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Abstract We study Riemannian manifolds with boundary under a lower N-weighted
Ricci curvature bound for N at most 1, and under a lower weighted mean curvature
bound for the boundary. We examine rigidity phenomena in such manifolds with
boundary. We conclude a volume growth rigidity theorem for the metric neighborhoods
of the boundaries, and various splitting theorems. We also obtain rigidity theorems for
the smallest Dirichlet eigenvalues for the weighted p-Laplacians.
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1 Introduction

In this paper, we study Riemannian manifolds with boundary under a lower weighted
Ricci curvature bound, and under a lower weighted mean curvature bound for the
boundary. We develop the preceding studies of the author [33]. As explained below,
we examine rigidity phenomena in such manifolds with boundary beyond the usual
weighted setting.

For n > 2, let M be an n-dimensional Riemannian manifold with or without
boundary with Riemannian metric g, and let f : M — R be a smooth function. We
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2 Y. Sakurai

denote by Ric, the Ricci curvature defined by g, by V f the gradient of f, and by
Hess f the Hessian of f. For N € (—o0, oo], the N-weighted Ricci curvature Ric7

is defined as
Vi®Vf

RicY := Ric, + Hess f —
! § f N —n

(1.1)
if N € (—o0, 00) \ {n}; otherwise, if N = oo, then Ricj}’ := Ricg +Hess f;if N =n,
and if f is a constant function, then Ric?’ := Ricg; if N = n, and if f is not constant,

then Ric]}’ := —o00 [2]. We notice that the parameter N has been usually chosen from
[n, co].

On manifolds without boundary under a lower N-weighted Ricci curvature bound,
many results have been already known in the usual weighted case of N € [n, oo]
(see, e.g., [20-22,30,34,35,38]). Recently, in the complemental weighted case of N €
(—o0, n), several geometric properties have begun to be studied (see [16,17,23,25,26],
[27,40]). Wylie [39] has obtained a splitting theorem of Cheeger—Gromoll type (cf.
[8]) in the complementary weighted case of N € (—o0, 1], and asked a question
whether the splitting theorem can be extended to the remaining case of N € (1, n).

For manifolds with boundary under a lower N-weighted Ricci curvature bound,
and under a lower weighted mean curvature bound for the boundary, the author [33]
has studied rigidity phenomena in the usual weighted case of N € [n, oo]. In the
present paper, we produce rigidity theorems in the complementary weighted case
of N € (—o0, 1]. Our rigidity theorems in the case of N € (—oo, 1] give natural
extensions of the corresponding results in [33].

To prove our rigidity theorems, we develop comparison theorems. We prove Lapla-
cian comparison theorems for the distance function from the boundary, and volume
comparison theorems for metric neighborhoods of the boundary. The author [33] has
shown such comparison theorems in the usual weighted case of N € [n, oo]. For
manifolds with boundary of non-negative N-weighted Ricci curvature, and of non-
negative weighted mean curvature for the boundary, Wylie [39] has shown a Laplacian
comparison inequality for the distance function from a connected component of the
boundary in the weighted case of N € (—oo, 1]. To conclude our comparison the-
orems, we need slightly more complicated calculations than that done by the author
[33], and by Wylie [39]. Under an assumption concerning a subharmonicity of the
distance function from the boundary, we derive our rigidity theorems from studies of
the equality cases in our comparison theorems.

1.1 Setting

We summarize our setting as follows: For n > 2, let M be an n-dimensional, con-
nected complete Riemannian manifold with boundary with Riemannian metric g. The
boundary d M is assumed to be smooth. We denote by dj, the Riemannian distance on
M induced from the length structure determined by g. Let f : M — R be a smooth
function. For the Riemannian volume measure vol, on M, let

my = e/t volg . (1.2)
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Rigidity Phenomena in Manifolds 3

For N € (—o0, oo], we denote by Ric? the N-weighted Ricci curvature (see (1.1)).
We note that for N1, No € (—oo, 0o] \ {rn} with N1 < N, if N1, N» € (n, oo] or
Ni, N» € (—00, n), then Ric’}" < RicyZ; if Ni € (—oo,n) and N, € (n, 0o], then

Ricy2 < Ric]}/l . We denote by Ric% » the infimum of Ricy on the unit tangent bundle
on the interior Int M of M. For x € 0 M, we denote by u, the unit inner normal vector
on 0M at x. Let H, denote the mean curvature of 9 M at x defined as the trace of the
shape operator of u,. The f-mean curvature Hy x at x is defined by

Hyy = He+ g (V) ux). (1.3)

Weput Hy g = infreypy H,x. Our main subject is a weighted Riemannian manifold
(M, dp, m ) with boundary such that for k, A € R and for N € (—o0, 1] we have
Ricl}{M >k and Hygy > A.

1.2 Volume Growth Rigidity

Let psppy : M — R be the distance function from dM defined as pyy(p) =
dy(p,dM). For r € (0,00), we put B,(0M) := {p € M | papy(p) < r}. For
x € oM, let y, : [0, T) — M be the geodesic with initial conditions y, (0) = x and
y1(0) = u,. We define a function t : 9M — R U {oo} by

(x) :=supfr € (0, 00) | pau (vx (1)) =1}. (1.4)

We define a function F : [0, t(x)] \ {oo} — (0, c0) by

S @) —f @)
Fy(t):=e T .

(1.5)
Notice that if f is constant, then F is equal to 1. For x, A € R, we say that ¥ and A
satisfy the subharmonic condition if

t
inf inf K/ sz(s) ds > —\.
xeaM te(0,t(x)) 0

We remark that if « and A satisfy the subharmonic condition, then subharmonicity of
pam 1s derived from Ric%M >k and Hyyy > X in the case of N € (—o00, 1] (see
Lemma 3.1). Note that if «, 1 € [0, 00), then they satisfy the subharmonic condition.
We denote by 4 the induced Riemannian metric on d M. For the Riemannian volume
measure vol, on dM induced from &, we put m g ypy = e~ flom yol,.

For an interval 7, and for a Riemannian manifold M, with Riemannian metric g,
let ® : I x My — R be a positive smooth function. For each x € Myp,letd, : I — R
be the function defined as ®,(¢) := P (¢, x). We say that a Riemannian manifold
(I x My, dt* + CD,ZC (t) go) is a twisted product space. When t is infinity on dM, we
define [0, 00) x r dM as the twisted product space ([0, c0) x M, dr? + sz(t) h).

For the metric neighborhoods of the boundaries, we prove an absolute volume com-
parison theorem of Heintze—Karcher type, and a relative volume comparison theorem
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4 Y. Sakurai

of Bishop—Gromov type (see Sects. 4.1 and 4.2). We obtain rigidity results concerning
the equality cases in those comparison theorems (see Sect. 4.3).
We conclude the following volume growth rigidity theorem:

Theorem 1.1 Let M be a connected complete Riemannian manifold with boundary,
andlet f : M — R be a smooth function. Suppose that M is compact. Let k € R and
A € R satisfy the subharmonic condition. For N € (—o00, 1] we suppose Ric]}{M > K,
and Hyypy > A If we have

B, (0M
fim inf 7L Br @)
r—00 r

> myfam(OM), (1.6)

then (M, dy) is isometric to ([0,00) xp M, d|o,c0)xram). Moreover, if N €
(=00, 1), thenforeveryx € dM the function f oyy is constant on [0, 00); in particular,
(M, dy) is isometric to ([0, 00) x dM, djo,00)xaM)-

When k = 0 and A = 0, Theorem 1.1 has been proved in the unweighted case in
[32], and in the usual weighted case in [33].

Remark 1.1 'We do not know whether Theorem 1.1 can be extended to the weighted
case of N € (1, n).

Remark 1.2 Under the same setting as in Theorem 1.1, we always have the following
inequality (see Lemma 4.1):

. my (B, (M))
lim sup ———
r— 00

<mypam(OM). (1.7)

Theorem 1.1 is concerned with rigidity phenomena.

We have the following corollary of Theorem 1.1:

Corollary 1.2 Under the same setting as in Theorem 1.1, if N = 1 and k = 0, and if
we have (1.6), then there exist a function fy : [0, 00) — R and a Riemannian metric

ho on 9M such that M is isometric to a warped product space ([0, 00) x M, dt* +
2 Jo®
e“n=T hg).

1.3 Splitting Theorems

In our setting, we show Laplacian comparison theorems for pj s, and study the equality
cases (see Sect. 3).

By using a Laplacian comparison theorem for p3js, and that for Busemann func-
tions, we prove the following splitting theorem:

Theorem 1.3 Let M be a connected complete Riemannian manifold with boundary,
and let f : M — R be a smooth function such that sup f(M) < oo. For N €
(—o0, 1] we suppose Ricl}/’M > 0, and Hyyy > 0. If for some xo € dM we have
T(x0) = 0o, then (M, dy) is isometric to ([0, 00) X M, djo,00)x rom). Moreover,
if N € (—00, 1), then for every x € dM the function f o yy is constant on [0, 00); in
particular, (M, dyy) is isometric to ([0, 00) x M, djo,c0)yxaM)-
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Rigidity Phenomena in Manifolds 5

In the unweighted case, Kasue [13] has proved Theorem 1.3 under the compactness
assumption for the boundary (see also the work of Croke and Kleiner [9]). Theorem 1.3
itself has been proved in the unweighted case in [32], and in the usual weighted case
in [33].

Remark 1.3 We do not know whether Theorem 1.3 can be extended to the weighted
case of N € (1, n).

As a corollary of Theorem 1.3, we see the following:

Corollary 1.4 Under the same setting as in Theorem 1.3, if N = 1, and if for some
xo € OM we have t(xg) = o0, then there exist a function fy : [0,00) — R and

a Riemannian metric hy on 9M such that M is isometric to ([0, 00) x M, dr’ +
Jo@®)
e -1 ho).

In Theorem 1.3, by applying the Wylie splitting theorem in [39] to the boundary,
we obtain a multi-splitting theorem (see Sect. 5.3). We also generalize a splitting
theorem studied in [13] (and [9,12]) for the case where boundaries are disconnected
(see Sect. 5.4).

1.4 Eigenvalue Rigidity

For p € [1, 00), the (1, p)-Sobolev space Wol’p(M, my) on (M, my) with compact
support is defined as the completion of the set of all smooth functions on M whose
support is compact and contained in Int M with respect to the standard (1, p)-Sobolev
norm. We denote by || - || the standard norm induced from g, and by div the divergence

with respect to g. For p € [1, 00), the (f, p)-Laplacian Ay, , ¢ for ¢ € W(}’p(M, my)
is defined by

Agpei=—e div (e IVol2 Vo)

as a distribution on Wol’p(M, m ). A real number p is said to be an (f, p)-Dirichlet
eigenvalue for Ay, on M if there exists ¢ € Wé”’(M, my) \ {0} such that Az, =
wl@|?~2 ¢ holds on Int M in a distribution sense on WOI”’(M, my). For p € [1, 00),
the Rayleigh quotient Ry, ,(¢) for ¢ € Wol’p(M, m ) \ {0} is defined as

Sy IVl dmy

R =

We put wy1,p(M) := infy, Ry, ,(¢), where the infimum is taken over all non-zero
functions in Wé’p(M, my). The value 11 2(M) is equal to the infimum of the spec-
trum of Az on (M, my). If M is compact, and if p € (1, 00), then w1 (M) is
equal to the infimum of the set of all (f, p)-Dirichlet eigenvalues on M.

Let p € (1, 00). For D € (0, 00), let up p be the positive minimum real number
w such that there exists a function ¢ : [0, D] — R satisfying

(100120 0) +rlp®IP e =0, ) =0, JD)=0. (18)
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6 Y. Sakurai

In the case where p = 2, we see (2. p = 72(2D)72.

For a positive number D € (0, 00), and for a connected component d M| of dM, we
denote by [0, D] x r d M the twisted product space ([0, D] x d M, dr? + FXZ(I) h),
where for every x € d M the function Fy : [0, D] — (0, c0) is defined as (1.5). The
inscribed radius of M is defined as

D(M,aM) := sup pyp(p).
pPEM

Suppose that M is compact. We say that the metric space (M, dys) is an F-model
space if M is isometric to either (1) for a connected component d M| of d M, the
twisted product space [0, 2D (M, dM)] x r dM; or (2) for an involutive isometry o
of 9 M without fixed points, the quotient space ([0, 2D (M, dM)] xr M)/ G, where
G is the isometry group on [0, 2D (M, dM)] x r dM of the identity and the involute
isometry 6 defined by 6 (¢, x) := QD(M, dM) —t, 0 (x)). If (M, dy) is an F-model
space, and if for every x € dM the function Fy is equal to 1 on [0, D(M,dM)],
then we call the F-model space (M, dys) an equational model space. The notion of
the equational model spaces coincides with that of the (0, 0)-equational model spaces
introduced in [33].
We prove the following rigidity theorem for w71 p:

Theorem 1.5 Let M be a connected complete Riemannian manifold with boundary,
andlet f : M — R be a smooth function. Suppose that M is compact. Let p € (1, 00),
and let k € R and ) € R satisfy the subharmonic condition. For N € (—oo, 1] we
suppose Ric%M >k, and Hyypy > A For D € (0, 00) we assume D(M,0M) < D.
Then

wp1,p(M) = pp p. (1.9)
If the equality in (1.9) holds, then D(M, M) = D, and the metric space (M, dyy) is
an F-model space. Moreover, if N € (—o0, 1), then for every x € dM the function
f o vy is constant on [0, D]; in particular, (M, dyr) is an equational model space.

In the unweighted case, Li and Yau [ 18] have obtained the estimate (1.9), and Kasue
[14] has proved Theorem 1.5 when p = 2,k = 0, and A = 0. In [33], the author has
proved Theorem 1.5 in the usual weighted case when « = 0 and A = 0.

Remark 1.4 We do not know whether Theorem 1.5 can be extended to the weighted
case of N € (1, n).

Suppose that M is compact. We say that the metric space (M, dyy) is a warped
model space if there exist a function fy : [0,2D(M, 9M)] — R and a Riemannian
metric g on d M such that M is isometric to either (1) for a connected component

fo®)
dM; of OM, the warped product space ([0,2D(M,oM)] x aMq, dr® + 62%}10);
or (2) for an involutive isometry o of d M without fixed points, the quotient space
Jo®
([0,2D(M,0M)] x oM, dr* + eznojho)/Gg, where G, is the isometry group on
fo®
([0,2D(M, dM)] x M, di* + eznojho) of the identity and the involute isometry &
defined as 6 (¢, x) := 2D(M, M) — t, o (x)).
We obtain the following corollary of Theorem 1.5:
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Rigidity Phenomena in Manifolds 7

Corollary 1.6 Under the same setting as in Theorem 1.5, if N = 1 and k = 0, and if
the equality in (1.9) holds, then the metric space (M, dyr) is a warped model space.

1.5 Organization

In Sect. 2, we prepare some notations and recall the basic facts for Riemannian man-
ifolds with boundary. In Sect. 3, we show Laplacian comparison results for pys. In
Sect. 4, we show volume comparison results, and conclude Theorem 1.1 and Corol-
lary 1.2. In Sect. 5, we prove Theorem 1.3 and Corollary 1.4, and discuss its variants.
In Sect. 6, we prove Theorem 1.5 and Corollary 1.6. We also obtain an explicit lower
bound for 1 11, (see Sect. 6.3).

2 Preliminaries

We refer to [31] for the basics of Riemannian manifolds with boundary (cf. Sect. 2 in
[32], and in [33]).

2.1 Riemannian Manifolds with Boundary

Forn > 2,let M be an n-dimensional, connected Riemannian manifold with (smooth)
boundary with Riemannian metric g. For a point p € Int M, let T, M be the tangent
space at p on M, and let U, M be the unit tangent sphere at p on M. We denote by
| - || the standard norm induced from g. If vy, ..., vy € T, M are linearly independent,
then it holds that [Jvy A --- A vi]| = (/det(g(v;, v})).

Let dj; be the Riemannian distance on M induced from the length structure deter-
mined by g. For an interval 7, we say that a curve y : I — M is a normal minimal
geodesic if for all s,t € I we have dy(y(s), y(t)) = |s — t|, and y is a normal
geodesic if for each t € [ there exists an interval J C [ witht € J such that y|; is a
normal minimal geodesic. If M is complete with respect to dys, then the Hopf—Rinow
theorem for length spaces (see, e.g., Theorem 2.5.23 in [5]) tells us that the metric
space (M, dyy) is a proper, geodesic space, namely all closed bounded subsets of M
are compact, and for every pair of points in M there exists a normal minimal geodesic
connecting them.

Fori = 1,2, let M; be connected Riemannian manifolds with boundary with
Riemannian metric g;. For each i, the boundary 0 M; carries the induced Riemannian
metric i;. We say that a homeomorphism ® : M| — M> is a Riemannian isometry
with boundary from M to M» if ® satisfies the following conditions:

(1) Pl ar, : Int My — Int M5 is smooth, and (P ar,)*(g2) = &1;
(2) ®@lam, : My — M5 is smooth, and (P|ya,)*(h2) = hy.

If ® : M; — M, is a Riemannian isometry with boundary, then the inverse ®~!
is also a Riemannian isometry with boundary. Notice that there exists a Riemannian
isometry with boundary from M/ to M, if and only if the metric space (M, dp,) is
isometric to (M2, dy,) (see, e.g., Sect. 2 in [32]).
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8 Y. Sakurai

2.2 Jacobi Fields Orthogonal to the Boundary

Let M be a connected Riemannian manifold with boundary with Riemannian metric
g. For a point x € M, and for the tangent space T, d M at x on dM, let ;-9 M be the
orthogonal complement of 7, d M in the tangent space at x on M. Take u € TxlaM .
For the second fundamental form S of 0M, let A, : TydM — TydM be the shape
operator for u defined as

g(Av, w) = g(S(v, w), u).

We denote by u, the unit inner normal vector at x. The mean curvature H, at x is
defined as H, := trace A, .. We denote by y, : [0, T) — M the normal geodesic with
initial conditions y, (0) = x and y;(0) = u,. We say that a Jacobi field Y along yy is
a dM-Jacobi field if Y satisfies the following initial conditions:

Y(0) € T,oM, Y'(0)+ A, Y(0) € ToM.

We say that y,(fg) is a conjugate point of dM along y, if there exists a non-zero
dM-Jacobi field Y along y, with Y (#p) = 0. We denote by 71 (x) the first conjugate
value for M along y,. It is well known that for all x € dM and ¢ > 71(x), we have
t > pam(yx(1)).

For the normal tangent bundle TX9M := |J, ), T:-9M of dM, let O(TLIM)
be the zero-section | J gy {0x € T;-dM } of TLdM. On an open neighborhood
of O(T+3dM) in T+dM, the normal exponential map exp™ of dM is defined as
expt(x, u) := y,(Jlul|) forx € 9M and u € TXJ-BM.

For x € M and r € [0, t1(x)), we denote by 6(¢, x) the absolute value of the
Jacobian of expl at (x,tuy) € TL-3M. For each x € M, we choose an orthonormal
basis {ex,,-}l'.’;l1 of Tx0M. For each i, let Y, ; be the d M-Jacobi field along y, with
initial conditions Yy ; (0) = e, ; and Y;’i(O) = —A, ey ;. Notethatforallx € 9M and
t € [0, 71(x)), wehave O(t,x) = || Yy 1(t) A--- A Yy »—1(t)|. This does not depend
on the choice of the orthonormal bases.

2.3 Cut Locus for the Boundary

We recall the basic properties of the cut locus for the boundary. The basic properties
seem to be well known. We refer to [32] for the proofs.

Let M be a connected complete Riemannian manifold with boundary with Rie-
mannian metric g. For p € M, we call x € dM a foot point on 0M of p if
dy(p,x) = pam(p). Since (M, dyy) is proper, every point in M has at least one
foot point on M. For p € Int M, let x € dM be a foot point on dM of p. Then
there exists a unique normal minimal geodesic y : [0, ] — M from x to p such that
¥ = ¥xl10.1, where I = pyp(p). In particular, y’(0) = u, and y |, lies in Int M.

Let t : dM — R U {oo} be the function defined as (1.4). By the property of 11,
for all x € 9M we have 0 < t(x) < t1(x). For the inscribed radius D(M, dM) of
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Rigidity Phenomena in Manifolds 9

M, from the definition of 7, we have D(M, M) = sup, .4, T(x). The function 7 is
continuous on oM.
The continuity of T implies the following (see, e.g., Sect. 3 in [32]):

Lemma 2.1 Suppose that 9 M is compact. Then D(M, O M) is finite if and only if M
is compact.

We put

TDyy = | J {tuy e TFOM |1 €0, 7(x)) ).
xeoM

TCut dM := U {t()uy € TFIM | T(x) < 00},
xeoM

and define Djy; := exp™ (T Djpr) and Cut dM := exp(TCut dM). We call Cut d M
the cut locus for the boundary d M. From the continuity of 7, the set Cut dM is a null
set of M. Furthermore, we have

Int M = (Dypyy \ OM)uCutoM, M = Dyp UCutoM.

This implies that if Cut 9M = @, then M is connected. The set T Dyys \ O(T+aM)
is a maximal domain in 729 M on which exp is regular and injective.
In [33], we have already known the following:

Lemma 2.2 [f there exists a connected component d My of dM such that for all x €
dMy we have t(x) = oo, then dM is connected and Cut OM = ().

The function pjyp is smooth on Int M \ Cut M. For each p € Int M \ Cut oM,
the gradient vector Vpgy (p) of psu at p is given by Vogy(p) = y/(1), where
y :[0,1] — M is the normal minimal geodesic from the foot point on d M of p to p.

For Q C M, we denote by  the closure of €2 in M, and by 92 the boundary of
in M. For a domain €2 in M such that 92 is a smooth hypersurface in M, we denote
by volyq the canonical Riemannian volume measure on 0€2.

We have the following fact to avoid the cut locus for the boundary that has been
stated in [33] (see Lemma 2.6 in [33]):

Lemma 2.3 Let Q2 be a domain in M such that Q2 is a smooth hypersurface in
M. Then there exists a sequence {Q}ren of closed subsets of Q such that for every
k € N, the set 02, is a smooth hypersurface in M except for a null set in (02, volyq)
satisfying the following properties:

(1) forall ki, ky € Nwith k1 < ky, we have Q, C Qu,;

(2) @\ CutdM = ey s

(3) foreveryk € N, and for almost every point p € 92, N 02 in (02, volyq), there
exists the unit outer normal vector for Qi at p that coincides with the unit outer
normal vector on 9S2 for Q at p;

(4) foreveryk € N, on 92, \ 0K2, there exists the unit outer normal vector field vy
for Q. such that g(vk, Vpap) > 0.
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10 Y. Sakurai

Moreover, if Q = M, then for every k € N, the set 9y, is a smooth hypersurface in
M, and satisfies 02 NOM = M.

As noticed in [33], for the cut locus for a single point, we have known a similar fact
to Lemma 2.3 (see, e.g., Theorem 4.1 in [7]). One can prove Lemma 2.3 by a similar
method to the case of the cut locus for a single point.

2.4 Busemann Functions and Asymptotes

Let M be a connected complete Riemannian manifold with boundary. A normal
geodesic y : [0,00) — M is said to be a ray if for all s,7 € [0, co) it holds that
dy(y(s),y(@)) = |s —t|. For aray y : [0,00) — M, the Busemann function
by, : M — R of y is defined as

by(p) := lim (t —du (p, y (1)

Take aray y : [0,00) — M and a point p € Int M, and choose a sequence {t;}
with #; — oo. For each i, we take a normal minimal geodesic y; : [0,;] > M
from p to y (#;). Since y is aray, it follows that [; — oo. Take a sequence {7} with
T; — oo. Using the fact that M is proper, we take a subsequence {y1;} of {y;},
and a normal minimal geodesic y, 1 : [0, T1] — M from p to yp 1(T1) such that
¥1,il[0,7,] uniformly converges to y, 1. In this manner, take a subsequence {y»;} of
{y1,i} and a normal minimal geodesic y, : [0, T2] — M from p to y, 2(T2) such
that y2 ;|[0,75] uniformly converges to y, 2, where y) 2lj0,7,] = ¥p,1. By means of a
diagonal argument, we obtain a subsequence {yx} of {y;} and aray y, in M such that
for every t € (0, 00) we have yi(t) — y,(t) as k — oo. We call such a ray y, an
asymptote for y from p.

The following lemmas have been shown in [32].

Lemma 2.4 Suppose that for some x € dM we have t(x) = oo. Take p € Int M. If
by (p) = pam(p), then p ¢ Cut dM. Moreover, for the unique foot point y on dM of
p, we have T(y) = oo.

Lemma 2.5 Suppose that for some x € dM we have t(x) = oo. Forl € (0, 00), put
p = yx(1). Then there exists € € (0, 00) such that for all ¢ € B¢(p), all asymptotes
for the ray yx from q lie in Int M.

2.5 Weighted Riemannian Manifolds with Boundary

Let M be a connected complete Riemannian manifold with boundary, and let f :
M — R be a smooth function. For a smooth function ¢ on M, the weighted Laplacian
A o fore is defined by

Arp = Ap+g(Vf Vo),

where Ag is the Laplacian for ¢ defined as the minus of the trace of its Hessian. Note
that A ¢ coincides with the (f, 2)-Laplacian A 75.
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Rigidity Phenomena in Manifolds 11

It seems that the following formula of Bochner type is well known (see [19], and
Chap. 14 in [37]).

Proposition 2.6 [19] For every smooth function ¢ on M, we have

1 .
=5 A7 IVeI® =RicF (Vo) + [ Hessp? — g (VA ¢, Vo),

where || Hess ¢|| is the Hilbert—Schmidt norm of Hess ¢.

Notice that for every x € d M, and for every ¢ € (0, 7(x)), the value Apyar (v« (1))
is equal to the mean curvature H, ; of the -level set of pyys at v, (¢) toward Vpyp. In
our weighted case, by the definition of the weighted Laplacian, we see the following:

Lemma 2.7 Take x € M. Then for every t € (0, T(x)), the value A rpyp (yx(t)) is
equal to the f-mean curvature Hy . ; of the t-level set of pyu at vy (t) toward NV pam
defined as

Hpx = Hyr+ gV f, Voau)(yx(1)).

In particular, Aypyy(yx(t)) tends to Hyyx ast — 0, where Hy is the f-mean
curvature of OM at x defined as (1.3).

Forx € 0M and ¢ € [0, T(x)), we put
0p(t,x) = e 7D gz, x), 2.1

where (¢, x) is the absolute value of the Jacobian of the map expL at (x,tuy) €
TL9M.Forall x € M and ¢t € (0, T(x)), it holds that

’ ’ 9}-(t,x)
Ay pam(yx (1)) = —(log (1, x)) + f(yx (1)) = ~3 . (2.2)
r(t, x)
Let G_f : [0, 00) x M — R be a function defined by
- _)or@ ) it < T(x),
Or(t, 1) = {o ifr> (0. @)

The following has been shown in [33]:

Lemma 2.8 If oM is compact, then for all r € (0, 00)

mf(B,(aM))=/ /éf(t,x)dzdvolh,
oM JO

where m ¢ denotes the weighted measure on M defined as (1.2), and h denotes the
induced Riemannian metric on dM.
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12 Y. Sakurai

2.6 Twisted and Warped Product Spaces

In [39], for the proof of a splitting theorem of Cheeger—Gromoll type, Wylie has
proved that a twisted product space over R becomes a warped product space under
a non-negativity of the 1-weighted Ricci curvature (see Proposition 2.2 in [39]). The
proof is based on a pointwise calculation, and the same holds true for a twisted product
space over an arbitrary interval.

From the argument in the proof of Proposition 2.2 in [39], we can derive the fol-
lowing in our setting:

Proposition 2.9 [39] Let M be a Riemannian manifold with boundary, and let f :

M — R be a smooth function. Suppose that there exist an interval I in the form of

[0, 00) or [0, D] for some positive number D, and a connected component d M1 of

OM such that M is isometric to a twisted product space I X g dM;. If Ric; v =0,

then there exist functions fo : I — R and fi : oM} — R such that for allt € 1

and x € dMy we have f(y.(t)) = fo(t) + f1(x); in particular, M is isometric to a

2/0(@)

warped product space (I x dM, dt*> + enoflho), where for the induced metric h on
A=Flamy)

OMy we put hy :=e =T

Notice that Proposition 2.9 has been implicitly used in the proof of Theorem 5.1 in

[39].

3 Laplacian Comparisons

In this section, let M be an n-dimensional, connected complete Riemannian manifold
with boundary with Riemannian metric g, and let f : M — R be a smooth function.
3.1 Basic Comparisons

Recall that for x € dM, the function Fy : [0, T(x)] \ {oc} — (0, 00) is defined as

(1.5). For «, & € R, we define a function Fj » , : [0, T(x)]\ {oo} — R by

t
Fepx(t) == Kf F2(s)ds + A. (3.1
0

Note that if ¥ and A satisfy the subharmonic condition, then for every x € dM the
function Fy ; x is non-negative.
We have the following Laplacian comparison inequality for pg:

Lemma 3.1 Take x € OM. For k, A € R and for N € (—o0, 1] we suppose that
forallt € (0, T(x)) we have Ricy(y; (t)) = «, and suppose Hy,, > A. Then for all
t € (0, t(x)) we have

A s pam (ye(1)) = F72(t) Fepx(0). (3.2)
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In particular, if k and A satisfy the subharmonic condition, then for all t € (0, T(x))
we have A g oy (y+ (1)) = 0.

Proof The function pyy o vy is smooth on (0, T(x)). We put i, == (A pypr) o x.
We first show that for all s € (0, 7(x))

<Fx2(s)hf,x(s) — / sz(u)du) > 0. (3.3)
0

Fix s € (0, 7(x)), and put f, := f o y,. We apply Proposition 2.6 to the function
pam- Since ||V oyl = 1 along yi|0,7(x)). it holds that

0 = RicF (v, () + | Hess paum|I* (v ()) — g (VA fpam, Voam) (va(s))

fi(s)?
N —n

= (Ric}V Vi) + ) + [ Hess pan |12 (v () — hy . (5).

From the assumption Ricy (yL(s)) > k, we deduce

fi(s)?
0>
>k + N

—,, T IIHess pamll* (vx(s)) — s (). (34

By the Cauchy-Schwarz inequality, we have

Boam @) _ (hra(s) = £1())”
—1 n—1 '

I Hess paumI* (vx(s)) = (3.5)

Combining (3.4) and (3.5), we see

£ () = £))°
ot N —n + n—1
(1=N) fi()?* | hpx(s)® <2h £ () f1(5)
n—1)(n—N) n—1 —1

0>

—hy ()

:K—‘f_

+h' )x(s)> . (36)

In the right-hand side of the Eq. (3.6), by N < 1, the second term is non-negative.
The third one is non-negative. The last one satisfies

B OLO) |y = B (00
= F26) (F20) ha(®)

Hence, we have 0 > k — FX_2(S) (sz(s) hyx (s))/. This implies (3.3).
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14 Y. Sakurai

We see that F) (s) tends to 1 as s — 0. Furthermore, by Lemma 2.7, A 7, (s) tends
to Hy, as s — 0. It follows that

F2(s) h px(s) — & / F2(u)du — Hp, (.7)
0

ass — 0. By (3.3) and (3.7), for all 5, t € (0, T(x)) withs < ¢

t
F2(t) h (1) — i / F2(u) du
0
> F2(s) hpx(s) — K /A F2(u)du > Hy, > A. (3.8)
0

Thus, we arrive at (3.2). O

Remark 3.1 Under the same setting as in Lemma 3.1, Wylie [39] has shown a Lapla-
cian comparison inequality for the distance function from a connected component of
the boundary that is similar to (3.2) when k = 0 and A = 0 (see the proof of Theorem
5.11in [39]).

Remark 3.2 Assume that for some 79 € (0, 7(x)) the equality in (3.2) holds. Then
(3.8) implies that F2hyy = Fi; , and (F? hf,x)/ = « F2 on (0, ). Hence, for
every t € (0, #p), the equality in the Cauchy—Schwarz inequality in (3.5) holds; in
particular, there exists a function ¢ on yx ((0, fo)) such that at each point on y, ((0, 9))
we have Hess pyyr = ¢ g on the orthogonal complement of V pj,,. Furthermore, for
every t € (0, tp), the second term and the third one in the right-hand side of (3.6) are
equal to O; in particular, (1 — N) (f);)2 = 0on (0, £p).

From Lemma 3.1, we derive the following:

Lemma 3.2 Take x € OM. For k, A € R and for N € (—o0, 1] we suppose that
forallt € (0, t(x)) we have Ricj}/(y)é (t)) > «, and suppose Hy,, > A. Then for all
s,t € [0, T(x)) withs <t we have

Or(t, x) < effst F72 (1) e x () du 07(s, x),

where 0¢(t, x) is defined as (2.1). In particular, if k and )\ satisfy the subharmonic
condition, then for all s, t € [0, T(x)) withs <t we have 0¢(t,x) < 07 (s, x).

Proof By (2.2) and Lemma 3.1, for all € (0, 7(x))

d o= Jo FA)Fe) () du

S
ar % )

= —F 2()Fepx(t) + A g pam (v (1) > 0.

It follows that for all s, r € [0, (x)) withs < ¢

t -2
Or(t, = Jo F?@)Fes x(u)du
rt.x) _e

0r(s,x) ~ o= fo Fy 2w Fep ) du
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Rigidity Phenomena in Manifolds 15

Therefore, we have the lemma. O

3.2 Equality Cases

We recall the following radial curvature equation (see, e.g., Theorem 2 in [29]):

Lemma 3.3 Let p be a smooth function defined on a domainin M suchthat ||Vp| = 1.
Let X be a parallel vector field along an integral curve of V p that is orthogonal to
Vp. Then we have

8R(X,Vp)Vp, X) = g(VyvpAv, X, X) — g(AvpAv, X, X),

where R is the curvature tensor induced from g, and Av, is the shape operator of
the level set of p toward V p. In particular, if there exists a function ¢ defined on the
domain of the integral curve such that Ay, X = —¢ X, then we have

g(R(X,Vp)Vp, X) = —(¢' + DX

For the equality case of Lemma 3.1, we have the following:

Lemma 3.4 Take x € M. For k, . € R and for N € (—o0, 1] we suppose that
forallt € (0, t(x)) we have Ricy (ye(t)) = «, and suppose Hy,x > i. Choose an
orthonormal basis {ey ; }f;ll of T,0M, and let {Y x,,-}:.’;l be the d M -Jacobi fields along
yx with initial conditions Yy ;(0) = ey ; and Y;J(O) = —Ay, ey ;. Assume that for
some ty € (0, T(x)) the equality in (3.2) holds. Then k = 0 and . = 0, and for all i
we have Yy ; = Fy Ex ; on [0, to], where {Ex,i}:'l:_ll are the parallel vector fields along
yx with initial condition E, ;(0) = ey ;. Moreover, if N € (—o0, 1), then f o yy is
constant on [0, to]; in particular, Yy ; = Ey ;.

Proof By the equality assumption, there exists a function ¢ on the set yx((0, #))

such that at each point on y,((0, fp)) we have Hess pgpsr = ¢ g on the orthogonal
complement of V py,s (see Remark 3.2). Put ¢, := ¢ o . For each i, it holds that

8(Avpy Exis Ex i) = —Hess pyp (Ex i, Ex i) = —¢x.
It follows that Av,,, Ex; = —¢x Ex ;. From Lemma 3.3, we derive
R(Ex.i. Vpou)Vpam = —(9} + @) Exi. 3.9)
Put fy == foyyand hy, = (Af paM) o Yx- By the equality assumption, we
have sz hyfyx = Feixon [0, 1] (see Remark 3.2). Fix ¢ € [0, 79]. Since hy(¢) =
F2(t) Fe 5 (1), we have

Apam (e (1)) = — fL(t) + F2(1) Fiej 1 (1)
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16 Y. Sakurai

On the other hand, from Hess pyy = ¢ g, we deduce Apyp (v (1)) = —(n — Dy (2).
Hence, ¢y (¢) is equal to

/

t
(n—1n~" (fx(t) —f(x) —/(; F 2 (s) FK,)»,X(S)dS> :

Now, define a function F; : [0, 7p] — (0, co) by

[0 (Y)FK)L)L(Y)dY

Fot) 1= o 9:0)ds — o= TS B gy

Note thatif « = 0 and A = 0, then F, = Fy. By (3.9), a vector field )7“- along yx [[0,1]
defined by f’x, i := Fx Ex ;isa dM-Jacobi field along y,|[0,;,) With initial conditions
Y, i(0) =ex,; and Y;’i(O) = —Ay ey ;. Therefore, Y, ; coincides with f’x,i on [0, 79].

From (3.9)and Y, ; = Fy E;, wederive R(Ex.;, Voom)Vpom = —F) Fl Eyi.
This implies that for each ¢t € (0, y)

Ricy (7 (1) = —(n = DF{ () F ' (1)

- 2
f ®” FAWFE, ()
— " t —_ —’
fx 0 = n—1 T n—1
in particular, Riclf-(y)é N)=k—m—-1D"'F 4(t)F 2 (). By the monotonicity of

Ric’}’ with respect to N, we see

FoY 1) F2, (1)
n—1

i < Rie}f (7/(1) < Ricy(yy (1) = & — :
and hence Fy ; x(t) = 0. We obtaink =0and A =0, and Yy ; = Fy Ex ;.

Now, we have (1 — N)(f,;)2 = 0on [0, p] (see Remark 3.2). If N is smaller than
1, then f] = 0 on [0, fo]; in particular, fy is constant on [0, #o]. This completes the
proof. O

By Lemma 3.4, we have the following:

Lemma 3.5 Take x € 0M. Let k € R and ) € R satisfy the subharmonic condition.
For N € (—o0, 1] we suppose that for all t € (0, t(x)) we have Ric?’ (yi(®) > «,
and suppose Hy,, > A. We choose an orthonormal basis {ex,,-}?:_l1 of TxOM, and let
{Yxsi}:‘lz_ll be the d M -Jacobi fields along y, with initial conditions Y ;(0) = e, ; and
Y;,i(O) = — Ay, ex ;. Assume that for some ty € (0, T(x)) we have Ay pyp (vx(to)) =
0. Then k = 0 and A = 0, and for all i we have Yy ; = Fy E.; on [0, tp], where
{Ex, ,}” ! are the parallel vector fields along y, with initial condition E ; (0) = ey ;.
Moreover if N € (—o0, 1), then foyy isconstanton [0, to]; in particular, Yy ; = Ey ;.

Proof The assumption A ¢y (vx(t9)) = 0 implies that the equality in (3.2) holds.
Lemma 3.4 leads to the lemma. m|
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3.3 Distributions

From Lemma 3.1, we derive the following:

Lemma 3.6 Take x € 0M. Let p € (1,00), and let k € R and A € R satisfy the
subharmonic condition. For N € (—o00, 1] we suppose that for all t € (0, T(x)) we
have Ric? (y.()) = «, and suppose Hyy > A Let ¢ : [0,00) — R be a monotone
increasing smooth function. Then for all t € (0, T(x))

App@ o pn ) = = ((@)") @, (3.10)

Proof Forallt € (0, t(x)) we see

B @0 pn @) == (()") O+ Ap2 pam ) ¢/ O

This together with Lemma 3.1 implies (3.10). O

Remark 3.3 The equality case in Lemma 3.6 corresponds to that in Lemma 3.1 (see
Lemma 3.5).

From Lemma 3.6, we deduce the following:

Proposition 3.7 Let p € (1, 00), and let k € R and 1 € R satisfy the subharmonic
condition. For N € (—oo, 1]we suppose Ric%M > k,and Hy gy > L. For amonotone
increasing smooth function ¢ : [0, 00) — R, we put ® := ¢ o pypy. Then

/
App®>— ((so/)p71> ° PaM

in a distribution sense on M. More precisely, for every non-negative smooth function
Y : M — R whose support is compact and contained in Int M, we have

/ ||Vd>||P*2g(V1p,VCI>)dmfz/ ¢<_((¢,/)P—1>’opm) dmy. (3.11)
M M

Proof By Lemma 2.3, there exists a sequence {2 }xen of closed subsets of M such
that for every k, the set €2 is a smooth hypersurface in M satisfying the following:
(1) for all k1, k> € N with ki < ko, we have Qi C Qp,; (2) M\ CutdM = |, Qu;
3) 0, NOM = M for all k; (4) for each k, on 92 \ d M, there exists the unit outer
normal vector field v for € with g(vi, Vpgy) > 0. For the canonical Riemannian
volume measure voly on 2, \ OM, put myy = e~ flaggam volg. Lety : M — R
be a non-negative smooth function whose support is compact and contained in Int M.
By the Green formula, and by 02y N OM = M,

/ IVO|P~2g (Vifr, V®) dm g
Qe

Z/ IpAf,,,@dquL[ IVOIP2 ¢ g (v, VD) dm sy
Qe A \oM
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18 Y. Sakurai

From Lemma 3.6 and g(vk, Vpyur) = 0, we derive
—1\/
4 (— ((W)p ) o ,OaM> dmy.

Letting k — oo, we have the proposition. O

/ IVOIP2g (Vi VO) dmy > f
Qe

Qe

Remark 3.4 In Proposition 3.7, we assume that the equality in (3.11) holds. Then for
every x € dM, and for every ¢ € (0, t(x)), the equality in (3.10) also holds. The
equality case in Proposition 3.7 corresponds to that in Lemma 3.6 (see Remark 3.3).

Remark 3.5 Perales [28] has shown a Laplacian comparison inequality for the distance
function from the boundary in a barrier sense for manifolds with boundary of non-
negative Ricci curvature. We can prove that the Laplacian comparison inequality for
pam in Lemma 3.1 globally holds on M in a barrier sense.

4 Volume Comparisons

Let M be an n-dimensional, connected complete Riemannian manifold with boundary
with Riemannian metric g, and let f : M — R be a smooth function.

4.1 Absolute Volume Comparisons

We have the following absolute volume comparison inequality of Heintze—Karcher
type (cf. [11]):

Lemma 4.1 Suppose that OM is compact. For k, ) € R, and for N € (—oo, 1] we
suppose Ricl}{M >k, and Hy gy > A. Then for all v € (0, 00) we have

min{r,t(x)} t
my(Br(IM)) 5/ / e o B2 Feax@du gy gy 3y,
aM JO

where Fy ; x is the function defined as (3.1). In particular, if « and A satisfy the sub-
harmonic condition, then for all r € (0, 00) we have m y(B,(0M)) < rm s,y (0M),
and hence (1.7).

Proof Define a function 0 [0, 00) x M — R by

B(t,x) = {e_fé RO ift < oo,

ift > v(x).

l?y Lemma 3.2, forallx € dM andt € (0, co) we see H_f(t, x) < 5(t, X) e/ ™ where
0 is the function defined as (2.3). Integrate the both sides of the inequality over (0, r)
with respect to ¢, and then do that over d M with respect to x. From Lemma 2.8, we
deduce

m (B, (OM)) 5[ /r O(t,x)dtdmsym.
oM JO
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This implies the lemma. O

Remark 4.1 Under alower N-weighted Ricci curvature bound, Bayle [3] has stated an
inequality of Heintze—Karcher type without proof in the case of N € [n, 00). Morgan
[24] has proved it in the case of N = oo, and Milman [23] has done in the case of
N € (—o0, 1).

4.2 Relative Volume Comparisons

We have the following relative volume comparison theorem of Bishop—Gromov type:

Theorem 4.2 Let M be a connected complete Riemannian manifold with boundary,
andlet f : M — R be a smooth function. Suppose that 9 M is compact. Let k € R and
A € R satisfy the subharmonic condition. For N € (—oo, 1] we suppose Ric%M > K,
and Hygp > A Then forallr, R € (0, 00) withr < R

my(BROM) _ R

LR o 2 “.1)
m(B,(OM)) ~ r

f_’roof Lemma 3._2 implies that for all s, ¢ € [0, c0) with s < ¢ we have Q_f (t,x) <
07 (s, x), where 6 is the function defined as (2.3). By integrating the both sides over
(0, r) with respect to s, and then doing that over (7, R) with respect to ¢, we see

R r
r / Byt x)di < (R —1) / 3/ (s, x) ds.
r 0

From Lemma 2.8, we derive

mf(BR(aM)) _ faMeréf(l,X)dtholh <1+R—r 5
m ¢ (B-(IM)) Sous Jo O (s, x)ds d voly, ~ r r

This proves the theorem. O

When k = 0 and A = 0, Theorem 4.2 has been proved in the unweighted case in
[32], and in the usual weighted case in [33].

Remark 4.2 In [32], the author has proved a measure contraction inequality around
the boundary in the unweighted case. We can prove a similar measure contraction
inequality in our setting. The measure contraction inequality enables us to give another
proof of Theorem 4.2.

4.3 Volume Growth Rigidity

We show the following:
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20 Y. Sakurai

Lemma 4.3 Suppose that OM is compact. Let k € R and L € R satisfy the subhar-
monic condition. For N € (—o00, 1] we suppose RicN’M >k, and Hyyy > A Assume
that there exists R € (0, 0o) such that for every r € (0, R] the equality in (4.1) holds.
Thent > Ron oM.

Proof The proof will be done by contradiction. Suppose that there exists xg € 0M
such that t(xg) < R. Put 19 := 7(xp). Take € € (0, co) with ) + € < R. By the
continuity of t, there exists a closed geodesic ball B in d M centered at xq such that t
is smaller than or equal to fy + € on B. Using Lemma 3.2, we see

myg(Br(OM)) < Rmgom(OM \ B) + (to + €)myom(B) < Rmyryp(IM).

On the other hand, m y (Br(dM))/m s 3p (3 M) is equal to R. This is a contradiction.
O

Suppose that dM is compact. Let « € R and A € R satisfy the subharmonic
condition. For N € (—oo, 1] we suppose RicY Mz and Hyapy > A. Assume that
there exists R € (0, co) such that for every r € (0, R] the equality in (4.1) holds. Then
for each r € (0, R) the level set p, M(r) is an (n — 1)-dimensional submanifold of
M (see Lemma 4.3). In particular, (B,(dM), g) is an n-dimensional (not necessarily,
connected) complete Riemannian manifold with boundary. We denote by dp 5m)
and by djo r1x oM the Riemannian distances on (B,(dM), g) and on [0, r] xr IM,
re;pectively, where [0, 7] xr dM is the twisted product space ([0, 7] x oM, dr* +
FZ(t)h).

Lemma 4.4 Suppose that OM is compact. Let k € R and A € R satisfy the sub-
harmonic condition. For N € (—o0, 1] we suppose Ric® u =K and Hray > A
Assume that there exists R € (0, 00) such that for every r € (0, R] the equality in
(4.1) holds. Then for eachr € (0, R) the metric space (B, (0M), dp,ym)) is isometric
to ([0, r] xF OM, djo,r1x ram)- Moreover, if N € (—oo, 1), then for every x € M the
Sunction f o yy is constant on [0, r; in particular, (B, (0M), dp, ym)) is isometric to
([0, r] x OM, djo,r)xom)-

Proof Since each connected component of d M one-to-one corresponds to the con-
nected component of B.(dM), it suffices to consider the case where B (OM) is
connected. For each x € dM we choose an orthonormal basis {ey, ,} - ! of T.0M.
Let {Yy }i: be the d M-Jacobi fields along y, with initial conditions Yy ; (0) = ex;
and Y;’i(O) = —A, ey ;. Since the equality in (4.1) holds, for all # € [0, r] we see
Of(t,x) =07(r,x).By(2.2),forallt € (0, r] wesee A ypyy (yx(t)) = 0.Lemma 3.5
implies that we have x = 0 and A = 0, and for all i we have Y,; = F,E,; on
[0, r], where {E x,,-}?:_ll are the parallel vectors field along y, with initial condition
E, i(0) = ex ;; moreover, if N € (—oo, 1), then f oy, is constant on [0, 7]. Define a
map ® : [0,7] x aM — B.(dM) by ®(¢, x) := y,(t). Foreach p € (0,r) x dM the
differential map D(®|(,r)xam)p sends an orthonormal basis of T, ([0, 7] x dM) to
that of Tg(pyB,(0M), and for each x € {0, r} x dM the map D(Pljo,r)xam)x sends
an orthonormal basis of 7y ({0, r} x dM) to that of Te()d(B,(0M)). Hence, ® is a
Riemannian isometry with boundary from [0, r] xr dM to B, (0M). O
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Now, we are in a position to prove Theorem 1.1 and Corollary 1.2.

Proof of Theorem 1.1 Suppose that M is compact. Let x € R and A € R satisfy the
subharmonic condition. For N € (—oo, 1] we suppose RlCi u =k, and Hegy > A
Furthermore, we assume (1.6). By Lemma 4.1 and Theorem 4.2, forevery R € (0, 00),
and for every r € (0, R],

myg(Br(M))  my(Br(dM))
R o r

=myam(0M);

in particular, the equality in (4.1) holds. From Lemma 4.3, we deduce T = oo on d M.
We see Cut 9M = J, and hence d M is connected. Take a sequence {r;} with r; — oo.
By Lemma 4.4, for every i there exists a Riemannian isometry ®; : [0, r;] x 0M —
B,, (0 M) with boundary from [0, 7;] X r M to B,, (0 M) defined by ®@; (¢, x) := y, ().
Moreover, if N € (—o0, 1), then for each x € 9 M the function f o yy is constant on
[0, ;]. Since Cut 9 M = {J, we obtain a Riemannian isometry ® : [0, c0) X OIM — M
with boundary from [0, o0) xr M to M defined by ® (¢, x) := y,(t) such that
®|0,r,1xam = P; for all i. Furthermore, if N € (—o0, 1), then f o yy is constant on
[0, 00). Thus, we complete the proof of Theorem 1.1. O

Proof of Corollary 1.2 Combining Theorem 1.1 and Proposition 2.9, we conclude
Corollary 1.2. O

5 Splitting Theorems

Let M be an n-dimensional, connected complete Riemannian manifold with boundary
with Riemannian metric g, and let f : M — R be a smooth function.

5.1 Basic Splitting

Let ¢ : M — R be a continuous function, and let U be a domain contained in Int M.
For p € U, and for a function v defined on an open neighborhood of p, we say that
Y is a support function of ¢ at p if we have ¥ (p) = ¢(p) and ¥ < ¢. We say that ¢
is f-subharmonic on U if for every p € U, and for every € € (0, 00), there exists a
smooth, support function v,  of ¢ at p such that A ¢ v, (p) < €.

We recall the following maximal principle of Calabi type (see, e.g., [6], and Lemma
2.4 in [10]).

Lemma 5.1 Let U be a domain contained in Int M. If a f-subharmonic function on
U takes the maximal value at a point in U, then it must be constant on U.

Wylie [39] has proved a subharmonicity of Busemann functions on manifolds with-
out boundary (see Lemma 3.4 in [39]). In our case, under an assumption concerning
asymptotes for a ray defined in Sect. 2.4, the subharmonicity holds in the following
form:

Lemma 5.2 [39]Assume sup f(M) < oo. For N € (—o0, l]wesupposeRlcyM > 0.

Let y : [0,00) = M be a ray that lies in Int M, and let U be a domain contained in
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Int M such that for each p € U, there exists an asymptote for y from p that lies in
Int M. Then the Busemann function b, of y is f-subharmonic on U.

Now, we prove Theorem 1.3 and Corollary 1.4.

Proof of Theorem 1.3 Assume sup f(M) < oo. For N € (—oo, 1] we suppose
Ric%M > 0,and Hy sy > 0. Suppose that for some xg € dM we have 7(xp) =
For the connected component d M of d M containing xg, put

={y € My | T(y) = oo}.

By the continuity of 7, the set €2 is a non-empty closed subset of d M.

We show the openness of €2 in dMy. Fix yo € Q. Take [ € (0, c0), and put
Do := Yy, (]). There exists an open neighborhood U of pg in Int M contained in Djp.
Taking U smaller, we may assume that for every ¢ € U the unique foot point on
dM of g belongs to dMy. By Lemma 2.5, there exists € € (0, co) such that for all
q € Be(po), all asymptotes for yy, from g lie in Int M. We may assume U C B (po).
By Lemma 5.2, by, is f-subharmonic on U, and by Lemma 3.1, Aypsp = 0 on
U. Hence, byv pam is f-subharmonic on U. The function b,,‘ — pam takes the
maximal value 0 at po. Lemma 5.1 implies that b, = pyp on U. From Lemma 2.4,
it follows that €2 is open in d My.

Since d M is a connected component of M, we have Q2 = dMy. By Lemma 2.2,
dM is connected and Cut M = ). The equality i 1n Lemma 3.1 holds on Int M. For each
x € dM we choose an orthonormal basis {ex ; }/'_ of Ty OM.Let{Yx, ,}"711 be the 0 M -
Jacobi fields along y, with initial conditions Yx 1(0) =ey;and Y (0) = —A, ey ;.
By Lemma 3.4, for all i we have Y,; = FyE,; on [0, 00), Where {Ex,;} are the
parallel vector fields along y, with initial condition E, ; (0) = e, ;. Moreover, if N €
(—o00, 1), then f oy, is constant on [0, c0). Define amap & : [0, o0) x IM — M by
®(t, x) := yx(t). Forevery p € (0, 00) x 0 M the differential map D(P|(0,c0)xam)p
sends an orthonormal basis of 7}, ((0, 00) x dM) to that of Tep)M, and for every
x € {0} x 9M the map D(P|jp;xom)x sends an orthonormal basis of 7Ty ({0} x dM) to
that of T ()0 M. Then @ is a Riemannian isometry with boundary from [0, 00) x p oM
to M. This proves Theorem 1.3. O

Proof of Corollary 1.4 From Theorem 1.3 and Proposition 2.9, we derive Corol-
lary 1.4. O

Lemma 2.1 and the continuity of t imply that if M is non-compact and M is
compact, then for some x € d M we have 7(x) = co. We have the following corollary
of Theorem 1.3.

Corollary 5.3 Let M be a connected complete Riemannian manifold with boundary,
andlet f : M — R be a smooth function such that sup f(M) < oo. For N € (—o0, 1]
we suppose Ric’y M= 0,and Hyyp > 0. If M is non-compact and o M is compact, then
(M, dy) is isometric to ([0, 00) xf M, djo,0c)x rom). Moreover, if N € (—o0, 1),
then for every x € d M the function f oyy is constant on [0, 00), in particular, (M, dyr)
is isometric to ([0, 00) x M, djo,00)xam)-
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5.2 Weighted Ricci Curvature on the Boundary

For x € dM, we recall that u, denotes the unit inner normal vector on dM at x.
The following seems to be well known, especially in a submanifold setting (see,
e.g., Proposition 9.36 in [4], and Lemma 5.4 in [32]).

Lemma 5.4 Take x € oM, and a unit vector u in TyoM. Choose an orthonormal
basis {ex_,i};:l1 of Te oM with ex 1 = u. Then we have

n—1
Ricy (u) = Ricg (u) — K (s, u) + trace Asquuy — Y 1S, ex,)lI.
i=1

where h is the induced Riemannian metric on 0M, and Kg(uy, u) is the sectional
curvature at x in (M, g) determined by u, and u.

By using Lemma 5.4, we have the following:

Lemma 5.5 Take x € oM, and a unit vector u in TyoM. Choose an orthonormal
basis {ex,,-}"_l1 of Ty0M with ex,1 = u. Then for all N € (—00, 00) we have

i=

Rick ) = Ric) ) + g((V F)x, ux) g(Su, w), uy)
n—1

— Ky, u) + trace Asuy — »_ IS, ex D> (5.1)
i=1

where K (uy, u) is the sectional curvature at x in (M, g) determined by u, and u.

Proof First, we assume N # n. We see

RV (flom)x, u) = g((V x, ),
Hess(f|am)(u, u) = Hess f(u, u) + g (Vf)x, uyx) g (S, u), uy),

where # is the induced Riemannian metric on d M. Hence, we have

RV (flam))x. u)?
RicY " (u) = Ricy (u) + Hess(f|an) (u, u) — (](\; _(Jl‘)lafa _u;)

gV ), u)?

= Ricp, (u) +Hess f(u, u) + g((V f)x, ux) g(Su, u), ux) — N —n

From Lemma 5.4, we derive (5.1).
Next, we assume N = n. If f is constant, then Ric%;; (u) = Ricy(u) and

Ricj}l (u) = Ricg(u), and hence Lemma 5.4 implies (5.1). If f is not constant, then
both the left-hand side of (5.1) and the right-hand side are equal to —oo. Therefore,
we complete the proof. O

From Lemma 5.5, we derive the following:
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Lemma 5.6 Take x € dM, and a unit vector u in TxdM. If (M, dyy) is isometric to
([0, 00) xF OM, djo,00)x pam), then for all N € (—o0, 00)

RICN l(u) Ricy (u) + w.

Proof Choose an orthonormal basis {ey, ,} of Ty 0M with ey 1 = u. Let {Yx, ,}

be the d M-Jacobi fields along y, with initial COIldlthIlS Yy i(0) = ey, and Y;’l (O)
—Ay, ey ;. Since (M, dy) is isometric to ([0, 00) x g M, djo,00)x roMm ), there exists a
Riemannian isometry with boundary from M to [0, 00) x p M. In particular, for all
i wesee Yy; = Fx Ey i, where {Ey, ,} 1 are the parallel vector fields along y, with
initial condition Ey ; (0) = ey ;. Hence for all i

((V f)a» ux)
Ayeni ==Y ;(0)= —gnf%ex,,-. (5.2)

By (5.2), for all i # 1 we have S(u, ex ;) = O, and we have

2
S(uv M) = _Mux, trace AS(u,u) = M

— (5.3)

n—1

Furthermore, the sectional curvature K (uy, u) at x in (M, g) determined by u, and
u satisfies

2
Ky, 0) = —g(V) (0, 1) = <Hessnf R ) ) 54

By Lemma 5.5, and by (5.3) and (5.4), we see

g((V )y, uy)? . Hess f(ur, u)

RICN_ (u) = Ric (u) —

n—1 n—1
(g((vf)xa ux)>2 g((V )y, ux)2 (g((vf)xa ux)>2
+ + -
n—1 n—1 n—1
H Xy X
_RICf( u) + —essfiul - ).
This completes the proof. O

5.3 Multi-splitting

Let My be a connected complete Riemannian manifold (without boundary). A normal
geodesicy : R — My issaidtobealineif foralls, t € R wehave dy, (v (s), y (1)) =
|s —t].

Wylie [39] has proved the following splitting theorem of Cheeger—Gromoll type
(see Theorem 1.2 and Corollary 1.3 in [39]):
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Theorem 5.7 [39] Let My be a connected complete Riemannian manifold, and let
f + My — R be a smooth function bounded from above. For N € (—oo, 1] we
suppose Ric% My = 0. If My contains a line, then there exists a connected complete
Riemannian manifold No such that My is isometric to a warped product space over
R x Ng. Moreover, if N € (—o00, 1), then My is isometric to the standard product
R x Ny.

Remark 5.1 For manifolds of non-negative N-weighted Ricci curvature, Lichnerow-
icz [19] has generalized the Cheeger—Gromoll splitting theorem in the case where
N = oo and f is bounded. Fang, Li, and Zhang [10] have done in the case where
N € [n, 00), and in the case where N = oo and f is bounded above.

We obtain the following corollary of Theorem 1.3:

Corollary 5.8 Let M be an n-dimensional, connected complete Riemannian manifold
with boundary, and let f : M — R be a smooth function such that sup f(M) < oo.
For N € (—o0, 1) we suppose RicNM > 0, and Hyyy > 0. Assume that for some
xo € OM we have t(xg) = 0o. Then there existk € {0,...,n—1}andan (n—1—k)-
dimensional, connected complete Riemannian manifold Ny containing no line such
that (OM, dypy) is isometric to (RF x Ny, d]kaNo)~ In particular, (M, dyy) is isometric
t0 ([0, 00) x RF x No, djg o)k x v,)-

Proof Due to Theorem 1.3, the metric space (M, dyy) is isometric to ([0, 0c0) X
OM, djo,00)x rom)- Moreover, for every x € dM, the function f o yy is constant on
[0, 00); in particular, (M, dp) is isometric to ([0, 0o) x dM, djo,o0)xam)- For every

x € M, it holds that Hess f (y, ux) = 0. By Lemma 5.6, we have Ric%;‘; = Ric}f

on the unit tangent bundle over d M . It follows that Ric]}l Io) 1\14 am = 0.Note that N — 1 is
smaller than 1, and sup, .4, f (x) is finite. Applying Theorem 5.7 to 9 M inductively,
we complete the proof. O

5.4 Variants of the Splitting Theorem

We have already known several rigidity results studied in [13] (and [9, 12]) for mani-
folds with boundary whose boundaries are disconnected. In [33], the author has given
generalizations of them in the usual weighted case (see Sect. 6.4 in [33]). We generalize
one of them in our setting.

For A1, Ay C M, weputdy (Ar, A2) :=infp ca; prea, du(p1, p2).

The following has been shown in [13] (see Lemma 1.6 in [13]):

Lemma 5.9 [13] Suppose that OM is disconnected. Let {0M;}i—1 2, . denote
the connected components of 0M. Assume that dMy is compact. Put D :=
inf;—2 3, dy(OM1, dM;). Then there exists a connected component d M of M such
that dy;(0My, 9M»>) = D. Furthermore, for everyi = 1, 2 there exists x; € dM; such
that dyy(x1, x2) = D. The normal minimal geodesic y : [0, D] — M from x1 to x3 is

orthogonal to 9 M both at x| and at x;, and the restriction y |, p) lies in Int M.

We prove the following splitting theorem:
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Theorem 5.10 Let M be a connected complete Riemannian manifold with boundary,
and let f : M — R be a smooth function. Suppose that dM is disconnected. Let
{0M;}i=1,2,... denote the connected components of d M. Suppose that d M is compact,
and put D = inf;—p3 . dy (M1, dM;). Let k € R and L € R satisfy the subhar-
monic condition. For N € (—o00, 1] we suppose Ricl;{M > «, and Hyypy > A Then
(M, dy) is isometric to ([0, D] x g OMy, djo, p1x ram, ). Moreover, if N € (—o0, 1),
then for every x € dM the function f o yy is constant on [0, D]; in particular,
(M, dy) is isometric to ([0, D] x 9M1, djo, p1xam;,)-

Proof By Lemma 5.9, there exists a connected component d M, of dM such that
dy(0M1,0M>) = D.Foreachi = 1,2, let pyp;, : M — R be the distance function
from dM; defined as pyu; (p) := du (p, 0M;). Put

Q= {p € Int M I )OdMl(P) +,08M2(P) = D}

Lemma 5.9 implies that €2 is a non-empty closed subset of Int M.

We show that 2 is open in Int M. Take p € . For each i = 1, 2, there exists
a foot point x, ; € dM; on dM; of p such that dy(p, xp,;) = pam; (p). From the
triangle inequality, we derive dy(xp,1,xp2) = D. The normal minimal geodesic
y : [0, D] — M fromx 1 toxp > is orthogonal to d M atx 1 and at x, ». Furthermore,
v, p) lies in Int M and passes through p. There exists an open neighborhood U of
p such that U is contained in Int M and pjy;, is smooth on U. By using Lemma 3.2,
we see Ay pay; = 0 on U, in particular, —(papm, + pam,) is f-subharmonic on U.
Lemma 5.1 implies that €2 is open in Int M.

Since Int M is connected, we have Int M = . For each x € dMj, choose an
orthonormal basis {ex,,-}l'-’:_l1 of T,dM. Let {Yx,i}:';ll be the d M-Jacobi fields along
yx with initial conditions Yy ;(0) = e, ; and Y;.i(O) = —A, ex,;. Using Lemma 3.5,
for all i we see Yy ; = Fy E,; on [0, D], where {Ex,,-}?:_ll are the parallel vector
fields along y, with initial condition Ey ;(0) = ey ;. Moreover, if N € (—o0, 1),
then for every x € dM; the function f o yy is constant on [0, D]. Define a map
® : [0, D] x aM; — M by ®(t, x) := y,(¢). The map ® is a Riemannian isometry
with boundary from [0, D] xr dM; to M. O

Remark 5.2 Wylie [39] has proved the same result as Theorem 5.10 when x = 0 and
X = 0 (see Theorem 5.1 in [39]).

6 Eigenvalue Rigidity

Let M be an n-dimensional, connected complete Riemannian manifold with boundary
with Riemannian metric g, and let f : M — R be a smooth function.

6.1 Lower Bounds

In [33], the author has shown the following Picone-type inequality proved by Allegretto
and Huang [1] in the Euclidean case (see Theorem 1.1 in [1], and Lemma 7.1 in [33]).
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Lemma 6.1 [33] Let ¢ and  be functions on M that are smooth on a domain U in
M, and satisfy ¢ > 0 and > 0 on U. Then for all p € (1, co) we have the following
inequality on U :

IVp1” = 1901”2 (V (7 ¢'~7). Vo). 6.1)

Moreover, if the equality in (6.1) holds on U, then for some constant ¢ # 0 we have
Yv=cponU.
We now give a proof of the inequality (1.9) in Theorem 1.5.

Proposition 6.2 Suppose that M is compact. Let p € (1,00). Letk € Rand . € R
satisfy the subharmonic condition. For N € (—oo, 1] we suppose Ric% u =k, and
Hygm > A For D € (0, 00) we assume D(M, dM) < D. Then we have (1.9).

Proof Let ¢p p : [0, D] — R be a function satisfying (1.8) for u = u, p. We may
assume ¢, plo,p; > 0. Then we see (p;’D|[0,D) > 0. Put ® := ¢, p o pgu. Take

a non-negative, non-zero smooth function ¥ on M whose support is compact and
contained in Int M. By Lemma 6.1

IVy1? = 1vel2g (V (v o'-7) Vo) (6.2)

on Int M \ Cut 9 M. From (6.2) and Proposition 3.7, we derive
f IVylPdmy = / Ivolr=2g (v (v @' =) . Vo) dm;
M M

= [, () (- () ) o) am
zﬂp,D/ wpdmf.
M

It follows that Ry, ,,(¥) > up p. Hence, we arrive at (1.9). O

Remark 6.1 In Proposition 6.2, we assume that there exists a non-negative, non-zero
smooth function v : M — R whose support is compact and contained in Int M such
that R¢, , (/) = p, p. Then the equality in (6.2) holds on Int M \ Cut d M, and hence
for some constant ¢ # 0 we have ¥ = ¢ ® on M (see Lemma 6.1). The equality case
in (3.11) also happens (see Remark 3.4).

6.2 Equality Cases
For a positive number D € (0, co), we put Sp(dM) := Bp(dM) \ Up(dM).

For the proof of Theorem 1.5, we show the following lemma concerning the F-
model space introduced in Sect. 1.4:
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Lemma 6.3 Supposethat M is compact. Letk € Rand )\ € R satisfy the subharmonic
condition. For N € (—o00, 1] we suppose Ricl\{M >k, and Hyyy > A. Assume that
for some D € (0, 00) we have Cut 0M = Sp(dM). For each x € dM, choose an
orthonormal basis {ey ; };’:_11 of T,dM, and let {Y X,i}:.zz_ll be the d M -Jacobi fields along
yx with initial conditions Yy ; (0) = ey ; and Y;’i(O) = —Ay, ex,i. Assume further that
for all i we have Yy ; = Fy Ex; on [0, D], where {Ex,i}?;ll are the parallel vector
fields along y, with initial condition E, ;(0) = ex ;. Then (M, dy) is an F-model
space.

Proof First, we assume that M is disconnected. Let {0M;};—1 >, .. be the connected
components of M. Put Dy := inf;— 3, dy(0M;, 9M;). By Theorem 5.10, there
exists a connected component d M such that (M, dyy) is isometric to ([0, D] xF
oMy, do,p,1xrom,)- From Cut 0M = Sp(dM), it follows that D(M, M) = D and
D1 = 2D, and hence (M, dy) is an F-model space.

Next, we assume that M is connected. By CutoM = Sp(dM), we have
D(M,dM) = D. From the property of Jacobi fields, Sp(dM) is a smooth hyper-
surface in M, and every point in Sp(dM) has two distinct foot points on dM.
For every x € 9M, the vector y, (D) is orthogonal to Sp(dM), and hence the
number of foot points on dM of y,(D) is equal to two. Now, we define an invo-
lutive isometry ¢ : dM — 90M without fixed points by o(x) := y, where y
is the foot point on dM of y, (D) that is different from x. We also define a map
® : [0,2D] x oM — M as follows: If t € [0, D), then ®(z, x) = yp,(¢); if
t € (D, 2D], then ®(t, x) := y5(x)(2D — t). We see that @ is surjective and contin-
uous. For all x € 0M and t € [0,2D] we have ®(t,x) = ®2D — t,0(x)). Since
for all x € M and i we have Y, ; = Fyx Ey; on [0, D], the map ®||o p) gives an
isometry between (Up(d M), g) and the twisted product space [0, D) x r d M. There-
fore, M is isometric to the quotient space ([0,2D] xr dM)/G,, where G, is the
isometry group on [0, 2D] x p M of the identity and the involute isometry & defined
by 6(t,x) := (2D — t, o (x)). This implies that (M, dj) is an F-model space. We
complete the proof. O

Furthermore, we recall the following fact concerning eigenfunctions for the ( f, p)-
Laplacian (see, e.g., [33,36]):

Proposition 6.4 Suppose that M is compact. Let p € (1, 00). Then there exists a
non-negative, non-zero function V in Wol’p(M, my) suchthat Ry, (W) = g1, p(M).
Moreover, for some € (0, 1) the function W is C'%-Holder continuous on M.

Now, we prove Theorem 1.5 and Corollary 1.6.

Proof of Theorem 1.5 Suppose that M is compact. Let p € (1, 00), and letk € R and
A € R satisfy the subharmonic condition. For N € (—oo, 1] we suppose Ric]}f u =K
and Hyyy > A.For D € (0, 00), we assume D(M, M) < D.From Proposition 6.2,
we derive (1.9).

We assume that the equality in (1.9) holds. Proposition 6.4 implies that there exists
anon-negative, non-zero function ¥ in Wol’p (M, my) suchthat Ry, , (W) = up p and
¥ is CL-®-Hglder continuous on M. Let ¢p,p : [0, D] — R be a function satisfying
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(1.8) for u = wp p, and let ¢, plo,p) > 0. Putting ® := @, p o pyu, we see that O
coincides with a constant multiplication of W on M (see Remark 6.1); in particular,
® is also C1-@-Hslder continuous on M.

Foreach x € dM, we choose an orthonormal basis {e ; }:’:_11 of TxoM.Let{Yx ; };’:_11
be the d M-Jacobi fields along y, with initial conditions Y ; (0) = e, ; and Y;’ ;(0) =
—A,_ ey . Then for all i we have Yy ; = Fy E,; on [0, T(x)], where {Ex,,-}:?;ll are
the parallel vector fields along y, with initial condition E, ; (0) = e, ;; moreover, if
N € (—o0, 1), then f o y, is constant on [0, 7(x)] (see Remark 6.1).

We show CutdM = Sp(dM). From D(M,oM) < D we deduce Sp(0M) C
CutdM. We prove the opposite. Take pp € CutdM. By the property of Jacobi
fields, pgpr is not differentiable at py. From the regularity of ®, it follows that
(p;,,D(paM(po)) = 0; in particular, pyp(po) = D. Hence, Cut 0M = Sp(dM). This
implies D(M,dM) = D. By Lemma 6.3, we complete the proof of Theorem 1.5. O

Proof of Corollary 1.6 By Theorem 1.5 and Proposition 2.9, we complete the proof
of Corollary 1.6. O

By Theorem 1.5 and 2 p = 72(2D)~2, we have the following:

Corollary 6.5 Let M be a connected complete Riemannian manifold with boundary,
andlet f : M — R be a smooth function. Suppose that M is compact. Let k € R and
A € R satisfy the subharmonic condition. For N € (—oo, 1] we suppose RiCI}{M > K,
and suppose Hyypy > L. For D € (0, 00) we assume D(M,9dM) < D. Then

]T2
mr12(M) > D2 (6.3)

If the equality in (6.3) holds, then D(M, dM) = D, and the metric space (M, dyy) is
an F-model space. Moreover, if N € (—00, 1), then for every x € M the function
f o yx is constant on [0, D]; in particular, (M, dyr) is an equational model space.

6.3 Explicit Lower Bounds
Let €2 be a relatively compact domain in M such that 92 is a smooth hypersurface in

M satisfying 02N oM = . For the canonical Riemannian volume measure volyg on
0Q, letmyyq = e~ /12 yolyq. Put

81(R) ;= inf pym(p), 82(2) ;= sup paym (p). (6.4)
PEQ PEQ

In the usual weighted case, the author [33] has proved the following volume estimate
(see Propositions 8.1 and 8.2 in [33]):

Proposition 6.6 [33] Let M be an n-dimensional, connected complete Riemannian
manifold with boundary, and let f : M — R be a smooth function. For N € [n, 00]
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we suppose Ricf y = 0,and Hy gy > 0. Let Q be a relatively compact domain in M
such that 92 is a smooth hypersurface in M satisfying 022N dM = (. Then

my(2) < myaq(082) (82(82) —81(£2)) .

where §1(2) and 62(S2) are the values defined as (6.4).

Kasue [15] has obtained Proposition 6.6 in the unweighted case.
In our setting, we have the following volume estimate:

Proposition 6.7 Let M be a connected complete Riemannian manifold with boundary,
andlet f : M — R be asmoothfunction. Letk € Rand )\ € R satisfy the subharmonic
condition. For N € (—oo, 1] we suppose Rlch > «,and Hygy > A Let Q be a
relatively compact domain in M such that 9S2 is a smooth hypersurface in M satisfying
0QNoM = . Then

my(§2) < myaq(082) (82(£2) —81(£2)) .

where §1(2) and 62(S2) are the values defined as (6.4).

We can prove Proposition 6.7 only by replacing the role of the comparison result
in the usual weighted case with that of Lemma 3.1 in the proof of Proposition 6.6. We
omit the proof.

From Proposition 6.6, the author [33] has derived the following estimate in the
usual weighted case (see Theorems 8.4 and 8.5 in [33]):

Theorem 6.8 [33] Let M be an n-dimensional, connected complete Riemannian man-
ifold with boundary, and let f : M — R be a smooth function. Suppose that dM is
compact. Let p € (1,00). For N € [n, o] we suppose Ric]j\{M >0,and Hyyy > 0.
For D € (0, o0) we assume D(M, dM) < D. Then we have [vy,1,,(M) > (pD)™".

The author [32] has shown Theorem 6.8 in the unweighted case.
In our setting, we can prove the following result by using Proposition 6.7 instead
of Proposition 6.6 in the proof of Theorem 6.8. The argument is in [33].

Theorem 6.9 Let M be a connected complete Riemannian manifold with boundary,
and let f : M — R be a smooth function. Suppose that OM is compact. Let p €
(1,00), and let k € R and » € R satisfy the subharmonic condition. For N €
(—o00, 1] we suppose Ricl}{M > «, and Hyyy > A For D € (0, 00) we assume
D(M,0M) < D. Then we have jiy,1, ,(M) > (pD)~P.
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