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Abstract

Michor and Mumford showed that the mean curvature flow is a gradient flow on a
Riemannian structure with a degenerate geodesic distance. It is also known to destroy
the uniform density of gridpoints on the evolving surfaces. We introduce a related
geometric flow which is free of these drawbacks. Our flow can be viewed as a formal
gradient flow on a certain submanifold of the Wasserstein space of probability measures
endowed with Otto’s Riemannian structure. We obtain a number of analytic results
concerning well-posedness and long-time stability which are, however, restricted to
the 1D case of evolution of loops.

Keywords Evolving surface - Volume - Gradient flow - Optimal transport -
Infinite-dimensional Riemannian manifold
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1 Introduction

The mean curvature flow [16,47] is a geometric flow which describes the behavior
of a k-dimensional submanifold M; C RY, 1 < k < d, which evolves over time ¢
according to the law:

Y h (1)
ar

where x is an arbitrary point of M;, and H (x) is the mean curvature vector of the
submanifold in x. It has huge variety of applications ranging from formation of grain
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boundaries in metals to image processing. The mean curvature flow (MCF) is the
formal negative gradient flow of the volume functional vol ~ H¥,

0;M; = — grad vol(M,), 2)

where the “manifold of k-dimensional submanifolds” is equipped with the L? Rie-
mannian structure (see [9,30] or our formula (76)), and the gradient is understood in
the sense of this structure. Hence, as usual in the context of gradient flows [5,49], the
volume functional, being the driving entropy of the gradient flow, decays with time in
the following way:

d N
7 VOl(M)) = —(grad vol (M), grad vol(M)) u, = — f [H>dH*.  (3)
M;

There is an avalanche of works about the theoretical and numerical aspects of the
mean curvature flow. One can introduce minimizing movement schemes a la de Giorgi,
which exploit the gradient flow structure [2,29]. The solutions should a priori collapse
in finite time, but singular behavior before the breakdown does not permit existence of
smooth solutions up to the final moment. There exist various strategies to go beyond
the first singularity. The pioneering work [12] relaxed the notion of solution so that the
evolving objects were barely varifolds. The level-set approach [39] led to solutions in
the Crandall-Lions viscosity sense [6,15,19]. For the curve-shortening flow, i.e., when
k = 1, one can define and construct a weak solution as a limit of certain curves which
live in an ambient space of higher dimension and which are called ramps [3,41]. Other
types of weak solutions for the curve-shortening flow were introduced and studied in
[7,8,13,17,22].

There are two issues which mar the overall harmony. The first one is that the under-
lying Riemannian distance is degenerate (i.e., one can connect any two surfaces with
a path of arbitrarily small Riemannian length), cf. [9,10,30-32], which is unpleasant
since a nondegenerate metric space structure is an important precondition in treatment
of gradient flows, see [5,44]. The second issue is that the Hausdorff measure HK s
not uniformly contracted by the flow, that is, if 7; : x(0) + x(#) is the flow operator
describing the trajectories of material particles forming M; in the ambient space R?,
then the property

1 k _ 1 k
(T)# <—V01(M0)H I—MO) = vol(Mt)H L M, “4)

is violated except for some very special scenarios as a shrinking sphere. From the
numerical perspective, this means that the flow destroys the uniform density of grid-
points on M;, which is unwelcome and may cause computational instabilities [33,48].
For the curve-shortening flow in the plane, this can be fixed [1,33] by adding a certain
tangential motion to the right-hand side of (1) in order to conserve the uniform density
of the moving particles without affecting the evolution of the shapes.

In this paper, we suggest a different approach which simultaneously eliminates the
two above-mentioned drawbacks of the mean curvature flow, and which is applicable

@ Springer



Uniformly Compressing Mean Curvature Flow 3057

for any dimensions k and d. The idea is to consider the flow which is the closest
possible to the original MCF (1) in a certain least-squares sense among the flows
which uniformly contract the k-Hausdorff measure (in other words, which respect
the uniform density of gridpoints). We employ the infinite-dimensional manifold A
(consisting of objects of the form = A&, where A > 0 is a scalar which quantifies the
volume of M, and £ is a volume-preserving immersion in the sense of [21]) endowed
with the parametrization-invariant L metric. Our flow is driven by the orthogonal
projection of the mean curvature onto 7' Aj. We dub the resulting object the uniformly
compressing mean curvature flow (UCMCF) because the evolving surfaces can be
thought of as being constituted by fluid particles density of which depends merely
on time (the surfaces in question up to a time-dependent constant are incompressible
membranes [18,20,34]). The UCMCEF is by construction the negative gradient flow of
the volume functional on Ag. It is a genuinely geometric flow in the sense that the
evolution of submanifolds M; = n(¢)(M) does not depend on their parametrization.

Unlike the tangentially corrected MCF [1,33], our flow differs from the classical
MCEF in the normal direction and thus the geometrical evolution of the submanifolds
along the two flows do not coincide in general (although they do coincide for a shrink-
ing sphere). Nevertheless, we show that the qualitative behavior of UCMCEF is quite
similar to the one of the usual MCF, and thus it may be used as a substitute for the
MCEF in applications.

We will observe that the our flow collapses in finite time, and in order to study the
evolution and stability of the shapes before the breakdown, we need to renormalize
the problem both in time and in space. Surprisingly enough, our normalized flow
is also a gradient flow: namely, the positive gradient flow of the LZ-mass on the
space of volume-preserving immersions. Our recent work [46] studies the gradient
flow of a different functional (potential energy) on a similar Riemannian structure,
which turns out to be a model for an overdamped fall of an inextensible string in a
gravitational field. A similar mechanical interpretation for our normalized UCMCEF is
an overdamped motion of an inextensible loop (k = 1) or an incompressible membrane
(k > 1) repelled from the origin with the force field identically equal to the radius
vector.

Other gradient flows of inextensible strings were considered in [24,35-38]. In those
papers, additional fourth-order terms coming from the bending energy appear, which
help to secure nondegenerate parabolicity of the equations and decrease the difficulties
created by the Lagrange multiplier, cf. (18), (19) below.

Both the original and normalized flows can be viewed as formal gradient flows
on certain submanifolds of the Wasserstein space [40,49,50] of probability measures
endowed with Otto’s Riemannian structure, cf. Sect. B.2. in the Appendix.

We will mostly work with the immersed curves 1 = k < d. The Appendix is
devoted to the general case | < k < d. It turns out to be more convenient to analyze the
normalized flow, which allows us to descry the asymptotic behavior of the shapes near
the breakdown. We show local strong well-posedness of the problem. We characterize
the steady states, and prove global existence of strong solutions for the initial data
which are close to the steady states which maximize the driving L?-mass, i.e., to
simple circles. We establish the exponential decay of such a global solution to a
steady state. We address the global solvability for any Lipschitz initial curve which
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does not need to be close to the equilibria, and we prove existence of suitably defined
weak solutions. Our approach is based on approximation of the gradient flow on the
manifold of volume-preserving immersions by Hilbertian gradient flows; in particular,
we do not use the ramps. Unlike [3,7,8,17,22,41], our weak solutions are H l-1regulaur
in time.

In this paper, we make a technical and geometrically nonrestrictive assumption that
the center of mass is fixed at the origin; otherwise the center of mass would fly away
to infinity.

2 The Flow

2.1 Uniformly Compressing Curve-Shortening Flow

Let S! ~ R/Z denote the circle of length 1. For d > 2 let K be the space of closed
curves K := {n : n € H*S"; RY), fo] n(s)ds = 0}. Let L : K — R, L(n) =
fol |0sn| ds be the length functional. We consider the space of immersed curves with
the constant speed parametrization, i.e.,

A:=1{nek:|0n(s) =L >0foralls e S'}.

Arguing as Theorem A.1 in [43] we see that A is a smooth Hilbert submanifold of
IC, with the tangent space

d
T, A={we H*S"; RY) : % (Bsw(s) - dsn(s)) = O fora.e. s € S!
s
1
and / w(s)ds =0}, n e A.
0
We endow K with the Riemannian metric
1
(v, w)r,K = /O v(s) - w(s)|dsn(s)| ds,
which is invariant under reparametrization, cf. [31]. It induces a metric on .A:
1
(v, wyr, A = /0 v(s) - w(s)L(n) ds. )

Proposition 2.1 The Riemannian distance d 4 is nondegenerate.

Proof Take any two closed curves 19, n; € A. Renormalizing if needed, we can
suppose that [[no — n1ll2(s1y = 1. We claim that

.
daC10, 1) = m = 5 min(L(10), ol 72s> 2)- ©)
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If not, there exists a C! path n : [0, 1] = A, n(0) = ng, n(1) = n1, with Riemannian

length
1
L(n) 12/0 (@), n(O) 1, .4 dt
1
Z/(; ||ﬁ(t)||L2(sl) L(n(t))dt < m.

Since by the Minkowski inequality and integration by parts

(N

1
/ 12y dr = It = noll 21y =1,
0

we have L(5(t)) < m? for some ¢. Due to continuity of L(5(¢)) (and recall that
L(ng) = 2m from (6)), there exists #, € (0, 1) such that L(n(¢,)) = m and L(n(t)) >
m fort < t,. Then

L) = L(M©.1,)) = M”’?O - n(l*)||L2(31)~ ®)

By Wirtinger’s inequality,

1 m
()l L2 sty < Ellasn(t*)lly(sl) =5 9

Combining (7)—(9), we infer

1
V2m < nollz2sty < o — n(t)ll 2ty + @) 251y < V/m (1 + Z) ,

which is a contradiction. O

We are interested in the formal gradient flow of the length functional L(n) =
fol |9s1| ds, n € A, under the metric (5):

drn = — grad 4 L(n(1)). (10)

In order to derive the PDE formulation of (10), we compute (formally) the orthogonal
projection from 7, KC (which can be identified with K) onto 7},.A4 with respect to the
metric (5) (cf. Proposition 3.2 in [43]).

Lemma2.2 Letn € AN H*S'; RY). The orthogonal projection P, T,K - T,A
is given by

Py(2) =z — 05(00sm), where o : S! - R solves
L28sso — |85Sn|26 = 057 - dsN) + const, (11

1
/ o (s)ds = 0. (12)
0
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Proof (1) We first show that for any o satisfying (12), the vector field 95 (o dsn) is
orthogonal to T;,A. Indeed, given any w € T, A,

1
(05(00sm), w)T, K = L(n)/ 05 (0 dsn) - w ds
0
= L(n)odsn-w|_, — L(n)/ o dsn - dyw ds
0
=0.
The first term is zero since we work on S!. The second term is zero because
057 - dyw = const and o has mean zero.
(2) Next we show w = z — d,(cdsn) € T,;.A. We will mainly check the condition
dsw - dgn = const. Indeed,

Oyw - Osn = 052 - 051 — assa|as77|2 — 2050 0557 - 051 — 0 Dsgsn * s 7).

The constant speed parametrization |dsn| = L = const yields dssn - dsn = 0 and
Osss1 - 01 = —|85577|2. Thus

Oyw - g = 052 - 05 — 8SSOL2 +O|assn|2’

which is constant by (11).
O

Since A is a smooth submanifold of the space K, the general definition of the
gradient [27] implies that

grad 4 L(n) = Py (gradi L(n)).

Standard calculus of variations shows that the first L2-variation of L(n) is

N
8L = _aq .
o =-7 (|asn|>

But

I
(gradic L(n), w)r, K = /0 SL(m(s) - w(s) ds,

for every w € T,,K ~ K. We conclude that

1 05
grady- L(n) = ———9 ( ) .
r ERTRANERT
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By Lemma 2.2, the orthogonal projection of the negative gradient in /C to the tangent
space T, A is

dss — B (0 ds1)
Py (= gradic L(m) = =——5——

)

where o : S! — R satisfies
1
L%350 — (7|3”17|2 = Oygs57) * 0N + const = —|8ssr)|2 + const, / ods = 0.
0

To determine the constant, we integrate in s and thus obtain const = fol(l —
0)|dsn|*ds. Letting 5 := 1 — o, we get the expression for the gradient flow (10):

(e, s) = L) 205(5 (¢, )01 (1, 5)), 13)

where L(t) := L(n(t)), and the Lagrange multiplier ¢ (¢, s) satisfies

1
55 (1,5) — L() 725 (1, $)|d5sn (1, $)|* = —L(1) 2 / G (t,5)|dssn(t, 5)|*ds
0

1
for all (¢, s)and / o(t,s)ds =1 forall z.
0

Remark 2.3 (Sign of &) From [|dssn — Py(9ssm)ll 1251y < 1955l L2(s1) as well as the
orthogonality ds7 - d5sn = 0 everywhere, it follows that

195517251, = 1950117251y + Nl dssnl 72 g

Using 6 = 1 — o we can rewrite the above inequality as

2/ &|assn|2dszf 52|3ss77|2ds+/ (850)ds.
Sl St St

Thus, fsl 5|8ssn|2ds > 0 and the equality holds if and only if & = 0 on S!, which
cannot happen since the mean of & is 1. Then by (13) ¢ satisfies an inhomogeneous
elliptic equation with a negative inhomogeneity, and provided n(r) € C*(S!) by the
strong maximum principle we infer that 6 > 0.

Remark 2.4 Assume (¢, s) is a classical solution to Eq. (13) emanating from ng which

satisfies the constraints |d;no(s)| = L(no) and fol no(s)ds = 0. Then the constraints
are preserved along the flow, i.e.,

1
|0sn(t,s)| = L(t) and / n(t, s)ds = O for each ¢.
0
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To show the first equality, we let Z(t, s) := |dsn(t, $)|* — L(#)2. Then a direct com-
putation shows that Z satisfies

07 = L7607 +2L720,50,Z +2 (856 — L6 | — Lo L)
= L7260 Z + 2L %03,60,Z with Z(0,s) = 0.
Here we have used the equation of & (note that by (i) of Proposition 2.5 below, the right-
hand side of the equation of & is equal to Ld,L). By Remark 2.3 above 6 (¢,s) > 0
for the classical solutions 1. Thus, Z(z, s) = 0 by the strong maximum principle for

parabolic equations. To show that fol n = 0 is preserved along the flow, we integrate
the equation along S! to obtain 3, fol n(t,s)ds =0.

2.2 Evolution of the Length and the L2-Mass

We now exploit the gradient flow structure to derive some evolution properties of
the length and L2-mass of the curves. Throughout this subsection, we assume the
existence of the HZ solutions to the gradient flow (13).

The first proposition is about the evolution of the length functional.

Proposition 2.5 Let n be a solution to (13). Then

() LG = —L73 [ 5|955n/%ds.
(i) ,L(n)* > 0.

Proof 1. Since |0s7(s, t)| = L(t), then

0L = 0;|0sn(2, 5)|

asn(t,s)
R A W)

EXTA I

an(t,s) 005 950 051
T L 'a’(L2+L2 '

Note that the LHS does not depend on s. Thus, an integration in s from O to 1 and an
integration by parts yield the desired equality.

2.LetA(t) := —L(t)3,L(t) = L™ [ &|dysn|*ds. It suffices to show that ;A (r) <
0. Note that one can rewrite the equation of & as

556 — L7265 055n|> = — 1.

Let N be the unit inner normal to the curve 7, and let k be such that dg;n = kN.
Differentiation of the equation of ¢ in time yields

3550 — kL2 — 26kkL™> + 2L 39, L6k> = —A.
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We multiply the above equation by ¢ and integrate in s. Integrating by parts, we get

1. 1. 1 . 1
A= —/ 5ass5ds+L—2/ 66k2ds—|—2L_2/ &2kkds —2L—3a,L/ &2k%ds
0 0 0 0

1 1 1
=A/ 6ds+2L_2/ &2kkds —2L—3a,L/ 52k%ds
0 0 0

1 1
=212 / 62kkds —2L739,L / 52k>ds.
0 0

Here in the second equality, we have used the equation of 6. The last equality is due
to fol &(t, s)ds = 1. Now we compute kk. Differentiating the equation of 7 in s, we
infer

Osn = L_2 (ass53m + 28358“77 + 683&&'7) .
Using that 95457 - 051 = —k? and dsss1 - N = 05k, we get

L20,n = (3”5 - L*zkzé) 51 + 20,6k + 5d,k) N + G R
— —A3sn + 20,6k +695k) N + 6 R

where R := 05551 — (L2044 n-0s1)dsn — (9555 - N)N and we have used the equation
of 6. Since 9, N - N =0and N - R = 0, we have

L23,55m - 05sm = —Ak> + kds 2056k + 695k) + 6 (05 R - dgs1).
But R - 955 = 0, hence 3R - 9537 = —R - 95551 = —|R|*. Thus,
L8551 - 05sn = Lkk = —Ak? + kdy (20,6k + 6095k) — 6| R|>. (14)

Until this moment we implicitly assumed that ds3n # 0. However, (14) is still valid in
the points with ds3n = 0 since we can make an agreement that k = |R| = 0 in those
points. Plugging the expression (14) into the equation for A, we derive

1
h=—2L"*0+ La,L)/ 52k>ds
0

1 1
+ 2L—4/ 52k, (20,6k + 6 95k)ds — 2L—4f 53| R|%ds.
0 0
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The first term on the right-hand side vanishes due to the definition of A. Then an
integration by parts yields

1 1
35 (6%k)d;5kds — 2[ 53| R|*ds

1
L4 = —2/ 35 (52k) (6 05k)ds — 4/
0 0 0 (15)

1 1
= —2/ & (605k +20,6k)* ds —2/ 53| R|*ds.
0 0

Note that 6 > 0 by Remark 2.3. Thus, A < 0 and we complete the proof for (ii)). O

In the next proposition, we show that the LZ-mass of the solution decays with
constant speed.

Proposition 2.6 Let n be a solution to the gradient flow (13). Let M(t) :=
%fol In(t, s)|*ds be the L*>-mass. Then 3, M(t) = —1.

Proof We multiply the equation of 7 in (13) by » and integrate in s. An integration by
parts implies

1
AM@) = —L_Zf 519sn|*ds.
0

Using that |dsn| = L and fol ods = 1, we obtain the desired equality. O

An immediate consequence of Proposition 2.6 is that the flow becomes extinct in
finite time.

Corollary 2.7 M(1) — O ast — t*, where t* = M(0) = L [/ Ino(s)|2ds.
It is also possible to obtain the decay rate of L(f) near the extinction time #*.

Corollary 2.8 Let Lo := L(ng) > 0 and let t* be the extinction time as in Corollary
2.7. Then for all t € [0, t*),

(i) 2v/2n/1F —1 < L(t) < Loy/ 5,

(i) 472 < —L(1)d,L(1) < —(L;L)(1)|,_,.

Proof 1. The lower bound follows directly from the Wirtinger’s inequality. Indeed, by
Proposition 2.6

M) =t*—tfort € [0, t").
On the other hand, by Wirtinger’s inequality

L(t)?
82’

Lot
M(f)fzm A |0sn|~ds =
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Here we have used the assumption fol n = 0. Combining the above two inequalities
together, we obtain the lower bound L (1) > 2+/27 /1% — 1.

Next we show the upper bound. Using 9, M () = fol n-9n = —1 and the Holder’s
inequality, we deduce

b, 1 1 1
jnPds > —— = = (16)
0 fo In|2 2M(t)  2(t* —1t)
On the other hand, by the gradient flow structure
1
&L = —L/ 18,1|ds. (17)
0

Thus, —0; In L > Then an integration in ¢ from O to 7 yields

1
GEDR

*

—t "
prant t €[0, 7).

L(t) < Lo

2. By (ii) of Proposition 2.5, t +— — L9, L is monotone decreasing. Thus, —Ld; L <
—Lo,L | ,—o- To see the lower bound, we note that by (17), (16) and Wirtinger’s inequal-

1ty

2
> LO” > 472,

1
—L(t)3;L(r) = L(t) /0 19| T 2M(t)

3 Normalized Flow
3.1 Renormalization

One can ask as the L2-mass M (r) goes to zero, whether the curve becomes circular.

To study this problem, we plan to show that the isoperimetric ratio ZLA;[ ((t’)) goes to the

optimal constant in the Wirtinger’s inequality # as t — t*. For that and for many
other purposes, it is convenient to renormalize the flow.
We first introduce a slow time variable. More precisely, for z € [0, t*) let

T(t) ;== —In L(t).

Note that by Proposition 2.5 (i) and Corollary 2.8, t(¢) is monotone increasing in ¢
and T — +oo iff 1 — *; this is also clear in view of (88). Next we consider the
normalization

_n@(@),s)
9= Ty
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One advantage of using such renormalization is that the curve £(z, s) has the unit
speed parametrization, i.e.,

L(t) = |8;&(t, 5)| = 1 forall (z, 5) € [0, 00) x S'. (18)
A direct computation shows that £ satisfies the equation
0c& = 05(0058) +&. (19)

Here o (7, 5) can be viewed as a Lagrange multiplier coming from the constraint (18).
It satisfies

0550 — 005> = —1, 0(7,0) =0 (z, 1). (20)

Indeed, from the change of variable ‘é—f =— a’LL([(;) Thus,

g.g = 1L on
L dt

T T oL L

Using the equation of 7, we have

ds(G0sm) M
0 =—"7F5—"+—.
& L23;L T
Letting o := %&L and writing the above equation in terms of &, we arrive at (19).

To derive (20), we can either use the equation of &, or use the above equation of &
together with the constraint |9;§| = 1.

With the same argument as in Sect. 2 it is not hard to see that the normalized flow
(19) and (20) can be viewed as the positive gradient flow of the L?-mass M (£) :=
% fol |€(s)|? on the manifold of immersed curves with arc-length parametrization, cf.
(78),

1
A= {g e H* (S RY) : |9,&(s)| = 1 forall s € S, / E(s)ds = o}
0

with respect to the L?(S!; R¢)-induced metric (see also Appendix B and our recent
work [46] which analyzes the gradient flow of the potential energy on a space very
similar to A).

The normalized flow (19)—(20) can be interpreted in the spirit of [46] as an over-
damped motion of an inextensible loop particles of which are repelled from the origin
with the force equal to the radius vector.

Using either the gradient flow structure for the normalized flow or tracing the change
of variables and normalization, one obtains the monotonic quantities along the flow.

Proposition 3.1 Let & be a solution to the normalized flow (19)—(20). Then
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() 7+~ fol |E(z, 5)|*ds is monotone increasing. Moreover, fol |E(T, 5)|?ds < #
forall t.
(i) T — fol o (1, s)ds is monotone increasing with fol o(z,s)ds < fol |E(T, 5)|*ds
forall T.
(iii) As T — oo, we have fol o (00, s)ds = fol |€(00, 5)|%ds.

Proof 1. We multiply (19) by 9;& and integrate in s from O to 1. After an integration
by part and using 95§ - 95:& = O (which follows from |d;&| = 1), we obtain that

1 1 1
/ 19:£2ds = 9 (— f |s|2ds). @1)
0 2 Jo

Thus, T — fol |€]? is monotone increasing. The upper bound follows from the
Wirtinger’s inequality

1 1 1 1
f|§|2ds<—/ 195 %ds = —.
0 - 47'[2 0 ' 47T2

Again we have used that fol &(t,s5)ds = 0.
2. From the definition of o, we have

1 ( s — fo ods B 1
/o o(t,s)ds = —Lo, L —L3,L(1t(x))"

By (ii) of Proposition 2.5, —Ld,;L is monotone decreasing in ¢ thus in t. Thus,
fol o (7, s)ds is monotone increasing in 7. To prove the upper bound, we multiply
(19) by & and integrate in s. Integrating by parts and using that |0;&€| = 1 we have

1 1 1 1
—at/ |5|2ds=/ |§|2ds—/ ods. (22)
2 Jo 0 0

By (i), the left-hand side is larger than or equal to zero. Thus, the upper bound follows.
3. By (i) and (i), lim— o0 f; [£(, 5)|2ds and lim, .« [, o'(z, s)ds exist and in
the limit fol |£ (00, 5)|*ds — fol o (00, s)ds > 0. To see the limit is actually zero, we
argue by contradiction. Suppose not, then there exist € > 0 and M, > 0 such that
fol |E(T, 5)|?ds — fol o(t,s)ds > € forall T > M,. By (22) forany 7| > ) > M.,

1 1
fo £, 9)ds — /0 E(r2, 5)2ds > 2€(t) — 12).

By (i) the left-hand side is bounded from above by #. However, the right-hand side
procedes to infinity as 7y — oo, which is a contradiction. Thus, we have shown that
the limit is zero. ]
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In the rest of the paper, we will work with the normalized flow (19)—(20). In Sect.
3.2, we show local well-posedness of the problem in some Holder class. In Sect. 3.3,
we explore the stationary solutions. In Sect. 3.4, we address global well-posedness
and long time asymptotics of the solution for the initial data which are close to steady
states, and show exponential decay of the solutions to a steady state. In Sect. 3.5, we
address the global solvability without restrictions on the initial data but in a generalized
sense. We stress that there is a one-to-one correspondence between the normalized flow
and the original gradient flow (Sects. 2 and 3, resp.). After the backward change of
variable and renormalization, we can infer the well-posedness of the original flow and
the asymptotics of the flow near the extinction time.

3.2 Local Well-Posedness

In this section, we show the local well-posedness of the normalized flow (19)—(20).
First, we introduce the function spaces we will work with. Given «, 8 € [0, 1), T €
(0, 00) and k € N U {0}, let

CHeB ([0, T] x Sy 1= {£ : [0, TT x S! > R : €[l tap < 00},

where

k
1€ 1k-+ap = sup €, )l crraqsty +sup D 10/EC, 9)lleso,7)-
1 s .
j=0

Here, we use CKT (S (CA ([0, T1)) to denote the usual Holder spaces for functions
only depending on one variable. Similarly, let

CRHHelTB(0, 71 x S == (£ : [0, T1 x S' = RY 2 |Elktap + 19:E lkrap < 0O}

The local well-posedness result we want to prove in this section is as follows:

Theorem 1 Given any initial datum & € C>T(S") with |3;&0(s)| = 1, fo‘ £ (s)ds =
0, there exists T > 0, which depends on ||§ol| c2+«(sty, such that the Cauchy problem

9E = 85(005&) + &,
3550 — 19558170 = —1, (23)
£(0, 5) = £(s),

has a unique solution & € C*t%2/2([0, T1 x SY), 8,6 € C**/2([0, T] x S").

Remark 3.2 As in Remark 2.4, if £ is the solution emanating from &y provided by
Theorem 1, then fol &(t,s)ds = 0and |0;&(t,s)| = 1forallt € [0, T].

The proof of Theorem 1 is based on the Banach fix point theorem, where we show the
solutionmap &£ — o¢ > & isacontraction in the Banach space CZHea/2(10, T1x Sh.
The proof is divided into several lemmas.
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Lemma3.3 Forany & € C*T®/2([0, T x SY) such that |03€(t, )l 251y # O for
allt € [0, T], there exists a unique solution o € C2+°‘/2’°‘/4([0, T1x SY 10 the ODE

dys0 (1, 8) = 0 (1, 513555 (1, )P = —1. (24)
The solution satisfies the estimate

loll2ya/2,a/4 < C,

Sor some constant C depending on d and || 0s5§ ||o,a /2, Which is uniformly bounded if
1055 lev,ce2 s uniformly bounded.

Proof Let k(t,s) := [355&(t, s)|. Since [|k(¢, -)||;2 # O, the inhomogeneous equation
has a unique solution o (¢, s) for each ¢. Furthermore, by the regularity theory for the
elliptic equations o (¢, -) € C 2+ (S for each ¢ € [0, T'] and one has the estimate

o 124e0 < C (k0 + 1) (25)

for some universal C > 0 (cf. Lemma 3.4 below for the estimate of ||o || L).
To derive the regularity in ¢, we consider the equation for o (¢1, -) — o (t2, -) for any
0<t1i<nh <T:

dss (0 (t1,8) — 0 (12,5)) — k(t1,5)* (0 (t1,5) — 0 (t2,5))
=02, ) (K01, 9) = K(02.9))
By the Schauder estimate,
lo(tr,s) — o (12, ) ll24a/2,0 < Clk(t1, s) — k(t2, $)llay2,05

where C is a constant depending on || [|w/2,0 and ||k ||« /2,0, and it is uniformly bounded
if ||k ||e2,0 is uniformly bounded (recall the estimate (25) for o). Here, we have used

llo (22, s) (kz(ll, 5) — K (2, S)) lley2,0 < 6llolla/2,0lkllas20llk(t, ) — k(t2, )lla/2.0

to estimate the right-hand side. Since k(¢, s) € C%/2([0, T] x SY), it is not hard to
see that

k(1 $) = k12, )llaj2.0 < Cllkllaa2lty — ]~/
for some universal C > 0. Combining the last two inequalities, we obtain the desired

estimate of o (7, 5). O

Next we state the pointwise upper and lower bound on o (¢, ) in terms of
lk(#, )l 2(s1)- This is a direct consequence of the upper and lower bound of the
Green’s function of the Schrédinger operator d;3 — k2 with the periodic boundary
conditions (cf. Proposition A.3 in [43]).
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Lemma 3.4 Let & and o be the same as in Lemma 3.3. Then

e_p/z

1 1
<o(t,s) <1+ —, Whe"ep:/?(f):/ |955£ (1, 5)[7ds,
1Y 0

foralls € S.

Fix an initial datum &g (s) as in Theorem 1. Firstly, we note that fol |8ssE0(s)|2ds >
472, To see this let Z := 9,&. From the assumptions on £ and using period-
icity, we have |Z(s)|] = 1 and fol Z = 0. Then the claimed inequality follows
from the Wirtinger’s inequality fol |0sZ|?ds > 4m? fol |Z|?ds = 47>, Next we let
80 == $19ss&0ll 21y = 7 and let

Mg, = (& € CFT*2([0, T x SY) 1 1E(, $) 24+aa2 < IE0ll2+a + S0,
and ”assé(ts )= asssO(')”Lz(Sl) = 80}~

It is not hard to see that Mg, is a closed convex subset in CHrea/2([0, T] x SY).

Lemma3.5 Given any & € Mg, let 0 = o be as in Lemma 3.3. Then there is
To = To(llSoll24+a) sufficiently small, such that for any T € (0, To] there exists a
unique solution §(t, s) € Mg, to the initial value problem

& =0,(00,6) +£in(0.T) xS, &|_, =&. (26)

Proof Given any § € Mg, by the triangle inequality 8o < [|95s&(7, )|l 2s1) < 380
for any t € [0, T]. Thus, by Lemma 3.3, there exists a unique solution 0 = o¢ to
(24) in the class C2T/22/4([0, T] x S'). Moreover, it satisfies loll2ta/2,a/4 < C,
where C depends on [|&p|l24« since § € Mg,. From Lemma 3.4, we have that o >
co > 0 for some cp depending on ||§g||2+«- Thus, the Eq. (26) is parabolic. By the
classical well-posedness results for the parabolic equations, there is a unique solution
£ e C¥re/21+e/4([0, T] x S!) to the Eq. (26), and [|£ [|244/2.14a/4 < C, where C
depends on ||&p |24« (cf. Sect. 9.2 in [26]).

Next we claim there is a small enough 7Tp > 0 depending on ||&p||2+«, such that
§ € Mg, for any T € (0, Tp]. Indeed, the definition of the Holder class and an
interpolation yield that

1€ Iota,e/2 < NEoll24a + 2T " *1Ellaay2, 14074 < IE0ll2ta + 2T 7*/4C.

By the Holder regularity of the solution, 055 (2, ) — 05560l 2sty < 2C1%/?% for
any t € [0, T']. The claim then follows by taking 7y sufficiently small depending on
€oll2+a- O

Lemma3.6 Let& € € Mg, be as in Lemma 3.5. Then there is T > 0 sufficiently small
depending on ||&q |24, Such that the mapping & +— £ is a contraction.
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Proof Given &y, & € Mg,, let o1 and o7 be the solutions to (24) with respect to &£; and
&, correspondingly. Let k; := |0955&;], i = 1, 2. Then o1 — o7 satisfies the equation

dys (01 — 02) — ki (01 — 02) = o2 (k] — K3).
By the similar arguments as in Lemma 3.3 (with slightly more involved estimates

when dealing with the regularity in time due to the more complicated right-hand side),
we have

lor — 02ll24a/2,0/4 < CllE1 — &21l240,a/2 27
for some C = C([[5oll2+a)-

Let~ &1, §2 be the solutions to (26) with respect to o1, o2 correspondingly. Then
¢ = &) — & satisfies the equation

06 = 00100 +¢ + s (01 — o), ¢(0.9) =0.
By the parabolic Schauder estimate, we have

1E 113 4+a/2,14a/4 < Cllor — 02ll24a/2,a/4 (28)

for some C = C(||&||2+«)- An interpolation together with (28) and (27) yields

12402 < CT 7 E 34a/2,140/4
< CT'"" 4oy — 02 l124a/2,a/4
< CT'" & — &2 1002

Here C might be different from line to line but all depend on ||£g]|24«. Choosing T to
be sufficiently small depending on ||£p]|2+«, We obtain

- - 1
&1 — &21l24 w072 = I I24a,a/2 < zllél —&l24aa/2s

which completes the proof. O
In the end, we provide a proof for the local-posedness of our problem (23).

Proof of Theorem 1 By Lemma 3.6, the mapping £ + £ is a contraction on M, &
provided T is sufficiently small depending on &y. By the Schauder fixed point theorem,
there is a unique function § € Mg, with§ = £.Itis not hard to see that such fixed point
& is a solution to the initial value problem (23). The solution is Holder /2 continuous
in t up to t = 0. The regularity of ;& for t > 0 follows immediately from the interior
regularity of the parabolic equation. O
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3.3 Stationary Solutions to the Normalized Flow

Our goal is to study the global well-posedness of the normalized Egs. (19)—-(20), and
the long-time asymptotics of the solution. Before that, we investigate the stationary
solutions to the normalized equation, and show in this case the Lagrange multiplier
o satisfies an ODE which has a first integral. Just like as for the conventional curve-
shortening flow [1], the stationary solutions are not necessarily circles in our case.
However, we will show that the circle (with o = #) is the only solution to the
ODE if one assumes that the curve is simple and fol ods satisfies a lower bound
1 27 _1
f() o dS Z ﬁm
We start by recalling the stationary equation & : S! — R?

95(0958) +& =0, 98] = 1. (29)

Proposition 3.7 Let &€ € C*(S'; RY) be a solution to (29). Then & is a plane curve
curvature of which satisfies k(s) > 0 for all s.

Proof Differentiating the equation in s and using the constraint |d;&| = 1 it is not hard
to see that o satisfies

d550 — 0'|d5E | = —1.

We have o € C%(S') by the elliptic estimate. Furthermore, by the strong maximum
principle o > 0. This together with the equality —& = 0,0 9,& + 005§ implies that
& is a plane curve, since &, d;& and 0, are in the same plane.

For the arc-length parametrized curve, we have 95,6 = kN, where N is the unit
inner normal along the curve and k is the curvature. Differentiating the equation of &
and using o; N = —kds&, we get

(Z)ssa — ok + 1) 3sE + (20,0k 4+ o dsk) N = 0.
Thus, 095k + 2050k = 0, which implies
o’k = const. 30)

Since fol k(s)ds = 2m for a regular closed plane curve, and o > 0, one has k(s) > 0
forall s € S!. O

In the next proposition, we derive a first-order ODE of o.

Proposition 3.8 Leré € C2(S'; R?) be a solution to (29). Let T := o2. Then T satisfies
the first integral

1
5(asr)2 +V()=x, V(r):=47% —671.
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Here T = fol 12dsand x = V(z,) is a fixed constant, where 1, is any extreme value
of T. Moreover, we have A € [—253, 0).

Proof First multiplying (29) by & and an integration yield

1 1
/ods:/ €12 ds. (31)
0 0

Then, we multiply (29) by 9;& and use |9;&€| = 1 to obtain
1 2 1
aso+§as|é;| =0foralls € S,

which together with (31) gives

. ‘-—/1 (32)
o+5 =50, 0= | o.
On the other hand, (29) together with the orthogonality 9,& - 9546 = 0 yields
1050 |> + o2k = |€)°. (33)

Since ok? = ;50 + 1 by the equation of o, we obtain from (33)
2 1 2 2
[0s0 " + 0 (0550 + 1) = Eass(a ) t+o =&,
which together with (32) gives the ODE of o
1 ) _
58” (0°) =30 — 30. (34)

Remember that we have set T := ¢'2. Let us rewrite the above equation in terms of
T as g7 = 6T — 67'/2 where T = 6 = /01 71/2ds. Multiplying both sides by 9,
and integrating, we obtain

%(asr)2 +V@) =A, V(r) =417 —671. (35)

At s such that 7(s) = 1,, we have d,7(s) = 0, thus A = V(z,) from (35). The
potential V satisfies V(1) = 3712, hence it is convex on (0, c0). We note from
(32) and the definition T = o2 that T € (0, 37/2). This implies V() € [-273,0)
with min V(t) = V(£2) = —273. Thus, » = V(z,) € [-273,0). u]

If £ is an m-covered circle, m € N, then it is easy to see from (32)—(33) that
o= W. In general, it is possible to apply the method for the proof of Theorem A
in [1] to classify solutions t (hence o) to the ODE (35). In the next proposition, we

1

show that if £ is simple and o is close to # (m = 1),then £ isacircleand o = g

@ Springer



3074 W. Shi, D. Vorotnikov

Proposition 3.9 Ler & € C%(S'; RY) be a solution to (29). Assume & is simple, i.e.,

E(s1) # E(s2) for s # sp. Assume fol ods > %—;# Theno = #, and & is a circle

centered at O with radius %

Proof 1. By Proposition 3.8, & is a plane curve with curvature k > 0. Moreover, £ is
simple by assumption. Thus, by the four-vertex theorem, k(s) has at least four critical
points. Let 0 < 51 < 55 < --- <s7 < | with index J > 4 be the critical points. Since
0%k = const and 0 > 0, o has the same critical points at s;, i.e., dgo (s;) = 0 for
i € J. We claim that

1 _ .
i o(s)ds =0, I = (si,si+1), il =sit+1—si, 1 € J. (36)
il Ji

Indeed, an integration of (33) in s over I; together with (32) gives

/(ao) +/ f|s| /(30—2o>

On the other hand, multiplying the equation of ¢ by o and an integration by parts

yield,
/(3S0)2+/ o’k? =/ o.
I; I; 1

Here, we have used 950 (s;) = 0; hence, the boundary term in the integration by parts
vanishes. From the above two equalities, we conclude

f(36—20)=/ o

Thus, (36) follows.

2. We show that if 6 > %#, then o (s) = & in the intervals I; with |[;]| < }‘. In
particular, since J > 4 there is always an open interval where o = o there.

Take I; such that |[;| < th' For simplicity, we write I instead of /; in the sequel.
We multiply both sides of (34) by o and integrate from s; to s;41. An integration by
parts gives

/U(aso)zds =3 /(02 — 50)ds. (37)
1 1

On the other side, by a generalized Beckner-type inequality (see [14, Lemma 4] with
q = %, p = % and f = o3/?; see also [25] for a link with “unbalanced optimal
transport”), we have

_ _ 917
117 2llo 2 (||o||iz(,)—|1| 1||a||il(,))sEmfa(a«r)zds. (38)
1
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2
Here, we have used that Cp = % is the optimal Poincaré constant with respect to

the interval /. Combining (37) and (38), we arrive at

1= (II 12, — 1 Yo |? )<7277|1|2 lol2,,,, — 1o |?

olliL2ay \No 2y oNevn) = 73 472 ( 92y 4 L'(I))'
. 1 - 271

Note thatif [/| < 7 and o > 55 g then

27 |12

117720 > ——.
[ lloll 2 > a2

Indeed, this immediately follows from Holder’s inequality and (36):

17Nz 2 111 ol =5 > 210
L= = L 2 472"
Thus, ||o ||2 = II"Y o ||2 From the equality case of the Holder’s inequality

L2(I) LY
|o| = const a.e. in I. This together with the continuity of o yields that o (s) = ¢ in
1.
3. In the last step, we show that o (s) = 1/ (47?) for all s € S!. Indeed, from step
2 above there exists an interval, say, (0, so) for some small sp > 0 such that o0 = &
there. Let 7 := 2. By the Picard theorem the initial value problem (zr = %)

dsT = 6(6 — /1), T(s0) =&%, dt(s0) =0,

has a unique solution in (sg, so + §) for some § > 0. Since the constant function
7 = &2 is a solution, thus necessarily T = 52 in (s0, o + ). This shows that 7, thus
o, is identically & in the whole circle S!.

With this at hand, (32) yields that |£|> = const = & in S!. Thus, & is a circle

centered at the origin. Since the length of the curve is equal to 1, then [§| = 2717—,( for
ke{l,2,---}. By ;)ur assumpti(l)n o > %# (or because the curve is simple), we
should have [§| = 5~ and o = g O

Remark 3.10 From the proof of Proposition 3.9, one can see that we only need the
existence of two critical points s1, 57 of the curvature function k(s) with |s; —s2| < 1/4.
This can also be achieved by assuming the symmetry property £(s) = —&(s 4+ 1/2)
instead of assuming that the curve is simple.

3.4 Global Well-Posedness and Exponential Stability

In this section, we study the global well-posedness of the normalized flow (19)—(20)
under the assumption that initially the curve is C? close to the circle

wo(s) := %(COS(ZTL’S), sin(2ws), 0, ---, 0). 39)
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We will mainly show the uniform (in time) boundedness of curvature |d;s& |2, which
yields that the time T in the local well-posedness result has a uniform lower bound.
The main idea of the proof is to show that under some smallness assumption at the
initial time, the parabolicity is preserved along the flow, i.e., 0 > co pointwise for any
t < T, where ¢y > 0 is some absolute constant.

The proof of the result is based on a dynamical system approach. We let

C:={cwo(s +6):c,0 € R}

denote the manifold generated by wg which is invariant under the dilation and rotation.
For each t € (0, T), we decompose

E(t,5) = E(t,5) + c(Dwo(s +6(1)), (40)

where ¢()wo(- + 0(¢)) is the L2 projection of £(¢) onto C, i.e., for each ¢ fixed

c(t)wo(- +6(1)) € argmin,, o { f &(t, ) — w(->|2dH1} .
SI

We remark that minimum are achieved by considering the minimization problem over
the finite dimensional parameter space

inf Fe(c,0), Felc,0) ::/ () — cwo(- + 6)PdH!.
c,0eR St

The first derivatives 0F:(c,0)/dc and 0F:(c,0)/00 vanish at the minimizers
(c(1), 6(t)), yielding the following orthogonality conditions

1 1
/ E(t,s) - wols + 0(1))ds = / E(t,s) - c()dswo(s +60(1))ds = 0. 41)
0 0

Note thatsince ¢ — Fg(c, 6) is strictly convex, there is indeed a unique c(¢) associated
with &(¢, -) foreach r € [0, T].

Now we derive the evolution of the parameters c(¢) and 6(¢) (assume for now they
are differentiable. For more detailed discussion, we refer to Lemma 3.11). By using
the equation of &, we obtain the equation of &

HE(t,s) =E(t,s) + B (o (t, )€ (1, 5))+
1
+ ¢(1)ds ((a(r, $) = ) wo(s +0<z>)) —é(Owo(s +6(1))  (42)

— c(OB()d;wo(s + O(1)),

where we have used the relation wg + #fhs wo = 0. We multiply (42) by §(t, ),
wo(-+0(t)) and d;wo (- 46 (¢)) and integrate over St. Using the orthogonality condition
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(41) we quantify the evolution of ||£(z, -) ||i2 as well as of the parameters c(¢) and 6(¢)
fort < T:

1 1 1 1
1atf |§|2ds=/ |§|2—/ o|as§|2ds—c<t)/ odswo(- + 0(1)) - ,&ds,
2 Jo 0 0 0
1 1
&) = (1 —4n2/ ads) c(t)—4712/ o dswo(- + 0(1)) - d,&ds,
0 0

1
c(H)O(1) = 4712/ owo(- + 0(1)) - d;&ds.
0

(43)

From the unit speed constraint |9;€(¢, s)| = [dswo(s + 6(z))] = 1 for all (¢,s) €
[0, T x S!, we obtain

05€ (£, )7 + 2c(1)dsE (1, 5) - dswo(s + O(1) + c(1)* = 1. (44)

Integrating over S' and using (41) (note that fol 95& - dywods = — fol € - dgswo = 0
since 0gs Wy = —4n2w0) yields

1
/0 10,€1%ds = 1 — c(1)?. (45)

Here and in the sequel for brevity, we write wg and d; wq instead of wo(s + 6(¢)) and
dswo(s + 6(t)), respectively.

Lemma 3.11 Suppose&(t, s) € C>T4%/2([0, T1xSY), ;£(t, 5) € C*%/%((0, T1xS)
is a classical solution to the normalized flow (19)—(20). Suppose the L* projection of
£(0, ) onto C is not 0, i.e. c(0) # 0. Then there exist ty € (0, T] depending on
c(0), 16, )lc2 sty and parameters (c(1), 0(1)) € ([0, t0]) N C (0, 101), such
that (40)—(43) are satisfied for all t € (0, tp).

Proof Given a classical solution &, there exist (¢(0), 6(0)) € R x [0, 27) be such that

Fe0)(c(0),6(0)) = Fey(c, 0).

min
(c,0)eRx[0,27)

Indeed, since F¢ is continuous, strictly convex in ¢ and 277 -periodic in 6, the minimum
is realized. We consider the ODE system

1
¢(t) =c(t) — 47r2/ ogoswo(s + 6(1)) - 05&(¢, s)ds,
0

1
c(H0(t) = 4712/ owo(s 4+ 6(1)) - 9:E(r, s)ds, (46)
0

(c(0),00)],_ = (c(0),0(0)).

Using |9;&€| = 1 and the bound of o in Lemma 3.4, we have that the right-hand side of
the system is bounded by constants depending on [|£ (0, -) || ¢2(sty- Thus, by the Picard—
Lindelof theorem, there exists a unique solution (c(#), 8(¢)) defined in [0, #9] for some
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to € (0, T'], value of which lies in a neighborhood of (c(0), 6(0)). Here 79 and the
size of the neighborhood depend on ¢(0) and [|§(0, -)||¢c2(sty- Furthermore, from the
t-regularity of £ and o, we can conclude that (c(?), 0(¢)) € CO([0, 10]) N CL((0, 1]).

Let §(t, s) = E&(t,s) — c(HH)wo(s + 6(1)), t € [0, fo]. From the equation of &, one
easily derives the equation of § in (42). Moreover, using |dswg| = 1 and d;wg-wo = 0,
the ODE system (46) can be rewritten in terms of § as in (43). We claim that (42)
together with the ODE for (c(z), 8(¢)) in (43) implies the orthogonality conditions
(41). Indeed, let

1 1
A(t) :=/0 £(t,s) - wo(s +0()ds, B(r) ::/0 £(t,s) - dswo(s + O(1))ds, 1 € [0, o).

We have A(0) = B(0) = 0. Direct differentiation yields

1
A(t) = / 8E(t, ) wols +60(t))ds +6(t)B(1),
o . (47)
) . 6(1)
B(t) = / (1, ) - dywo(s +6(1))ds — —5 A1),
0 47’[

Multiplying (42) by wo (s +6(¢)) and d5wo (s +6(t)), and using the ODE of (c(¢), 6(¢))
in (43), we obtain

1 1
/ 0E(t,s) - wols +0(1))ds = A1), / 3E(t, ) - dywols + 0(r))ds = B(r).
0 0

(48)
Applying (48) to (47) yields

(A(t)) B (1 , é(r)) <A(t) )

; = ()

B(1) — 0 1 B(1).

Since the coefficient matrix is nonsingular and since A(0) = B(0) = 0 we have that
A(t) = B(t) = 0forall ¢t € [0, 9], which completes the proof for the claim. O

The rest of the argument goes as follows:

(i) in Lemmas 3.12 and 3.13 we prove the decay estimate for r — ||&(¢, -)||;2 and
t = [|0s&(, )12, t € (0, to], under the initial assumptions that fo] o (0, s)ds >
%# and ¢(0)% > % As a corollary of the decay estimate and Proposition 3.1
(ii), these initial assumptions are preserved along the flow. We remark that the
initial assumptions are always satisfied if initially £ is sufficiently close to the
stationary solution wyq (cf. Theorem 2).

(i1) in Lemma 3.16, we derive pointwise oscillation estimate for the Lagrange mul-
tiplier o. This is a crucial step, since o appears as the parabolicity coefficient in
the equation of &.

(iii)) Lemma 3.16 together with the decay estimate in (i) would yield the uniform (in
7o) boundedness of [£(z, -)|| c2+« sty Thus, we have a lower bound on the time
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step in the iteration procedure. These are proved in Theorem 2, where we show
the global well-posedness results for initial datum sufficiently close to wy.

In the sequel 7y, § and (c(¢), 0(t)) are those given by Lemma 3.11 associated with
a classical solution (¢, s) € C2H*2/2([0, T] x SY), 8,&(r, s) € C*%/2((0, T] x S1H)
with ¢(0) # 0. We also let

1
o(t) :=/ o(t,s)ds.
0

Lemma 3.12 Assume that

5(0) = 2 1 (49)
U __’
~ 3472
Thent +— ||§(t, ')”LZ(SI) is monotone decreasing in [0, tg]. Moreover,
~ _l ~
IEG 2@ < e S IEO, iy, €10, fol. (50)

Proof We will derive a differential inequality on ||§(t, Il L2sh using its evolution

equation from (43). First, we multiply o to the both sides of (44) and integrate over
Sl

1 _ 1 _
1-cHoe =/ o |0s€|%ds +2c/ 0 d4& - dywods. (51)
0 0

Thus, (43) can be rewritten as

1a/1|§|2 /1|§|2 fl 19, 1_62‘+1/1 19,E2d
— = — o} — o - O |0y
27 Jo 0 0 * 2 2 Jo * *
. 1 ! - 1—¢2_
=/ |s|2——/ olaEP - 125,
0 2 Jo 2

Applying (45) to the last term of the above equation, we obtain

1 l~2 1~2 1 1 - 1 1 -
~3 - - 0E2 -~ | 18,Ed
> t/o €1 /0 €1 2/0 o|0s&] 20/0 1056 |7ds

- : L (52)
2 = 2
< [ - 3o [ 1adras
0 0
We claim that (40) implies
1 1
P 2 1 P 2
[E(t, )]7ds < 5 [05& (¢, )| "ds. (53)
0 167 0

To see this, one can employ Fourier expansion of £(z, -). By fol £ = 0 as well as the
orthogonality condition (41), one finds that the zero and first-order Fourier coefficients
of & are zero.
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Applying (53) to (52), we obtain

1 feo 2= b oo
3o [ 18R <= (sro 1) [P

Since t +— o () is monotone increasing, cf. Proposition 3.1 (ii), from (49) we have
8725 (1) — 1 > § forall ¢ € [0, o). Thus,

1~2 2 1.,2
a,/ H s—gf EP. e, 1l
0 0

This implies that ¢ +— IE, )l L2(shy 1S monotone decreasing. An integration in ¢
results in (50), which completes the proof. O

The next lemma concerns the decay estimate of ¢ +— || AsE(1, ) ||i2 sl
Lemma 3.13 Assume that & (0) satisfy the same assumptions as in Lemma 3.12.

Assume furthermore that
1

c(0)> > —. (54)
2
Thent > |0, (t, I r2(sty is monotone decreasing. Moreover,
- 1 ~
1858 (2, )2ty < 7161860, )21y, ¢ € [0, 10].
Proof By (45) and the expression of ¢ in (43),
| 1 1 -
Ea’/ 102 = —c()é(r) = — (1 _ 47125) e +4712c/ o d,w - BE.
0 0
Applying (51) to the last term in the above equation, we obtain
1 b 1 —c? |
—at/ 8,52 = — (1 —47125) 2 + 4r? ( ‘- -/ a|asg|2)
2 Jo 2 2 Jo (55)
1 — 2
< —2+4ax%5c* + 4n3s 2c .
Next we note that |
3 -
4n’6 <1-— —/ 10, 2. (56)
4 Jo

Indeed, by (ii) of Proposition 3.1 ¢ < fol |€]2, which in terms of & and ¢ reads
2

5 < fy IEP + 55. By (53),6 < 1y [i 18,2 + 27, which combined with (45)
gives (56).
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With (56) at-hand, one can bound 9, fol |9s€|? in terms of fol |0;€|%ds as

1 ! =2 ! =12 1 3 ! <12
—atf 19, dss/ 13,E 2ds ——+—/ 19,2ds ). 57)

Indeed, since ¢ and 1 — ¢? are nonnegative (cf. (45)), applying (56) to (55) we have
that

1 L 30 . 30 N1-=¢2
—9 AE1% < —c? 1—-/ aE1%) 2 1—-/ a,& 12 .
) I/O [0s€]" < —c +( 4 ), |0s&| "+ 4, |05 | 3

Substituting c? by 1 — fol |BS§ |2ds (cf. (45)) and after some algebraic manipulations,
we arrive at (57).

Thus,iffol 185€ (0, $)|ds = 1—c(0)% < %by (54), then by (57) fol |05€ (2, 5)|ds < %
for all ¢ € [0, tp]. Moreover,

1a/1|a§|2d 1fl|a§|2c1
2t 0 s \) 16 ) s S,

forall ¢ € (0, #p]. Solving the above differential inequality, we complete the proof. O

IA

The exponential decay of t — |3, (z, -)|| 12 immediately yields the convergence
of the multiplicative factor c(¢) due to (45).

Corollary 3.14 Under the same assumptions as in Lemma 3.13, we have

lc(t)? — 1] < e~ 51e(0)2 — 1| forall t € [0, 1o].

Remark 3.15 The decay estimate on c(z) implies that fo = T, where [0, #] is the
interval of the definition of the solution to the ODE (46) in Lemma 3.11. Indeed, since
c(t), t € [0, 1], is bounded away from zero and has uniformly bounded modulus
(cf. Corollary 3.14), the solution to (46) can be extended for longer time as long as
1, )|l c2+« sty remains bounded.

In order to show the global existence, we need to control the norm [|£(¢, 5)|/24«.0
along the flow. For this purpose, it suffices to find a pointwise upper and lower bound
on the ellipticity coefficient o (¢, s). The next lemma says that if # — o, ||&]l2

and ||8s§ |I;2 are sufficiently small at # = 0, then the oscillation o (¢, s) — o (¢) and
IE1%(t, s) — fol |€|%(¢, s)ds are under control along the flow.

Lemma3.16 Given € € (0, W], if

2

. 2
956 (0, )

I (58)

(47%2 - 6(0)> S GBI

L2(S!
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then for all (¢, s) € [0, T] x SL, we have

<2Je, lo(t,5) =5 (0)] <3/e

1
‘Is(t,s)lz—/o £, 5)|*ds

In particular, o satisfies

1 1
—— —4Je <o(t,s) < —= +3/eforall (t,s) € [0,T] x S'.
4r? 4r?

Proof 1. We observe that by the monotonicity properties from Proposition 3.1, Lemmas
3.12 and 3.13 with 79 = T (cf. Remark 3.15), the smallness assumption (58) indeed
holds for all # € [0, T']. Here, we have used that (58) implies (54).

2. We show that

1 1
/ 10,£(t, 5)|?ds = / |E(t, )|?ds — G (1) < eforallt € (0,T].  (59)
0 0

Indeed, the first equality is due to (21) and (22). To see the second inequality, we note
that by the assumption (58) and the observation above,

1 ) _ 1 ) 1 1 _

[, weras=a=(f =) + (57 2)
_ 1~2d 2 _ 1 1 =
—/0 Sy (em = >m+<m”’)

= %' ds — — ()S dS+ —F — 0 €,

where in the second last inequality, we have used (45).
3. We estimate the oscillation of o and |£|2. First, we show that the oscillation of
o is bounded by the oscillation of |€|2: for all (¢, s) € [0, T] x S

1 1 /!
lo(t,s) — (1) < e+ ‘§|s(r,s)|2 — 5/0 |&(, 5)1%ds | . (60)

For this, we multiply the equation of & by d;& and get 9;& - 0;& = 050 + & - 0;& =
ds (o + 31€1?). An integration in s yields

1
= / 10:5(2,5) - 056 (2, 5)|ds.
0

1
o(t,s) + l|g(r,s)|2 —/ <a(t,s) + l|g(z,s)|2) ds
2 0 2

By Holder’s inequality and (59),
1 1 172
/ 10:6 (. 5) - 956 (2, 8)|ds < (/ IBzS(I,S)I2dS) < Je.
0 0
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Combining the above two inequalities together, we obtain (60).
Next we rewrite the oscillation of |£|? by using |€|*:

Lea >|2—1/1|f§<r y2ds| = | g )|2—1/1|§<r )2ds + 2cE
516, s 5, cS)Fds| = 1516, s 5, ,$)|7ds 4+ 2cE - wo .

Using the fundamental theorem of calculus as well as the step 1, one can bound the
oscillation of |£|? as

1 1
‘|§(r,s>|z—/0 &(r, $)|*ds szfo |95& - E|ds < 20185& (¢, ) 211E(2, )l 2 < 2e.

For the term c£ - wg, we use |¢| < 1, jwg| = % and the above oscillation estimate to

get

1 1/ V2
Ic& - wol < =—IE(t,5)| < — (/ &, 5)%ds +2e> < —+/3e.
27'[ 27T 0 2

T

Combining together, we have for all (¢, s) € [0, T] x St

1
<e +22—\/3€ < 2.
T

‘1 (t, ) 1/1 (t,s)*d
SIE@ I =5 0|s ,5)|%ds

Combining this with (60), we obtain the desired oscillation estimate for o. Taking

€< W and using the step 1, we obtain the pointwise lower bound for o (¢, s). The
upper bound follows from (60) and Proposition 3.1. O

At the end of this section, we show the global well-posedness of the normalized
flow in the Holder class C27*/2 under the assumption that initially the curve is
sufficiently close to the stationary solution wy.

Theorem 2 Let wy be the stationary solution defined in (39). Given an initial datum
& € AN C2tY(SY), which satisfies

150 — woll m2sty =< €0 (61)
for some small universal constant €y > 0, the Cauchy problem (23) has a solution
£ € CH2(10, 00) x SY), 8,6 € C**2((0, 00) x S1).
Proof Let & € C*™**/2([0, T] x S), T € (0, 1) depending on [|£ || c2+« (g1, be the
classical solution to the Cauchy problem (23) with the initial datum &y (cf. Theorem 1).
Let o be the Lagrange multiplier such that &y + 9, (0 95&) € Tg,.A. Similar arguments

as in Lemma 2.2 yield

3550 — |d5sE0l*0 = —1. (62)
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Note that from (62), we have

1
/ o = [3s(ad&o)72 < l&oll7 ..
0

which is no larger than # by Wirtinger’s inequality. We want to show if € is suffi-
ciently small, then the smallness assumption (58) from Lemma 3.16 is satisfied.

To see this, we first consider éo = & — cwo(- + 0), where cwo(- + 0) €
argmin,, ¢ |60 — wll;2. Then (61) implies

€0l 221y < €0 and [[35&0ll 121y < 2v/eo(1 + 7).

Indeed, the first inequality is immediate since by the definition of the projection
ol 2ty < 1E—woll2(s1)- The second inequality follows from (45) having observed
that

2
C ~
17 = léoll o — 180l 72g) = lwoll oy — 2lwoll 2@y lIE = woll 2
£ 12 1 —1
—Meoll 2@y = 55 — ol +77 .

Next, by viewing (62) as a perturbation of
3550 — |3sswol’0 = dys0 — 4’0 = —1,

with periodic boundary conditions, solution of which is the constant function
have that the solution to (62) satisfies

1 1
— = / ods
4 2 0
for some universal constant C > 0. Hence if € is sufficiently small but universal, the

smallness assumption (58) holds.
Now we apply Lemma 3.16 to & and get

1
e

< Cey,

(63)

1
) <o(t,s) < 322
in [0, T] x S!. Furthermore, for each fixed ¢, o (¢, -) is Lipschitz continuous with
uniformly bounded Lipschitz constant. Indeed, an integration of the equation of o
(cf. (24)) yields [ o'|dsn|*> = 1, which implies that [5; [0550 (¢, 5)|ds < 2. By the
regularity theory for the parabolic equations, cf. [28],

sup 6t Ml crvesty < CT™F 4 DElpoqrarinsy. (64
te[T/2,T]
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for some C > 0 only depending on d and « (this is the interior Schauder estimate
for parabolic equations. Since our solutions satisfy periodic bound conditions, the
estimate holds globally in S'). In the meanwhile, the smallness assumption (58) of
Lemma 3.16 is satisfied for all + € [0, T] due to the monotonicity properties of
fy o, s)ds, &, )l 12s1y and [|95& (¢, )|l ;2 (s1) (Proposition 3.1 (ii), Lemmas 3.12
and 3.13). In particular,

1€ Loo 7 /4, T1xsy = Newoll oo /4, 71xs1) + 1§l oo (774, 71x81) = C, (65)

where C is an absolute constant. We apply Theorem 1 starting from ¢t = T. The
solution & extends in the Holder class Ccrtoal2 uptot =T + Ty for some Ty > O.
Lemma 3.16 applies and yields (63) and (65) in [0, T + Tp] x S!. Again by the interior
Schauder estimate

sup  [IE( ety < CUT + T0)™F® + DIEN oo 74751551 -
rel 7510 741

Since || &(z, )||C2+o((Sl) cannot blow up as time getting large, the time steps have a

uniform lower bound 7j > 0. Repeating the above arguments from 7' + 2Ty, T + 3T,
and so on, we obtain the global existence of the Cauchy problem (23) in the Holder
class C2FTe/2, m|

As a by-product, we also obtain the exponential decay of our solution to the sta-
tionary solution wg under the initial smallness assumption.

Theorem 3 Under the same assumptions as in Theorem 2, we have for all t > 0,

IE(t, 5) — wo(s + Os0) | Lo g1y < Ce™O1IE) — woll g2 sty

for some universal constant C > 0 and some constant 0.

Proof By Lemmas 3.12, 3.16 and Corollary 3.14, if ¢y := ||& — woll g2 sty 18 suffi-

ciently small (say €9 < ), then for all t > 0

1
(10072)2

£ _ L
I, I ooy + (1= (1)) < Ce™ T e,

for some absolute constant C > ‘O. We still need to estimate the evolution of 6(¢).
Note that from the expression of 6 in (43)

2

1
16 ()|<%2—maxa(r OBEW 2@ 1> 0.

By (60) if €g in (61) is sufficiently small, then o (¢, 5) < fol o(t,s)ds +3,/e < #
Thus, combining Corollary 3.14 and Lemma 3.13, we infer

. 1 ~
0(0)] < e 16" 1856 (0, 21y, 1> 0.
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This implies that lim,_, o, 6 (¢) exists. Letting 6, denote the limit, we obtain
10(1) — O] < 1667 16" [3,E(0, )| 2 < Ce™ 6",
after an integration from ¢ to co. Thus, by the triangle inequality,

&, 5) — wo(s + Oo0)| < |6, 5) — c(@®wo(s +0(t)| + [(c(®) — Dwols + 0(1))]
+ lwo(s +6(1) — wo(s + o)
~ 1
<16 9+ 2—|6(t) — 1+ 10() — Ol
T
< Cefﬁteo.
O

Remark 3.17 The Hessian (92) of the L?-mass is strictly negative-definite on the tan-
gent vectors & € T4 which satisfy (53), i.e., on those which are orthogonal to the
pure rotations:

1 1 1
(Hess M(wo)g,g)TwOA =/O Iglz(s)ds—/o s(s)ds < —3/0 E%(s) ds

= —3(, é)TWOA. (66)

Here ¢ is the initial tension of a geodesic emanating from wy at the direction &, which
satisfies ~
05 — 1dsswol*s + 18,81 = 0, (67)

(see [42,45]). Indeed, since |ds3wo| = 27, an integration of (67) together with (53)
implies

1 1 1
/ S(s)ds = %f |0,E7(s) ds > 4f &2 (s) ds,
0 4= Jo 0

which gives (66). Then one can anticipate the exponential decay (Theorem 3) of the
gradient flow in a neighborhood of wg via a Bakry—Emery argument, cf. [49]. However,
such argument is not applicable in our situation since the Riemannian connection of
A is not smooth and (fl, d ;) is not a geodesic metric space, cf. Theorem 4.2 in [43]
and [11,34].

3.5 Global Existence Without Restrictions on the Initial Data
We conclude by showing global solvability of the normalized flow in a generalized

sense without any restrictions on the initial data. It is an adaptation of the approach
we recently developed in [46] for a different gradient flow.
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We begin by rewriting our flow in a form which explicitly involves the arc length
parametrization constraint (cf. the beginning of the Sect. 3):

& =05(00s8) + &

10,6] =1 for (¢,5) € Qoo = (O,OO)XSI. (68)

Definition 3.18 Given an initial datum & € W1°°(S!; R) with |9,&0(s)| < 1 for a.e.
s €S wecall a pair (¢, o) a generalized solution to the normalized UCMCEF if the
following hold

(i) & € L2.([0, 00); Whoo(S1)¥, 9,6 € L7 ([0, 00); LA SN, 0 € L3 ([0, 00);

loc loc loc
H'(SY) and 03¢ € L3, ([0, 00); H'(S1))4.
(i) The pair (&, o) satisfies for a.e. (¢, 5) € Qo
0:&(t,s) = 05(o(t,5)0:&(t,5)) + &, (69)
o(t,s) (|8S§(t, 9P — 1) —0, (70)
[056(, 8)| < 1, (71)

and the initial condition
£(0, s) = &y(s) for a.e. s.

(iii) The solution & satisfies the energy dissipation inequality

f IazS(I,S)IZdSSf §-0,&(z, 5)ds (72)
S! S!

for a.e. t € (0, 00).

Remark 3.19 (Strong and weak constraint) The generalized solutions in Definition
3.18 are not required to satisfy the strong constraint [0;&| = 1 but merely the relaxed
one

o (|as§|2 — 1) —0, |8 <1.

In the next remark, we will show that under the regularity assumptions £ € C'(Qs0) N
C%( Oco) and |05&0| = 1, the generalized solutions solve (68) in the classical sense.
However, without the regularity assumptions, we do not know whether the constraint
|0s&] = 1 is satisfied or not.

Remark 3.20 (Relation with the classical solution) It is not hard to see that if (&, o)
is a C? regular solution to (68), then it is also a generalized solution in the sense
of Definition 3.18; in particular, (71) and (72) become strict equalities. On the other
hand, we claim that any generalized solution (¢, o) with§ € C 1 (@) N CZ(QOO) and
|0s&0| = 1 solves (68).
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Formally, this claim is a trivial consequence of (70) since o is expected to be
strictly positive by the strong maximum principle, cf. Remark 2.3. However, we cannot
guarantee the strict positivity of o for the generalized solutions. Nevertheless, to prove
the claim it suffices to show that the open set U := {(¢,5) € O : |0;&(t,5)| < 1}
is empty. Suppose not, then o = 0 a.e. in U due to (70). This implies that 9, = &
in U, whence 9;(]3,¢|%) = 2|9s&|?. For each (fg, so) € U, lett; = inf{tr > 0 :
(t, t9) x {so} C U}. If t; = 0 then

05§ (1, s0)| = 1, (73)

due to our assumption about &y, and if 7; > 0 then (73) also holds by the continuity
of 9;,&. From 0, (|0s& |2) > 0 in U, we immediately deduce that

195& (0, 50) 1> = 185& (11, 50)|* = 1,

arriving at a contradiction.

The next theorem concerns the global existence of the generalized solution without
any smallness or closeness assumption on the initial datum. We stress that the theorem
does not cover Theorem 2 due to the relaxation of the unit speed constraint in (68).

Theorem 4 For every & € WH°(S'; R?) with |0,&0(s)| < 1 for a.e. s € S, there
exists a (global in time) generalized solution (&, o) to the normalized UCMCEF, and
o (t,s) > 0 for almost every (t,s) € Q.

The proof mimics the one of [46, Theorem 3] and has the following outline. We
rewrite (68) as a first-order system, and approximate it by Hilbertian gradient flows.
Let k := 0 0,&, then the problem in the new variables (&, «, o) would read

0§ = 05 + &
K = 005& (74)
o =k - 0.

For e > 0, let

F€:RY > RY Fé(k) := ek + ;,

Ve + [k|?
G*(1) = (F)™(v),

and consider the problem

& = 05(G(3,6)) + £° in Qoo (75)

Let us introduce the functional

€ G (3,817 1 Lo n
& = — — —|E2
© fg ‘ ( 2 Jet |G€(8s$)|2> 2!
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Then (75) can be interpreted as a negative gradient flow of £¢ with respect to the
flat Hilbertian structure of L2(S'; R?). The existence of a unique smooth solution
£€:10,00) x [0, 1] — R9 to (75) follows from Amann’s theory [4]. The solutions
satisfy uniform energy estimates as in [46, Proposition 3.1]. Moreover, d;&€ has a
uniform L° bound as in [46, Proposition 3.3]. We now set

k€= GEB,ES)., 0 1= GE(B,5%) - 9,5° = 0.,

Arguing as in the proof of [46, Proposition 3.4 and Theorem 3], we can pass to the
limit and obtain a solution (&, k, o) to (74). The pair (€, o) solves the normalized
UCMCEF in the sense of Definition 3.18. We refer to [46] for the full implementation.

Remark 3.21 One can adapt the approach of [46, Section 6] to construct backward
generalized solutions to the normalized UCMCEF. It seems, however, that all one can
get in this way is the trivial solution (£, 0)(t) = (e’'&p, 0), t < 0. It satisfies (69)—
(72), and is smooth provided &g is smooth, but obviously violates the strong constraint
|0s&| = 1. This contrasts with Remark 3.20 and with [46] where smoothness implied
the strong constraint. Consequently, the method of [46, Section 6] for constructing
two different solutions emanating from an initial datum &y with |9;€p] = 1 is not
applicable. This leads us to conjecture the uniqueness of the generalized solutions to
the normalized UCMCF.
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Appendix A. Higher Dimensional UCMCF

In this Appendix, we describe how our approach can be implemented in the case of
evolution of surfaces. For the sake of simplicity of the presentation, we work with
embeddings of a compact manifold into the ambient space R?, but this can be gen-
eralized in various directions—in particular, one can consider immersions instead of
embeddings.

A.1. Riemannian Structure

Fix a smooth, compact-connected k-dimensional submanifold M of R¢. Without loss
of generality in the sequel, we assume that vol(M) = 1. Let Ky be the space of
H"-regular embeddings n : M — RY, fM ndH" =0,m > ”ziz Each element
v € T, Ky can be identified with a vector field v : M — RY. We endow the space Kx
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with the parametrization-invariant L? Riemannian metric (cf. [30])

(v, w7, K, ;=/ (u-w)o(n*‘)dezf v-w Jn dHE, (76)
n(M) M

which has a degenerate Riemannian distance [10]. Here J 1 (x) := /det(dn.)* o (dny)
for each x € M is the Jacobian of 7. Let

vol : Ky — R, vol(n) = HF(n(M)),

be the volume functional. By Sobolev embedding H™ C C', vol is continuous w.r.t.
the H™-topology of . Sometimes, we will also use a flat metric (-, -)* on KCy:

(v, W), = /M v-wdHE. (77)

We consider the submanifold of X4 consisting of uniformly dilating embeddings,
ie.,

1
Ay :={n € Ky : vol(n) > 0, n#(HkLM) = WHk L n(M)}.

Let us also define the submanifold of .4 consisting of volume-preserving embeddings
A = {n € Ax, vol(n) = 1}. (78)
The tangent space at n € Ay is
Ty Ax = (h € T,Ky : divyovy(hon™") = 0},

and thus it is not hard to verify that T, Ay = {h € T,Ky : div,rvp (hon™!) = const}.
The metrics (76) and (77) induce metrics on Ay: for n € Ay

(v, w)7, 4 =/ v - w vol(n) dH¥, (79)
M

* _ . k
(v, w)TnAk = /M v-wdH". (80)
The induced Riemannian metric on Ak (both from (-, -) and (-, -}*) is then
S * ) k
(v, w)T”Ak = (v, w)TnAk ./M v-wdH". (81)
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A.2. Orthogonal Projection

By [11, Theorem 7], the orthogonal projection 15,7 : T,Ke — Tnflk (with respect to
the invariant L? metric (-, )T,k 18

f’n(z) =z— afl(n) — dn. grad® o, (82)

where H (n) is the vectorial mean curvature (the trace of the second fundamental form)
corresponding to the embedding 1, the metric g = n*- is the pull-back of the Euclidean
metric - on R?, and o : M — R is a Lagrange multiplier, which is a solution to

Ago — |H(n)|20 = divyam(z o 17_1).

Employing the methods of [11,34], one can derive from (82) that the map P;, : T,y —
T,].Ak s

Py(z) =z — UI:I(n) — dn. grad® o, where

N2 . ~1 k (83)
Ago — |H()|“o = divyamy(zon™ ) + const, odH" =0,
M

is an orthogonal projection. The key observations in the proof of this claim are that
the volume density for n € Ay is constant (equal to vol(n)) and the identity following
from the divergence formula

/ w - (01—7(7;) + dn. grad® 0) vol(n) dHF
M
= _/ (0 oY divyoy(won™ty drH* (84)
n(M)
= —const/ o vol(n) dHF,
M

for any w € T,A. Here in the last equality, we have used w € T, A; and the
characterization of the tangent space T, Ay.

A.3.The Gradient Flow
The UCMCEF is the gradient flow

drn = — grad 4, vol(n), (85)

of the volume functional on the space A under the metric (79). By construction, the
flow operator

T; - n(0,5) = n(t,s), s € M,
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complies with (4).
By the first variation of area formula, the negative /Cx-gradient of the volume func-
tional is simply H ,and .
(H(), n)1,Kk, = —k vol(n). (86)

With the projection (83) at hand, by an argument similar to the one from the Sect. 2.1,
we can express the gradient flow (85) in the following form:

9 =& H(n) + dn. grad® &, f sdHY =1, ne A (87)
M

A direct computation yields that if a pair (n (), 6 (¢)) solves (87),and r : M — M
is a volume-preserving diffeomorphism, then (1(¢) or, 6 (¢) or) also solves (87). Note
that the reparametrizations » which do not preserve the Hausdorff measure on M are
ruled out automatically by our construction. Thus, UCMCEF is a truly geometric flow
since it does not depend on possible reparametrizations of the evolving submanifold
n(t)(M). This claim will become completely transparent after we recast our flow into
a parametrization-free form (97).

Let

1
M(n) := E/M | dH*,

be the L?-mass functional. We are going to see that this functional decays with a
constant speed along our gradient flow, cf. Proposition 2.6. Indeed, since n € T, A
(since divy gy (n o n™h) = k),

1

—(n,9d
Vol(n)m )T, Ay

1
8, M (n) =f 0B dHE = —— (0. B g, =
iy vol(n)

1
=~ o0y 1 2rada, volOD)7, 4, = =

(. Hm) i, = —k.

1
W(U, gradyc, vol(n))r, K,

~ vol(n)

by (86). Thus, our flow collapses in finite time ¢, = %M o).

Remark A.1 The Riemannian distances d 4x and d ;7 on submanifolds of K are non-
degenerate since they are controlled from below by the Hilbertian distance d K (which
is induced by the Riemannian metric (-, -)* in (80)). We do not know whether the Rie-
mannian distance d 4, is nondegenerate in general, but as we observed in Proposition
2.1, the conjecture is true for k = 1. Nevertheless, we have got backup ways to render
UCMCEF as a gradient flow with respect to a nondegenerate distance. Namely, the
gradient flow

dn = — grad 4+ (Invol()) . (88)
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reproduces (85). This is immediate by observing that

grad 4, vol(n) = gradAZ vol(n) = gradA;: (Invol(n)) .

1
vol(1)

Other options are presented in Appendix B.

Appendix B. Normalized Flow

The general higher dimensional UCMCEF (87) can be renormalized in the same way
as the curve-shortening flow. Namely, the new time is

7(t) := —Invol(n(z)),

and the new unknown functions are

n((r),s) o (T.s) = o(1(r),s)
T —(vol 3 vol)(n(t (1))

S8 = e @)

Then the pair (&, o) solves the equation
0.6 =& +0HE) +d& grad® " o, £ € Ay (89)

Employing the characterization of the orthogonal projection ﬁg (T K — T Ay, we
immediately rewrite (89) as a positive gradient flow of the L>-mass:

3:& = P& = Py gradyc, M(§) = grad g M(©). (90)

B.1. Evolution of the Averaged Lagrange Multiplier

In order to illustrate the power of the gradient flow structure (90), we will formally
derive a neat formula for the evolution of the mean of o along the UCMCEF trajectories,
thereby generalizing (ii) in Proposition 3.1. We first observe that the geodesics in A
are determined by the condition d;;y L T), Ay, which can be expressed as

decy = cH(y) +dy.grad”" g, y € Ay, 1)

cf. [11,34]. Then we can calculate the Hessian of the L?-mass, taking into account
(84) (with w = y and div,, (Aq) (¥ © y_l) =k):

.. d>M(y (1))
(Hess M(J/)y’y)Ty./ik :d—;;z,/ arrV'V+atV'atVde
M (92)

- _ k YILY .
- k/MgdH + V), 4y
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Now we compute in two different ways the second time derivative of the LZ-mass
along a trajectory &(¢) of the gradient flow (90). On the one hand,

d?M@E)  d ..
= g lerad g M), grad gy M®)y, 5, = 2Hess MEE. &)y, g,
=2k [ cart+26.8),

M o (93)
= 2k /M ¢ dM* +2(grad ; M(€), grad 5, M)y, 4,

dM(§)
dr

=—2k/ cdHF +2
M

where ¢ (7) is the Lagrange multiplier (which may be referred to as the tension) cor-
responding to the geodesic passing through & (¢) at the direction $~(t), see (91). On the
other hand, employing (84) and orthogonality of the projection Pg, we find that

(gradAk M (&), gradAk M(S»TsAk = (ﬁsé, ﬁég)Lz(M)
= (£, E)2om) + (6, Pek — E) 20

— 3 £*- 94)
= (€S + (5.0 HE©) +degradT o)
=2M() — k/ o dH.
M
This yields the upper bound
k/ o dHF <2M (). (95)
M
Differentiating (94) in time and comparing with (93), we deduce
d k_ k
odH" =2 cdH". (96)
dr M M

In the particular case M = S, it is known [42,45] that the Lagrange multipliers ¢
related to the geodesics are always nonnegative, so we infer (ii) in Proposition 3.1.

B.2. Relation with the Optimal Transport

We now establish a link with the optimal transport theory [49,50] by explaining how our
flow (90) may be formally viewed as a gradient flow on a submanifold of the Wasser-
stein space. We recall [40,49] that the space P> (R of probability measures with finite
second moments admits a formal Riemannian structure so that the 2-Wasserstein dis-
tance coincides with the geodesic distance. The mapping

M: A — PaRY);  TI(E) = &x(HY L M) = HF L E(M),
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is a restriction of Otto’s Riemannian submersion [40]. We refer to [23] for a basic
introduction to Riemannian submersions. Actually, IT is a bijection up to volume-
preserving diffeomorphisms on M. Set p = I1(£), where & = &(7) is a solution to
the normalized UCMCEF. Since the L?-mass functional M is invariant with respect
to volume-preserving changes of variables on M, it is consistent to define M (p) :=
M(E).SetB =11 (Ay). Then B may be formally viewed as a submanifold of P, (R?).
We claim that the evolution of p satisfies

dzp = gradg M(p). 97
Indeed, fix time 79, £ = £(79), and p = I1(£(7p)). We need to show that

(9:p, v)1,p, = (gradg M(p), V)1, P, (98)

for an arbitrary v € T,,B. Let p(7) be a curve in B satisfying o(70) = p, 3: p(70) = v.
Let £ be the horizontal lift of the curve 5 with respect to the submersion IT passing
through & at 7p. Denote by 9, &, the horizontal component of d;&. Then at time 7y

(00, v)p = (9:T1(E), 3 T1(§)), = (dTI() - 0:&, dTI(E) - 3:&),
= (0:&n, 0:8); = (3-8, 0:€)e
= (grad g M(£), 3:8)s = 0. M(§) = 3: M(p) = (gradg M (p), 3:),
= (gradg M (p), v),.

Note that the geodesic distance on B is a priori nondegenerate since it is controlled
from below by the 2-Wasserstein distance. The strategy above is applicable to the
unnormalized flow. Indeed, the continuation of IT defined by

: A — PyRY);  TI(n) = ns(H* L M),

is still a restricted Otto’s submersion. Then B* = IT(A}) may be formally viewed as
a submanifold of P> (R¢), and we are allowed to set vol(p) := vol(y) for p = I1(n) €
B*. Then (88) can be recast as

0;p = — gradg« In(vol(p)). 99)
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