> H; —> ... Hypp —— 0
lTO lTl lTnJrl
0 Lo % L el - o Lyy1 — 0
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where we use the notation
Hj:=H""-Y(Q,Ej), L;:=H""0R,Fjt1; Pjt1),
the T; are trace operators of order u; and type 0 and
Q; € Liﬁ’*‘(aﬂ; (Fj+15 Pj+1), (Fj12; Pj42)).

In fact, all but one of the P;j can be chosen to be the identity. Moreover, it is
possible to choose all projections equal to the identity if, and only if, the index
bundle of U satisfies

indg+50 Ua(m) € JT*K(BQ),

where 1 : §*0Q — Q is the canonical projection.
(b) A statement analogous to (a) holds true with the trace operators T substituted
by K j with potential operators K : Lj — Hj of order — i

The main part of the proof will be given in the next Sects. 3.3.1 and 3.3.2. Before, let
us first explain why, in fact, it suffices to demonstrate part (b) of the previous theorem in
case all orders p ;, types d;, and the regularity s are equal to zero. Roughly speaking,
this is possible by using order reductions and by passing to adjoint complexes. In
detail, the argument is as follows:

We shall make use of a certain family of isomorphism, whose existence is proved,
for example, in Theorem 2.5.2 of [11]: there are operators A;’? e B™O(Q: E; Ej),
m € Z, which are invertible in the algebra with (A’}l)_1 = A;m and which induce
isomorphisms H* (2, E;) — H*7"(Q2, E;) for every s € R. Their adjoints, denoted
by A;."’*, are then isomorphisms A;”* : H'*(Q,Ej) - H,*(Q, E;) for every
s € Randalso A" € B"Y(Q; E; E)).

Assume now that Theorem 3.10(b) holds true in case u; =d; = s = 0.

Given the complex 2 from (3.11), consider the new complex

A:0— L2Q, Ep) 2% 12, En 25 . 2% 12(Q, Epyy) — O,

~. o S—V; ) Vj—1—S$
where A; = Aj+1 A]Aj

Thus there are projections 13]- and block-matrices

. The A ;j have order and type 0 and A is oy -elliptic.
~ A K- ~ ~
Aj = ( 0 / éji) e B0 (Ej, Fit2; Pi42), (Ejs1, Fit3; Pjy3))

J

(with j = —1,...,n) that form a Fredholm complex. Now choose families of
invertible pseudodifferential operators A;. € L0 Fjy1, Fjr1), r € R, with
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(A;)—l = ;" Then also the

vl-fs N U] 1
AJ = <AJ+1 Vi ?2 s) ( A K]+l) (AJ s—(?;-+l)
0 /5 0 Qjn 0 A

form a Fredholm complex. This shows (b) in the general case with the choice of

Vi_1—S 7~ vJ

Kj:=A"TK, )f (3.12)

ujls svjl

the projections P; = A P; A and

Q) :=1711703" € L™ 09 (Fja1. Pjs1), (Fjsa, Pjsa)).

Now let us turn to (a). In case u; = d; = s = 0 pass to the adjoint complex

0— L2, B 2% 12, Ep 25 ... 2 12, Ep) — 0,

with Ej =E;y1—jand B; = AZ_./.. Apply to this complex part (b) of the Theorem,
with bundles F; = F,13_; and projections P; for 1 < j < n + 2, resulting in a
—Bj Kji1

0 Qj+i
0,...,n+ 1, form a Fredholm complex and (a) follows with 7; := K 1 Q;:=

complex of block-matrices B; = ) Then also the A; := B} _ i j =

Qn+1 _j and projections P; := PnJrz i

V1=

. g S—V;
Finally, consider the general case of (a). First define A; = A i +1/ Aj A as

above and then pass to the adjoint complex of the B j = X;;f i Using (b), th1s leads
to a Fredholm complex of operators

-~ [_B. R, ~ o~ - ~ o~ o~
B; =< 0 @-’:l) € B0 (Ej. Fyia: Piya). (Ejir. Fjisi Piya)).
J

Now we define

SV 1% Uy j—8,%
Bj = <Aj+1 ~S—u,10j1,>k> < OB K]+l> (A "‘Vn(j)_S'*) s
0 )\j+3 Q]+1 0 )\.j+2

where the operators A" refer to the bundle E;, while X; to the bundle F;. These B;
then define a Fredholm complex acting as operators

Hy" ' (Q, E)) Hy" 7' QL Ejy)
Bj: @N —> (&) _
H"=i75(08, Fjy2, P} 5) H"=i175(9%Q, Fj43, P 5)
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K* *

. . . —A,—;i O .
with resulting projections P;. Now observe that B} = ( i ) with
: i+ Cin

~s

. o —Vn—j—1,% X . T Vn—j =S,k . _ NS Vn—j—1,% "" T Vn—j—S,*
Qj+1 —)‘«‘/_;,_3 Q]+1)\j+2 s Kjp = Aj_H Kj+1)"j+2 >

—Vn—j—1,% % TVn—j—1—S

and that A Kjris “isa potential operator of order 0, mapping

Jj+l
H" 77509, Fjya, Pjy,y) — Hy' ™' (Q, Ejp).
We conclude that

Tj = K*

npi—j HTUTNQLE) — HTY (0K, Fjig, Pi1), Pji= (P;;—j+3)*’

*

is a trace operator of order j ; and type 0 and the result follows by redefining Q7 i+

as Q;.

Remark 3.11 The use of order reductions in the above discussion leads to the fact that
the operators T; and Q; constructed in Theorem 3.10(a) depend on the regularity s.
However, once constructed them for some fixed choice s = s, it is a consequence of
the general theory presented in Sect. 6.3.1, that the resulting boundary value problem
induces a Fredholm morphism not only for the choice s = s but for all admissible s.
An analogous comment applies to part (b) of Theorem 3.10.

3.3.1 The Index Element of a oy, -Elliptic Complex

We start out with the o -elliptic complex

A:0— LAQ, Ep) 2% 12, En 25 . 2% 12(Q, Epyy) — 0,

with A; € BY0(Q; E;j, Eji1). The associated principal boundary symbols Ug(Aj)
form the family of complexes

o9 (40) oA o (4n)
0a(A) : 0 — & = e S 8 — 0,

where we have used the abbreviation
& =n*(L* R+, Ejlye), m: S*9Q — 0.
Due to the oy -ellipticity, o3 (2() is a Fredholm family.

Theorem 3.12 There exist non-negative integers {1, ..., £,4+1 and principal bound-
ary symbols

0

—o (A~)k~+1> .

a; = NI I =0,...,n,
! ( 0 gjt1 /
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of order and type 0 such that

& . & . . En o Enti
0— o 29 L. .. 2L 9 B @9 —0

ch Ct2 Clnt1 0

is a family of complexes which is exact in every position but possibly the first, with
finite-dimensional kernel bundle Jy := ker ag. In particular, the index element of % is
given by

n+1
inds-ag 03 () = [Jo] + Y (=1 [CY]. (3.13)
j=1
Proof For notational convenience, let us write a; := —crg(A 7). The proof is an itera-

tive procedure that complements, one after the other, the principal boundary symbols
a,,d,_1, ...ao to block-matrices.

Since oy (2) is a Fredholm family, a,, : £, —> &,+1 has fiberwise closed range of
finite codimension. It is then a well-known fact, cf. Sect. 3.1.1.2 of [16] for example,
that one can choose a principal potential symbol k1 : Ct+1 — &, such that

En
(an kn+l) Db — En-i-l
(CZIH»I

is surjective. Choosing g, := 0 this defines a,,. For n = 0 this finishes the proof. So
let us assume n > 1.

Set £,42 := 0. Let us write E'J =& @ CY+! and assume that, for an integer
1 <i < n, we have constructed q;, ..., a, such that
5 a4 5 a; a 5
g,‘ —)5,‘4_1 —+l> —n>(€n+1 — 0

is an exact family. Then the families of Laplacians
szaj,laj._l—i—ajfaj, i+1<j<n+l1,

are fiberwise isomorphisms, i.e., bijective principal boundary symbols. Thus also the
inverses 0;1 are principal boundary symbols. Then the principal boundary symbols

1kl . . .
mji=1-a30,,a, 1=J]=n,

are fiberwise the orthogonal projections in g] onto the kernel of a;; we shall verify
this in detail at the end of the proof.
Now consider the morphism
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where &; is considered as a subspace of gl = & @ Ch+1. Since a;_1 maps into the
kernel of a;, while fiberwise the image of af is the orthogonal complement of the
kernel of a;, we find that

im (al;l a;") =ima;_ ® (kera;)"

is fiberwise of finite codimension in g, = ker a; @ (ker a;)L. Therefore, there exists

an integer ¢; and a principal boundary symbol

k L &
b:():(CZ"—>5,~= ®
4q Cli+

(in particular, k is a principal potential symbol) such that

@
Ct
is surjective. We now define
ki . &
( l) =mb:Cli — &= &
4i Clit
and claim that
SN i
ai—1 = (all kl) . ® —> kerg;
0 g Cli

surjectively. In fact, by construction, a;_; maps into the kernel of a;. Moreover, given x
in a fiber of ker a;, there exists (u, v, w) in the corresponding fiber of & _1 B E; 41 Tl
such that

X =aj—ju+ av+ bw.
Being 7; the orthogonal projection on the kernel of a;, we find
X =mix =aj_u+ mwibw = a;_| <Z)) .
Thus we have constructed a;_; such that
5 ai—1 aj+1

~ o ~ a o~
E 41— & S & —> ... D E1 — 0
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is an exact complex. Now repeat this procedure until ag has been modified.
It remains to check that the 7; in fact are projections as claimed: Clearly 7; = 1
on ker a;. Moreover,

* ok %
ata;m; = aja; cua,ajoj+1
_ % * % . - . _
= aja; —aj(a;a} +a+1a,+1)0]+laj+ aja; aj410;,a; =0.
—_— ——

=041 =(ajtra;)*=0

Hence mr; maps into ker a; a; = ker a;. Finally

32

(I=m;) _ajaj+1 alaj+1

=a; OJH(a]a/ + ajHa]H)DJHa] a; OJH j+1a1+10j+1u] =1-x

N——
=041

: : -1 . ) . T o -
since a; maps into ker a4 1 :.:mdDjJrl :kerajy — kerajig,hence aj+10;4,0) = 0.
The proof of Theorem 3.12 is complete. O

3.3.2 The Proof of Theorem 3.10

Let us now turn to the proof of Theorem 3.10(b) in the case of u; = d; =5 = 0.In
fact, the statement is a consequence of the following Theorem 3.13 which is slightly
more precise. In its proof we shall apply some results for complexes on manifolds with
boundary which we shall provide in Sect. 6.3; these results in turn are a consequence
of our general theory for complexes in operator algebras developed in Sects. 5 and 6.

Theorem 3.13 Let notation be as in Sect. 3.3.1. Then there exist non-negative integers
Lo, ..., Lnt1, Operators

Aj = <_Aj KjH) € BYO(Q: (B, CH*), (Ej11,CY#2),  j=0,....m,
0 Qjn

and

Ay = (2K0) ¢ B0 0., By, (Eo. CO)
0 Qo

with a projection Py € LO(E)Q; Clo, ChY such that

0 A a4 LP@Eg) LAQ Ep)
00— ® =5 ® AN @ —0
L2(3Q, Ch; Py) L?(3%, Cliv2) 0

is a Fredholm complex. If, and only if,

indg«ye 09 () € T*K (32), (3.14)
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i.e., the index element of the complex 24 belongs to the pull-back of the K -group of the
boundary under the canonical projection 7w : S*3Q — 3K, we may replace C by a
vector bundle Fy over 0S2 and Py by the identity map.

Proof Repeating the construction in the proof of Theorem 3.12, we can find £ and a
boundary symbol

&
a| = <ko> Cch — @, im (I;g) = kerag = Jo.

Therefore,

1
Cf = ker <k0) ® (ker (k0>) = ker <k0> @ Jo.
q0 q0 q0

Now let Py be a projection whose principal symbol coincides with the projection onto
Jo (such a projection exists, cf. the appendix in [19], for instance). Then Proposition
6.10 implies the existence of .4 ; as stated, forming a complex which is both oy - and
oy-elliptic. Then the complex is Fredholm due to Theorem 6.8.

In case (3.14) is satisfied, there exists an integer L such that Jy @ C” is a pull-back
of a bundle Fy over 922, i.e., Jo ® CL' = 7n*G. Now replace ¢ and £; by £y + L and
£1 4+ L, respectively. Extend ko and ky, ¢; by O from Ct to Ct @ CL and CY to
C* @ CF, respectively. Moreover, extend g to C® @ C* by letting g9 = 1 on CL.
After these mgdiﬁcations, rename £; + L by £; for j = 0, 1 as well as the extended
ko and go by kg and g, respectively. We obtain that

T il
W = (ker (g,g)) = CL ~ 7*F.

With an isomorphism « : 7*Fy — W we then define the boundary symbol

= () = (B)], o
q0 q0) 'w

and again argue as above to pass to a Fredholm complex of operators A;. O
3.3.3 General Boundary Value Problems
We have seen in Theorem 3.10 that any o -elliptic complex (3.11) can be completed to

a boundary value problem which results to be Fredholm. Vice versa, given a boundary
value problem for 2(, we can characterize when it is Fredholm.
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Theorem 3.14 Let A as in (3.11).

(a) Assume we are given a boundary value problem

A A A,

0 Hy 0 H; ] o Hyy1 —— 0
lTo lTl lTnJrl

0 Lo -2, -2, & —0

with spaces
Hj:=H""-(Q,Ej), L;:=H""0RQ,Fjt1; Pjt1),
trace operators of order 1 and type d, and
Q; € LU0 (Fit1; Pig1), (Fjs2; Pig2)).

Then the following statements are equivalent:

(1) The boundary value problem is Fredholm

(2) Ais oy-elliptic and the family of complexes generated by the boundary sym-
bols

(—G;ﬁ”(z‘\j) . oy (Tj+1; Pjs2) ) N
o ,
0 oy " (Qj+15 Pjya, Pjg3)

associated with the mapping cone is an exact family.
(b) A statement analogous to (a) holds true with the trace operators T; : Hj — L
substituted by potential operators K; : L; — Hj of order —i;.

In fact, this theorem is a particular case of Theorem 6.8 (applied to the associated

mapping cone).

3.4 Example: The deRham Complex

Let dim Q2 = n 4+ 1 and Ej denote the k-fold exterior product of the (complexified)
co-tangent bundle; sections in Ej are complex differential forms of degree k over
Q. Let dj denote the operator of external differentiation on k-forms. The de Rham
complex

0— H'Q,E) & B, En S . &% B 1(Q, Eny1) — 0

(s = n+ 1) is oy-elliptic and the associated principal boundary symbols induce
an exact family of complexes. Therefore, the de Rham complex is a Fredholm com-
plex without adding any additional boundary conditions. However, one can also pose
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“Dirichlet conditions,” i.e., consider

dj_y o d; i1 i
-—— H'7/(QE;) —— H (Q,Ejy1) ——> -

le ‘LRjJrl

dj_ . dj . d;
RN HS=I=123Q, F}) —L s HsIT32(8Q, Fit1) G

where the second row is the de Rham complex on the boundary and the R’s map forms
on €2 to their tangential part. This is also a Fredholm problem whose index coincides
with the Euler characteristic of the pair (€2, d€2). Note that for meeting the setup of
Theorem 3.14 one needs to replace the Ry by Ty := Sy Ri and the differentials dy_ on
the boundary by Qy := Skdk_lS,:_ll with some invertible pseudodifferential operators

Si € L*(09; Fi, Fy).
We omit any details, since all these observations have already been mentioned in

Example 9 of [9].

3.5 Example: The Dolbeault Complex

In this section we show that the Dolbeault complex generally violates the Atiyah—Bott
obstruction.

Complex differential forms of bi-degree (0, k) over C* = R>" are sections in the
corresponding vector bundle denoted by Ej. Let 3; be the dbar operator acting on
(0, k)-forms and let

me = Y (5 )z

denote the canonical projection in the (complexified) co-tangent bundle. The homo-
geneous principal symbol of 9y is given by

o, ) E)w=Mé) Ao, &eT'R™ woc k.,

withz € C". Now let 2 C C" be a compact domain with smooth boundary and restrict
Ok to Q. If r : & — R is a boundary defining function for €2, the principal boundary
symbol of 9y is (up to scaling) given by

= . dn
03 (A (En =TE An —i(Tdr) A,
where &' € T70Qand n € H*(R4) ® Ey  with 7 € 9Q.

For simplicity let us now take n = 2 and let Q@ = {z € C? | |z| < 1} be the unit
ball in C?. Using the generators dz; and dz, we shall identify E%? and E®? with
C? x C and E%! with C* x C2. As boundary defining function we take an r with
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r(z) = 2(|z| — 1) near 92; then, on 42,

0

Z oz, azj Tz, 9z;

Now we identify 7*3$2 with those co-vectors from 7*Q|¢ vanishing on d/9r. Hence,
representing £ € TQ as £ = ijl‘z &;dz; + & ;dz;, we find

£ eT9Q < Re (€121 +£H7) =0.
In other words, we may identify 7*9<2 with
T*9Q ={(z,6) e C*@C? | |z] = 1, Re& -z =0},

where & -z = (£, z)2 denotes the standard inner product of C?; for the unit co-sphere
bundle of 92 we additionally require |£| = 1. Note that for convenience we shall use
notation z and & rather than 7’ and £’ as above.

Using all these identifications, the principal boundary symbols 05 (d0) and 031 @1)
can be identified with the operator-families

do: H'(Ry) — H' Ry, C?),  dy: H* Ry, CH — H (R,
defined on T*9L2 by

do(z, &)u = Eu—iziu', ou —izou') = u —izu',
1

di(z, £)v = vy — E1vy — i(22v] — 21vh) = v - €L —iv' - b

here, u’ Z“ and s1m11ar1y v and v denote derivatives with respect to the variable
r € Ry. Moreover, ¢+ := (¢a, —cl) provided that ¢ = (c1,¢2) € C2. Note that
L.d=—dt . cfor every ¢, d € C2:in particular, c - ct=o0.

Therefore, the principal boundary symbol of the dbar-complex

ED

D: 0— BUQ E Y i@ E%Y D msl@, E%?) — 0

corresponds to the family of complexes
03 @): 0— HHMRY) L R, CH D IRy — 0. (3.15)

It is easily seen that D is oy-¢lliptic. Hence the boundary symbols form a Fredholm
family. We shall now determine explicitly the index element of D and shall see that
® violates the Atiyah—Bott obstruction.
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Proposition 3.15 The complex (3.15) is exact for all (z,&) € S*9Q with 7 # i,
while

kerd;(i§,§)

dimker do(i§, &) = dim imdo(i€,8)

1, imd(i.§) = H''(Ry).

In particular, dy is surjective in every point of S*9%2.

Proof We will first study range and kernel of dy: By definition,
imdy(z, &) = {fEu —izu' |ue HS+1(R+)}.
Clearly u belongs to the kernel of dy(z, &) if, and only if,
(522)()-0)
& —izn ) \uw') —\0)"
In case & and z are (complex) linearly independent, this simply means u = O.

Otherwise there exists a constant ¢ € C with |¢] = 1 such that z = c&. Then
0 = Rez-& = Rec shows that ¢ = +i. In case z = —i& we obtain

El(u—u)=&wu—u)=0.

Since & # 0 it follows that u is a multiple of ¢". Hence u = 0 is the only solution in
H*(R,). Analogously, in case z = i£ we find that u must be a multiple of e™", which
is always an element of H*(R.). In conclusion, for (z, &) € S*9,

span{e™"} :z =Ii§,
{0} celse

kerdy(z, §) = i
Let us next determine range and kernel of d;: It will be useful to use the operators

L.w=w-—-w, Liw=w+uw'.

Note that L_ : H*(Ry) — H*~!(Ry) is an isomorphism (recall that L+ = op_ (/+)
with symbol /4 (t) = 1+it being the so-called plus and minus symbols, respectively,
that play an important role in Boutet de Monvel’s calculus).

Let us consider the equation

di(z, §)v = &y — §1va — i(22V] — Z21vp) = f. (3.16)

We consider three cases:
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(i) Assume that & and z are linearly independent, hence § := i(z1& — z2&1) # 0.

Let f € H~'(R,) be given. If
vi=(iz— &)L f/8 € H Ry, C?),
a direct computation shows that
di(zw=L"f - fY =L LZ'f =T

Hence d; (z, &) is surjective.
Now let f = 0 and set w = i(zav; — zjv2). Then, due to (3.16), w’ =
£1v2 — &vy. In particular, w, w’ € H*(R,), i.e., w € H**!(R,). Moreover,

w\  [(—izziz1) (v
w’ —& & )\n)’
which is equivalent to

v= (v, ) = Ew—iziw, Hw —iznw)/8 = Ew —izw)/s,

hence ker d;(z, &§) = imdy(z, &).

(ii) Consider the case z = —i&. Then, setting w = &uv; — &jv2, (3.16) becomes

L_w = f. Then, using that |§| = 1, (3.16) is equivalent to
B —ELT ) — & +E L ) =0.

Since the orthogonal complement of the span of &+ = (£,, —&,) is just the span
of &, we find that the solutions of (3.16) are precisely those v with

v= ) = (80 +EBL far—EILT' ). he H'®y).

Since EA = EL_u = E(u — u') = Eu —izu' for & = iz withu = L”'A, we
conclude that di (z, &) is surjective with ker d1(z, £) = im dy(z, §).

(iii) It remains to consider the case z = i&. Similarly as before, setting w = &v; —

&1v2, (3.16) becomes Lyw = w + w’ = f. Note that the general solution is
r r
w=ce 4wy, wy(r) = e_r/ e’ f(s)ds = / e ' f(r —1)dt,
0 0

where f — wy 1 H s=I(R,) — H*(R,) is a continuous right inverse of L .
Then (3.16) is equivalent to

Ez(vl —Ey(ce™" + wf)) —& (vz + & (ce”" + wf)) =0
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we find that the solutions of (3.16) are precisely those v with
v= (v, v) = (m +Eyce ™ +wp) Bh—Eice” Fwp)),  Ae HRy).

Since Ly : H**'(R,) — H*(R,) surjectively, we can represent any & as
ELyu = &w+u") = Eu—izu' and thus conclude that d; (z, &) is surjective with

kerd, (z, £) = imdo(z, &) @ span{gTe ™).

This finishes the proof of the proposition. O

In the previous proposition, including its proof, we have seen that d;(z, &) is sur-
jective for every (z, &) € S*0Q2 with

imdy(z,€) @ span{ste™} iz =ik,
imdy(z, &) celse

kerd(z, &) = {

Now let ¢ € €°°(R) be a cut-off function with ¢ = 1 near t = 0 and ¢(¢) = 0 if
|t| > 1/2. Then define ¢ € €°(S*IQ) by

$(z,8) = (& +iz]*/2) = o(1 +iz-&);

for the latter identity recall that z - € = Im z - & for (z, &) € S*9Q. Obviously, ¢ is
supported near the skew diagonal {(i§, &) | |€] = 1} C S*09.

Lemma 3.16 With the above notation define

0. 6) =@ HE e e SR CY, (2.6) € 5799
(recall that r denotes the variable of R;.). Then we have

kerd)(z,&) = imdy(z, &) + span{v(z, &)} V (z,&) € S*OQ.
Proof Obviously, v(i&, &) = ELe_’. Moreover, for z # i§,

RECE I

di(z 6)v(z, §) = v(z,§) £ —i—
,

:0’

using ¢+ - d+ =d - c. Hence v(z, £) € kerd, (z, £) = imd(z, £). o

If we now define
ko € €% (8*3Q2, Z(C, H* R+, C?)), ¢ kolz, &)c == cv(z, §)
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then
H* (Ry) do:=(do ko) d
0— o =00 RS IRy —0 (3.17)
C

is a family of complexes, which is exact in the second and third position. The index
element of © is generated by the kernel bundle of dj.

Lemma 3.17 The kernel bundle of do is one-dimensional with

span{(e™", 0)} 1z =i§,

kerdo(z, £) = :
erdo(z. §) {span{(¢(z, é)%e_”/(z’é),—l)} s else

Proof In case z = i&, the ranges of ko and a¢ have trivial intersection; hence
ker do(i&, &) = ker do(i£, £) @ ker ko (i, &) = span {¢”"} & {0}

In case z # +i&, we find that dy(z, &) has the left inverse

do(z, &) v = L,

¢.zH)

since if v = dy(z, &)u = Eu — izu’ then dy(z, é)’lv = u by simple computation.
Thus

do(z. &) (Z) =0 = u=—cdo(z.5)"'v(z. 6),

which immediately yields the claim. O

Proposition 3.18 If 7 : S*0Q — Q denotes the canonical projection, then
inds+o00y (D) ¢ 7K (39),

i.e., the Atiyah—Bott obstruction does not vanish for ©.

In order to show this result we need to verify that the kernel bundle E := ker dy is
not stably isomorphic to the pull-back under 7 of a bundle on 2 = §3. Since vector
bundles on the 3-sphere are always stably trivial, we only have to show that E is not
stably trivial.

To this end let zo = (1, 0) € 92 be fixed and let E( denote the restriction of E to

S*0Q ={& € C*| (z0,6) € S*D} = {§ € C* | |§] = 1, Re§ = 0} = §2.

We shall verify that E( is isomorphic to the Bott generator bundle on S2, hence is not
stably trivial; consequently, also E cannot be.
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In fact, write S;OGQ as the union Sy U S_ of the upper and lower semi-sphere,
Sy =1{£ € 5;0Q]0 < £Im & < 1}. Specializing Lemma 3.17 to the case z = 20,
and noting that then z - £ = £, and 7 - £+ = &, we find that

@ =01, gess,
s-® = (-9 Ofe " e).  ges.,

define two non-vanishing sections of Eg over S; and S_, respectively. Note that
s—_(&) = (0, &) near the equator {£ = (0,&) | |&| =1} = S'. In other words, the
bundle Ey is obtained by clutching together the trivial one-dimensional bundles over
Sy and S_, respectively, via the clutching function f : S — C\ {0}, f(£&) = &.
Thus E( coincides with the Bott generator.

4 Generalized Pseudodifferential Operator Algebras
The aim of this section is to introduce an abstract framework in which principal facts
and techniques known from the theory of pseudodifferential operators (on manifolds

with and without boundary and also on manifolds with singularities) can be formalized.
We begin with two examples to motivate this formalization.

Example 4.1 Let M be a smooth closed Riemannian manifold. We denote by G the
setof all g = (M, F), where F is a smooth Hermitian vector bundle over M. Let

H(g) :=L*(M,F), g=(M,F),

be the Hilbert space of square integrable sections of F. If g = (g°, g!) with g/ =
(M, Fy) we let

L¥(g) := Ly(M; Fo, F1), <0,

denote the space of classical pseudodifferential operators of order u acting from L;-
sections of Fy to Ly-sections of Fy. Note that there is a natural identification

Ago A
I . _ 00 A01 B ..
LE(M; Fo® Fy, Fy® F)) = {(Am A“) ‘ Ajj € LMM; F, Fi’)}.

With 7 : S*M — M being the canonical projection of the co-sphere bundle to the
base, we let

E(g) =n*F, g=(M,F),
and then for A € L%(g), g = (g°, g!), the usual principal symbol is a map

o) (A): E@") — E(g"):
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it vanishes for operators of negative order. Obviously we can compose operators (only)
if the bundles they act in fit together and, in this case, the principal symbol behaves mul-
tiplicatively. Taking the L,-adjoint induces a map L’:l(M; Fy, F1) —> Lgl(M; Fi, Fp)
well behaved with the principal symbol, i.e., 02 (A*) = ag (A)*, where the * on the
right indicates the adjoint morphism (obtained by passing fiberwise to the adjoint).

Example 4.2 Considerations analogous to that of Example 4.1 apply to Boutet de
Monvel’s algebra for manifolds with smooth boundary. Here the weights are g =
(2, E, F), where E and F are Hermitian bundles over 2 and 92, respectively, and

L*(g) = B*Y(Q; (Eo, Fo), (E1, F1)), 0<-peZ,
H(g) = L*(Q,E)® L*(39, F),

for g = (Q, E, F) and g = (go, g1) with g; = (R, E}, F}). The principal symbol
has two components, o#(A) = (05 (A), o) (A).

4.1 The General Setup

Let G be a set; the elements of G we will refer to as weights. With every weight
g € G there is associated a Hilbert space H(g). There is a weight such that {0} is the
associated Hilbert space. With any g = (g%, g') € G x G there belong vector spaces
of operators

L=>(g) c L%g) ¢ Z(H ("), H(g"));

0 and —oo we shall refer to as the order of the operators, those of order —oo we
shall also call smoothing operators. We shall assume that smoothing operators induce
compact operators in the corresponding Hilbert spaces and that the identity operator
is an element of L%(g) for any pair g = (g, g).

Remark 4.3 Let us point out that in this abstract setup the operators have order at most
0. This originates from the fact that in applications the use of order reductions often
allows to reduce general order situations to the zero-order case (see for example the
corresponding reduction in the proof of Theorem 3.10).

Two pairs go and g; are called composable if go = (g°, g') and g; = (g', g%), and
in this case we define

grogo=(g". g".
We then request that composition of operators induces maps
L*(g1) x L"(go) — L*™(g10g0).  p.v € {~00,0},

whenever the involved pairs of weights are composable.
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Definition 4.4 With the previously introduced notation let

L*= U L%).
geGxG (g)

By abuse of language, we shall speak of the algebra L°®.
For a pair of weights g = (g°, g!) its inverse pair is defined as g=" = (g!, g%).
We shall assume that L® is closed under taking adjoints, i.e., if A € L"(g) then the

adjoint of A : H(g% — H(g") is realized by an operator A* € LH(g=h)y.

Definition 4.5 Let A € L%(g). Then B € L%(g(™") is called a parametrix of A if
AB—1e L ®(gogPY)yand BA —1¢e L™V og).

In other words, a parametrix is an inverse modulo smoothing operators.

4.1.1 The Fredholm Property

It is clear that if A € L%(g) has a parametrix then A induces a Fredholm operator in
the corresponding Hilbert spaces.

Definition 4.6 We say that L*® has the Fredholm property if, for every A € L(g),
g = (g° g"), the following holds true:

A has a parametrix < A: H (go) — H (gl) is a Fredholm operator.

It is well known that Boutet de Monvel’s algebra has the Fredholm property, see
Theorem 7 in Sect. 3.1.1.1 of [16], for example.

4.1.2 The Block-Matrix Property

We shall say that the algebra L® has the block-matrix property if there exists a map
. gh g @g :GxG—G
which is associative, i.e., (g ® g') @ gZ = g ® (g' ® g?), such that
Hogy=HghoHE). (%) eGxq,
and such that
L'(g), 9=(0®...08.8®...0g),
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can be identified with the space of (k + 1) x (£ + 1)-matrices

H(g) — H(g))
Ago -+ Ao ® @
: s — L Ay e LM% g
Aro -+ Ake ® ®
H(g)) H(g;)

4.1.3 Classical Algebras and Principal Symbol Map

An algebra L*® will be called classical, and then for clarity denoted by Lg), if there
exists a map, called principal symbol map,

A 0 (A) = (01(A), ..., 04(A))
assigning to each A € L(C)l(g), a = (g% g"), an n-tuple of bundle morphisms
oe(A) 1 Ee(8%) — Ee(g)

betwgen (finite- or infinite-dimensional) Hilbert space bundles E, (gj ) over some base
By(g’), such that the following properties are valid:

(i) The map is linear, i.e.,
c(A+B)=0(A)+0(B) = (al(A) +o1(B),...,0,(A) + an(B))

whenever A, B € Lo(g).
(i1) The map respects the composition of operators, i.e.,

0(BA) =0 (B)o(A) := (01(B)o1(A), ..., 0,(B)oy(A))

whenever A € L%(go) and B € L(g;) with composable pairs go and g;.
(iii) The map is well behaved with the adjoint, i.e., for any ¢,

00 (A*) = a0 (A)* 1 Ef(g1) — E{(g0),

where o¢(A)* denotes the adjoint morphism (obtained by taking fiberwise the
adjoint); for brevity, we shall also write o (A*) = o (A)*.
(iv) o(R) = (0,...,0) for every smoothing operator R.

Definition 4.7 A € Lgl (g) is called elliptic if its principal symbol o (A) is invertible,
i.e., all bundle morphisms o1 (A), ..., 0,(A) are isomorphisms.

Besides the above properties (i) — (iv) we shall assume

(v) A€ L(C)l(g) is elliptic if, and only if, it has a parametrix B € L(C)l(g(_l)).
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Finally, in case L¢; has the block-matrix property, we shall also assume that the
identification with block-matrices from Sect. 2.2 has an analogue on the level of
principal symbols.

4.2 Operators of Toeplitz Type

In the following let g = (g%, g') and g; = (g/, g/) for j =0, 1. Let P; € L%(g,) be
projections, i.e., sz = P;. We then define, for 4 = 0 or © = —o0,

T"(g; Po, P1) 3={A eLM(g) | (1—-PHA=0, A(1 — Py) = 0}
:{PlA’Po | A e L“(g)}.

If we set
H(gj, Pj) :=im P; = P;(H(g))),

then H(g;, P;) is a closed subspace of H(g;) and we have the inclusions
T=%(g, Po, P1) C T%(g, Po, P) C Z(H (g0, Po), H(g1, P1)).

Clearly, smoothing operators are not only bounded but again compact.

The union of all these spaces (i.e., involving all weights and projections) we shall
denote by 7°. We shall call T° a Toeplitz algebra and refer to elements of 7° as
Toeplitz-type operators.

Definition 4.8 Let A € T%(g; Py, P;). Then B € T%g=V; Py, Py) is called a
parametrix of A if

AB—P eT ®(@og " P, P), BA—PyeT @ Vog; Py, Py).
4.2.1 Classical Operators and Principal Symbol
The previous definitions extend, in an obvious way, to classical algebras; again we
shall use the subscript cl to indicate this, i.e., we write 7. We associate with A €
Tc(f(g; Py, P1) a principal symbol in the following way: Since the P; are projections,

the associated symbols o¢(P;) are projections in the bundles Ey (g’) and thus define
subbundles

Ee(g’, Pj) == imoy(P}) = 00 (P))(E(g))).
For A € TY(g; Py, P1) we then define
o (A; Py, P1) = (01(A; Py, P1), ..., 0n(A; Py, P1))

by
oe(A; Py, P1) = 0(A) : Ee(g°, Po) —> E(g', Py); (4.1)

@ Springer



692 B.-W. Schulze, J. Seiler

note that o¢(A) maps into E, (gl, Py) in view of the fact that (1 — P;)A = 0.

Remark 4.9 The principal symbol map defined this way satisfies the obvious ana-
logues of properties (i), (ii), and (iv) from Sect. 4.1.3. Concerning property (iii) of
the adjoint, observe that there is a natural identification of the dual of H(g, P) with
the space H (g, P*). This leads to maps

A A*: Tl (g2 Po. Pr) — Tl (@0 PP,

and (ii7) generalizes correspondingly.

Definition 4.10 An operator A € Tc(f(g; Py, P1) is called elliptic if its principal
symbol o (A; Py, P1) is invertible, i.e., all bundle morphisms o1(A; Py, Py), ...,
0, (A; Py, Pp) from (4.1) are isomorphisms.

Property (v) from Sect. 4.1.3, whose validity was a mere assumption for the algebra

L, can be shown to remain true for the Toeplitz algebra T, see Theorem 3.12 of

cl’

[27].
Theorem 4.11 For A € TC? (g; Py, P1), the following properties are equivalent:

a) A is elliptic (in the sense of Definition 4.10),
b) A has a parametrix (in the sense of Definition 4.8).

Similarly, the Fredholm property in L* is inherited by the respective Toeplitz algebra
T*, as has been shown in Theorem 3.7 of [27].

Theorem 4.12 Let L® have the Fredholm property. For A € T%(g; Py, Py) the fol-
lowing properties are equivalent:

(a) A has a parametrix (in the sense of Definition 4.8).
(b) A: H(go, Py) — H(gl, Py) is a Fredholm operator.

5 Complexes in Operator Algebras

In this section, we study complexes whose single operators belong to a general algebra
L*®. Solet

A
AN O HEY A H B HEY S L, 6
be a complex with operators A; € Lo(gj), g = (g/, g/t1). Of course, 2 is also a

Hilbert space complex in the sense of Sect. 2. Note that the Laplacians associated with
Asatisfy A; € LO(g/, g/)), j € Z.

5.1 Fredholm Complexes and Parametrices

The notion of parametrix of a Hilbert space complex has been given in Definition 2.3.
In the context of operator algebras the definition is as follows.
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Definition 5.1 A parametrix in L*® of the complex 2 is a sequence of operators B; €
Lo(g(,'_l)),j € Z, such that

Aj_1Bj_1+BjAj—1 € L™™(g'.¢"), jel

In case B;Bj | = 0 for every j we call such a parametrix a complex.

Clearly, a parametrix in L® is also a parametrix in the sense of Definition 2.3, but
not vice versa.

Proposition 5.2 Let L® have the Fredholm property. Then 2 is a Fredholm complex
if, and only if, % has a parametrix in L°®.

Proof If 2 has a parametrix it is a Fredholm complex by Theorem 2.4. Vice versa, the
Fredholmness of 2 is equivalent to the simultaneous Fredholmness of all Laplacians
A ;. By assumption on L°®, this in turn is equivalent to the existence of parametrices
Dj € L°((¢/, 7)) to Aj for every j. Then B; := D;A% is a parametrix in L*. In
fact, the identity AjA; = A1 A; implies that D;1A; = A;D;, where = means
equality modulo smoothing operators. Therefore,

BjAj+Aj 1Bj_1 = DjAjAj + AjlejflA;f_l
= DjA}foj + DjAj_lA}f_l = DjAj = 1.
This finishes the proof. O

The parametrix constructed in the previous definition is, in general, not a complex.
To assure the existence of a parametrix that is also a complex one needs to pose an
additional condition on L*® (as discussed below, it is a mild condition, typically satisfied
in applications).

Definition 5.3 L° is said to have the extended Fredholm property if it has the Fredholm
property and for every A € L%(g), g = (g, g), with A = A* and which is a Fredholm
operator in H(g), there exists a parametrix B € L°(g) such that

AB=BA=1-nm

with 7 € .Z(H (g)) being the orthogonal projection onto ker A.

Note that, with A € L%(g) and 7 as in the previous definition, we have the orthog-
onal decomposition H(g) =im A@ker Aand A : im A — im A is an isomorphism.
If T denotes the inverse of this isomorphism, then the condition of Definition 5.3 can
be rephrased as follows: It is asked that there exists a B € L%(g) with

Bu=T( —m)u forallue H(g). 5.2)

Theorem 5.4 Let L°® have the extended Fredholm property. Then 2 is a Fredholm
complex if, and only if, A has a parametrix in L® which is a complex.

@ Springer



694 B.-W. Schulze, J. Seiler

Proof 'Let.Ql be a Fredholm complex. By assumption, there exist parametrices D; €
LO(g’, g/)) of the complex Laplacians Aj with A;Dj = DjAj = 1 — mj, where
;€ £ (H(g’))is the orthogonal projection onto the kernel of A ;. Now define B; :=
D; A}f. As we have shown in the proof of Proposition 5.2, the B; define a parametrix.
Since D;y1 maps im A;H = (ker Aj_H)J- into itself, and im A§+1 C ker A;f, we
obtain A;Dj+1A;f+l =0, hence B;Bj1 =0. O

The following theorem gives sufficient conditions for the validity of the extended
Fredholm property.

Theorem 5.5 Let L® have the Fredholm property and assume the following:

(@ If A = A* € Lo(g), g = (g,8), is a Fredholm operator in H(g), then the
orthogonal projection onto the kernel of A is an element of L~°°(g).
(b) RiTRy € L=™°(g), g = (g, g), whenever Ry, R € L™°(g) and T € L (H(g)).

Then L*® has the extended Fredholm property.

In other words, condition b) asks that sandwiching a bounded operator 7 (not
necessarily belonging to the algebra) between two smoothing operators always results
in being a smoothing operator. A typical example are pseudodifferential operators on
closed manifolds, where the smoothing operators are those integral operators with a
smooth kernel, and sandwiching any operator which is continuous in L,-spaces results
again in an integral operator with smooth kernel. Similarly, also Boutet de Monvel’s
algebra and many other algebras of pseudodifferential operators are covered by this
theorem.

Proof of Theorem 5.5 Let A = A* € L(g), g = (g, g), be a Fredholm operator in
H(g).Let B=T(1 —7) € £(H(g)) be as in (5.2); initially, B is only a bounded
operator in H(g), but we shall show now that B in fact belongs to Lo(g).

By assumption we find a parametrix P € L%g) to A, ie., R := 1 — PA and
Ro:=1— AP belong to L=°°(g). Then, on H(g),

B—P=(PA+R)(P—-B)=P(r—Ry)+ R (P—B),
B—P=(P—B) AP+ Ry =(r —R))P+ (P — B)Ry.

Substituting the second equation into the first and rearranging terms yields
B— P =P(mr— Ro)+ Ri(w — R1)P + Ri(P — B)Ry.

The right-hand side belongs to L~°°(g) by assumptions (@) and (). Since P belongs
to Lo(g), then so does B. O

5.2 Elliptic Complexes

Let us now assume that we deal with a classical algebra Lg) and the complex 2 from
(5.1) is made up of operators A; € L%(g)), g; = (g/,g/™). If A > o (A) =
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(01 (A), ..., an(A)) is the associated principal symbol map, cf. Sect. 4.1.3, then we
may associate with 2 the families of complexes

A A
o @): .. 2 B0 T By T ) ZA (53
for¢ =1, ..., n;here we shall assume that, for each £, all bundles E* (g),g € G,have

the same base space and that o, () is a family of complexes as described in Sect. 2.3.

Definition 5.6 The complex 2L in L?| is called elliptic if all the associated families of
complexes o¢ (), £ = 1, ..., n, are exact families (in the sense of Sect. 2.3).

Theorem 5.7 For a complex 2l in LY, the following properties are equivalent:

(a) A is elliptic.
(b) All Laplacians A, j € Z, associated with 2 are elliptic.

These properties imply

(c) & has a parametrix in LY.
(d) A is a Fredholm complex.

In case LY has the Fredholm property, all four properties are equivalent. In presence
of the extended Fredholm property, the parametrix can be chosen to be a complex.

Proof The equivalence of (a) and (b) is simply due to the fact that the principal symbol
o¢(Aj) just coincides with the j-th Laplacian associated with o¢(2l) and therefore
simultaneous exactness of oy (), 1 < £ < n, in the j-th position is equivalent to the
invertibility of all o¢(A ), i.e., the ellipticity of A ;. The rest is seen as in Proposition
5.2 and Theorem 5.4. O

The complex 2 induces the families of complexes o, (2(). The following theorem
is a kind of reverse statement, i.e., starting from exact families of complexes we may
construct a complex of operators. For a corresponding result in the framework of
Boutet de Monvel’s algebra see Lemma 1.3.10 in [15] and Theorem 8.1 in [12].

Theorem 5.8 Assume that LY, has the extended Fredholm property. Let N € N and
Aj € Lo (gj), 9 = (g/, gf‘H) Jj=0,..., N, be such that the associated sequences
of principal symbols form exact families of complexes

o¢(Ao) (( 1)

0 — Ep(g%) 2% £y 24 £Lg?) .. ZAY BNty o,

£ =1,...,n. Then there exist operators Xj IS Lo(gj), j=0,...,N, with (T(Zj) =
o (Aj) and such that

A:0— HE) 2% HEHY 25 HgY ... 2% HEV ) — 0

is a complex. In case A j11 A is smoothing for every j, the operators A j can be chosen
in such a way that Aj — A is smoothing for every j.
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Proof We take A Ny = Ay and then apply an iterative procedure, first modifying the
operator Ay_1 and then, subsequently, the operators Ay_z, ..., Ag.

Consider the Laplacian Ay = AyA% € LY (gVT!, gV ). Since, by assump-
tion, any oy(Ay) is (fiberwise) surjective, o¢(An+1) = o¢(An)oe(Ayn)* is an
isomorphism. Hence Ay is elliptic. By the extended Fredholm property we find a
parametrix Dy € LO((g¥ !, gV 1)) of Ay with Ayy1Dyy1 = Dyy1Anyr =
1—myi1, wheremy 1 € L=°(gN*!, gV +1)is the orthogonal projectionin H (gV+1)
onto the kernel of Ay 41, 1.e., onto the kernel of A’,“V. Then it is straightforward to check
that TTy := 1 — A}, Dy 1Ay is the orthogonal projection in H (g") onto the kernel
of Ay. Then let us set

Ay_1:=TIyAy_1 = Ay_1 +Ry_1, Ry_1= —AYDN1ANAN-1.

Since 6 (ANAn—-1) = 0 (An)o(Ay—1) = 0 we find that 6 (Ry—1) = 0. Obviously, if
AN Apn_1 is smoothing then so is Ry_1. This finishes the first step of the procedure.

Next we are going to modify Ay_». For notational convenience redefine Ay—; as
AN 1. Similarly as given above, the n-th Laplacian Ay = A* AN + AN 1AN | is
elliptic, due to the exactness of the symbol complexes. We then let Dy be a parametrix
with AyDy = DyAy = 1 — my, where my € L™(g", g") is the orthogonal
projection in H(gN) onto the kernel of Ay. Thenset [Ty_1 =1 — A;I/_IDNAN—I-
Now observe that

(1 -Ty_1)* = AN_1DNAN—1AN_DNAN_
= Ay_DNANDNAN_1AN—1 — Ay_ | DNANANDNAN-1
= 1 - HN*]?

since DyAyDy = Dy(1—my) = Dy and Dy mapsim (Ay—1) into itself, hence the
second summand vanishes in view of im (Ay—_1) C ker (Ay). Similarly one verifies
that im (ITy—1) = ker (Ay—1). In other words, I1y_1 is the orthogonal prOJectlon in
H (gN 1) onto the kernel of Ay_j. Then proceed as stated above, setting A N—2 =
My_ 1AN 1. Repeat this step for Ay_3, and so on. O

Remark 5.9 Let notations and assumptions be as in Theorem 5.8. Though the A; do
not form a complex, the compositions A ;1 A; have vanishing principal symbols and
thus can be considered as “small.” In the literature such kind of almost-complexes are
known as essential complexes, cf. [1], or quasi-complexes, cf. [12]; for a comment on
the latter paper see [20]. In this spirit, Theorem 5.8 says that any elliptic quasi-complex
in L can be “lifted” to an elliptic complex.

6 Complexes in Toeplitz Algebras

After having developed the theory for complexes in an operator algebra L( el) let us
now turn to complexes in the associated Toeplitz algebra T, ( o) These have the form

A_
gt ... = H(G P 2% H(g" Py 25 H(g? P 25 6.1)
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with operators A ; € L(()Cl)(gj; Pj; Piy1), 9 = (g’, g/T1); we use the subscript P to
indicate the involved sequence of projections P;, j € Z. Of course, if all projections
are equal to the identity, we obtain a usual complex in L°.

As we shall see, the basic definitions used for complexes in L® generalize straight-
forwardly to the Toeplitz case. However, the techniques developed in the previous
section do not apply directly to complexes in Toeplitz algebras. Mainly, this is
due to the fact that Toeplitz algebras behave differently under application of the adjoint,
ie.,

A A*: TO(q:; Py, P1) — T (g; P}, PY).

As a consequence, it is for instance not clear which operators substitute the Laplacians
that played a decisive role in the analysis of complexes in L°®.

To overcome this difficulty, we shall develop a method of lifting a complex s to a
complex in L*, which preserves the essential properties of ds. To the lifted complex
we apply the theory of complexes in L® and then arrive at corresponding conclusions
for the original complex 2.

For clarity, let us state explicitly the definitions of parametrix and ellipticity.

Definition 6.1 A parametrix in T*® of the complex 2y is a sequence of operators
Bj e Lo(gﬁ-fl); Pji1, Pj), j € Z, such that

Aj-1Bj_1+BjAj—Pj € L™(g’,¢'); Pj,P)) jeL.
In case BjBj+1 = 0 for every j we call such a parametrix a complex.

Let, additionally, L® = L¢, be classical with principal symbol map A — o (A) =
(01(A), ..., 0,(A)). Then we associate with 2lgs the families of complexes

o¢(Ao; Po, Pr) o¢(A1; P1,Pp)
_— — T

E (g% Py). ..,
(6.2)

or@sp): ... Eo(g° Po) Ee(g', P1)
cf. (4.1).

Definition 6.2 A complex g in T3 is called elliptic if all o¢(Usp), 1 < £ < n, are
exact families of complexes.

We shall now investigate the generalization of Proposition 5.2 and Theorems 5.4,
5.7 and 5.8 to the setting of complexes in Toeplitz algebras.

6.1 Lifting of Complexes

Consider an at most semi-infinite complex 2y in 7%, i.e.,
. 0. Ao 1. Al 2, Az
Ap:0— H(g"; P0)) — H(g'; P1) — H(E" 3 P) — ... (6.3)

@ Springer



698 B.-W. Schulze, J. Seiler

with operators A; € L(()Cl)(gj; Pj; Pit1), g; = (g/,g/T!) for j > 0. Moreover,
assume that L*® has the block-matrix property described in Sect. 2.2.
Let us define the weights

d=gl@gle..@g’cG, j=012....
Then we have

HEY=HegheHE He...0 HE.

We then define
Arjre LG, apjy = UYL gV,
by
ApiQujuj_y, ..., up)
= (Ajuj, (1 = Ppuj, Pi_juj_1, (1 = Pj_)uj_p, Pj_3uj_3,...).

(6.4)

In other words, the block-matrix representation of Aj; is

Apj) = diag(A;,0,0,0,...) +subdiag(l — Pj, Pj—1,1 — Pj_5, Pj_3,...).

Since Ajy1A; = 0 as well as (1 — Pj41)A; = 0, it follows immediately that
A[j+1]A[j] =0. Therefore,

Afo) A A Ap)
p0— H(Y = HgM) = HgP) =5 HEPY == ..., (6.5

defines a complex in L®. Inserting the explicit form of H (gl/), this complex takes the
form

Ap: 00— H(g% Aoy H(gh Au H(g?) Awy H(g>) Asy
(&) D (&)
H(g% H(gh H(g%
) ©®
H(g% H(gh
)
H(g%

Definition 6.3 The complex Ql% defined in (6.5) is called the lift of the complex 2y
from (6.3).
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Proposition 6.4 Let Ql% be the lift of Usp as described above. Then

ker Aj) =ker (A; : H(g/, P)) — H(g' ™!, Pjy1)®
QkerPj_1 ®imP; ,DkerPj 3®...,

imA[j] =im (Aj : H(gj, PJ') — H(gj+l, PJ'_H))GB
Gker P ®imP;_1 @kerPj »®....

Here, image and kernel of the projections Py refer to the maps Py € Z(H(gh)).
Therefore, both complexes have the same cohomology spaces,

HGQp) = A Ay), j =012,

In particular, sy is a Fredholm complex or an exact complex if, and only if, its lift
2[% is a Fredholm complex or an exact complex, respectively.

Proof Let us define the map
Tj: Hg)) — H"h @ H(g)),  Tju=(Aju,(1—Pju).
Then it is clear that

kerA[j] = kerTj @keI’Pj_l EBiij_z Gakeer_3 D...,
imA[j)=im7T; @imP;_; ®ker P; , @imP; 3P....

Now observe that T;u = 0if, and only if,u € ker (1—P;) = H(g/, Pj)and Aju = 0.
This shows

ker T; = ker (Aj “H(g/, Pj) — H(g/*!, Pj+1))-

Moreover, writing u = v + w with v € H(gj, Pj) and w € ker Pj, we obtain
Tju = (Ajv, w). This shows

m7; = im(Aj “H(g/, Pj) — H(g' ™!, Pj+1)) ® ker P;

and completes the proof. O

6.2 Fredholmness, Parametrices, and Ellipticity of Toeplitz Complexes

The next theorem shows that a parametrix of the lift induces a parametrix of the original
complex.

Theorem 6.5 Let ng3 be the lift of Usy as described above. If Ql% has a parametrix
in L*® then sy has a parametrix in T*®.
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Proof Let Ql% have a parametrix B in L*®, made up of the operators By ;) € Lo (gé;]l)) =

LO((glit1 glily). Let us represent B as a block-matrix,

Ul plil plil Ll
Bir1jBjjBioj By

Byj) = . Bl e L5 gY).

Ul plil pli] Ll
Bjiiio0 Bjo Bj—i10 " Boo

Since 9B is a parametrix to 204, we have
Ajj—nBij-n+ BijAy =1+ Cryp. Cryy € L7V, gy, (6.6)

Similarly as before, let us write Cj;) = (CH) with C,Ejg e L™°((g%, g)). Inserting
in (6.6) the block-matrix representations and looking only to the upper left corners,
we find that

. [j—1] [j] ) LUl _ py — [J1
Af—lBj,j—l+Bj+1,jAf+Bj,j(l P/)_1+Cj,j

Multiplying this equation from the left and the right with P; and defining
Bj = P;BY)| P e TO(¢'™". g/): Pjy1., Pj)
we find
Aj1Bj 1+ BjA;j—P; € T™((g/.¢/): P;,P)), j=0,12,...
Thus the sequence of the B; is a parametrix in 7° of . O

In case the parametrix of 27, is also a complex, the resulting parametrix for g
will, in general, not be a complex. We must leave it as an open question whether (or
under which conditions) it is possible to find a parametrix of 24z which is a complex.

Theorem 6.6 Let L® have both the block-matrix property and the Fredholm property.
For an at most semi-infinite complex 2sp in T*® as in (6.3), the following are equivalent:

(a) 2y is a Fredholm complex.
(b) Rl has a parametrix in T* (in the sense of Definition 6.1).

If L* = LY, is classical, these properties are equivalent to

(c) Ry is an elliptic complex (in the sense of Definition 6.2).

Proof Clearly, (b) implies (a). If (a) holds, the lifted complex Q[% is a Fredholm
complex. According to Proposition 5.2 it has a parametrix. By Theorem 6.5 we thus
find a parametrix in 7° of 2lgs. Thus (a) implies (b).

Now let L® be classical. If Ql% is the lifted complex, then the family of complexes
oy (?2[%) in the sense of (5.3) is the lift of the family of complexes oy (s3) from (6.2).
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Thus, due to Theorem 6.5 (applied in each fiber), ngp is elliptic if, and only if, Ql% is.
By Theorem 5.7, the latter is equivalent to the Fredholmness of 213, which, again by
Theorem 6.5, is equivalent to the Fredholmness of 2lys. This shows the equivalence
of (a) and (¢). O

Now we generalize Theorem 5.8 to complexes in Toeplitz algebras.

Theorem 6.7 Assume that LY has both the block-matrix property and the extended
Fredholm property. Let N € Nand A; € To(gj; Pj, Pji1), 8j = g/, g/th, j =
0,..., N, be such that the associated sequences of principal symbols form exact
families of complexes

o¢(Ao; Po, Pr) o¢(AN: PN, Pny1)

0 —> Ei(g° Po) E¢(gVt!, Pyy1) — 0,

0 =~1, ..., n. Then there exist operators Xj € To(gj; Pj,Pj11), j=0,...,N, with
o(Aj; Pj, Pjy1) = o(Aj; Pj, Pj11) and such that

~ A A
g : 0 — H(, Po) 25 H(g', P ... 25 H(EN Pyyy) — 0

is a complex. In case A j 1A is smoothing for every j, the operators A j can be chosen
in such a way that Aj — A is smoothing for every j.

Proof Consider the finite complex as a semi-infinite one, i.e., for j > N weletg/ = g
be the weight such that H(g) = {0} and denote by A; be the zero operator acting in
{0}. Then we let

Apj) € Lo(gljj), gij] = (g[j]’ g[j+1])’

as defined in (6.4). This defines a series of operators Ao}, A[1], Ap2], ... which, in
general, is infinite, i.e., the operators A|;] with j > N need not vanish. However, by
construction, we have that

Alj+11Aj1=0 VY ji>=N. (6.7)

Moreover, the associated families of complexes of principal symbols are exact families
due to Proposition 6.4. We now modify the operator Ajy_1] using the procedure
described in the proof of Theorem 5.8 (due to (6.7), the operators A(;} with j > N
need not be modified).

Thus let Iy be the orthogonal projection in H (g™1) onto

ker Ajyy =ker (Ay : H(g™, Py) - H(EV', Pyyr))®
@ ker Py_1 @im Py_r, D ker Py_3D ...

and Z[Nfl] = MAN-1] = Ain—1] + Riv—1) with Rjy—1] € Lo(g[Nfl]) having
vanishing principal symbol. If we write I1jx] in block-matrix form, the entry l'I[1 1{,] €
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L%(gy) in the upper left corner is the orthogonal projection of H(g"V) onto ker (A N
H(gN, Py) — H(@E"'!, Pyy1)). Thus My := PNH[I}V] Py € T%gn; Py, Py) is
the orthogonal projection of H(gy, Py) onto the same kernel. Comparing the upper
left corners of A[N—l] and Z[N—l] = H[N]A[N—l] we find that

(M An—t + (0 = Pyon) = Anor = Ry

Multiplying by Py from the left and by Py from the right yields that A differs
from Ay_j :=TIyAn—1 € T%(gn; Py, Py) by

Ry_1:=PyRiy_ Pv—1 € T(gn: Py—1. Py).
Moreover, Ry_1 has vanishing symbol o (Ry—_1; Pyv—1, Py) and Ay ZN_l = 0, since
[T maps into the kernel of Ay.

Now we replace Ay_1 by A ~—1 and repeat this procedure to modify Ax_», and
so on until modification of Ag. O

6.3 Complexes on Manifolds with Boundary Revisited
Let us now apply our results to complexes on manifolds with boundary, i.e., to com-
plexes in Boutet de Monvel’s algebra and its APS version. In particular, we shall
provide details we already have made use of in Sect. 3.3 on boundary value problems
for complexes.
In the following we work with the operators
o € B (Ej, Fjs Py), (Ejst, Fijgts Pjs)), j=0,...,n.
6.3.1 Complexes in Boutet’s Algebra with APS Type Conditions
Assume o7; 147/; = 0 for every j. For convenience we introduce the notation

Hj. =H(Q,E;)® H' (3R, F;; Pj)

and the numbers v; := uo + ...+ u;. Then we obtain finite complexes

Up 10— H) Lo Doy B Do Lo (68)
for every integer s > Smin With
Smin ;= max {v;,dj +v;_1 | j=0,...,n} (withv_; :=0).

The complex gy is called elliptic if both associated families of complexes oy, ()
and o3 (2sp), made up of the associated principal symbols and principal boundary
symbols, respectively, are exact. In fact, ellipticity is independent of the index s.

@ Springer



Elliptic Complexes on Manifolds with Boundary 703

Theorem 6.8 The following statements are equivalent:

(a) Agp is elliptic.
(b) sy is a Fredholm complex for some s > Smin.
(c) A is a Fredholm complex for all s > smin.

In this case, AUsg has a parametrix made up of operators belonging to the APS version
of Boutet de Monvel’s algebra. Moreover, the index of the complex does not depend
ons.

Proof We shall make use of order reductions

m AT 0 m,0
J

as already described in the discussion following Theorem 3.10, i.e., %’;" is invertible
with inverse given by Z;".

Let A be elliptic. Define

! _ Smin —V; . Vj—1—"Smin /4 Smin—Vj—] 4 Vj—17Smin
o =K A R, ,  Pi= Pjk; .

J T+ J J
Then
o] € BYQ: (Ej. Fj; P)). (Ejy1. Fjg1: Pj,))
and 527]/ H%j’ = 0 for every j, i.e., the szj’ induce a complex QLQI;, in the respective

L?-spaces, which remains elliptic. By Theorem 6.6 (with LY = B2 as described in
Example 4.2) there exists a parametrix of Qlﬁﬁ,, made up by operators

#; € B*Q (Ejt1, Firi; Pjyy), (Ej, Fj; P)).
Then

Bi=R) B R € BYI(Q (B, Fiais P, (Ej, Fjs P),

with e := spin — v; and we obtain that

Aj 1 Bj-1+Bjdj —1 € B (Q(E), Fj; P)). (Ej, Fj; Pj)).

Thus the induced operators %, : H‘;ﬂ;" —H, 7! give a parametrix of (6.8) when-
ever s > spmin. Summing up, we have verified that (a) implies (c).

Now assume that (b) holds for one s = s9. Similarly as before, we pass to a new
Fredholm complex QLQB, made up by the operators ,ij’ = %’;Tlvj o %’;j ~'7% which
have order and type 0. By Theorem 6.6 this complex is elliptic, and hence also the
original complex 24g is. Hence (a) holds.

@ Springer



704 B.-W. Schulze, J. Seiler

It remains to verify the independence of s of the index. However, this follows from
the fact that the index of gz coincides with the index of its lifted complex 91% (cf.
Proposition 6.4). The index of the latter is known to be independent of s, see for
instance Theorem 2 on p. 283 of [16]. O

6.3.2 From Principal Symbol Complexes to Complexes of Operators

Theorem 6.7 in the present situation takes the following form:

Theorem 6.9 Assume that both the sequence of principal symbols O'II;J‘ (<7;) and the

sequence of principal boundary symbols U:;j (}; Pj, Pjy1) induce exact families of
complexes. Then there exist operators
oy € B TVN(Q; (E, Fi; Py, (Ejpa, Figns Pign)),  j=0,....m,
with ﬂi}ﬂﬂfj = 0 for every j and such that
oy — oy € BT TVISN(Qs (B, Fis Py), (Ejgr, Fign Pig)).

Proof Define operators JA/j/ as in the beginning of the proof of Theorem 6.8. These
have order and type O and satisfy the assumptions of the Theorem. Then by Theorem
6.7 there exist

o] € B2 (Ej, Fj; P)), (Ej1, Fiyn; Pjyy)

with fﬁafjfﬂ,ﬁafjf =0 and
o] — o € B0 (E} Fji P, (Ejp. Fians Piy)).
By choosing <7} 1= *%);ﬁ:lsmm 527;/ %;mi"ﬂj !, the claim follows. O

We conclude this section with a particular variant of Theorem 6.9, which we need
for completing the proof of Theorem 3.13.

Proposition 6.10 Let the <7; be as in Theorem 6.9 of order and type 0. Furthermore,

assume that </; = (%’ gj) and that Aj, 1A = 0 for every j. Then the ,Qijfrom
Theorem 6.9 can be chosen in the form «/; = 0 Q .
J

Proof To prove this result we recall from the proof of Theorem 6.7 that the ,ij are con-

structed by means of an iterative procedure, choosing ,;z{; := o, and then modifying
1, ..., one after the other. In fact, if @7,, ..., @1 are constructed and have
the form as stated, then % := myy1.9% with mi4 being the orthogonal projection in
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LA(Q, Exs 1) ® L0, Fiy1; Prs1) onto the kernel of @7 1. Now let u € L*(Q, Ey)
be arbitrary. Since Ay A = 0, it follows that (Axu, 0) belongs to ker <741 and thus

= (u\ Ayu\  (Aru
o (5) = (67) = (9)
Hence the block-matrix representation of <7, has the desired form. O
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